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ABSTRACT

The purpose o f  th e  work i s  to  ta b u la te  th e  cubio number f i e ld s  w ith  

d isc r im in a n ts  between -20 ,000  and 0 ; fo r  each f ie ld  th e re  i s  g iv e n :-

the d isc r im in a n t DISj

the c o e f f ic ie n ts  A, B, C o f a  polynondal, a  zero  & o f which g en e ra te s  

the f i e ld ;

the  index o f the  polynom ial over the f i e l d ,  INDEX;

the fundam ental u n i t  o f the  f i e ld  ;

the c la s s  number E;

the  minimum id e a l norm P , re q u ired  in  th e  search  fo r  th e  c la s s  number.

The completed ta b le ,  to g e th e r w ith  computer programs used in  th e  

c a lc u la t io n s ,  and one program used fo r  checking the d isc r im in an t v a lu e s , 

a re  found in  the appendix to  the  th e s is*  Also a  note i s  given o f the  only

seven f i e l d s  in  the  above range whose c la s s  group i s  not cy c lic*
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PART I

The theory  needed to  c a lc u la te  the complex 

cub ic  number f i e l d s  w ith  d isc rim in an t g re a te r  

than  -2 0 ,0 0 0 , t h e i r  u n i ts  and c la s s  numbers.
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BTROrUCTION

The e a r l i e s t  ta b le s  o f a lg e b ra ic  number f i e ld s  were n a tu ra l ly  those 

o f  q u ad ra tic  f i e l d s .  Most elem entary  te x t  books give the p ro cess  o f  

o b ta in in g  f ie ld  d is c r im in a n ts , d e fin in g  polynom ials and in te g ra l  b a s is  

e lem ents fo r such  f i e ld s ,  end they prove th a t  K( t j ^ i )  and K( / ^ )  are 

the on ly  im aginary q u ad ra tic  f i e ld s  w ith  u n i ts  o th e r  than  -1 .  In  r e a l  

q u ad ra tic  f i e ld s  the  u n i t  problem i s  n e a tly  solved by use o f a  continued 

f r a c t io n  a lg o rith ia . Gauss and Her mi te  head the  l i s t  of au th o rs  on the 

work of fin d in g  the c la s s  number o f th ese  f i e l d s ,  which produced an 

e le g a n t continued f r a c t io n  re d u c tio n  technique fo r  id e a ls  in  r e a l  f i e ld s ,  

(D ickson(13) ,  Bachmaxui(3))* Sonnier (29) g iv es  an exanple o f  such ta b le s  

f o r  f i e ld s  o f  d isc r im in an ts  between 4100 and 100, b u t a lso  inc ludes o th e r 

re le v a n t f a c t s  such as id e a l and genus s t ru c tu re s .

The problem  is  more involved in  f i e ld s  o f  h igher degree* Mathews ( 26) 

g iv e s  a  method o f fin d in g  a  l i s t  o f polynom ials, which c o n ta in  a l l  d e fin in g  

polynom ials fo r  f i e ld s  o f  neg ativ e  d isc rim in an t g re a te r  th an  a  given bound; 

he in c lu d es  a  ta b le  o f f i e l d s  w ith  d isc r im in a n t g re a te r  th an  -1000. H is 

method was to  p icduce bounds fo r  th e  polynom ial c o e f f ic ie n ts ;  s im ila r  

methods were used by Minkowski (2 9 ) , and by Godwin and Sanset (15) who 

c a lc u la te d  the t o t a l l y  r e a l  cubic f i e ld s  w ith  d isc rim in an t l e s s  than  

20 ,u00 , and whose method i s  used in  th i s  th esis*  Basse ( 23) approached 

the problem  by c la s s  f i e ld  th e o ry ; hs reduces the  question  to  c e r ta in  

c a lc u la t io n s  in  q u ad ra tic  f i e ld s ,  bu t u n fo r tu n a te ly  t h i s  method fu rn ish e s  

only th e  f i e ld  d is c r im in a n ts , and g ives no in form ation  about the d e fin in g  

polynom ials o f th e  re sp e c tiv e  f i e ld s .

- 3 -



Bounds have been g iven  by Davenport and E eilb ronn  (lO ) fo r  th e  

d e n s ity  of both  k inds of cub ic  f i e l d s .  Z o lo ta re ff  ( 33) u sing  an id ea  o f 

Hermite g iv es  a  method o f f in d in g  u n i ts  o f  pure cubic f i e ld s  ( i . e .  generated  

by a  polynom ial = n ) .  Berwick ( 7 ) u sing  an ex ten sio n  o f  continued  

f r a c t io n s  in  the cubic  case  J a c o b i ( 24) ,  produced an a lg o rith m  to  c a lc u la te  

th e  fundam ental u n i ts  o f cubic f i e ld s .  Delone and Faddeev (12) gave two 

m ethods, b a s ic a l ly  th e  work of G.F. Vorondi ( 31) ,  and one of these  methods 

i s  used in  th i s  th e s is  to  c a lc u la te  th e  fundam ental u n i t  o f  cubic f ie ld s  

■with s ig n a tu re  1 . O ther methods o f u n i t  c a lc u la t io n  a re  no tab ly  those o f 

Uspensigr ( 32) ,  Bergmann (4 ) ,  ( 5 ) ,  Hasse and B ern s te in  (6 ) and T szekeres. 

Godwin ( 16) g iv es  a  method o f  a sc e r ta in in g  i f  two u n i ts  in  a  to ta l ly  r e a l  

cub ic  f i e ld  form a fundam ental p a ir*  Using Mathews ta b le  and V oronoi's  

a lg o rith m , Delone and Latysheva (D + F) produced a  ta b le  o f  fundamental 

u n i t s  f o r  a l l  cu b ic  f i e ld s  w ith  n eg ative  d iscrim in an t g re a te r  than  - 369 . 

Dedekind ( l l )  produced a method to  f in d  t i e  c la s s  number o f  pure cub ic  

f i e ld s  and Reid ( 30) has a  ta b le  of the c la s s  numbers o f f ie ld s  c o rre s ­

ponding to  o th e r  j^ a s ia l  ^ p e s  o f polynom ials. Godwin ( I 7 ) g iv es  th e  

c la s s  numbers o f a l l  th e  r e a l  cubic f i e ld s  in  h is  ta b le  mentioned above.

T ab les o f h ig h er degree are scarce. Godwin (1 8 )(1 9 )(2 0 )(2 1 )(2 2 ) , 

produced ta b le s  o f  a l l  types o f q u a rtic  f i e ld s  w ith  sm all d isc r im in an t.

- 4-



CHAFTER 1

The c a lc u la t io n  o f a l l  complex cub ic  f i e ld s  w ith  d isc r im in an t g re a te r  

than  - 20.000

1.1 The b a s is  o f the above c a lc u la t io n  i s  the  fo llow ing  theorem , s im ila r  

to  one used by Godwin (2 0 ).

Theorem 1.1 L et K be a cubic f i e ld  having s ig n a tu re  one and d isc rim in an t 

Then th e re  i s  a t  l e a s t  one polynom ial

p(x) = -  ax^ + bx -  G

where a ,  b , c are  r a t io n a l  in te g e r s ,  having ze ro s  ^  j j2>± , such

th a t  K. i s  generated  by one of th e se  z e ro s , and fo r  which

5  -a ^  «  Coi-p>'Ÿ ^  ^ ^  ^ (<»~an in te g e r>0)

P roof

The in te g e rs  o f  K form a  3-d lm ensiona l l a t t i c e  of, w ith  determ inant

.  »Ve mgy order th e  base v ec to rs  o f  so th a t  the  r e a l  one comes

f i r s t ,  and we apply th e  tran sfo rm a tio n  defined  by the  m atrix

■a. 0 0

o - i fE  t j r

producing a  r e a l  l a t t i c e  1 ^ . which c o n ta in s  th e  p o in ts  0 ( 0 , 0 , 0) and

I  ( 1 , 1 , 0 ) .

How we p ro je c t  X i in to  th e  2-dim ensional l a t t i c e  ^ 4  in  the  hyper-

p lan e  p e rp en d icu la r to  01. By M inkowski's Theorem on Convex B odies we 

see th a t  th e re  i s  a  p o in t o f  such th a t  i t s  d is ta n c e  p  from 01  s a t i s f i e s

—  4at
J T

J
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I f  (0/, jS4" LY  ̂ i s  th e  corresponding  p o in t 'o f  then

Jc>̂  — oC +■ (Ü ctt ^

CcL-[hi^

Row cUt ^ > -  é  ■ i t  Æ
-  5 ^

4-

and so

1 .2  We now choose * so th a t  we wish to  f in d  a l l  complex cub ic  f i e ld s
A C ^ iw ith  d isc rim in an t g re a te r  than  ^  3̂ /  i s  ob tained  from th e

theorem  and vm co n sid er a l l  polynom ials w ith  S <  So .  These polynom ials 

w i l l  have d isc rim in an ts  g re a te r  th an  o r e g ia l  to  A  , ,  We w il l  choose 

so  th a t  1 ^ J  i s  as  sm all as p o s s ib le , hoping th a t  t h i s  w i l l  <naximize the  

p ro p o r tio n  o f  polynom ials fo r  which th e  zeros y ie ld  f i e ld s  w ith  d is c r im i­

n an ts  not l e s s  than  \k j[  * However, th e re  being  no r e la t io n s h ip  between 

polynom ials and th e i r  corresponding f i e ld s  t h i s  need no t be true#

To f in d  A , we maximise

JT i, =

j j  S = J E f f a f f + r f

i . e .  maximise 2  s u b je c t to  ^  ^

Let ^  _  X Coo
J ?

- 6 —

su b jec t to

V t
su b jec t to

AW 9"



Then

ZX f  Ox>^8 oÛK p + \

J ?  ^

T h is  haa maximum o r minimum a t

cos 9" = 0 and tajj^ 6"

i )  i f  cos 9 * 0 1 * 0

ai:d so r a = 2 %* *
3 Jd^

2 <r^ a !

■ z ( r J

Z<r-3
A
JF

i l )  i f  tan^ 0  then  cos 9  - ^ 0 ^ 3  s in  9  -
J ' i r a i

and ■ m - .  ( W -  3 - i r . )

A  ,  A

35* t

‘  ( ̂ y
% . *4

» 2 4  <J~ A e
Ï  * 3 J ?  3 '*  Æ Z '

Max j : : ^  = Max ^

j g z ,

M c c r f »  , 2 /

and fo r  p o s i t iv e  in te g r a l  v a lues o f  dr , t h i s  tak es  a  minimum a t  <r s  3*

1 #3 L e t a  f i e ld  o f  d isc r im in an t A  be generated  by a zero  o f  a  polynom ial 

P (x ) ,  w ith  d isc rim in an t D. Then D = A where k  i s  c a l le d  the  index o f  

P.

We now produce a  bound fo r  k

- 7-



We have D * -  4  /  and 8 * Coc-y3)^-K <r

where again  we assume cr- i s  an a ih i t r a r y  r a t io n a l  in teger*

5  ^  is — ^
^  3  k*

■ k '  <  • ( I -  y

and since  (  ( T - <  S  th e  r . h . s .  has a maximum when

-  Â °  ■

t

2> (<5"—0 k

i . e .  < I t  , <r- J - ( T  D
»i J s

^  i t  , c r  j ^ û

The r . h . s .  has a  Sfdiiiinujn a t  <r =: 5 , and so t h i s  re in fo rc e s  our o r ig in a l  

choice o f  <r g iv in g  -  ( ^ t )

1 . 4  In  th i s  s e c t io n , bounds fo r  th e  polynom ial c o e f f ic ie n ts ,  which we

dependent on th>e d iscrim in an t of th e  f i e ld ,  a re  produced. C onsider th e
% 2

f i e ld  generated  by one o f th e  r o a ts  a, p ± l ) ^  o f  x -  ax + bx c = 0*

We may assurae w ithout lo s s  of g e n e ra li ty  th a t  0 < « < <  1 , 0  ■< ̂

since  any polynom ial may be transform ed in to  one o f  t h i s  type by th e  

s u b s t i tu t io n  y  = -  x 4 n  where n  i s  a  r a t io n a l  in te g e r .

Now a  = CL + Z j2>

b = -4 ^

o = oiC

Thus a ,  b ,  c  a re  g re a te r  th an  zero . We now co n sid e r th e  case  when a » 1 

i . e .  P (x ) * x^ -  x^ 4 bx -  c ,  which has zeros « Thus t t e

polynom ial w ith  zeros j 0  -y3) +  g y  i s  Q(x) * x^ — 2x^ 4 (b  + l ) x

•S—



-  ( l  -  a  + b -  o ) .  The d isc rim in an t o f  Q eq u a ls  the  d isc r im in an t o f  P 

end ^ • Now P(o) = -  c < o and since ? (x )

c u ts  the  X  ax is  only once, between 0  and 1 , then  P ( l )  >  0  i . e .  

1 - a 4 b - c > o .  /'Iso  b 4 1 >  o and so Q(xj s a t i s f i e s  a l l  the co n d itio n s  

o f th e  thecroL:. Thus v.e need only co n sid e r one o f  the c a se s  a  » 1 o r 

a  » 2 , 30 we assume th a t  a  & 2 , and b , c  > 1 

Now 4b -  * é 0^^ — -t- Zn >  O

n
Thus b  > ^  • ♦ .* ♦ .( 2) .

Now 5  -  -*• <- I à o  I ^

Hence a  » oC+2y3 % 3 c<42 (^-o<) <_ 3  4 2 IAal% # . * . . . ( 3)

il.so ^ ^  ^  Û

end so 5  ^ IOu-3b+ ) > lct’* -3h) which im p lies  {AoI* i

i . e .  < b  £  *  l A . t :   (4 )
3 ^

I f  a  îh 3 t h i s  r e s u l t  can  be sharpened to

t  < o f+ lA o l^  — 3 )
6

%

3
s in ce  b = * lA o l^ -  ( d ~ ^

-  f  )A»I^ _  2

and ct >  from ( 3)

- 9 -



Since a  polym m ial has only one r e a l  zero  and th i s  la  in  the  in te r v a l  

[ 0 , 1]  we have,

P(o) « — c  < 0 

P ( l )  = l 4 b - a - c a i  

BO c S; b + a  #*«#**(5)

1*5 & polynom ial P(x) s a t i s f i e s  th e se  c o n d itio n s , i t  i s  au to m atica lly

i r r e d u c ib le ,  and i f  i t  has d isc rim in an t D th e n  i t s  zeros generate  a  cubic 

f i e ld  9  ) j  w ith  d iscrim in an t A = D

I f  Ao i s  tak en  a s  -20 ,000  th en  we see th a t  ^  20,000 and k < 6» We

now give a  method o f f in d in g  th e  index and d isc rim in an t o f  P ,  i f  i t s

c o e f f ic ie n ts  l i e  w ith in  the  g iven  bounds. To f in d  k we f i r s t  f in d  th e
J)number k ’ so t h a t  — i s  square f re e  and check to  see  i f  th e  fa c to r s  o f

k* d iv id e  the index o f P . T h is  i s  done in  th re e  s ta g e s : -

i )  In  o rd er to  f in d  i f  a prim e p  d iv id e s  the  index o f  a  polynom ial P (x) 

we use a  theorem  found in  Bachmarm ( 2 ) ,  which s t a t e s : -

The n ecessa ry  and s u f f ic ie n t  c o n d itio n  f o r  p to  d iv id e  th e  index  o f  P I s  

t h a t  i f  P(x) ss H ( x )  -  pM(x), th e n  some repeated  f a c to r  o f  H d iv id e s  M modulo 

p . &ippose P (x) » x^ -  ax^ + bx -  c  and P '( x )  » Jx^ -  2ax 4 b th en  any 

rep ea ted  f a c to r  x  -  o f  E(x) must be a  rep ea ted  fa c to r  of P mod p and so

P*(x,j) = 0  mod p

Now H(x^) z  0 mod and, s in ce  M(x.j ) 5. 0 mod p ,  we have P(x^) s  0 mod p^ . 

Thus we fin d  a l l  the  s o lu tio n s  o f P*(x) s  0 mod p  and then  we know th a t  

one o f  th ese  s o lu tio n s  w il l  s a t i s f y  P (x ) z  0 mod p^ i f  and only i f  p 

d iv id e s  the  index o f  P .

i i )  I f  we have d iscovered  th a t  p jk ,  and i f  p^ lk* ,  we now need to  know i f
0 1  9 2

p |k .  To do t h i s  vA check i f  any o f the  numbers ^  0 2 d , e p -  1

s a t i s f i e s  a  monic cu b ic  polynom ial eq u a tio n  w ith  r a t io n a l  in te g r a l  c o e f f i -

- 10-



o ie n ts  i* e , we see i f  any o f  th ese  numbers a re  a lg e b ra ic  in te g e rs .

I f  and p^Jk’ we need to  check i f  th e re  i s  an a lg e b ra ic  in te g e r  

o f th e  form 0 d , e  ^ — 1 in  th e  ^ o v e  manner.

I f  one does n o t e x i s t  t h i s  does n o t n e c e s sa r ily  mean p^^fk. We now must 

use i l l ) .

i i i )  Here we check f o r  an a l ^ b r a i c  In te g e r  o f  th e  form 

O ^ j  ^ p - l i n a  manner s im ila r  to  i i ) .  l e  m ed  not check i f  h ig h e r 

powers o f  p  d iv id e  th e  index o f  P s in ce  by th e  ch o ice  o f  we know th a t  

k 3 6.

1 .6  I t  rem ains to  t e s t  i f  f i e ld s  w ith  the  same d isc rim in an t a re  in  f a c t  

the  same f ie ld *  T h is  i s  done w ith th e  knowledge o f th e  zero s  o f  the po ly ­

nom ials P (x ) ,  Q(x) which g en era te  th e  f i e l d s ,  and an in te g r a l  b a s is  for 

one of them*

I f  the zero s  o f  P , Q are  re s p e c tiv e ly  \ ±

and an  in te g r a l  b a s is  o f  t l »  f i r s t  f i e ld  i s  [ i ,  9  , 

where 6  i s  one o f th e  zeros o f  P {x ).

I f  th e  f i e ld s  a re  the same th e re  w i l l  e x i s t  r a t io n a l  in te g ra l  r ,  s ,  t  

80 th a t  <  = 4- Soc 4 t

p! + c 'K* =i Y* t  d 4 e )  ^  s  4 Ù
-  ~

and from these  r e l a t io n s  two p o ss ib le  s e ts  o f  t r i a d s  r ,  8 ,  t  c an  be found, 

and i f  they a re  r a t io n a l  in te g e rs  then  th e  f i e ld s  would be tW  same*

1*7 A theorem  o f  Easse (2 3 ) ,  a  d e sc r ip tio n  o f which i s  to  be found in  

C hspter 2 , was used as a  f i n a l  cheek , to  see i f  a l l  th e  re q u ire d  f i e ld s  

had in  f a c t  been found. T h is  tlieorera f in d s  how mary non-conjugate f ie ld s  

e x i s t  w ith  d isc r im in a n t D, by co n s id e rin g  th e  un iquely  d e fin ed  q u ad ra tic  

f i e l d  w ith  d isc r im in a n t d and the  id e a l groups o f  index 3 w ith in  t h i s

- 11-



2 inumber f ie ld #  Here D * d f where <3 i s  square fre e  o r o f  th e  form 4d

and d^ i s  square fre e  and f  a  r a t io n a l  in teger*

T h is  theorem confirm ed th a t  th e re  T^re 3I 69 non-conjugate complex 

cub ic  number f i e ld s  w ith  d isc r im in a n t D in  th e  range -20 ,000  S  D ^  0. 

