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Transformations of generalised ordinary and basic
hypergeometric series and identities of the Rogers —
Ramanujan type.

w
The name hypergeometric series was given by Gauss to

the series ,_F.[a,,b,c, ;C_J-l-l-c;b:.-l- R . . s
el(atl) - stn-l

This series had occurred pré&1ously fﬁzanalys1s, in
particular in the works of Euler, but Gauss was the first
mathematician to make any systematic study of its properties.
Gauss showed that certain well known expansions, e.g. the
binomial and exponential functions, were particular cases

of the hypergeometric series and then enumerated certain
obvious properties of the series before proceeding to make

a more detailed study of some less elementary properties.

The first section of his paper is comeerned with linear
relations between ser es of the type F (&+), F+ hi-v

and F (4N, f ; where )\,/.4., Vo Ny ulyv

take the va ugw 0, ; these relatlonshlps 1ncluded, of
course, those between eontlguous hypergeometric functions.

In the second sectlon the series G (¥ ,A,¥Y,=) =

- Fl, +|m+ha5/?@u S is expressed as a continued fraction.
Section three glve "the sum of the series when x = 1, a
result used in the analysis of this thesis. In a further
paper (1A), Gauss studied the differential eguation satisfied
by the series and by various changes of variable, he obtained
several transformations of hypergeometric series,

Since the time of Gauss, the ordinary hypergeometric
series, the generallsed hypergeometric series, the basic
hynergeometrlc series introduced into analysis by Heine and
ApelTsd hypergeometrlc series of two variables have been
studied by various mathematicians, Until 1923, however,
the literature dealing with the subject was very scattered,
consisting of isolated papers in the transactions of the
various learned societies., Then, in 1923, the paper by
Hardy "A Chapter from Ramanujan’s Notebook" was published
in the Proceedings of the Cambridge Philosophical Society.
ThHis paper which was concerned with the generalised
hypergeometric series of the ordinary type gave a summary,
with predfs, of most of the results which were then known,
together with some formulae stated, in practically all cases
without proof, by the Indian Ramanu;an. In 1926, Appell and
Kampé de Périet had their book, "Fonations hypergéometriques
et hypersphériques," published. This gave a summary of the
more important properties of the ordinary hypergeometric
series and a very detailed account of their researches on the
hypergeometric functions of two variables,

Hardy’s paper occasioned a considerable number of papers,
principally by Professors Bajley and Watson and lir.Whipple,
in the Proceedings of the London Mathematical Society.



@
In 1935, Frofessor Bailey’s Tract was published., This
gives a detailed account of the more recent researches on
the subject. Since 1935, a few more papers have appeared,

This thesis is concerned primarily with transformations
of generalised hypergeometric series both of the ordinary
and the basic type and with indentitied of the Rogers-—
Ramanujan type which are essentially limiting cases of

transformations of basic series., When the Tract was published,

various methods of obtaining transformations of generalised
series of the ordinary type, had been given. Gauss’
method of changing the variable in the differential
equation becomes very tedious in the case of generalised
hypergeometric series, but transformations had also been
obtained by summing series of lower order, by Dougall’s
method and Carlson’s Theorem, and by using Barne’s Contour
Integrals., Details of the last three methods are to be
‘found in the Tract. The most powerful method was the one
given by Professor Bailey and which will be used in the
first part of this thesis, but the only method which was
applicable to basic series was Dougall’s. Since publication
of the Tract, Professor Bailey has published two further
papers. In the first, entitled, "Some Identities in
Combinatory Analysis" (3) he gives a method of obtaining
transformations of basic series and in the second,
"Identities of the Rogers Ramanujan type," (4) he gives a
simple fundamental result, which is the basic idea under—
lying the methods of finding transformations of hyper—
geometric serles, and shows that the two methods which he
had previously given, were Jjust particular cases of this
more general result,

Professor Bailey obtained many of the transformations
of generglised hypergeometric series which had been proved
previously, together with many new ones, including, as
limiting cases of the transformations of basic series,
identities of the Rogers-Ramanujan type.

Two sums of ordinary generalised hypergeometric series
to which this method is applicable are those given by
Saalchuty and Dougall. In the first part of this thesis,
these two formulae have been taken in all possible ways
and the method of finding transformations has been apblled
The second part is a detailed study of three formulase given
by Professor Bailey — (b.2) gb ) (o.5) of "Some Identities
of the