There a re  2853 d isc r im in a n ts  w ith  1 a sso c ia te d  non-conjugate f i e ld

27  d isc r im in a n ts  w ith  2 a sso c ia te d  non-conjugate f i e l d s

58 d isc r im in a n ts  w ith  3 a sso c ia te d  non-conjugate f i e ld s

22 d isc r im in a n ts  w ith  4  a sso c ia te d  non-conjugate f i e ld s

- 1 2 -



CHMTER 2

H asse 'a  Theorem 's on th e  number o f  cub ic  f i e ld s  o f given d isc r im in a n t*

T h is  Chapter s t a t e s  H aase 's  r e s u l t s  w ithou t t h e i r  proof* The 

theorem s answer the q u e s tio n , i f  D 0 i s  a  r a t io n a l  in te g e r  which i s  

S  0 o r  1 mod 4 ,  when i s  i t  the  d isc r im in an t o f a t  l e a s t  one cub ic  

f i e l d ,  end how many such f i e l d s ,  K(D), a re  there*

Hasse f i r s t  produces a  necessary  c o n d itio n  fo r  N(B) ^  0*
2Theorem 2*1 I f  D = d f ,  where d i s  the  d isc rim in an t o f a  q u ad ra tic  f i e ld  

Q, and f  i s  a  r a t io n a l  in te g e r  th en  e i th e r  a) f  » p^ Pg ****** p^

o r b) f  B p ^p j  Pg 3”

w s  1 o r 2

and where p^ ( i  * 1 , .**••*  n : n  > o) a re  r a t io n a l  p rim es, n o t eqjual to

3 , such th a t  p .  s r  mod 3 (E ronecker symbol)
1 P i

In  case  b ) we a lso  have the  co n d itio n s

i f  d ^  0 mod 3 then  w » 2

i f  d s  3 mod 9 then  w « 1

o r  i f  d =  - 3  mod 9 then  w » 1 o r  2

L e t e  be th e  number o f id e a l  c la s s e s  o f  index 3 prime to  f  in  Q, th en  

we have th e  theorem.

Theorem 2 .2

I f  f  s  1 then  N(D) » ^

I f  f  >  1 th en  th e  c a lc u la t io n  i s  more invo lved . For each t  3 "w® choose

a  number such th a t :

- 13“



^ ^  a  p r im itiv e  ro o t  mod ^  ^

and ^  ^ H 1 mod

where ^ i s  one o f  th e  prime d iv is o rs  o f  l a  Q»

We a lso  choose ^  o f th ese  *s in  th e  case where 5 | f .  In  case

a ) th u s ,  Î  as 0  however in  case  b) we have 

b^) d 2  0  mod 3 5 w » 2 th e n  » 1 and

c  1 4 3 \ / d  mod 9 ; 3  1 mod

bg) d 3  ±3 ®od 9 ; \ w » 1 th en  S  » 1 and

= 1 4 J à  Bfôd 3 5 ̂ 4+1 5  1 mod

b^) d Î  - 3  mod 9 I VY » 2 th en  S » 2

S  1 4 3 RK)d 9 ; S  1 mod |

S  i  + J 7  mod 9 $ = 1 mod
3

Let Z be th e  nusber group o f  a l l  (Xo ^  ^  , where Ô o i s  a  prime

mmber in  Q, Y i s  a  r a t io n a l  number prime t o  f ,  and X Ë 1 mod f  i s  

in  Q# Then IT J u c  ( i ) i  « 0 , 1 , 2) re p re se n ts  each number in

Q, prime to  f  modulo Z . L et  ̂ ( c » 1 , e  : e ^  O) be a

b a s is  o f  the  id e a l  groups mo6ilo 3 prim^ to  f .  C onsider )?

and 1 * e ,  o r  i f  th e  f i e ld  has d isc r im in a n t p o s i t iv e  o r eq .ial to  - 3 ,  ve 

p u t 1 as e 4 1 , and 6^ i s  s e t  to  th e  fundam ental u n i t  o f  th e  f i e ld ,  

l e  f in d  = 1, **.* . ,  n  4 5  k  « 1 , 1 such th a t

€ ' 0 , ' ^  <  | 3 c  ( z )
L S I

These values o f  now give u s  th e  answer to  o u r q ie s t io n .

-14**



Theorem 2 .3

I f  L(B) i s  the number o f n o n -p ro p o rtio n a l so lu tio n s

( ï ^  Tg ^ ^  ) o f  è  ijcn ï i  =  0 œoa 3 k -   1

and 0 fo r  a l l  1 = 1  « • • • • •  n  + 1.

Then K(D) = 3® .  L(D)

C o ro lla ry  I f  = 0 fo r a l l  1 , k  we have

H(D) = 3 ® . 2 “ * ^ ” ‘' i f  S + 2

H(D) = 3®  ̂ . 2° i f  S = 2

- 15-



CEAFTER 3

The C a lc u la tio n  o f C lass Numbers o f A lgebraic Number F ie ld s

3*1 An a lgo rithm  fo r  c a lc u la t in g  th e  c la s s  number o f cub ic  f i e ld s  i s  

g iven  by Yoronoi (Delone and Faddeev (12))*  A b r i e f  sismnary and explana­

t io n  o f th e  a lgo rithm  fo r the  complex cubic  case  Is  g iven  in  C hapter 4* 

T h is  d ia p te r  d e sc rib e s  what a re  known as r e l a t iv e  minima o f a  

l a t t i c e ,  shows some o f  the p ro p e r t ie s  o f  th e se  p o in ts ,  and g ives a  con­

n e c tio n  between s e ts  o r 'p roductions*  o f these  r e la t iv e  minima and the  

c la s s  nim bers o f  the f i e ld  c o n ta in in g  the  l a t t i c e .

F in a l ly ,  i t  i s  shown how the a lgo rithm  In  the case o f  r e a l  quad ra tic  

f i e ld s  reduces to  fin d in g  ch a in s  o f  Hermite-Seduced Id e a ls  i . e .  ch a in s  o f 

reduced id e a ls  r e la te d  by the continued  f r a c t io n  a lgo rithm  (s e e  Bachmann 

( 3 ) ) .

3 .2  L et th e  a lg e b ra ic  number f i e ld  K( 0  ) be generated  by a zero  S' of 

th e  polynom ial

f  (x ) a  X® -   ̂ .  x^  “ ** + . . . . . .  4 ( -  1 )^  a^

L e t th e  ze ro s  o f  f  be of, , • • • • • •  ,  o(^ ( re a l)  and j&i 1 ^   ̂Y&

We c o n s id e r th e  space T w ith  g en e ra l p o in t

L et « P( S ) = '+ " + bô be a  number in  K( 9  ) ,  and l e t

denote th e  p o in t (P( Ot, ) ,  « ..« •*  ,  P( jS; 4 C Y& ) )  o f T . We s h a l l  

d is t in g u is h  between a  polynom ial and the  a sso c ia te d  p o in t o f  T by 

u n d e rlin in g  i t  in  th i s  way*

L et X ;5 be th e  s e t  o f  p o in ts  cj> ,  where (j) i s  any p o in t o f  K( 9 ) .  

The isomorphism cj) ^  e s ta b l is h e s  an isomorphism K( 9  ) ^  T*qs .

L e t K r,s  be th e  space (x ^ , * .» * •« , x ^ , y^ 4 i z ,  y^ 4 iz^ )

- l é -



■where y ^ , 2^ €  ,  th e  r e a l  numbers* Then ^  Tî^,3

A d d itio n , s u b tra c tio n , m u lt ip l ic a t io n  and d iv is io n  a re  defined  cocponent- 

wise in  bo th  and ,  i f  j  « .  . . . .  x ^ , y^ 4 iz ^ ,  . . . . . .

y g 4 iZg) e  K"f,s , d e fin e  th e  r  4 s  d i r e c t io n a l  param eters thus

i/)j » $Xj$ 1 < j  5 r

~ ^  j  -  r  + -  r  r 4 l  r ^ r 4 s

T te *s a re  m u ltIp lic& tiv e .

We d e fin e  th e  nom ed body o f  a  p o in t "^S to  be th e  reg io n  Y c  

wiiere ^ x 7
V = [  t  ; fc e k'<-,5 ,y0j (t) ' 1 s  ^ ♦ s j

How we c o n sid e r n u l t ip l i c a t iv e  l a t t i c e s  in  Tqs i . e .  l a t t i c e s  S , such 

th a t  th e  p roduct o f  any tw) p o in ts  o f  S , a lso  belong to  S.

I f  o( € S then  th e  t o t a l i t y  o f  p o in ts  £ gÇY j ^  ^ ^  J  i s  a lso

in  S and i s  th u s  a  m u ltip l ic a tiv e  l a t t i c e  S* |  we w rite  S ' » 0̂  S and we 

d e fin e  p o in t - l a t t i c e s  m i l t ip l ic a t io n  a s  such.

I f  th e re  e x i s t s  a  m u lt ip l ic a t iv e  l a t t i c e  S” such th a t  S « £( S” 

then  we d e fin e  p o in t - l a t t i c e  d iv is io n  by S » S"

A p o in t o f  such a  l a t t i c e  S in  (r,s i s  c a l le d  a  r e l a t iv e  minimum o f  

S i f  i t s  normed body c o n ta in s  no o th e r  p o in t o f S a p a r t  from th e  o r ig in .  

Diagram 3 . I  g iv es  an exanple  o f  such p o in ts .  The d o tted  l in e s  show th e  

in te g r a l  l a t t i c e  o f  th e  q u ad ra tic  f i e ld  generated  by a  zero  ^  o f  th e  

polynom ial P (x) = x^ -  14* i . e .  th e  p o in ts  (n  uj 4 m, n  ^  4 m) where 

^  »  J îh>  ^  -  a / ^  and n , m take  a l l  r a t io n a l  in te g r a l  v a lu e s . F ive

r e l a t i v e  minimice are shown, v iz  j i ,  ; ^ ^ ^  ~

th e  fundam ental autaccrphism o f  th e  l a t t i c e .

H a lf o f  th e  normed boqy ( i . e .  th a t  p a r t  w ith  p o s i t iv e  f i r s t  c o o rd in a te )

- 17-
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o f  each o f th ese  r e l a t iv e  minima i s  shown by a  continuous line*  T h is i s  

a l l  th a t  i s  req u ired  s in ce  the  l a t t i c e  i s  symmetric about th e  l in e  01* 

Frcffli the  diagram i t  i s  seen th a t  I  = ; .^4 k , 3 Ü  ̂ 4̂  w +

are  r e la t iv e  minima, whereas » (14*48 -  0*52 ••♦ ) i s  n o t

s in ce  i t s  normed body c o n ta in s  Ij, ^  (7*74 * * ,, 0 .25  * # .) .

3* 3 I f  i s  a  r e la t iv e  minimum o f  S , th en  we co n sid e r th e  re g io n  V(d) 

defined  by

V(d) - È • / j  " t T  f o r  some J  such
1 5 T  € r+ s

th a t

As d in c re a se s  from z e ro , M inkowski's convex body theorem t e l l s  u s  th e re  

i s  a  l a t t i c e  p o in t ,  , which l i e s  in  V(d) fo r  some d > 0 . I f

-£li i s  the  f i r s t  p o in t ob tained  by in c re a s in g  d from zero  then  the 

normed body o f co n ta in s  no o th e r  p o in t o f 3 a p a r t from the o rig in*  

How ^  and s a t i s f y  the same co n d itio n s  fo r  , ,  a s  do the

p o in ts  • t  , i f  K( 9 ) co n ta in s  a  ro o t  o f u n ity  w  .  We can  d e fin e

to  l i e  in  a  c e r ta in  reg io n  which w il l  un iquely  determ ine i t s  c h o ice , 

as  fo llow s

I f  1 :£ j  5  r  choose th e  re g io n  o f  space such th a t  %̂  3  0 

I f  r + 1 : S j < r 4  8 and i f  th e  f i e l d  c o n ta in s  k  ro o ts  o f  u n i ty ,  choose 

th e  re g io n  such th a t  ^

— arg  (Tj  + i^ ^ ) ^  ^

Hence il, i s  a  u n iq ie ly  determ ined r e l a t iv e  minimum*

R epeating  t h i s  p rocess  we g e t an i n f i n i t e  sequence o f r e la t iv e  minima

- 13-



Voronoi proves th a t  we msy p o in t -  l a t t i c e  -  d iv ide  S su cce ss iv e ly  by 

th ese  r e l a t iv e  minima and g e t a  sequence o f  l a t t i c e s

'  1 .  ' ° I ,  ' ■ ■ " ’ ° i p
and th a t  the  above method produces only  a  f i n i t e  number o f d i f f e r e n t  

l a t t i c e s #  Thus the sequence o f  l a t t i c e s  

must have two l a t t i c e s  th e  same#

Suppose S h, i s  the f i r s t  l a t t i c e  to  be re p e a te d , fo r  th e  

f i r s t  time in  # Then E , = i s  a  m u ltip l ic a tiv e

automorphism fo r  S# belongs to  and i s  the  r e l a t iv e  minimum

in  the  ch a in  generated  by _I = ( l ,  1 , 1 , where % must be a

r e l a t i v e  minimum o f  5 .

T herefo re  we have a  chain  o f r e la t iv e  minima

t  t  > ? •  / .......  ; / ..........

where ^  and = £• (b )

]%%

sin ce Z .  = T  goes in to  î> = £, f » ‘  Z - ,

th en  4 - (c )
1-

Thus the  sequence o f r e l a t iv e  minima i s  o f  th e  form

U sing (b ) and (c )  we can  extend th e  ch a in  in  th e  opposite  d ir e c t io n  to  g e t 

a  two-way in f i n i t e  ch a in  o f  r e la t iv e  minima#

£  , . . . . .   ̂ a re  c a l le d  th e  p r in c ip a l  r e la t iv e  minima o f  d i r e c t io n

J#

Thus s t a r t in g  a t  a  m u lt ip l ic a t iv e  l a t t i c e  8 we g e t a  sequence o f  l a t t i c e s  

S  s  S(f  ̂ S , f - J ^  1% ; - - ' / + h ,

- 19-



The s e t  o f  l a t t i c e s  8^ , , , ,  ,  c a lle d  a  loop  o f  l a t t i c e s .  S ta r t in g

a t  a  l a t t i c e ,  which belongs to  a  lo o p , u sin g  the above p ro c e ss , we n a tu ra l ly  

e n te r  th e  same loop.

Suppose we consider th e  loop o f l a t t i c e s  

where the  p r in c ip a l r e la t iv e  minima o f  R* a re  " ? * ) " '  ; ^  —

I f  we s t a r t  w ith  a  l a t t i c e  whose p r in c ip a l  r e la t iv e  minima are  

â ,  , —  ̂âm - £• then  we know th a t  Ri+C * S t  and Rt- = S i

hence

and so

Rt, » -

g ,

' ^ u e - i

±  i-i

The two way i n f i n i t e  ch a in  o f r e l a t iv e  minima in  d ire c t io n  d^ i s  c a l le d  a

d^ -  chain  o f  r e l a t iv e  minima.

5 .4  Suppose we have a p o in t ^  ^  , and d efin e  the norm

o f ^  , H ,  to  be

I f  i s  the  a lg e b ra ic  number corresponding  to  th en

I V ( E V -  ( A/orm ( q ) {

Hence the m u lt ip l ic i ty  o f norm, H, fo llow sj and no am biguity a r is e s  between 

th e  d e f in i t io n  o f the norm o f  a  p o in t in  and the  norm of an  a lg e b ra ic

number in  ^

Lemma 5.1 I f  0^ and ^  a re  r e la t iv e  minima o f  a  l a t t i c e  S , th e n  # i s  a  

r e l a t iv e  minima of th e  l a t t i c e  ^

- 20*



S '  s  -,
F ro o f Suppose -  i s  not a  r e l a t iv e  minimum o f  ot i . e .  j  a

r e l a t i v e  minimum ̂  ^  g- such th a t

'̂6') < p i  ( ■») f o r  a l l  i  ss 1 , . . . . .  r  + a

l . e .  ‘ ^

hence fop  a l l  i  .  1 , ..............   ♦ s

SAd s in ce  Ï  • £t belongs to  S , s in ce  ^  e  ^  se  have

i s  n o t a  r e la t iv e  mirdjmim o f  S, a  c o n tra d ic t io n .

F or a  r e la t iv e  minimum o f  a  l a t t i c e  S we d e fin e  the

o f oi ixi S , ÎRC© ( Ç i)s  as follows* We choose ( r  4 s  -  l )

d ire c t io n s  <3 ,̂ .  . . . . .  d r + a -  1 and f i r s t  s t a r t in g  from ^  in  the  d^ 

d ire c t io n  produce a  d^ * ch a in  a  r e l a t iv e  minima. Then from each  o f  these 

r e l a t iv e  minima produce d^ * chains o f  r e la t iv e  minima, and so on in  th e  

rem ain ing  d ire c tio n s*  The t o t a l i t y  o f  r e l a t iv e  minima produced in  t h i s  way 

i s  th en  c a lle d  th e  p roduction  o f  ^  in  S . The p ro d u c tio n  depends on th e

o rd e r in  which we take d i r e c t io n s ,  and we suppose th a t  we f ix  a  d e f in i te

o rd e r on th e se  d ire c t io n s .

S im ila r ly  to  lenna31 we may prove

PROD ( 01 a mOD

Lemma 5.2  I f ,  in  a  l a t t i c e  S , we have a  u n i t  £ ,  then

mOD Ci ' ) s  m E PROD (

P roof Suppose th e  next r e la t iv e  minimum to  ^  €  PROD

in  tiie  d^ d i r e c t io n ,  1@ 2Ç ,  and the  rjext r e l a t iv e  mininura from 

E Y in  th e  d̂  ̂ d i re c t io n  i s  ^  •

I f  E ^  th en  

f i i  s in c e  o therw ise o( . £  would be th e  next

r e l a t i v e  minimum to  in  the  d ^  d i r e c t io n .
I  ̂t

B ut s in ce  o therw ise  ^  i  would be the  n ex t

*21*



r e l a t iv e  minimum o f  in  t l #  cl: d lp e c tio n .

i . « .  JS iC çç ') = / > i (  t ' )

T h is  i s  oxi3y so  i f  ^  ^  # a  con trad io tIo n #

îh u a  s t a r t i n g  w ith % we p ro v e , the lemma.

Theorem, 5.1

Given two eq u iv a len t l a t t i c e s  P , Q in  E ( 9  ) ,  th e re  e x i s t  r e l a t iv e
J I . ‘

m in im  z  * i  o f P , Q re s p e c tiv e ly  w l«re

M { <t> ) » K in (K ( ^  ) )  i a  r e la t iv e  minimum o f  P

H » Min (M ( f  ) )  $ ^  a  r e la t iv e  minimum o f  Q

such th a t  f  P  m Q

P ro o f P ,  Q a re  e q u iv a le n t, i . e .  th e re  e x i s t  o lfjl  e- JC ( 9  ) 

such th a t  <2(. P  « ^  Q

L e t ^  be a r e la t iv e  minimum o f  P w ith  minimum norm, and be a

r e la t i v e  minimum o f  Q w ith  minimum norm.

There e x i s t  € P aax3 ^  Q such th a t

^  •* ^  ^  . . . . . .  ( l )

^  . f  ^ P  ' i  . . . . . .  ( 2 )

Hence

S ince norms a re  m u lt ip l ic a t iv e  have

S ( f  )  H ( ^  )  »  S ( î )  N ( ( [  )

Eenoa e i th e r  B ( | )  £ » ( f )  e p H ( f )  <  S ( S )

I f  <  H ( j ^ )  th e  norme d b o ^  o f  p  would c o n ta in  a r e la t iv e

minimum o f  P ,  whose norm wsuld th u s  be le s s  th an  th e  norm o f  ?  * a

c o n tra d ic t io n .

Eenca B ( ^ )  .  H ( î )  and th u s  S { f  ) -  H ( P  )

From ( i )  ^  ^

^  t  -22 -



and hence Î  P » (f> Q

and ^  y Î  s a t i s f y  the co n d itio n s  o f  the  theorem.

Given a  p ro d u c tio n  o f r e l a t iv e  miniina o f a  l a t t i c e  S , we p o in t -  

l a t t i c e  -  d iv id e  S by th e se  minima and the r e s u l t in g  s e t  o f  l a t t i c e s  i s

c a l le d  a  l a t t i c e  p roduction  in  K { 9  ) .

We consider the p ro d u c tio n s  o f r e l a t iv e  minima connected ly  a  u n i t  to  he 

th e  same since  "by Lemma 3*2, they g ive r i s e  to  the  same l a t t i e  e p roductions, 

C o ro lla ry  I f  th e re  i s  only one p ro d u c tio n  o f r e l a t iv e  minima in  any

l a t t i c e  o f  K ( 9“ ) th en  th e  c la s s  number o f th e  f i e ld  K ( 9  ) i s  the

number o f  d i f f e r e n t  l a t t i c e  p ro d u c tio n s  in  the  f i e ld .

P roof I f  two l a t t i c e s  belong to  t ^  same l a t t i c e  p ro d u c tio n  they  a re  

e q u iv a le n t. By theorem  3*1 two l a t t i c e s  which a re  e q u iv a len t belong to  the 

same l a t t i c e  p ro d u c tio n .

Theorem 3.2 In  a jy  f i e ld  o f  s ig n a tu re  1 ,  eveiy  l a t t i c e  c o n ta in s  only  one 

p ro d u c tio n  o f  r e l a t iv e  minima.

P ro o f S ince we have a  f i e ld  w ith  s ig n a tu re  1 , th e re  are two param eter

d ire c t io n s  to  be co n sid e red , say x  and y .  I f  i s  a  r e la t iv e  minimum 
.  (x ) ^  (y )

we l e t  JLL be the re sp e c tiv e  x  and y  d ir e c t io n a l  param eters

o f  J [ l  .

The p roduction  o f  a  l a t t i c e  S in  t h i s  type o f f i e ld  reduces to  a

one-dim ensional chain  o f  th e  form < c  oo w ith  th e
cx)

c o n d itio n s  > -iZ £  ̂ iZ :., JZ : such th a t

th e re  does n o t e x i s t  ano ther p o in t o f  th e  l a t t i c e  S s a t i s fy in g

« )  — u i  _-Qiti > T > -fli
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L e t (g  be a r^  r e la t iv e  minima o f  S.

L e t Xl] be t h a t  member o f  the  chain  o f  r e la t iv e  minima w ith  la r g e s t  x

param eter le s s  th an  0

I . e .

How i f  -Tlj s  th e n  (B) would n o t be a  r e l a t iv e  minimum,

hence ($ <  J i j

and th u s  ($

I n  a  f i e ld  K ( 9 ) ,  w ith  s ig n a tu re  2 we co n sid e r 3 param eter 

d i r e c t io n s ,  say x , y ,  z .  I f  J l  i s  a  p o in t o f  K ( 9 ) ,  then  -fl ^

are  th e  re sp e c tiv e  x , y ,  z param eters o f S i  ,  x ,  y ,  z b e in g  a r b i t r a r y  

b u t f ix e d .

We now prove th a t  every l a t t i c e  in  a  f i e ld  o f  s ig n a tu re  2 co n ta in s  

only one p ro d u c tio n  o f  r e la t iv e  minima. What we prove in  f a c t  i s  th a t  an 

X -  ch a in  from one r e la t iv e  minima always in te r s e c ts  a  z -  ch a in  from any 

o th e r  r e la t iv e  minima.

The p ro o f g iven  i s  e x ac tly  eq u iv a len t to  V oronoi^s p ro o f , b u t la  

s ta te d  a lg e b ra ic a l ly  a s  opposed to  the l a t t e r  geom etric argum ents.

Lemma 3 .3  There a re  no two members -:5r, o f  any x  * ch a in  {

fo r  which the  fo llow ing  in e q u a l i t ie s  hold

i î : ” ' >
r\ / a \P ro o f I f  -iij i l j  then  by the  d e f in i t io n  of x  chain s ( S 5*3)

X I > XI" and J I j  c o n tra d ic t in g  one o f  the
 ̂ n

in e q u a l i t ie s .  Â s im ila r  c o n tra d ic t io n  occurs i f  ^

Theorem 3 .3  Two, two s ided  ch ains o f  r e la t iv e  minima o f d i f f e r e n t  

d ire c t io n s  have a  common elem ent.

P ro o f L e t x  *  ch a in  be ^  X I a n d  z -  chain  be ^
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In  £  th e re  i s  an elem ent ( i  may he n eg a tiv e) 

such th a t  I

T/’> > J!" ......(.,
T;‘"  .

T his  i s  tru e  s in ce  in  a chain  in  one d i r e c t io n  th e re  a re  elem ents o f 

a r b i t r a r y  la rg e  s iz e  in  th e  p e rp en d icu la r d ire c t io n s .

3  -fill € such th a t
(fl

-fib <
- -  /A)
I i

T / t ' .« « « . ( i i )

n / "  >

L et be the  r e la t iv e  minimum in  w ith  la r g e s t  % co o rd in a te

s a t i s fy in g  s im ila r  c o n d itio n s  i , e .
cx\

>  T / ) '   ( i l l )

I f  th en  we would have = -ZZj by the

d e f in i t io n  o f  consecu tive  r e l a t iv e  minima. Since the  co n d itio n s

T i

T i

Jl/” < Ti(1\

c o n tra d ic t  the f a c t  th a t  T j i s  a  r e la t iv e  minimum we have two p o s s i b i l i t i e s

J l / ’’ T / ' '

ÿ :
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We now show th a t  (v) i s  in c o r re c t .  Assume th e  c o n tra iy . 

Then has tiso elem ents ^  and such th a t

J l ' » '  .  T , ‘”  .  - n / *

J l ' "  ,  T , " ‘ >  J Î / * ’ ..........

by eq u ations ( i )  and ( v ) ,  but th i s  c o n tra d ic ts  lemma 3*3*

Thus ( iv )  i s  th e  only p o s s ib il i ty *

How co n sid e r { "è * L e t be th a t  elem ent o f  th i s  z  -  ch a in

w ith  maximum z -  co o rd in a te  le s s  th an  -/2j 

We have

I £ c  - i l j  =$> ( e <•

and hence th e re  a re  th re e  p o ss ib le  c a se s .

and

A : "

< T / '

. . . . .  ( v i i )

a '
-Q^-i <

A / " >
. . . . .  ( v i i i )

4 ) - . >

4 ^
c

. . . . .  ( ix )

I f  ( v i i )  i s  t ru e  then  by th e  d e f in i t io n  o f  £ , 7 % , -

and th e  ch ain s have a  common elem ent.

I f  ( ix )  i s  t ru e  from ( i i i )  and ( ix )  we have th a t

T z " '  >  f , . / "  >  . . . . .  w

which c o n tra d ic ts  lemma 3*5» leav in g  u s  w ith th e  p o s s ib i l i ty  ( v i i i ) .
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A "T“ “7— 0 <I n  th i s  c a se , i f  Z  *€ we would n e c e s sa r ily  have " — j

and th u s  tlie ch a in s  have a  common elem ent.

Thus

th a t J 2 / ”  <  T

th a t fo r  o therw ise T , „

4 " '

■> T f **#*# (x l)

A -
So e i th e r  th e  two c h a in s  have a  common elem ent o r

"5 'S l i  ^  and Ije, Ti « s a t i s fy in g  in e q u a l i t ie s

( iv )  and ( x i )  end where

T e '" ’ *  "t T ’ = 

t / ' s'  ^  :  C;

^  J l ' " '  = c .

Comparing ( i )  w ith  ( iv )  and ( i i )  w ith  ( x i ) ,  we may re p e a t t h i s  argument

to  fin d  our new r e la t iv e  minima

such th a t

<• Cl

S -d ' * i 4 l . and

<  Ci
- r , ( a

which ag a in  s a t i s f y  c o n d itio n s  s im ila r  to  ( iv )  and ( x i ) ,  o r o therw ise the  

c h a in s  have a  common elem ent. We may re p e a t th i s  argum ent, and sin ce  th e re  

a re  only f in i te ly  mary r e la t iv e  minima in  a  bounded ra n g e , then  t h i s  

procedure must ev en tu a lly  te rm in a te . That i s  ^  

have a  coMnon element#

Thus we see th a t  in  f i e ld s  o f  s ig n a tu re  1 o r 2 , every  l a t t i c e  has

on ly  one p roduction  o f  r e la t iv e  minima end hence, by th e  c o ro lla ry  to

Theorem 3*1, the  c la s s  number o f  any one o f  th e se  f i e ld s  i s  th e  number

o f  d i f f e r e n t  l a t t i c e  p ro d u c tio n s  in  th a t  f i e ld .
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3 .6  I f  we co n sid e r K ( </d ) ,  th e  f i e ld  generated  by the  p o s i t iv e  

ro o t o f x ^ - d t t O  d > 0

l e t  ^  ^  i f  d -= 2 , 3 mod (4)

« i f  d s  1 mod (4)

C onsider th e  id e a ls  [  w t  b ']  in  K ( y/F ) where a ' |  H (<o + b*)

We look  a t  th e  f r a c t io n a l  id e a ls  ^ 1 ,  3  s im ila r  to  the

o rig in a l*

T/e c o n sid e r r e l a t iv e  minima in  th e  d ire c t io n  o f in c re a s in g  x ,  x the 

d ir e c t io n  o f 6).

A ll p o in ts  o f  th e  id e a l l a t t i c e  l i e  on l in e s  p a r a l l e l  to  01 through the 

p o in ts  L ■ d '“   ̂ "— J T "  /

fo r  r a t io n a l  in te g ra l  n .

L e t two re g io n s  be defined

6 : 1  = (% i, Zg) -1 <  Xg <  0 3

^2 = ^  1  = (% i, Xg) 0 .4 Xg <  1 ]"

Except fo r  th e  l in e  through th e  o r ig in ,  every l in e  has one l a t t i c e  p o in t 

in  and one in

How on any l in e  th e  p o in t  in  has sm alle r x value than  the  p o in t in  

The l e la t iv e  minimum next to  ( l ,  - l )  must l i e  inT ^*

As we look in  reg io n  E(d) ® £  jb € ^  ̂ ^  ^ ^  ^

and in c reas in g  d from 1 th e  next r e l a t i v e  minimum must l i e  on a  l in e  

through ( -----   ) ---------- j -M  (n ) n  1
V  Q» C\ /

I f  1 i s  the d is tan ce  from where th e  l in e  through H ( l )  c u ts  t h e x  a x is ,  

to  th e  o r ig in ,  then  3  a  p o in t ^  ly in g  on th e  l in e  through M ( l )

in  so th a t  1 *< ^  I

and a  p o in t in  ly in g  on l in e  through M (n ) must have x param eter value

a t  l e a s t
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F i r s t  r e la t iv e  minimum l i e s  on a  l in e  through 21 ( l )
/  "4 i> to -v b ^

afid i s  the unique p o in t d e fined  by (. *~‘ĉ   ̂ a  /

- 1  <■<=> a w  >  1

i . e .  O <  — w  — b  < < x  < o - f r b

the  c o n d itio n s  fo r  reduced id e a ls  due to  Heriflite*
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CENTER 4

A D e sc rip tio n  and E xplanation  o f Yoronoi^s A lgorithm

4*1 Yoronoi ( 23) co n sid e rs  a  3-d im enslonal l a t t i c e ,  w ith  g en era l p o in ts  

( ^  ^ ) and th en  transform s i t  in to  th e  r e a l  l a t t i c e  S w ith

g e n e ra l p o in t ( j ^  )* A ll p o in ts  o f  S l i e  on l in e s  p a r a l l e l  to  th e  

l in e  through th e  p o in ts  0 (O, 0 , O) and I  ( I ,  0 ,  1) and th e se  l i n e s ,  o r 

’’p a r a l l e l s ” c u t th e  V) p lane  in  a  2-dim enslonal l a t t i c e  T* We know 

(Delone and Faddeev ( I 3) ,  p .p .  459-464) th a t  T has a  b a s is  x ,  % such th a t  

t r i a n g le s  fornasd by th e  o r ig in  w ith  p a i r s  o f  x ,  %, ^ - x ,  - x ,  x -y  taken  

c y c l i c a l ly  a re  a l l  acu te -an g led . Of th e se  s ix  t r i a n g le s  we choose th a t  

one which covers the  negative  ^  - a x i s ,  and suppose the  b a s is  p o in ts  a re  

X and y .  L e t ( z ^ ,  Zg) be a  p o in t o f  T* The l a t t i c e  p o in t o f  S , which 

l i e s  on the p a r a l l e l  t h r o u g h a n d  has l e a s t  p o s i t iv e  ^  -c o o rd in a te , i s  

c a l le d  the  pinhead o f  l e t  i t  b e ^ +  t ( z )  01 , and th en  we have

0 -cr t ( z )  -< 1* I f  z 4* 0 ,  then  t ( z )  j: 0 s in ce  th e  ^  co o rd in a te  o f

th e  pinhead must be ir r a t io n a l*

Since -  z -  t ( z )  01 i s  a  p o in t o f S we have th a t  t ( - z )  * 1 - t ( z ) .

The p ro je c tio n  o f  ^  4 t ( z )  01 onto T i s  (a^ 4 t ( z ) ,  z^) and i s  denoted by 

z l  We denote by | ^  | the  d is ta n ce  o f  ^^from  0 , l . e ,  j z | = (z^  4 z |) ^  * 

Since we assume th a t  I  i s  a  r e l a t iv e  minimum in  th e  fo llow ing  p ro o f , we

have I z * [ ^  i  f o r  every  _z in  T .

TW nex t r e l a t iv e  minimum is  th a t  pinhead y* fo r  which | z*| i s  

l e a s t .  Yoronoi*s theorem s t a t e s  th a t  i t  i s  one o f tW  pinheads 

A = / % ',  Z * , (-2 ) '»  (-% )*, (% -% )', (y -x ) ’ .  C£+2.)'j ■ Since a p ro o f o f  t h i s  

theorem  was n o t a v a ila b le  to  u s , we g ive an  independent p ro o f . I n  th e
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fo llo w in g  s e c tio n s  ^  w i l l  m a n  b o th  th e  pinhead o f  and th e  p ro je c tio n  

o f  th e  pinhead onto th e  ^  ^  p lane  as  no aidbiguity a r i s e s ,

4 . 2

L e m a .A .t f l i i n ( [ ^ * l  ^ i f

<  4 J  i f  -  J  s  s  0

P ro o f We have (z^ 4 t ) ^ ^  ( -  z ^ -  t  4 1)^ accord ing  a s  t  §  i  *

Hence i f  z-j ^  - J  we have

min ((z^ 4 t ) ^ i  (*  z^ -  t  4 l ) ^ )  ^  (z ^  4 t ) ^  <  fo r  

0  -c t  <  "L

I f  - i  :s z^ < 0  we have

min ({ẑ  4 t)^, (-3  ̂ * t 4 1) )̂ ^ max (z^ ,̂ i )  « i  

How min ( [y* [ » min ((z  ̂ 4 t(«))^ 4 {- ẑ  -  t(«) 4 1)

* z ^  4 min ((z^ 4 t(* ))2 , (-8^ * t (s )  4 l)^)

whence th e  r e s u l t  fo llow s.

Since [ z*| and [ (-z)*[ a re  b o th  g re a te r  t h m  1 we have

I » 1 ^ > 1 i f  Zj s  ,## ( l )

end Zg^ ^  I  i f  :? * , ^  0  . . .  (2 )

I f  _z maîœs an ai%le ^  w ith  th e  negative  5  *ax is#  th en  

i f  k , IS TT/s | z  |"> H  . . .  (3 )

I f  >  T f/S  | 2  2  . . .  ( 4 )

How l e t  X « {* X cos S' ,  x s in  9- ) and y  * ( -y  cos ,  -y s in  (j> )

where x «  \ k  \ $ 0 < 9  , 0 < c | ) ,  9 + cjt> %

9  i s  the angle made by % w ith  th e  negative  ^  - a x is ,  and the  

angle made by % with the  same a x is ,  x  and y  1>«ing on o p p o site  s id e s  o f  

t h i s  a x is ,  

from  (4 ) we have

- 3 1 -

2



X ,  y  >  t  (5 )

Also i f  9 — ^  then from ( 5) % > coa B

■while i f  ^  ^  then  ( 3) g iv es  x  > 1  and ag a in  x >  cos 9

Thus X >  cos S  *,* (6 )

l e  now show th a t  I f  9 <S. J "5  ̂ ? E th en

X - cos d >  J . . .  (7)

In  th e  in te rv a l ' 5  . ^ ^  "Ç we have / ^ 2  I ^  *2

’■‘®* ^  - 2 a i a  &

Hence x -  cos 9  S -  -  coa 6"£, S in  y

How “ Gos 0 a t t a in s  a  minimum a t  9  = ^

in  the in te rv a l  ^   ̂ ^  w ith  value  -J

I f  O <  8 J- then  X cos 9  •  t (x )  >  cos & sin ce  x* l i e  in s id e

th e  u n i t  c i r c l e ,  and “tiius J  would n o t be a  r e la t iv e  minimum.

Thus X cos 9  -  t ( x )  >• c o s  8  > 0 #** (8 )

Lemma 4 .2  L e t ax 4 be a  p o in t o f  T , n o t belonging to  A, th en  th e re

e x i s t s  a  p o in t ^  e  A, sissh th a t

| ( %  + % )* 1 >  t z* I * ( 9), ,.

P roof Case ( I )  a*b > 0

I f  a <  0 then  4 by) ^  , the  ^  -co o rd in a te  of (ax 4 by), is 

g re a te r  than  z e ro . Hence

I ( %  + % ) '  I ^  I ex + t% I

^  (% ' * / r

s in c e  x ,  y  a re  s id e s  o f  an  acu te  angled t r i a n g le .

Thus I (ax 4 by)* [ >  Min (>^^# y^) 4 i  and a t  l e a s t  one o f the

p o in ts  t  X, -  y  o f A s a t i s f i e s  ( 9 ) by Lemma 4*1. I f  a  >  0 we assume

f i r s t  th a t  ax coa 9  4 by cos cj) ■> 1
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Then | ( %  + Ty)*| ^ ^  | ^ -  2 |e% + t  c o s f ^ f

##. ( 1c)

where t  * t  (ax  4 by) and L> i s  the  angle made by ^  4 by w ith  th e  

n eg a tiv e  5  - a x is .

S ince ax cos Ç  4 by cos <̂  >  1  we know th a t

I (ax  4 b y )* |^  > a^x^ 4 b^y^ 4 ] -  2ax coa 6  -  2by cos ^  4 2abxy cos

«»* ( 11)

I f  we f i x  9+  , we f in d  th e  maximum value  o f  ax cos 0  4 by cos cj> to

be (a^x^ 4 b^y^ 4 2abxy cos ( 9  + ̂  )) |-  and hence, from ( I I ) ,  we have 

1 (%S 4 ly )*  I ^ >  (a^x^ 4 b^y^ 4 2abxy cos (Ç  + )2 » %

»•« ( 12)

If  a or b 2: 2 and 1  e x < y then from (12) BXiàO<^-^P <. H we have

I (ax  4 by)* I ^ > ( / ¥ - 1 ) ^  x ^ >  "I x^

>  4 i

and so by lemma 4*1 one o f  y  x s a t i s f i e s  ( 9)*

I f  X < 1 u sin g  ( 3) we must have 9  >  *^ and hence p  < IL which 

i i ^ l i e s ,  again  by ( 3) ,  th a t  y  >  1  « We s t i l l  have th a t  x ;> -g. From 

( 12) we d e riv e

[{sg^ 4 by)* I ^ > Min |^ ((4%^ 4 1 )* -  i  )^ ,  {(x^ 4 4 )2  -  l ) ^  »*. ( 13)

and bo th  o f th ese  v a r ia b le s  a re  le s s  th an  tS  4 J .

H ence j ( e x  4 by)*[ ^  > x ^  4 i  ^  Min ( [ x * [  [ ( - x )*  |

and th u s  one o f -  y  s a t i s f i e s  ( 9 ) .

We now co n sid e r ax cos 9  4 by cos ^

S ince | ( s ^  4 Ty)* | i s  no t l e s s  than  th e  y co o rd in a te  o f sol 4 ,

we have

I (ax  4 by)*[ ^ (a% s i n 9- * by sin<^ )^  **. ( l4 )
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w 4 2abxy cos ( Ç ) » (@% cos 9 + by cos <f>

eSx^ 4 4 2abxy cos ( 9-4 ) -  "1

and i f  a  o r b ■>, 2 we have

l (ex  4 by)* 1 ^  k  5 Min ( x ^ ,  y^) -  1

-  Min (x ^ , y^) 4 ̂

and by leim a 4*1, one o f th e  p o in ts  -  x , -  y  s a t i s f i e s  ( 9 ) .

Case ( i i )  a .b  = 0

We assume w ithou t lo ss  o f g e n e ra l! iy  th a t  b = 0

I f  a  < -2  then  [ (ax)* | >  ax . .  ( 15)

s in ce  th e  ^  co o rd in a te  o f sx  i s  p o s i t iv e ,  hence 

| ( ax )* [  2 > a^x^ > 4x^ > x^ 4 i

s in c e  from (4 ) x

Thus ag a in  lemma 4*1 g ives us t h a t  one o f -  x s a t i s f i e s  ( 9) .

I f  a  k  2 end X cos 9  > J  then  ax cos 9  >  i- and thus from ( I I )  

l ( s s ) * l  ^ -  a^x^ -  2ax cos 6 4 1 *#* ( 16)

= (ax  -  cos 9  ) ^ 4  ( i  - c o s ^ 9  )

How X < i. *=> cos 9  ^  i

^  9  <  ^

X > 4. a  c o n tra d ic t io n , th u s  x > 1  and so

I ( 8x)* [ ^ > (ex -  X cos  9 )^

> ( a - l ) ^ x ^

> x ^

> [x*[ ^ s in ce  x > 1

and s o y  s a t i s f i e s  ( 9 )*

I f  X cos 9  <  ^  then  ^  ^  T

I(ax)*I  ̂ ^ â x̂  sin^ 9



and hsnoe one o f  -  x  s a t i s f i e s  ( 9 ) .

Case ( H i )  a  b  <  0

We assume w ithout lo s s  o f  g e n e ra li ty  th a t  b «c 0 .

The square o f  the  p e rp en d io u lar d is ta n ce  o f  th e  o r ig in  from th e  l in e  

-  tx  + by ( t  G [R ) ,  i s  g re a te r  t h a n ' |  Min (y ^ , | x  -  y  ) ^)

T h is  i s  so , s in ce  th e  t r ia n g le  formed by the  o r ig in ,  -  y  and y  -  y  i s  

a cu te -an g led .
2

Thus I (ax  4 by)' |  ̂ ^  Min (y ^ , i % -  Z t ( l 7 )

sinoe  { m  4 ly )*  l i e s  on th e  o p p o site  s id e  o f L(b) to  th e  o rig in *

Hence i f  b £  -  2 then

| ( ^  + t z ) ' |  ^ i  2 K in (y ^ , | x -  ^  1

-  M i n  ( y 2 ,  + & by ( 3) and (4 )

and so by lemma 4*1 , one o f  -  y ,  -  (x  -  y )  s a t i s f i e s  ( 9)*

Thus b can only  be -  1

I f  a  > 5  and t  ( ^  -  y )  = 1 then

I -  y ) * (  ^  >  j ^ ( a  -  i) y  -  1 c o s 9j  ^  4 -  y :  [ ^  ( i s )
T his i s  so , s in c e  ( ^  -  y )*  i s  a t  a  d is ta n ce  frm i the o r ig in  g re a te r  th an

tl% d is ta n ce  o f  th e  p ro je c tio n  o f  (%  — y )  onto  L ( - l ) ,  Also t i »  angle

subtended a t  % -  y  by ^  -  y  ( a  ^  2) and the  o r ig in  i s  o b tu se , (see

diagram 4*1)

Thus from (18) we see ,

|(s% -jl)*!   ̂ > |̂ (a -  2).x 4 (x » 1 cosB ) ]  2 4 [ x - y ( ^

(6 ) g ives X > cos 9  >  1 cos 9  end so

I (ex -jl)*!  ̂ ^ l(a -  4 j x - y

^  x^ 4 [ J  -  y  [ ^

Again lemma 4 .1  and ( j ,  (4 ) g iv e  th a t  one o f  -  x , -  (x  -  y )  s a t i s f i e s  ( 9 ) .
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T hiô le av es  u s  vfith  th e  p o in t 2x •* %#

I f  ( %  ~ ÿ  « -  (2% cos ^  -  y  cos <̂ ) > 0  tb ^ n

2 2 2
♦  % . . .  (1 9 )

because th e  an^le  subtended a t  ^  t y  th e  o r ig in  and ^  » y  i s  obtuse*

Thus lemma 4*1 # i th  ( 3) (4 ) give th a t  one o f  ̂  x , " ~ s a t i s f y  (9) ,

So m  assume th a t  2x 00a 9  -  y  cos 4̂  >  0* L et 1 »  t (  2 ^  *" %) # B i s

th e  p o in t ( 2 x - * x ) »  ^  i s  ( s  ~ %)# ^  i s  acu te  since  I t  i s  eq u a l to  one o f  

th e  ang les in  th e  fundam ental t r ia n g le  formed by th e  o r ig in ,  jc and %. 

t  * t(j£ %) hence 1 -  t  « t ( y  ♦ % ).

The p ro je c t io n  o f th e  p o in t ,  a  d is tan ce  o f  1 -  t  in  the  % <  0

d ir e c t io n  from K, onto  th e  l in e  i s  th e  p o in t D. The p ro je c tio n  o f 

( 2 ^  *% ) onto BE i s  tW  p o in t C.

Diagram 4.1



Since CEO = îT •— ^  ^  vse have

OĈ  >  oaf + Bcf = |:% -J&l  ̂ + (x -  1 cos 6

I f  (x  -  1 cos 9- S J  th e n  00^ > 1% ~ Z t ^ i  *•* (20)

and sin ce  th e  angle subtended a t  C by ( s x -  y)* and 0 i s  ob tuse  then
2 2 

1 (2$  -  Z ) '  I >  | i E - z [  + i

'Hhich frcKH lemma 4 .1  proves th a t  one o f * (x  -  %) s a t i s f i e s  ( 9 ) .

Thus (x  -  1 cos 9  )^  <  i  and by (6 ) x  > cos 9  >  1 cos ^

and so X c  ^  + 1 cos d" *** ( 2 l )

(7 ) p u ts  a  fu r th e r  r e s t r i c t i o n  th a t  O c  P <  J  and hence

1 <r X ^ + 1 cos 9 < #.# ( 22)

by ( 21) and ( 3) .

How [ I » . I X cos & -  t  (x ) I

» X COS 9  -  t  (x ) from (8)

5  1 cos 9  + J  ** t  (x ) ( 23) from ( 2 l )

I f  t  (x)  ^  J  th en

1 1 <  1 cos 9  <  cos 9

which would p lace  x* in s id e  the  u n i t  c i r c l e ,  c o n tra d ic t in g  th e  f a c t  th a t  

_I i s  & r e la t iv e  minimum.

Thus t  (x) 2

I f  1 5  t  (x) then  1 '«£' i  which i s  isg>ossible since  by ( 32) we must have

1 <  X < i ' * ‘ i  -  1#

Thus 1 > t  (x) and hence 

t  (x  y )  « 1 *- t  (x )

So t ( x - y )  » 1 » 1 + t  (x )

and W  a  (1  ~ 1 + t  (x)) cos ^

<3B s  1 cos 9

CD ss ÏS  * ED -  CS
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» X -  (1 + t  (x) )  C03 9 

Hence 00 OD x > (1 + t  (x ) )  cos 0"

But  X cos  9  >  cos 9  + t  (x)  by ( 8 ) ,

and th u s  x  >  co s  B + t  (x ) >  ( l  + t  (x) )  cos 9

I f  OC <: OD then  1 (y  -  x ) » I | ( 2 x  -

and s o y  -  X s a t i s f i e s  the c o n d itio n s  o f the lemma.

The p roof i s  s im ila r  in  th e  ease  Wien a  <  o.

The p rev io u s  leirana c o n s t i tu te s  a  p ro o f o f  fo ro n o l’ s  Theorem.

We now co n sid e r Cs y ) * iu  more d e ta i l .

4*1. L e t ( s )  » Min {^  | where ^  e  T.

L e m m a  4 . 3  I f  ^  ( x  *  y )  <  ^  W #  t h e n

Min ( (y ) ,  y D ( l -  y ) )  <  | (% + % ) ' |  -  (^  + y )

P ro o f (x  + y )  ^  » ( x ) ^  + ( y ) ^  and since  one o f  9 / ^  ^  ^

th e n  X cos 9  + y  cos > 1

Hence 1 (* x -  y)* | > j ( - 5  -  y )  [ = j (x + y )  [ > I (x +

and th u s  J> ( z  * XJ  = | ( x  + y)*(

L et l e t  (x) and m » t  ( x  -  y )

We f i r s t  look a t  th e  case  (x )  = | x* j and ^  (x  -  y )  « [ (x  -  y)* (

There ere th re e  case s  to  co n sid e r
m m 1 + m 1 +  m

i )  1 ^  2 l i )  2 -  1 ^  2 i i i )  1 5" 2

Since t ( x + y )  ^  2 1 -  m (mod 1) we have re sp e c tiv e ly

t ( x * f y )  w 2 r l  — f f i + i ,  2 1  — m,

I n  th e  fo llow ing  s e c t io n , l e t  (x  - y ) * ,  x* be denoted by A, B re sp e c tiv e ly .

L e t (x  + y )x  be the  p o in t where t i e  l i n e  AB c u ts  th e  l in e  th rough x + y

p a r a l l e l  to  the S  -  a x is .  L e t 1  re p re se n t th e  p ro je c tio n  o f  01 onto  th e

^  p la n e .
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( i )  1
m

Xa t h i s  case G * (x  + * (% + y )  % + J,

B îa^am  4 .2

I n  âiagram  4«2 A' a  (x  y)* -  , C* « (x  + y ) * , BC* = A3 i s  o f

le n g th  x )*  = 2p, s in ce  t (~  y )  = m -  1 and A*B = BC i s  o f  le n g th

X* * 2n s in ce  t ( y )  & 1 -  m + "1 K i s  th e  m id-point o f  AB and HDD* *

i s  the  p e rp en d icu la r b is e c to r  o f  AB* DD* i s  th e  p e rp en d icu la r b is e c to r  

o f  BC.

oZ » an^le A.*BA < ^  s in ce  A* A » 1 ,  AB > i  , and A*B > "i 

How i f  ^  (x  + x )  ( à  ~ \ l )  the  o r ig in  must l i e  in  th e  s e c to r

D*DD* * s in ce  then  we have yô(x  4̂ y )  <  (x) and ^  (x -  y)  (x)#

The p e rp en d icu la r d is ta n ce  o f  C to  HD i s  p + 2n cos «t >  p ♦ n

Hence th e  d is tan ce  o f 0  to  th e  o r ig in  h  p e rp en d icu la r d is tan ce  o f  G to  

HD

— Min (2p ,  2n)

« (y )
-39^



1 + m m
( ü )  2 ^  1 > 2 . In  th is  s itu a tio n  (% + %)* = (x + 2 ) *

and since yO (x) > yO (x * %) the o rig in  l ie s  on the opposite side

from X*of the perpendicular b isec to r o f ^  and hence (x

ja (x  + z )  = |( x  + x ) * l >  ^ ( x ) > y ô ( a - i )

i i i )  1 S  ̂ 2 °* • Benoe (x + x ) ’ = (x + x ) » - J .  Let H be the

poin t X* J. .

Diagram 4*5

Since 1 > ^ and (x + l ie s  on the lin e  join ing (x ~ to x + ( l  ” i)»J. 

i . e .  Hj and 1 sinoe t(y ) = 1 -  m and so ^  = 12 *| > 1, then the 

perpendicular b isec to r BE, of AB cu ts  the lin e  jo in ing  A to  H in te rn a lly  a t

B, since i t  cannot cut BH in te rn a lly .

Since ^  ^ x )  (x) the o rig in  must l i e  on the same side of DË as A.

Also the ^  -coordinate of H must be negative o r otherwise | x*| > |

With the orig in  in  th is  position  we must have

/>(%- .%)  < y ^ fe  + x )

We now consider the case where yO(x) = l("*x)*| a n d -  x ) = | (5  " x)(

(x + x) * is X + X + ( 21 -f m)• X .
Since y) (x) = j (~xj * | we have 1 ^ ^  -x  cos 9 and 9 >
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and sine© = | (% * y ) ' |  have ^  < i  + x cos9  -  y cos

Hence 21 + m < -  co s9 ,x -  y cos ^

Ho?) since 9 > % then f  ^ and so y ■> 1 and hence
21 + m <" 1 Tfhich t o i l e s  (x t  %)* = (x + y) * 4- j[ and ise

have a s itu a tio n  analagous to  ( i )  o f previous section#

i -ff» X -  >J

Diagram 4 .4

Similar configurations oocur In the reaaining tuo pcsoibilities 
i . e .  i )  ^ ( 2 ) = 12 ' I aiia J> -  z )  = I ( j C~3) ' l

\

and i i ;  J3(x) = |^ ) * | and ^  Cs ~ ..II/ -

and leimca 4 » 5 i s  proved#

A sim iliir statement may be proved i f  (v) > j û (x -  x )  thus 

%e need only consider (5 4 - ^ ) ’ i f  1^0 Cs -  v) i s  greaAer than both 

C$) And ^  (y) .

Wi»n t ( 2 ) + t(y ) > 1 the pinhead of x + % l ie s  on the p a ra lle l 

through j K + % a t  a distance t(^ )  4 t(y ) -  1 from th a t p o in t. Let
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A, A* ,  B , B*, C, C* denote re s p e c tiv e ly  x + + %) * » .2, %%

The angle ABO (ACO) = TT- (G-f and hence th e  p e rp en d icu la r from

0 to  AB ( AO) o u t AB (AC) on th e  opposite  s id e  o f  OB(OC) from A. Also 

ii?e have th a t  t (x )  + t(%) -  1 i s  le s s  than both  t ( x )  and t ( y ) .  Hence 

th e  p e rp en d icu la r from 0 to  A’B* (A*C* ) c u ts  the l in e  a t  E (î*) on the  

op p o site  s ide  o f OB ( OC) to  A*. Also A*B* > AB = y •

How B*E (C*S) < p e rp en d icu la r d is ta n c e  o f  B* (C*) to  l in e  OB (OC)

= dg (dg) say

I f  we prove th a t  e i th e r  ^  o r  d^ Jx  then  we w i l l  have

l(x  + y ) ’ j >  Min ( (x ) )  (24)

There a re  th re e  p o s s i b i l i t i e s ;

I f  © > X  then  X >  2 ^ i n ^  d^ the d is ta n ce  o f  BC* from OC i s  

l e s s  than  sin , <j> <. s in  ("I.g) « cos 9- *

How -  dq ^  s i n 9 ~ oos ^  which has a  minimum value zero

in  the  in te r v a l  ^ 9 s  % a t

Hence ~  >  d^ and J i i z )  ^

I f  % < % and f  -  » Then < i  and y  ;> 1

and so J3 (x )  <  [(% + z )*  i

F in a lly  we have th e  case  when ^  j bo th  l i e  in  Ü'Ç ;

How X cos Q -  t ( x )  > cos?- and y  cos ^  - t ( y )  > cos (p by (8 )

X > 1 ^ 1  * 1 , y >  + 1
COS 9- cos ^

We may assume th a t  2t (y)  sSn (j> > x  , 2 t ( x )  s in  9  > y ,  fo r

o therw ise  (24) would be sa tis f ie d *

Hence 2 t(y )  cos 9  > + 1 , 2 t(x )  cos ^  1

whence ^ t ( y )  >  **• 1 ; J 3 t ( x )  > 1
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eaaing  «e g e t { a/ 1  ”  ;?  ) ( t ( r )  + t ( y ) )  > 2
f }

i#e* t(x) + t(x) > 2 . fJ~S $ a oontradiotion einoe t(x) + t(x) -<* 2*
fierce we only consider the case when t(x) + t(y) < 1 ,
If a «S ( and c « ( ly then (x+,x) la the projection
 ̂̂  Ÿ onto the  ̂ plan© and thus » a+c.

If a 4- c >  ̂then the projection of J. - ) onto the % - ̂
plane is closer to the origin than is the projection of - ( 4. ÿ )»
Hence | ts ♦ x)* 1 2» |(-j& * » which was rejected by lemma 4#2*
We have thus proved
Lemma 4#4 ïïnless the conditions
i) W (i - x) ii) y9 (i) < t/® ts - x)
i i i)  t(g) ♦ t(x) < 1 Iii) ( ^ ) ^ »  ( f  )^ < i

all hold, then there is a point jt, «, “ X« ” ^ “ x) ? such
that l(s + x ) ' |  > (x'l

4»4 We mw suppose that the cubic field K ( 9  ) is generated by one
of tiie zeros A - ̂  X of the po3ync®sial p(x) % - qs - n . Starting
, i . h  I .U .O . s .  [ 1 ,  ♦  , ( - ]  .  [ )

the lattice T will have basis elements
X =  ̂ J g {m'-mV) \   ̂ ^ ^  'j

X » ^ ftY/S-oQ +n" , y (n ' - n "d ]  J  „  ^

te see that * (m'n-m"n') /

Thus ^  «£, ^  i f  and only i f  — m r \ * > 0
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I II II I
I f  n  0 -  fO n i s  i n i t i a l l y  p o s itiv e ^  th en  a f t e r  eveiy  t r a n s fo r -  

jEâtion perform ed on the  b a s ie ,  w ith  p o s it iv e  d isorim inant#  the new
I II It I

value  o f  M n -  m n w il l  s t i l l  be p o s i t iv e .  In  the  case  when

(v\ n -  iv>**0 <  0 we a l t e r  th e  b a s is  to  ^  i which s a t i s f i e s

the  co n d itio n .

To use Voroîîol’s  a lg o rith m  we have to  f in d  a  b a s ic  v e c to r p a i r  

fo r  the l a t t i c e  f  which produces an acu te  t r ia n g le  w ith  th e  o r ig in  

co v erin g  th e  n eg a tiv e  §  e x is .  f i r s t  we have to  produce a  b a s is  which 

g iv e s  an acu te  t r i a n g le  w ith  th e  o r ig in ,  th e  second c o n d itio n  i s  th en  

s a t i s f i e d  by u s in g  a  s u ita b le  transform ation*

T has a  b a s is  x ,  the  necessa ry  and s u f f ic ie n t  c o n d itio n s  th a t  th e  

t r ia n g le  i s  scu te  a re

i )  Z  * Z >  0

i i )  -  X) > 0

i i i )  X ,  (jF ~ 0

I . e .  a l l  th re e  ang les o f  th e  t r i a n g le  have p o s it iv e  c o s in e s .

How Z  * Z  ® % (■ o. 4- (n

w S .  A say

X .  X  * 'Ij 1  + w ft' (oî-c^ ' l )

« z  m B say 

and X * X  * 2 ,  (  n ’n* oC+ n“^ ^ )

m Z 9  G say

W ithout lo s s  o f  g e n e ra l i ty ,  th ese  c o n d itio n s  may be r e s ta te d  a s

i )  B >  0  l i )  A > B i l l )  C >  B

becm se  o f  th e  f a c t  th a t  Z > 0

I f  B <  0 , by p o s t-m u ltip ly in g  th e  b a s is  by th e  m atrix
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0 0

H * 0 1 1

.0 -1 0 ^

th e  b a s is  i s  changed to which g ives u s  B

and d e t H s  + 1

I f  A B by s e t t in g  d !lL and p a s t-n a il tip ly in g  by a

1 0 0 "

J  = 0 1 -d

0 0 1 _

ve have A >  B, and d e t J  = + 1# S im ila r ly  i f  C B.

By rep ea ted  m u ltip l ic a tio n  o f th e  b a s is  by m a trices  such as H and J ,  ve 

e v en tu a lly  a r r iv e  a t  a  b a s is  which s a t i s f i e s  co n d itio n s  i ) ,  i i ) ,  l i i ) .  

T h is  i s  so , because on each m u ltip l ic a tio n  B i s  decreased by a  value 

g re a te r  th an  th e  minicaaia le n g th  o f  a  v e c to r in  th e  l a t t i c e ,  and i s  

p o s itiv e*  ( t h i s  i s  th e  method o f re d u c tio n  o f a  q u ad ra tic  form)

By n a iltip ly in g  th e  newly found b a s is  by m atrices I i ,  ( i * 1 ,  •• , 6) , 

th e  s ix  t r i a n g le s  formed by th e  re sp e c tiv e  b a s is  e len e n ts  form th e  f i r s t  

reduced Eexagcm o f  Z elling*

Here th e  m atrices  a re  defined  by

1 0 o" 1 0 o'

.SS 0 1 0 ^2 B 0 -t 0

0 , 0 i 0 0 •i

i 0 0 ' " 1 0 o"

"3 ST 0 1 1 0 -1

0 -1 0 ^ 0 1 0
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- r
i 0 0 1 0 0

0 0 -1 = 0 0 1

0 1 1 0 -1 -1

X- B 
J

Two o f  the s ix  t r ia n g le s  formed by th e  s ix  b a s is  and th e  o r ig in ,  cover 

the  5  -  a x is ,  one th e  p o s it iv e  5  -  a x is ,  th e  o th e r  th e  n eg a tiv e .

However we know f o r  th ese  th a t

and so i f  th e  t r ia n g le s  c ro ss  th e  n eg a tiv e ax is  then
< o

5i
'fix

thus <  o

Thus the  req u ire d  v e c to r  p a i r  i s  th a t  one whose f i r s t  elem ent has 

p o s i t iv e  if| co o rd in a te  and whose second elem ent has neg a tiv e  

-  co o rd in a te .

I f  b  as co o rd in a te  o f ^  ^

d as 1[| co o rd ina te  o f  ^  ^

Then th e  re q u ired  b a s is  i s  th a t  m e  ob tained  from p o s t-m u ltip l ic a tio n

by I j ,  where i  is  such th a t  b£ >  0 d <  0  and

( \ ,  d p  i )  = ( ( b ,  a ,  1) ,  ( - b ,  - a ,  2) ,  (b - a ,  b ,  3 ) ,  

( -b  + a ,  - b ,  4 ) ,  ( a ,  -b  + a ,  5 ) ,  ( - d ,  b -a ,  6 ))

How suppose a t  t h i s  s tag e  we have a  b a s is  [, ^  j j  4̂ *3 

we re q u ire  the pinheads corresponding  to  p o in ts  

To do t h i s  we fin d  in te g e r  1 , m so th a t  

0 4 , (  ^  ) * 1 < 1 

0 c  f , ( p  ♦ t a  <  1

and by s e t t in g  the  new b a s is  a s  [  1 ,  f ^  j

How we use Voronoi’ s theorem which s t a t e s  th a t  th e  f i r s t  r e la t iv e
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minimum of S i s  th a t  one o f  the  seven given below, which i s  the 

d is ta n c e  from the ^  -  ax is

Ip Or 1 -  ^  denoted by

^  o r 1 -  ^  denoted by 9,

( - 1 ) ^  ( ^  -  y  ) o r ( l *  (-1)'^  ( f ' f  ) denoted by

where t  = 0  i f  p ( ^  ) > Y ( ^  )

s  1 o therw ise

and p * iff denoted by 9 ^ ,  which need only be considered  i f  

and ^  ^  + Y ( ^ )  1

 ̂ Y ( ^ )  ^  i

For 9« a l l  we need check i s  i f  a  & p  { ^  ) <  ^  or no t

s in ce  ( i t  Y ^  ® 1 - a

Thus &c as Y i f  a  <=■ J-

= 1 i f  o tte rw ise

s im ila r ly  9 , = f  i f  e s  Ÿ ( ^  ) <  i

=s i  Ip otherw ise

9%, a ( ^  — Y ) ( “ 1)^ i f  ( a  -  e ) ( - l ) ^  c  i

-  1 ** ( p ^ Ÿ  )(""^)^ o therw ise

— P Ÿ

Then we fin d  i ,  j ,  k ,  1 frcaa 0 ,  1 , 2 , 5 such th a t

jO < J> ( 9j )  <  J t i { 9 k )  <

and th e n  s e t  [ i ,  9 ;  ; 9e j ®® the  reduced b a s is  o f  S, an) «here

i s  th e  f i r s t  r e la t iv e  minimum o f  S .

By d iv id in g  th e  l a t t i c e  by 0> and co n sid erin g  the  l a t t i c e
r  9’ f  1
|_ 1 , ^  ; T  j we may re p e a t th e  p rocess and in  th i s  way produce

V i  ci I -  ( t )
a  sequence o f l a t t i c e s  w ith  f i r s t  r e la t iv e  minimum v ^ which

t
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(,) 0)
w il l  fü m ish  us w ith  the r e la t iv e  minima o f  S, i#e# '

4*3. %  now show how îo ro n o i’ s  a lg o rith m  i s  a c tu a lly  used in  th e  eoBpu-

ta t io n  o f th e  c la s s  rajmber o f  a  g iven  f i e l d .

We f i r s t  fin d  a l l  id e a ls  w ith  norma le s s  th a n  tW  Minkowskl-Davenport 

Bound {Davenport ( 9 ) )  B. ^

i )  Bow ei^pose th e  f i e ld  has b a s is  9  ̂A] where X -------------- --------

f o r  Bocfie in te g ra l  j  , k , end where * index’ i s  th e  index o f  th e  

d e f in in g  polynom ial o f  th e  f i e ld  K( 9  )* Then a ry  id e a l o f norm n can 

be rep re sen ted  in  the form ^  »  j^a, b 9  + o ,  d A + e 9  - t - f j  

where a ,  b ,  c ,  d , e ,  f  a re  r a t io n a l  p o s it iv e  in te g e rs  and a  x  b x  d # n. 

From th e  a d d i t iv i ty  p ro p erty  o f id e a ls  end s in ce  a 9  * aX  belong

to  tl% id e a l  we may re d e fin e  th e  above re p re se n ta tio n  so th a t  o s  b  a

Q £  d i  a  and a lso  0 ^  e  <  b and 0 < c ,  f  a ,

We a lso  have that, a  > « Bow â  is  the highest cojaaon f a c to r

o f  three numbers a , b 9 + c ,  d X + e 9" * f  and hence

n  f: a  | Borm (h d’ * c)  end n  | Borm (d  A ♦ ® 9  + f )

i i )  We now vary  n  between th e  bound 2 ^ n  s  B and f o r  each n  produce

a  s e t  o f  v a lu es  fo r  a ,  b ,  o ,  d , e ,  f  -  we s t i l l  do no t fciow i f  th e

form Æ = j ^ a , b 9  + c ,  d \  + e  9  + f  J  i s  in  f a c t  an id e a l  **

we have im p lic i t ly  the  a d d itiv e  r u le  -  we must now check i f  th e  t o t a l i t y

o f  l in e a r  com binations Æ  when m il t ip l le d  by any in te g e r  o f  th e  f ie ld  

g ive  a  subset o f  &  »

T h is  i s  simply done by checking i f  a \  , a  9  , b 9  ^ ^ c  9  ,

b XB" 4 c \  , d X 9  + e  B ^ + f  9  ,  d X ^ + e A B  + f  X a l l

belong to  ^  .

Ih e n  a l l  these  c o n d itio n s  have been s a t i s f i e d ,  th e n  the  id e a l  i s  added 

to  the  l i s t  of Id e a ls  to  be  con sid ered  by Voronol*a  a lg o rith m ,
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Once we have an id e a l a ,  t ) 9 + c ,  d \  + e 9  t f j w e  have to  

d iv id e  th e  th re e  b a s is  elem ents by a to  pu t i t  in  th e  form which l a  

used In  th e  c a lc u la tio n  i . e .  a  f r a c t io n a l  id e a l  c o n ta in in g  1 as i t s  

minimal p o s i t iv e  r a t io n a l  member. So we co n sid e r

b 9 + c d \ + e ^ + f
a

Once we have a l l  id e a ls  w ith  norm le s s  th an  B in  th e  form, we fin d  

th e  number o f d if f e r e n t  l a t t i c e  lo o p s evolved in  th e  p ro cess  o f  the  

a lg o rith m  and t h i s  fu rn ish e s  us w ith  th e  c la s s  number o f  th e  f i e ld .  

if»6 We now produce a  check on th e  u n i t  produced by Voronoi’ s  

algorithm *

C onsider th e  f ie ld  generated  by a  zero  of tlie polynom ial 

P (x) = -  ax^ + bx -  1 w ith  neg ativ e  d iscrim in an t and the  ro o ts  o f

P(x) = 0 a re  o ,̂ ±  L e t th e  u n i t  ^  re p re se n t t h i s  t r i a d .

S ince o( fj3> we can assume o(, > 1 f o r  we can  choose

between £  , and g  re p re se n ts  th e  t r i a d  oi  ̂ oys ±  ̂ cc y )

D efine S( £  )

= oc ~ 2 t  ^

Thus S( £ ' ) s  — Zyi ^  and hence

S( £ ) -  s( c'̂  ) -  -  2 << j3 -<r e(,̂  -  + 2y5 -  C<

.  (  0 ( ^ - 1
-1

We have th a t  ^  hence yQ < o( and so

S( £ ) -  S( <£* ) > Cd'i'S oC — /)

>

So S( £ ) ^  S( £” ' ) and S( ) >  S ( f  ' ^) ,  where n i s  a  r a t io n a l

in te g e r  g re a te r  th an  1.
-r\

We co n sid e r S( £  ) in  more d e t a i l .  Suppose c  re p re se n ts
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.r%
t h e  t r i a d  o f  a l g e b r a i c  num ber a  oL  ̂ W f- c w here

oi'" Ul ± i  XI ■. CyS + C ÿV'^

T h u s  üJ* -t» *■ oC*̂  and  s o  to <. ci. ^

A ( £ ' ” ) -  S ( £ - '  ) .  Ÿ -

^ 2 / " w  + c i b
n « ."Ç^ oC —. ^  —» oC

I f  oc > i  t h e n

s  ( £ - " )  -  s  ( £ - '  ) ;>

-
' ' i  ^ c i^ -  Zoi:- t )

Bow i f  od > 1-7 9 5

A r t i n  ( l )  g i v e s  u s  th e  lemma

i I  ̂ - 6 w h ere  D i s  t h e  d i s c r i m i n a n t  o f  th e

p o ly n o m ia l  P ,  a n d  t h u s  i s  n o t  g r e a t e r  t h a n  à t h e  d i s c r i m i n a n t  o f  

t h e  H e l d  g e n e r a te d  b y  P ,

H en ce  i f  | p j >  4 7  th e n  cC> 1*795# end th u s  i n  e v e r y  c u b i c  f i e l d  

w i th  d i s c r i m i n a n t  l e s s  t h a n  - 4 7  ( s o  t h a t  i n  f a c t  A  :£ - 5 9 ) ,  S ( £  ) 

w h ere  £  r e p r e s e n t s  a  u n i t  o f  t h e  f i e l d ,  t a k e s  a  minimum v a l u e  a t  t h e  

fu n d a m e n ta l  u n i t  o f  t h e  f i e l d ,  w i th  r e a l  p a r t  i n  t h e  i n t e r v a l  0  < <  1 .

How g iv e n  an  a l g e b r a i c  i n t e g e r  p ^ ^ - 4 - +  r  o f  K( 9  ) we have  

S( s  S ( & w h e re  now

a r e  t h e  z e r o s  o f  t h e  p o ly n o m ia l  s a t i s f i e d  b y  9  

H ence i f  ve f i n d  a  u n i t  £  ( a s  w as do n e  u s i n g  V o ro n P i’ s  a l g o r i t h m ) ,  

we c a n  p ro d u c e  a l l  p ,  <y w h ich  s a t i s f y

^pW+AU<j .y+  -5̂  ^
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and th en  exhaust a l l  the p o ss ib le  u n i t s  p 9^^ f 9 - t r  ev en tu a lly

g iv in g  u s  th e  fundam ental u n i t  o f th e  f i e ld .

U sing t h i s  techn ique ,  th e  fundam ental u n i ts  ob tained  by Voronol’ a 

a lg o rith m  fo r  th e  f i r s t  hundred complex cu b ic  f i e ld s ,  were checked, and 

found to  be c o r re c t .

4 . 7  Only seven of the  f i e ld s  considered  had a  non-cyclio  group o f 

id e a l s .  These a re  th e  fo llow ing  f i e l d s ,  id e n t i f ie d  by th e i r  d isc rim in an t 

and g en era tin g  polynom ial eq u atio n .

i )  -6571 generated  by 9  ^ -  14 8  ^ ♦ S6 6 -  39 « 0

T h e  c l a s s  num ber o f  t h i s  f i e l d  i s  4 # an d  t h e  g ro u p  o f  i d e a l s  i s  

t h e  p r o d u c t  o f  tw o c y c l i c  g ro u p s  o f  o r d e r  2 ,  w h ich  a r e  g e n e r a t e d  by  

i d e a l s  1^2, 9 + 1 ,  9   ̂ + 1 ]  and  |^3  ̂ 9   ̂ 9   ̂j
i i )  -6 8 8 3  g e n e r a t e d  b y  9 ^  -  17 6  ^  + 7 7  9  -  36 = 0  

T h e  f i e l d  h a s  c l a s s  num ber 4 ,  an d  th e  g ro u p  o f  i d e a l s  i s  th e

p r o d u c t  o f  tw o  c y c l i c  g ro u p s  o f  o r d e r  2 g e n e r a te d  b y  i d e a l s  j 9 j 9

a n a  [3  , 9 , 9 2 j
l i i )  -11003 g e n e r a t e d  b y  9 ^  -  3 9 ^  + 17 9  - 1 4 * 0

T h e  f i e l d  h a s  c l a s s  num ber 8 ,  an d  t h e  g ro u p  o f  i d e a l s  i s  th e  

p r o d u c t  o f  a  c y c l i c  g ro u p  o f  o r d e r  4  and  a  c y c l i c  g ro u p  o f  o r d e r  2 .

T h e  g ro u p  o f  o r d e r  4  i s  g e n e r a te d  b y  i d e a l  [^2 , 9  , 9  ^  j  an d  th e

g ro u p  o f  o r d e r  2 i s  g e n e r a te d  b y  i d e a l  [ ^ 7 ) 9  + 3 ,  9 ^ +

i v )  -12763 g e n e r a t e d  b y  0  ̂ -  11 8  ^  + 41 0  •  30  = 0

T h e  g ro u p  o f  i d e a l s  i s  th e  p r o d u c t  o f  a  c y c l i c  g ro u p  o f  o r d e r  4  

an d  a  c y c l i c  g ro u p  o f  o r d e r  2*

T h e  g ro u p  o f  o r d e r  4  I s  g e n e r a t e d  t y  i d e a l  £2   ̂9   ̂ 9  ^ a n d  t h e

g ro u p  o f  o r d e r  2 i s  g e n e r a te d  l y  i d e a l  ^ 3  7 ^ ; 6  ^ J

v )  -16871 g e n e r a te d  b y  9  ^ -  1 2 0 ^  + 4 7  9  -  33  = ®



The group o f  id e a ls  i s  th e  p roduct o f two c y c lic  groups o f  o rd e r 

2 generated  by id e a ls  j^5  ̂ 9 ^ 9  and ^5 , 9  + 1 ,  8 ^ + 4-J

v i )  -17231 generated  by 0 ^ -  6 9 ^ + 23 9  - 9 = 0

The group o f id e a ls  i s  th e  p roduct o f  two c y c lic  groiç>s o f  o rd e r

2 .  e en e ra tc a  by [ 3 , B , 9  " j  [ s .  & * 1 .

v i i )  - I 8923 generated  by 9 ^ -  9 9 ^ +  35 9  -  26 » 0

The gro^p of id e a ls  i s  th e  p roduct o f a  c y c lic  group o f o rd er 4

and a  c y c lic  group of o rd er 2.

The c y c lic  group o f  order 4  la  generated by [^2 ; 9  ̂ 8 and

the  c y c lic  group o f  o rder 2 i s  generated  by J^5# 9  + 2 , 8 ^
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PART I I

A  d e sc r ip tio n  o f th e  programs used in  th e  c a lc u la t io n  

o f th e  complex cuhio number f i e l d s ,  t h e i r  fundam ental 

u n i t s  and c la s s  numbers
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CHATTER ^

The f i e ld  c a lc u la t io n  -  TABLE

F i r s t  th e  suhroutiriea a re  d esc rib ed , and th e n  f in a l ly  the  main ro u tin e . 

BASIS (1 2 . FT. KB)

F(x) * -  I3x^ + 14% -  15 has zeros ^ , P ,P  and we a re  concerned w ith

th e  f i e ld  K( G )# T h is  ro u tin e  has a  dual purpose, l )  g iven  the index o f 

th e  polynom ial 12, to  f in d  an in t e g r a l  b a s is  o f  the  f i e ld  [ i ,  8 , 

o r l i )  to  check i f  12 d iv id e s  th e  l i^ e x  o f  P by checking th e re  e x is t s  the  

module [l>  G; — J  con tained  In  th e  r in g  o f  in teg ers*  T h is  i s  dons

by co n sid e rin g  th e  c o e f f ic ie n ts  lA , 23 , IC o f  th e  lacaiic polynom ial
^ V  k t Q + k'S

s a t i s f i e d  by 5  -     0  BS ^  12 -  1 as

d esc rib ed  in  1 §  5 ( i l ) ,  checking I f  a ry  such ^  i s  an  a lg eb ra io  in te g e r .

I f  no such in te g e r  e x i s t s ,  l .e #  12 does iw t d iv id e  the  index o f P , we

t r a n s f e r  t h i s  f a c t  to  t l »  main program by re tu rn in g  KT a s  -  1* The

ro u tin e  a ls o  re tu rn s  ÎH « é Q  U  = ^  ^ a n d  IX s# ^  p  which a re

used  in  two o f  the fo llow ing  su b ro u tin es  2  and CIMiZX.

D m X A (M )

P (x ) m -  lAx^ + IBx -  I d ,  and IN d iv id e s  th e  index o f P* A ll th e se  

v a r ia b le s  a re  ob ta ined  v ia  coiaaoa s to r e ,  Using th e  th eo ry  described  in  

1 §  5  { i )  the  ro u tin e  f in d s  whether th e  prime mmber M d iv id e s  th e  index

o f  P  o r  not* We know M Y m  |  by vary ing  JT between 0  and M-1 and by 

s e t t in g  X # P*(JT) and X » P(JT) (P ’ (x ) th e  d e r iv a tiv e  o f  P ( x ) ) ,  we see

th a t  M d iv id e s  th e  index i f  M I  and K end i f  t h i s  i s  so we re p la ce

IN by IN X M, making IN one s te p  c lo s e r  to  th e  a c tu a l  va lue  o f the  index o f  P ,
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mm 2 (JM. M)

Again P{x) « -  lAx^ ♦ IBx -  IC and Hî d iv id es  th e  index o f P . JM =

fo r  some r a t io n a l  in te g ra l  q and JM | IN x  M b u t JM /fiR . By c a l l in g  

BASIS JM, KT, ES we know th a t JM d iv id e s  th e  index of P i f  and only  i f  

ET ^  -1 and in  th i s  case  we rep lace  IN by IN x M# T his ro u tin e  i s  used 

m ostly  in  f in d in g  i f  th e  index o f P co n ta in s  a  squared fa c to r .

0 ;  P and M are  th e  san® as in  p rev io u s  su b ro u tin es . T h is ro u tin e  using  

th e  th e o iy  of 1 é  5 ( i l l ) ,  checks i f  any o f  the  M numbers ^  -  “ jüj "

1 s  I  s  M ere a lg e b ra ic  in te g e rs  by co n sid erin g  th e  eq u atio n  

x^ -  LAx^ + I0LX -  LO = 0 s a t i s f i e d  by ^  .  IN i s  the  same as in  the  

p rev io u s  subroutines*  I f  one such in te g e r  does e x i s t ,  then  we know th a t  

d iv id e s  th e  index o f  P  and in  t h i s  case  we re tu rn  IN as  zero* We need 

n o t r e tu r n  th e  b a s is  o f  th e  in te g ra l  r in g  o f  the  f i e l d ,  s in ce  i f  does 

d iv id e  th e  index o f  th e  polynom ial, th en  th e  index i s  g re a te r  th an  6 , and 

th e  polynom ial may be d isca rd ed .

dîSCK (11. 12. 13* 14* 15* SI. R2. R3.. KT. E8. J]^ J4* J3 . Tj#.

We a re  g iven  a  polynom ial P (x) = x^ -  13^^ + 14% -  15 w ith  zeros E l ,  E2 ± iS3* 

one o f  which g en era te s  th e  f i e ld  K( 9 ) w ith  d isc rim in an t -  I I  and in te g ra l  

b a s is  x i  J  * Q(x) i s  ano ther polynom ial

x^ -  J3x^ + J4 x  -  J 5  w ith  ro o ts  T1, 12 ±  113 and bo th  polynom ial P  and Q 

genera te  f i e ld s  w ith  the  same d iscrim inan t*  T h is  ro u tin e  u sin g  the  theory  

o f  1 § 6 searches fo r  a  Tschirnhausen tran sfo rm a tio n  between polynom ials

P  and Q by fin d in g  approximate values EL, EM, EN so t h a t : -

g EL X + m  0  +EN  
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s a t i s f i e s  th e  e q ia t io n  Q ( P ) * 0  ^ 0.001 .  XL, IM, IN are th e  n e a re s t 

in te g e rs  to  EL, EE, EN re s p e c tiv e ly . We check i f  XJ a I lX  + I e P  + I N  

s a t i s f i e s  Q ( \^ ) « 0 end I f  so  th en  the two polynom ials g ive r i s e  to  the  

same f i e l d s ,  and in  t h i s  case MQ, which answers the  q ie s t io n  of whether P 

and Q a re  r e la te d  t h i s ,  i s  re tu rn ed  as . TRUE i f  n o t then  .  FALSE .

The Main Pro^irem 

TABLE

I n i t i a l l y  the  in te r - r e la te d  hounds are found fo r  X l, IB and 10 , which a re

such th a t  th e  t o t a l i t y  o f  polynom ials P(x) a  x^ -  Xâx^ + IBx -  10 give r i s e

to  a l l  f i e ld s  w ith  negative  d iscrim in an t g re a te r  than  -  20,000*

I n  the  th re e  loops lA, IB, 10 vaxy thus lA MIN ^  lA S l à  MAX,

IB M2H ^  IB <  IB MAX, 10 MIN ^  10 ^  10 MAX; and we c o n sid e r each

polynom ial in  tu rn . In  se c tio n  2 we have fix ed  lA, IB , 10 and we f in d  the

d iscrim in an t IDEM o f P (x) and s e t  IDET » -  H O .  We ensure th a t  IDEM i s

n eg ativ e  so th a t  P (x ) has two complex r o o ts ,  the  ro o ts  be ing  ALPHA, BETA -

i  GilàMA (we s h a ll  r e f e r  to  them a s  )•  These are c a lc u la te d

by the Newton Raphson method, and e re  used to  f in d  BIS « S ( ^  ) and

h e re , a s  throughout the program when we su ccessiv e ly  reduce HET by d iv id in g
2i t  by squares o f  f a c to rs  o f  the index o f  P , we check th a t  IDET c  IS  e EIS . 

S e c tio n  3 c o n ta in s  the  method îy  which th e  index o f  the  polynom ial i s  found. 

S ubrou tines INDEX 1 , IŒ X  2 and INDEX 3 are  used a f t e r  f i r s t  fin d in g  the 

squared d iv is o rs  o f  IDET, to  c a lc u la te  each fa c to r  o f  the index o f  P and 

th e n  we d iv id e  IDET by the  sqaare o f  t h i s  f a c to r .  A fte r th e  f in a l  value 

o f the  index has been found (IMHX) we check bo th  th a t  the  index i s  l e s s  

th a n  6 end th a t  XDST ^  20,000.

S ince th e  la r g e s t  con^lex cubio d isc rim in an t i s  -  23 , and since
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231 X 23 » 22103 th s  only Index factox'S ve need co n sid e r ©r® th e  r a t io n a l  

prlitios “S; 29 and a lso  4§ 8 , 9» 25 a s  may d isca rd  any polynom ial w ith  

index greater than  6,

In  S e c tio n  4 ,  s to r t in g  &t K » 1 , fo r  each f ie ld  produced, we oat IDET in  

H IS  (K ), m m ,  lA, 2B, XQ In  JZ ( l - 4 ,  K) and in  SZ (1 -  3 , K)

and tiicn  increm ent X by 1 , and t l^ n  rjan ipu la te  th e  erreya  ao th a t  the  IDIS 

v a lu es  ere  in  in c re as in g  order#

I n  th e  l a s t  s e c t io n , 5# ve take a l l  f i e ld s  w ith  the  sac^ d is c r im in a it ,  by 

c o n sid e rin g  t*% IDI3 array, end using  the  subrou tine  CH3CX fin d  the  a c tu a l 

nuabcr o f  d i f f e r e n t  non-conjugate f i e ld s  w ith th a t  d is c r im in â t#  F in a liy  

th e  program p r in t s  o u t one re p re se n ta tiv e  polynom ial witli i t s  d isc r im in a n t, 

index and r o o ts  for each non-conjugate f i e ld  w ith  di& :^im inant l e s s  th a n  

-  20,000#
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CHAFTER 6

The c a lc u la t io n  o f the fundamental u n i t  and c la s s  number o f  a  given f ie ld  

u s in g  program  VOEOIIOI.

F i r s t  i s  g iven  a  d e sc r ip tio n  o f  the sub rou tines used in  the  above program 

excep t the  major subrou tine  UBH which comes a t  th e  end.

ICF ( u .  IK. a .  m )

T h is  ro u tin e  c a lc u la te s  IH the k.o»f# of th e  ab so lu te  va lue  of in te g e rs  

U , IK and IL by c a lc u la t in g

iu o . f .  ( h .o . f .  ( ( n t   ̂ 1i k [ ) , ( i l D 

ICF 2 does th e  same c a lc u la t io n  b u t fo r double p re c is io n  v a lu es .

BASIS i s  e s s e n t ia l ly  the same ro u tin e  found in  Chapter 5 .

SDB ( I .  J .  K. L)
, «i+W9-t«39’' WicNîfi-i-wjB I

) 1 ,  <p * ^  ‘ “ X(? J  form  a  b a s is  o f  a  g iven

l a t t i c e ,  and 3E * Ax^ + 2Bxy + Qy^ i s  th e  g m d ra tic  form  which re p re se n ts

th e  v ec to r p a i r  d e f in in g  the  two dim ensional l a t t i c e  corresponding  to  the

g iven  b a s is .  C hapter ^  .

T h is  ro u tin e  produces a  new b a s is  fo r  the l a t t i c e  by p re -B u ltip ly in g  th e

v e c to r
r 1"

by the  m atrix 1 0 0

LY. 0 I J
0 K L

now 1 ' i s  0  0 r

* i5 M1 K2K3 9
a2.

L'*'. m  H2 H3 J

Thus th e  new b a s is  i s  o f th e  form
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1 ”l 0 6 IG 0 o “ * r

0 I J \ Ml M2 M3 X p
IG p K L N1 N2 N3 p\

We re d e fin e  Ml, M2, M3, H I, H2, N3 so th a t  we have th e  new b a s is  in  th e  

sane form i.e. [l. J
The a sso c ia te d  b inary  g ia d ra t ic  form h ^  a lso  changed and the new v a lu es  

o f A, B and C. are

A x l ^ +  2 x B x I x K + C x X ^

A x I x J  + B x ( X x L  + J x M )  + C x K x I *  

A x J ^ + 2 x B x L x J  + C x I .^

re s p e c tiv e ly .

MIT J 2 . J3. K1. K2. 13^ M., L2. L3)

I I ,  12 a re  ob ta ined  v ia  conmon s to re ;  we have a  f i e ld  K( 9  ) generated  by a 

zero  o f th e  polynom ial P (x) « x^ -  I I x  -  12. The ro u tin e  m i l t ip l ie s  the 

number J l  + J 2  9 + J 3  & ^ hy K1 <f K29 + M3 G ^ to  g ive as the product the  

a lg eb ra ic  number LI + L2 9 + L3 9  MJIT 2 i s  a  s im ila r  ro u tin e , b u t i t  

u ses  double p re c is io n  v a lu es .

INVER ( I . J .  M. KDET)

IQ, IN, N(3.3) in common store* This routine finds the inverse of the

matrix A » % T K end sets

XN-K %4%(? K" T

XM.I
H .-1 where N ( l ,J )  J a 1,3 and Œ3T have no coxamon factors.

Now i f  <t>«I + J 9  + K 0 - ^ i s a n  integer of K( 9  ) , where Ç = IQ & + IN

then K(1,1) + M l . 2) 9 + N(1.3)9^ is  the inverse p of 6  in K ( ^ ).
MDET
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FACTOR

P (x) = x^ -  lAx + IBx -  10f whose zeros AL, BE -  iOA. generate  th e  a lg eb ra ic  

number f i e l d  M( 9  ) .  The f i e ld  has in te g ra l  b a s is  [ i j  6 / À] where

X ~ ~ — , and has d isc rim in an t -  ID2 P w ith Minkowaki-Davexport

bound M2.

NOEH ( j ) f in d s  the  norm o f  a 8  + J  where a i s  defined  ju s t  b e fo re  the  c a l l

o f  t h i s  fu n c tio n . NORM ( l ,  J ,  K) f in d s  th e  norm o f  i 9 ^  + j 6 '+ K  .
0% \ n \% V INDEA

The re p re se n ta tio n s  o f  o  ̂ A U , A in  term s o f  A and S are  

know found 9  ̂ = D c X + I l D  + IZ

^ 9 s J x X + J t 8 + J 2 

\ ^  = E% X + M  D + EZ

Id e a ls  f ic  S5 5 & +  J ,  T X + l î 9  + K j  a re  s to re d  in  th e  a rray

LIST. LIST ( i ,  l )  « F , LIST ( i ,  2) = J ,  LIST ( l ,  3) « S, LIST ( i ,  4 ) « 0 ,

LIST (1 , 5) * K, LIST ( i ,  6 ) = U, LIST ( i ,  ? ) = T and LIST ( i ,  8 ) i s  the 

norm o f  th e  id e a l .

For i  s  1 we co n sid er th e  in te g r a l  id e a l  1) G  ̂ Xj 

S ec tio n  1 o f th e  ro u tin e  i s  & se c tio n  o f  loops which g en era te  a l l  the 

p o s s ib le  v a lues fo r  f ,  S, J ,  T , U, K u s in g  th e  bounds and c o n d itio n s  d iscussed  

in  4  ^  ( l ) ,  f o r  a l l  id e a ls  w ith  norm K le s s  than  o r  equal to  th e  Minkowski 

bound MZ.

In  S ec tio n  2 we see i f  th e  module [F , S B + J ,  T X + u 9  -f- sQ ( f o r  convenience

we w i l l  c a l l  i t  ) s a t i s f i e s  th e  m u lt ip l ic i ty  c o n d itio n  o f  id e a l s .

i . e .  l e t  S i .9  = *£f ( 1 , 1) X + Mr ( 1 ,  2 ) 4 MT(i, 3 )

g .  y  = n r  (1  + 3 .  1) X 4 MI (1  4 3 , 2) 9  4 KÏ ( i  4 3 , 3)

1 = 1 , 2 ,  3

•h en  .8  check i f  M l(j, 1) X  + MT(j, 2) 9- * MT(j, 3) fo r  j  = 1 , . . . ,  6 helonga 

to  th e  module.
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I f  t h i s  i s  ao then  we have in  f a c t  produced an id e a l .  We i n i t i a l l y  s e t  

ICO to  1 and in  s e c tio n  3 we increment ICO and f i l l  th e  a rrsy  LIST as 

desc rib ed  p rev io u s ly .

In  t h i s  way we produce ICO d if f e r e n t  id e a ls  w ith  norm MZ which are  

now re tu rn e d  to  the  main program v ia  common s to r e ,  to  be processed  by 

su b ro u tin e  UNIT to  c a lc u la te  bo th  th e  fundamental u n it  o f the  f i e l d ,  and 

th e  number o f non-equ ivalen t c la s s e s .

MAIN PROGRAM 

YORONOI
3 2 —

F o r each  f i e ld  K{ 9  ) ,  Wiere 9  -  lA  9  + IB 9  -  IC = 0 , lA , IB , IC

are  g iven  to g e th e r  w ith  the  d iscrim in an t -  IDET and n®EX, the  index o f the  

polynom ial. I n i t i a l l y  we s e t  MARK to  1 and CLAS to  z e ro . MARK w il l  

e v en tu a lly  g ive

Max (Min (Norm ))

a l l  id e a l  c la s s e s  ifc ^

and CLAS w il l  be the c la s s  ammber o f  th e  f i e l d .

As an exanple o f th e  use  o f  th i s  program, we w i l l  i l l u s t r a t e  i t s  o p e ra tio n s

by co n sid e rin g  a  s p e c if ic  f i e ld ,  th e  one generated  by a  zero  of th e  po ly ­

nomial P (x) a x^ -  2x^ + 6x -  1 . IDET » 563 INDEX » 1.

F i r s t ,  in  S ec tio n  1 , we c a lc u la te  the ro o ts  AL, BE -  j£xA o f  P(x) = 0 by th e  

Newton Eaphson Method.

In  what fo llow s re fe re n c e s  to  the  p a r t ic u la r  example w i l l  occur in  b races

{, J thus;*^

“̂ AL s  0.17609  . . .  I BE « 0.91195  • • •  5 GA = 2.20163 . . . |

In  S ec tio n  2 th e  in te g ra l  b a s is  o f  the  f i e ld  i s  c a lc u la te d  by c a l l in g  the 

su b ro u tin e  BASIS
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i n K (  s  ) b a s is  is  ^ ^  J since  INDEX * 1 J

Then MZ th e  Minkowski Bound i s  obtained  MZ « 4  J

For ease  o f  c a lc u la t io n ,  we c h a n ^  the  d e fin in g  polynom ial by the t r a n s ­

fo rm ation  (p 3 3 B •  lA  to  fcnrm a  new polynomial IQ ^  = 1 = 0  

w ith  r e a l  ro o t K. The index of t h i s  polynom ial IG » 9% INDEX.

IQ -  -42  ; IN = -65  Î H * -1 .4 7  . . .  ; = EHH » 2.16 . . .  }

Subroutine FACTOR i s  now c a l le d ,  which g ives a l l  th e  id e a ls  w ho^ norms 

a re  no t g re a te r  th an  M2. T h ^  are  HAG in  number end a re  s e t  in  the a rrey  

LIST (1 -  HAG, 1 -  8 ) .

^  HAG a 4  and

LIST ( l  , 1 -8) « 1 ; 0 ,1 ,0 ;  0 ,0 ,1 ;  1 corresponding to  id e a l  j l ,  « I^

LIST (2 , 1-8) » 2; 1 ,1 ,0 ; 1 ,0 ,1 ; 2 corresponding to  i d e a l ] * 1^

LIST ( 3 ,  1-8) ss 2 ; 0 ,2 ,0 ;  1 ,1 ,1  ; 4  corresponding to  id e a l  [ l ,  29, # I^

LIST ( 4 ,  1-8) * 4 ; 3#1»0; 3 ,0 ,1 ;  4  corresponding to  id e a l [4^2+9,S+B

and in  th e  new v a ria b le  the id e a ls  become ^

- 1
f.

h  " i  >

I 3 = I> ,

L  -

IS ' l l A i j j L  I
l« ' IS J

124 |t)4  7 4  I- (ji’'

|3 18

31 4 4(jn- <j»’̂  ]  . 

i t  ' i b  J

a f t e r  having been p u t i n  th e  form req u ired  f o r  the  a p p lic a tio n  o f th e  

a lg o rith m  i . e .  a  f r a c t io n a l  i ^ a l  which co n ta in s  1 as i t s  sm alles t n a tu ra l  

number. }

UKH ( l )  i s  th en  c a lle d  which g ives the  fundam ental u n i t  o f  th e  f i e l d ,
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(h av tag  transfo ra ieâ  t a c k  to  t h e  o ld  v a ria b le  9  ) v ia  DP 9  ^  4 DB 9  + p p
. , DG

i s  a sso c ia te d  igith  prime p r in c ip a l  id e a ls  
k  4- j

i s  th e  reduced form o f and th e

l a t t i c e  loop i s î -
3 — 3^  1 4- (j) 4

1 2 - Loop 1

L hi,

and thus the fundsjaentai u n i t  i s  

i* e . DD = m  = 0 D E « D 0 « 1

3 ^  3<j> JLLÎjL Î.^  -  4» + ^ ^

}
Hovf we c a l l  tlKI? ( 2 ) ,  TJliTT (iTiÆ) in  tu rn  corresponding to  each o f  

the  l a t t i c e s  in  LIST (2 , -SA G , i - 8 ) ,  and we are  ev en tu a lly  g iven  Œ*ÂS 

th e  number o f  d i f f e r e n t  l a t t i c e  lo o p s , and KAEK,

The re le v a n t in fo rm ation  i s  then  p r in te d  and we th en  co n sid er the  nex t 

f i e l d .[u/ has reduced form
IS

which produces the  loop
^  3- ^ 4  ! ü U l È ! T - ,

19 1$

'  " i r .

Loop 2

19 JS i

The second id e a l o f the loop  i s  th e  reduced form o f  13

1 , 1 “  j
and has reduced form 36 36

which le ad s  on to  Loop 1 a s  w il l  be shown in  d e ta i l  a t  the  end o f th e  

d e s c r ip t io n  o f GHIT.

The r e s u l t s  g ive  us CLAS * 2 snà = 2 , and so th e  cub ic  f i e ld  K( 9  )
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generated by a zero ^  of p has fundamental unit 9" and class number

UN 33 dKK)

We co n sid e r the id e a l
p   ̂ USrOWii+^X t  LST0W/3)9+t/iTÜVl(^ U5TAwvj)Xt LIST ((^((6)9 +USTO'̂ K', 5)

L ^ ’ LI&TClWlf, ()  ̂ UlST flWK^O .

where X = ^ # In  the  f i e l d  E( ̂  ) where

-  lA 4 IB 9  -  IC s  0.
3

Under th e  tra n s fo io a tio r . c f c S ©  -  Xk, f  = ZQ (h + JH and th e  W eal

^ Ml + 'j> + M i f ’ w/-(-a;Z(^ + /UÎ
i   ̂ ■ >

I . e .

% G X 6-

the exemple-I , 2 1 i M _ L É l l  in
' 36 36 J

2
£H0 (U,7,W) d e fin e s  the d is tan ce  o fU  + T ^  4 W ^  from th e  r e a l  a x is .  

Now we e n te r  a  loop  which i s  th e  co n s id e ra tio n  of Y oronai’ s A lgorithm .

STSP ( l )  We check  th a t  H2j.x NJ -  K5 x  N2 > 0 , and i f  no t In terchange th e  

b a s is  e le c e n ts

I n  the exafiple 3 s : 1 * O x 4 » 3 > 0  ^

STEP ( I I )  We c a lc u la te  the  v a lu es  A, B, C ( as  described  in  C hapter 4) 

f  A m 9 ; B = 9 .7 9 - ; C = %^27- J

STEP ( m )  Check i f  B >  0 , i f  n o t c a l l  sub rou tine  SIB (O, - 1 ,  1 , O) which 

a l t e r s  b a s is  from 4 ; ÿ ]  to

^  B » 9.79 >  0 so o r ig in a l  b a s is  i s  l e f t  J  

STEP ( ly )  Check i f  A >  B and C > B ; i f B >  A 

we c a l l  sub rou tine  SUB (1 , -ID , 0 , 1 )  where ID « I t I

and i f  C < B  c a l l  SUB ( l ,  0 , -ID , l )  where ID =
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sud by re p ea ted  use o f  th i s  s e c tio n  the th re e  co n d itio n s  A > B -> 0 ,

C -> B are  s a t i s f i e d

^ A * 9 , B » 9#79, A <  B and so we c a l l  SUB ( l ,  - 1 ,  0 , l )
^ , fH  3 3 4 .3 4  , - 1 + 4  + 6 ^  1 1

t o  produce b a s is  L ^  ^ ^  5 A a 9 , B » 0 .7 9 , G = 43 .69  f

STEP (Y) We c a lc u la te  EB a (M2 -  M3 x H) ED = (E2 -  N3 x  H ).

How one o f  th e  s ix  p a i r s  (EB, ED), (-BB, -ED), (BB-ED, EB), (EB + ED, -RB),

(ED, -SB 4 ED), (-KD, KB -  HD) and only one has p o s i t iv e  f i r s t  elem ent and

negative  second. We fin d  which and c a l l  the corresponding su b ro u tin e , no 

c a l l  to  su b ro u tin e , SUB ( - 1 ,  0 , 0 , I ) ,  SUB(l, 1 , - 1 ,  O); SUB ( - 1 ,  - 1 , 1 , O)

SUB ( 0 , - 1 ,  1 , 1) Î SDB ( 0 ,  1 , - 1 ,  - 1) .  T h is corresponds to  f in d in g  which

o f  the  elem ents o f  the  reduced Hexagon o f  Z e llin g  c ro ss  the  neg ativ e  %  

a x is  (C hapter 4)*

^  EB s  3#0 i ED = 2 .4 7  ^  0 o f the  o th e r p o s s ib i l i t i e s  E D >  0 , EB -  ED < 0

s a t i s f y  th e  above co n d itio n s  so we c a l l  SUB (O, - 1 ,  1 , I )  to  g ive  a  new b a s is^ 2  - 2 + 4 > + 4 ^   ̂ J  J -
STEP (YI) F inds I ,  such th a t

Q <  Ml 4 M2 X H 4 M3 X HHH ^ j  < 1  
XG-

and we r e s e t  M1 = Ml -  I  x IG, th en  we fin d  a  new value o f  I  such th a t

0  <  H1 4 m  X E 4 N3 X HHH _ ^ ^  ^
IG

and r e s e t  N1 a  Hi -  I  x  IG . T h is  corresponds to  f in d in g  the pinheads 

a sso c ia te d  w ith  the two b a s is  e lem ents.

^  g ..0 .3 6  I  a  1 new elem ent '" ^ 3^ ^ ■ ~ ^

" 3^ -  |H„4„,HHH ^ f i | i 2  1 = 1  new elem ent i  -  ? if
36 36

in  th e  n o ta tio n  o f Chapter 4  r
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We c a lc u la te  XA, XC where XA i s  the  ^  coo rd ina te  o f ^  

and XG i s  the  ^  coord inate  o f Y and w ith  the  co n d itio n s  described  

in  C hapter 4  we choose two pinheads from th e  seven p o ss ib le  w ith  re fe ren ce  

to  th ese  values XA and XO and the d is ta n ce  EHO, l . e ,  we choose th e  pinheads 

w ith  th e  sm a lle s t value o f  EHO,

{  XA » -0 ,2 3  XG « -1 ,2

We have 8o = f  s in ce  XA <  y .  = 336.1

© .  f  BiJioe XO < J  n , = 1909.1
‘ 36 ^

since  1 -  XA 4 XG <  ^  and f  ^  ^

hence = 393*2

I t  was not necessary  to  c a lc u la te  Bg s in ce

The red w ed  b a s is  i s  [ ^ 3 -  3<  ̂ ^
L ^  ' 34 ’  ̂ ”T 4  j  J

 ̂ Ml 4 M2 4 HI 4 H2 4 H3 j

STEP ( T i l l )

We have a reduced b a s is  , ,  

where K1, M2, M3, ÎÎ1, N2, H3, XG have no common fa c to r  because o f  the use

o f  sub rou tine  IGF, ^

S e ttin g  N i n i t i a l l y  a t  1 we define  (j>̂ s  * "̂ ^ 0  ^  and then

in<%pement H and d iv ide  the  l a t t i c e  by ( th e  are  s to red  in

a rra y s  IAN and HP) and re p e a t the  p ro cess  to  f in d  a  reduced b a s is  fo r  

th e  new l a t t i c e .  The d iv is io n  i s  produced by m u ltip ly in g  the l a t t i c e  by 

# 4^-1 * be ing  obtained  by th e  subrou tine  IHVSR, u n t i l  we

e v e n tu a lly  produce a  loop o f  l a t t i c e s  which has e i th e r  n o t occurred 

p rev io u s ly  or one which h as. With the  production  o f each new loop we s e t

ITEST ( 1*7 , n iB )  to  be Ml, M2, M3, H I, ÎÎ2, H3, IG, th e  f i r s t  reduced
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la ttix ze  v a lues o f  the loop* IT3B was i n i t i a l l y  s e t  to  zero  and Incremented

each time a  new l a t t i c e  loop i s  found. MARK i s  s e t  to  the norm o f  the

i n i t i a l  l a t t i c e  o f  th e  new loop.

At th e  end o f each red u c tio n  process we f i r s t  check i f  the l a t t i c e  has 

occu rred  in  a  p rev io u s  lo o p , by eon^aring  Ml, M2, M3, H I, H2, H3, IG w ith  

3T££iT ( 1- 7 ,  1-ITIB ). I f  such an occurrence happens the c o r^ le t io n  o f the  

loop  w i l l  g ive us no new in forjija tion  so  we r e tu r n  to  the mein program*

I f  no t we n u s t check i f  a  new loop  has been produced, th i s  i s  done by 

compering Ml, M2, M3* H I, H2, H3, IG w ith  the  p rev ious bases o f l a t t i c e s

in  the  lo o p , which have been s to red  in  UM ( i  3 , 1 -  (H -  I ) )  JAM ( I -  3 ,

1 — (B -1)) and HP ( l  — (H -  I ) )*  I f  th e  i n i t i a l  l a t t i c e  o f  th e  loop i s  th s  

in te g r a l  l a t t i c e  o f  th e  f i e l d  we e n te r  S ec tio n  2 otherw ise we re tu rn *  T h is  

s e c t io n  c a lc u la te s  th e  fundam ental u n i t  o f th e  f i e ld  ly  m u ltip ly in g  the  

*s together*  Since some o f th e  u n i t s  g e t r a th e r  la rg e  (son® 

c o e f f ic ie n ts  a s  la rg e  as  10^^), i t  i s  necessary  to  use double p re c is io n .

I t  i s  a lso  necessary  th en  to  transfo rm  the u n i t  to  th e  o r ig in a l  re p ré se n ta -  

t io n  by th e  tran sfo rm a tio n  ^  ^ — * • As a  safeguard  on the

number o f l a t t i c e s  in  t i e  loop we req u ired  H < 9 9 ,  b u t none o f th e  loop 

d id  reach  t h i s  number.

f  We now conclude the  d e sc r ip tio n  o f the exaap le .

j^l ,  ̂ i s  th e  reduced b a s is .  We devide the

l a t t i c e  by 634-44 •+<̂ ’) /  36  to  o b ta in  the new l a t t i c e
r  1 i" 4~ <p̂  I q — H 4 4- 4 ^ *1' 36 ' 34 J

Step I  M2.H3 -  M3.N2 * 12 > 0

S tep  n  A a  4 3 .69  $ B = 4 0 .5  5 0 « 181.3

Step m , i y  A > B  > 0 ; C > B  so we leav e  o r ig in a l  b a s is

S tep  V BB « 2*47 >  0 ; ED = -9 .5  c  0 so we leave  the b a s is  unchanged.
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s t e p  V I  4 i *  0*213 . . .  f ,  » 1.03 . . .

^ 4, ® ̂  Î Xvj;̂  3s -1 t h u s

4* = f ,  ; ÿ  = f i  ~ 1 and  ao  th e  n e#  b a s i s  i s
r  A 1 +4 4 4  ̂ - n  - U6 +6^L  ^  '  3 4  '  3 6

S te p  Y H  XA «  - 0.981 <  i  5 XG = - 1 .8 9  <* i

4 ~ i f > 0  a » a i - X A + X C < i

t h i s  9 »  =  4  a  1515, 9 . , .

9 ,  _  J), *  8S08.9  . . .

6 2 9 1 .9 7  . . .

and  s in c e  P 2 A  ^  n eed  n o t  o a lo u ] .a te  9  3

P i
L ' 36  ̂ b 6an d  t h e  re d u c e d  b a s i s  i s  

B u t  t h i s  b a s i s  o o c u r re d  i n  t h e  r e d u c t i o n  o f  t h e  I n t e g r a l  l a t t i c e  

i . e .  lo o p  1.  And s o  we have t h e  lo o p

1

3 6 36 J
1

3 6 36
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CHAFTER 7 

The Check o f  the  I n i t i a l  Table 

Main Program -  HA33B

L e t P (1 ) ,  .#  P(35) denote the  f i r s t  55 p rim es, P(55) » 149 being  the  f in a l  

prim e req u ire d  s in ce  i t  i s  th e  sm a lle s t prime whose square i s  g re a te r  than  

20 , 000* F o r a  given value L, IMZ g ives th e  index o f the sm alles t prime 

whose square i s  g re a te r  than  L . 3TCT i s  i n i t i a l l y  s e t  to  zero  b u t 

e v e n tu a lly  g ives th e  t o t a l  eiibic number f i e ld s  "\d.th neg a tiv e  d isc rim in an t 

t h a t  are  produced.

The f i r s t  loop o f  the  program s e ts  J ( l )  * J J  x  4  and J{2 ) « J ( l )  + 3 ,  so 

th a t  as J J  tak es  tlw  v a lues 5 to  ^000, the  s e ts  -  J ( l )  and -  J (2 )  then 

in c lu d e  a l l  d isc rim in an ts  o f  cubic number f ie ld s  which l i e  between -2 3  

and - 2 0 ,OCX). (A ll d isc rim in an ts  a re  s  O o r  1 mod 4  (SOMJE (2 8 ) ) .  Using 

th e  P*s we may f a c to r is e  any o f th e  numbers J ( l )  and J ( 2 )  which occur.

We s e t  L » J (X ) ,  I  = 1 or 2 and IB » -L , where IB I s  the  p o ss ib le  f i e ld  

d isc rim in an t we ere  checking* A r r ^ s  ISIEX ( l  — 6 ) and JIDEX (1 — 6 ) a re  

c lea red  J th en  by v ary ing  U  from WiZ to  35  we find  the  f i r s t  prim e P (U )  

such th a t  P ( U )  s  x 2 >  L and we r e s e t  XÆ to  I I ,  and K2 (which i s  the 

bound on the index o f  P requ ired  in  f a c to r is in g  L) to  U  -  1 . Q (i) has 

been s e t  to  2 and Q(2 ) to  3 , Q(3  ^  IP ) w il l  e v en tu a lly  co n ta in  a l l  prime 

f a c to r s  o f  L which a re  no t equal to  2 or 3 . We know th a t  i f  L i s  l e s s  than  

20,000 th en  L can have a t  most 4  such prime f a c to r s  and hence IP  ^  6 .  

IKDSX ( I )  w il l  show to  what power Q(I) d iv id e s  L* F i r s t  we fin d  to  v h a t 

power 0 (1) * 2 d iv id e s  L by d iv id in g  L su ccess iv e ly  by 2 u n t i l  i t  i s  prime 

to  2 . Each tim e in c reas in g  INDEX ( l )  by 1 and a  s im ila r  procedure i s  

c a r r ie d  o u t fo r  m m  (2 ) .  Next IP i s  i n i t i a l l y  s e t  to  2 and by vary ing
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U  b e t ^ e n  3 end 152 'ïse f W  I f  P (lT ) d iv id ea  L and i f  so we s e t  IP  to  

IP  + 1 , Q(IP) to  P (IT ) , INTEX ( i p ) ss 1 and L « L /q(IP)*  We th en  see i f  

Q(IP) s t i l l  d iv id es  L; i f  so we s e t  m s S  (IP ) = HmEX (IP ) + 1 and 

L « I / q(IP ) and re p e a t t h i s  p rocess u n t i l  L and Q(IP) are  coprime# I f  

th e  f in a l  va lue  o f  L i s  no t 1 th en  L i s  a  prim e which i s  g re a te r  than

F (IS ) and so s e t  IP  s  IP  + 1* Q{2P) » I, and HCDSX (IP ) = 1#

By Theorem 2 .1 ,  we know th a t

m m  ( I )  ^  3 i f  I  >  3

and i m m  ( 1 ) ,  m m  ( 2) <  5

Benco i f  one o f  these  co n d itio n s  i s  not s a t i s f i e d  we r e j e c t  15 as  a  

cub ic  f i e ld  d isc rim in an t.

N ext, HET, th e  a sso c ia ted  quadra tic  d isc rim in an t o f  IB , i s  found. The 

r e l a t io n

m  = IDET X I2ÂL X X 2 

un iquely  determizaes CET and IT-AL, where IDW i s  o f th e  form a) 4m, 

n  H 2 or 3 mod 4  o r  h)m, m =  1 mod 4* %o f in d  th ese  v a lu e s , we i n i t i a l l y

s e t  2TAL = IDBT = 1 and by vary ing  M from 2 to  IP  s e t

O T K  (M) = (« ) -  ( a ls o  M .  l )

j m  = s  q(m) X X mod { m m  (m) 2 )

T2Ma « IP Ah X Q(M) X X Jm m  (M)

F o r M = 1 ( i . e .  th e  case we 2 d iv id e s  IS ) we observe th e  fo llow ing  r u le s  

ITAL a IT.AL X 2 X X «TKDEX ( l )

ID S r »  -ID 2T  % 2 X X MPUP

where JIÎXSZ ( l )  and HUT are g iven  by th e  ta b le
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m m  (1 ) iiDiT j m m  ( i )

5 3 1

4 2 1

3 3 0

2 2 0 i f  XDEP *  1 mod 4

2 0  1 i f  IDET = 1 mod 4

1 no f i e ld

0 0  0

Kow we check th a t  th e  f in a l  value o f IDET = 0 o r 1 mod 4* Having obtained 

IDET we now f in d  a  d e fin in g  polynom ial -  FIAx + FIB o f  the  f i e ld  w ith  th is  

d isc r im in a n t. FIA and FIB are  given by the  formulae

i f  XDET ^  1 mod 4  th en  FIA, = 0 and FIB =

i f  m s  = 1 mod 4  th en  FIA « 1 and FIB = 4
I f  UAL ( f  in  Basse’ s n o ta tio n , the  FÛhrer o f the  f ie ld )  I s  1 we c a l l  sub­

ro u tin e  KEG (H)ET,IGL) which g ives us IGL, the mWber o f b a s is  elem ents o f  

th e  id e a l  group o f index 3 i s  the  qpaadratic f ie ld  ( i f  aJcsO*

The number o f  cubic f ie ld s  w ith  d iscrim in an t -IB i s  given by Theorem 2 .2  as 

KCF » (3  X X ICL -  l ) / 2 ,  and we then  jump to  the p r in to u t  ro u t in e .

I f  XPAL ^  1 we c a lc u la te  I3EK, the number o f  p r ln c s  #  3 which d iv ide  UAL. 

For each  such prime we check the ^ a d r a t i c  re s id u e  of co n d itio n  of Theorem A 

i . e .  i f  Q(I) d iv id es  UAL, Q(Ï) =f̂ 3 th en  we must have Q ( l ) = ^ ^ ^ j  mod 3 .

LO a ^ ^ l ) )  the  Kronecker symbol which i s  c a lc u la te d  by subrou tine  

OKTAD (HHT, Q (I)) and re tu rn ed  v ia  conanon s to re .

How IDEL { S in  B asse’ s n o ta tio n ) i s  c a lc u la te d  by the ru le s
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i f  JlîDEK ( 2) a  0 tb sn  XDEL a 0 |

i f  ^  0 isod 3 «iiid ( 2) » 2 th en  » 1 |

i f  XD32T 5 1 )  mod 9 and JIŒ S  ( 2) » 1 then  IDSL # 1 ;
i f  m z r  = -3  mod 9 aud j l ï ï m  ( 2 ) « 2 then  IDEL » 2 |

otîiervfisô th e re  la  no o u iio  f ie ld  w ith d isc rim in an t IB .

By c a l l in g  subrcRitinc HEG (IDE?, 2GL), w© o b ta in  ICL, th e  nunSjer o f  b a s is  

elem ents o f  th e  id e a l group o f  index 3 in  K( ^  ) (e  in  Basse’ s n o ta tio n ) .

I f  ICL a 0 and IDZT 4 “‘3 then the c o ro lla ry  to  Theorem 2 .3  g iv es  

HOP * 2 »  X (ICM  + im L  -  1) i f  IDEL 4 2

^ 3 X 2 X X iS m  i f  IDEL « 2

I n  th e  case  when HUS & -  3 o r  ICL > 0 we s e t  SUhl » Q, and using  sub rou tine  g

QÜ/iD and H10CT I f  eithe.i‘ a  prime Q d iv id e s  TiVL m â  Q 4= 3 ctr Lf 3 d iv id es  

UAL and D E Î ,  we increment SM  by 1 and find  IR ( t ,  SÏM) 9  ♦ IH (2 ,  SUM) 

(B asse’ s J ^ l ) *  To f in d  a iy  rem aining ( i . e .  i f  Q « 3 end th e  shove

c o n d itio n s  are not s a t i s f i e d )  subrou tine  SQL?E i s  used* and t h i s  a lso  

produces KOP ( l , j )  ( th e  y i j  o f B asse), l e  f ix  %(l) = 1 (X (i) I s  the I I  o f 

B asse’ s  n o ta tio n )  and vary  l ( 2 ) ,  ** .# ,  I(ISEM) between 1 end 2; i f  HHL « 2 

we l e t  I(ISLM ♦ l )  vary  between 0 , 1 , 2.

The s e r ie s  o f  loops produce a l l  non p ro p o r tio n a l so lu tio n s  o f th e  equations
•S6H+ * O E l- l

^  EO£>(i, k) m T ( i)  = 0  fl»a 3 1 s k  ^ IC L
I

ID I tW s #  IDI = 2 X X (4  '  132%) i f  mzL f  2

« 3 * 2 X X (4  -  322%) i f  IDEL « 2

Thus the HOP so lu tio n s  c o n ta in  UOF/lDI non p ro p o rtio n a l s o lu t io n s , and we 

r e s e t  HOF to  t h i s  value# F in a lly  we have th a t  the  number o f  cub ic  f i e ld s

w ith  d isc r im in an t IB i s  given by KQ? « (3  x » ICL) x EOF .
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T h is  ro u tin e  c a lc u la te s  th e  Kronecker symbol j = K where I  i s  the

d isc r im in an t of the  q u ad ra tic  f ie ld  K( 9- ) defined  by the polynomial 
2X -  lAx + IB. I&, IB a re  obtained  from common s to re .

K i s  ev a lu a ted  thus: -

i f  3  d iv id e s  X then  we s e t  K « 0

i f  th e  id e a l  ( j )  f a c to r is e s  in  K( & ) then  K = 1 otherw ise K » -1

K i s  i n i t i a l l y  s e t  a t  z e ro , and i f  3  d iv id e s  X we re tu rn  th i s  value.

I f  n o t ,  K i s  s e t  to  -1 and we see i f  th e re  i s  an  L in  th e  In te rv a l  [ l ,  j ]
2

such th a t  L 4̂ lA % L + IB i s  d iv is ib le  by J ;  i f  so th en  K i s  re tu rn ed  a s  +1. 

HOF ( I J .  IK. IH)

T h is  ro u tin e  c a lc u la te s  the  h # c .f . o f  two i n t e ^ r s  U  and IK in  a  method 

s im ila r  to  th a t  used in  th e  ro u tin e  ICP o f  the  Voronoi program.

mXS  (A.B.C.D.I..M.g)

A, B , C, D, a re  in te g e rs ,  0  s a t i s f i e s  0  -  lA 9- + IB = 0 . T his subrou tine

c a lc u la te s  th e  in te g e rs  L , K where

L 4 % G" H ( A + B ^  )(C + D G ) mod P 

0 ^  L , % ^  P -  1

EQiy (IDS?. I .  J .  K. L^M l

l e  have th e  f i e ld  K( S ' ) a s  befo re  and HCBM (J )  * Harm ( 9- * 3 ) ,

C l, 9  + j ]  i s  an  id e a l in  K( G" ) and th u s  th e  numbers 9  + J  -  (H x  I )

fo r  in te g r a l  H l i e  in  the  ideal*  By vary ing  V  between 1 and K we may 

f in d  a  number 9  + J  + (H x I )  whose norm when d iv ided  by I  i s  prime to  K.

Such a  nusû>er i s  9  + HE and th e  id e a l  j  > 9  + i s
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e q jiiv a len t to  [ l ,  G * 3 j*  By a  m thod  s im ila r  to  COBS see below, we 

fix e d  in te g e rs  L , H euch th a t  Hwrn (L ^  + M) * to r n  ( 9  + and 

(L 9  + M) i s  eq u iv a len t to  [ l , 9  ♦

m P L E  (IT . IM )

As b e fo re  ve have a  f i e ld  K( S  ) ,  where 9 ^ - x a G + IB » 0 and 

EOKM ( J )  .  I KofB ( 9  ♦ J )  1

T h is  su b ro u tin e  f W s  th e  v a lu es  o f  JB such th a t  [ iT ,  0  ♦ JB} i s  a  Gauss

reduced id e a l  l# e .

- I f f  <  2 a J B + l A . S  11 < j j  K EQKM (JB) 

o r  0  - f 2 K J B + U < E E  i f l f f * * 2 »  KC4ÎÜ (JB)

(IT  i s  f ix ed  having  been read  in to  the subrou tine  a s  a  pa ram ete r).

We do t h i s  by a llow ing  JB to  vary  between 

th e n  cheeking the  above in e q u a litie s*

I M  was i n i t i a l l y  s e t  t o  z e ro , th en  a f t e r  each value o f JB i s  produced IM  

i s  increm ented by 1 , I(IAH) i a  s e t  to  JB . F in a lly  th e  a rray  I  i s  re tu rn e d  

v ia  ooESBon s to r e ,  and the  f in a l  value o f  lAH i s  re tu rn ed  as a  param eter.

BBG (IDEr. ICL)

We ape g iven  th e  d iscrim in an t o f  a  Q iadratio  f i e ld  K( 9  ) ,  where

XDIS < 0  and "B ^ IA 9  + IB * 0 , The Minkowski bound o f  the f i e ld ,

v is*  IQ « :j/~-IDET/3, ia  now c a lc u la te d . ,

lORM ( I )  w i l l  g ive the  ab so lu te  va lue  o f  the  norm o f  the  a lg eb ra io  in te g e r  

9  -#• I .  We i n i t i a l l y  s e t  ICL to  zero  and GLASEQ to  1; where IGL w il l  

e v e n tu a lly  g ive tb s number o f  b a s is  elem ents o f  the id e a l  group o f  index 3 

i n  the  f i e l d ,  and CLASHO the c la s s  number o f the f i e l d .

KEEP (K, 1) 9  + KEEF (K, 2 ) ,  K » 1 , * ..,IC L  g ives the  b a s is  e lem ents
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o f th e  id e a l group, and i f  the f i e ld  has a  fundan^ntal u n i t  which ia  n o t 

u n i ty ,  KESP (ICL + 1 , l )  G + KEEP (KL + 1 ,2 ) w i l l  bo th a t  u n i t .

I f  UK? = -3  then  we know th a t  th e  f i e ld  has no id e a l group o f index 3 ,  

and the fundamental u n i t  o f K( 9  ) ,  (where G ^ -  9 - « f 1 * 0 ) i s  ©- .

Hence KEEP ( l ,  l )  a  1 and KEEP ( l ,  2) « 0* (We assume th a t  the f i e l d  ia  

such th a t  IGL — 2)* I f  IDE3? -3  then we f in d  CLASKO by fin d in g  the number 

o f  Gauss reduced p a i r s  JA, JB fo r  which

-JA 2 x JB + IA < JA < » m m  (JB)

o r 0 ^ 2 x J B + U  <. JA i f  JA X X 2 = HOEM (JB)

(See Gauss (14))♦  By a  s im ila r  uethod to  TSIHE we l e t  JA vary between 2 

and IQ and fo r  every value  o f  JB found to  s a t i s f y  the  above in e q u a l i t ie s ,  

ws in c rease  CIA3E0 by 1* I f  3 does no t d iv ide  CLASI33 th en  th e re  does no t 

e x i s t  an id e a l  group o f  index 3 , hence IGL = 0. However i f  3 | CLASHO we 

c a l l  COBS (HKP, 2DL) which c a lc u la te s  ICL and the v a lu es  o f KEEP (K, l ) ,

KEEP (K, 2 ) ,  K = 1 , ICL .

soLYE ( 121. m .  r ro . iz )

We s e t  P a  l a  ( 5 ,  HO) ; H a  (H O ) i s  tb s  bcaind req u ired  in  the  search  

fo r  v a r ic b le  JKJ found below. I f  P 3 ,  we co n sid er th e  two p o s s ib i l i t i e s  

th a t  XR (4 ,  IPO) a  i s  o r  i s  no t e g ia l  to  1 . When IE (4 ,  BTO) * 1 we

fin d  an in te g e r  LXJ  ̂ 1 ^  LU  "S. P  such th a t  H( G ♦ L U ) H ^  mod P ,

and consequently  the  in te g e r  U  such th a t  IX =. IM 9  + LK mod ♦ L I ^

i . e .  U S  LK -  m  X L U  mod P .

Then we f in d  JKÎ (IR ( 2 ,  H O )) x x JKJ S  IX mod P , (IR (2 ,  IPO)) i s

tliB ^ r o  La h e sse ’s n o ta tio n , and we s e t  ZOP ( IS , HO) » MOD (JKT, 3) which

i s  B asse’ s v a r i o l e  yrTo>ii  *

I f  XR ( 4 ,  HO) «. 1 we r a i s e  J )  « IE ( l ,  HO) 9  + IB (2 ,  HO) to  th e
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in te g e r  power JK J, and checking th a t  the r e s u l t  ICV 9  + ICXJ i s  congruent 

to  LM 9  + LN mod P. Then, as p re v io u s ly , in& s e t  KÛP ( IZ ,  PPO) » MOD {JKJ, 3 )

I f  P s= 3 we need to  f in d  the  rem aining and corresponding  We f i r s t

change IM 9  + LH in to  the éq u iv a len t form M  + MB. I f  IDEL « 2 we

fin d  J  such th a t  MÎT ag J  = 1 mod 9 and then l e t  LL = MOD ( j  x  M, 9) ,

Then KOP (IS , ZIU) « ^

and KO? (IS , SUM 4- 1) » 3 ^ LL -  *3 * the  l a s t  two r e s u l t s

coming from the way th a t  1 + 3 D)ET and 1 + j J î S  form a  complete s e t  o f  

re s id u e s .

i . e .  mi xj ZDET + ES = (1 + 3 ^ 1 ®  ) s  * KOP (IZ , SDSil) *  ( l  + J / E M  )

* *  KOP (IZ , SÜM + 1)

I f  IDBL = 1 however then we fin d  J  so th a t  M H x J  x t  mod 3 &nd s e t

KGP (IZ , S m )  2  m  X J  mod 3 since

+ M  X (1 + y " 5 5 )  * x ECP (IZ , SDM) mod 3

moor (?)

We have, as b e fo re , a f ie ld  K ( 9 ) t 9 ' ^ - 1 A 0 '  t  IB » 0 and IM & ♦ LN 

i s  a  b a s is  elem ent o f  t i e  id e a l group o f  i n ^ x  3 in  K( 9* ) (PSOOT i s  only 

c a l le d  i f  such an id e a l  groi;^ does e x i s t ,  o r the  f i e ld  has a  u n i t ,  and 

LM 9" + LN i s  s e t  to  be th e  fundamental u n i t .  SOM i s  passed to  the  ro u tin e  

v ia  coBHKjn s to r e ,  where i t  i s  increased  by 1 and then  th e  ro u tin e  c a lc u la te s  

the  p r im itiv e  ro o t  o f p  (P p r io e )  3R ( l ,  SUM) 9  + JR( 2 , SUM) and a lso  s e ts  

l a  ( 3 , SUM) := P and m  (4 , SUM) « KS a  (where the ^ j  ^ n o te s  th e

Kronecker symbol). We assume th a t  the value  o f SUM never exceeds 8 .

The E u ler fu n c tio n  5  o f  P in  K( 9  ) i s  (P •  l ) ( P  •  KS) i f  P i s  prim e. ¥e

s e t  M a P -  1 and N = P •  K3 then $  a  M x N and M i s  th e  E uler fu n c tio n

o f P in  th e  r a t io n a l  f ie ld #  The ease  when P » 9 i s  a lso  co n sid e red , i f
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KS 4= 1 th en  K ss 72 o therw ise  H » 36 .

For prim e P i f  KS » 1 we need only co n sid e r the r a t io n a l  p r im itiv e  ro o ts  o f  

P s o w e s e t K s I ,  and th ese  p r im itiv e  ro o ts  are produced by examining

numbers I  to  see which s a t i s f y  1 <  I  P -  1 and

1 mod P ^  1 mod P *i/r such th a t  1 < T !S P -  1

I f  KS ss -1  o r  P ss 9 then  we l e t  I ,  J  va :^  independently  between 1 and P and

dbeck i f  ( J  9* + l ) ^   ̂ s  L mod P where L i s  a  r a t io n a l  in te g e r  and

EOF (L , P) = 1 where (J  9  + l ) ^  ^  r a t io n a l  in te g e r  1

C13BE ( m s .  lEZ)

We c o n s id e r th e  f i e ld  K( 9  ) ,  where 0 - ^ - I A  9 - + I B » 0 .  TEZ, which w il l  

e v e n tu a lly  give the number o f  b a s is  elem ents o f  th e  id e a l group o f  index 3$ 

i s  s e t  i n i t i a l l y  to  z e ro 5 IBO, th e  Minkowski bound, i s  -ID Sr/3  *

The program i s  divided in to  3 main s e c tio n s .

The f i r s t  s e c tio n  co n sid e rs  th e  case  when U2ET =" 1 mod 4 . We l e t  IT vary

between 1 and IBO and c a l l  TRIPLE (IT , lAîî) fo r  each IT# IAÏÏ g iv es  t l»  

number o f  Gauss-reduced id e a ls  o f th e  form [ iT , 9  + I(IAMJ) where 

1 ^  lAM ^  IAN. To fin d  members o f  the  id e a l group o f  index 3, we look

f o r  a lg e b ra ic  in te g e rs  o f  K( 9  ) o f  norm IT * * 3 , th e re  being no in te g e r

o f  nona LT. The method i s  t o  look fo r  in te g e rs  IMS and 12 such th a t  Norm 

(DvÎS 9  + 12 ) » IT X x  3 » ITT# I f  IMS Z 0 th e  minimum value  o f  

NORM (ÎJ5S 9  + 12 ) f o r  f ix ed  LI3S i s  (IB -  i )  x IMS * x 2 which occurs when 

12 « -XMS/2 .

Hence IMS i  2 *  IT x 4 x 3 ^ -  T  XPET * *

We l e t  IMS very  between 1 and JBO and search  fo r  12, a  so lu tio n  o f  the

eq u ation

12 * (12 ♦ IMS) « ITT -  IMS * X 2 * IB * LMT



i . e .  12 X I I  = L î^ where I I  * 12 +

Once a  so lu tio n  (IMS, 12) has been found we check i f  IX, the  h . c . f .  o f 

IMS and 12, i s  not 1 and IX does iKjt d iv ide  ISET* Otherwise we may ignore 

th e  so lu tio n  as i t  s in g ly  invo lves r a t io n a l  m u ltip le s  o f a  p rev io u s  so lu tio n . 

Then we check to  see i f  i t  belongs to  one of the IM  id e a ls ,  and i f  so we 

have found one member o f  th e  id e a l  group o f index 5« We then  in c rease  

m  by 1 and s e t  HÛ (IE 2 , t )  * IMS, ICO (lE Z , 2) * IZ , lO I (lE S , 3 ) * IT

and ICÜ (lE Z , 4 ) « I  (IG ). In  o th e r words, we have an id e a l  (LT, I(IG )]

which when cubed i s  eq u iv a len t to  (IMS B + I 2) .

The second se c tio n  co n ta in s  s im ila r  o p e ra tio n s  to  the  f i r s t  excep t In s tead

we co n sid e r th e  case  IDST Z  0 mod 4* We l e t  IT vary  from 2 to  ISO, and

fo r  each  IT , LMS v a rie s  from 2 to  JBO and fo r  each UîS s e t  I2  ITT-I^IS*x2xIB 

and check i i '  Norm (LMS 0" + 12) « ITT, and con tinue  as  in  sec tio n  1.

In  s e c tio n  3 we check th a t  th e  number o f  b a s is  elem ents o f  the  id e a l  group 

index 3 i s  e i th e r  1 o r  2 (o therw ise  a  d iag n o stic  i s  p r in te d  and th e  program 

s to p s ) .  I f ,  th e  number o f  b a s is  elem ents KE Is  2 i . e .  we have 1 <  HZ ^  8 , 

we produce a  Gauss reduced id e a l eq u iv a len t to  [iCU ( 1 , 3) ,  0  + IGU ( l ,4 Ï )» x 2 , 

^  say . We check th i s  id e a l a g a in s t the l i s t  o f  id e a ls  

[IC J (K, 3 ) ,  ICU (K, 4 ) + 8  3» 2 ^  K <  H Z , and the f i r s t  one n o t equal 

to  ^  ^  ^  , we take  as the  p ro v is io n a l second b a s is  elem ent of th e

id e a l  group. [iCU ( I ,  3) ,  0  ♦ IG0 ( 1 ,  4)1 I s  p ro v is io n a lly  taken  to  be 

th e  f i r s t  b a s is  e lem en t. I f  th e  second b a s is  elem ent i s  no t prime to  HAL, 

we c a l l  EQV (H E T , K0 ( K \  3) ,  ICU (%*, 4 ) ,  H M , KEEP ( 2 , 1 ) ,  KEEP ( 2 , 2 ) ) ,  

o therw ise  we s e t  KESP (2 ,1 )  « HU (K*, 3) KEEP (2 ,2 )  « HU (K’ , 4 ) .

I f  ICU ( 1 ,  3 ) i s  not prime to  HAL we c a l l  the subroutine

EQY (H E T , ICU ( l , 3 ) ,  ICU ( 1 ,4 ) ,  HAL, KEEP ( l , l ) ,  KEEP ( l , 2 ) )  o r  o therw ise

s e t  KEEP (1 ,1 )  « ICU (1 ,3 )  and KEEP (1 ,2 )  «ICtJ ( 1 ,4 ) .
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H eœe [KEEP ( 1 , 1 ) ,  D + KEEP ( l . z ) ]  ( and [KEEP ( 2 , 1 ) ,  B  ♦ KEEP (2 ,2 ) J  i f

KB = 2) a re  b a s is  elem ents fo r  th e  id e a l  group of Index 3» which are prime 

to  HAL.
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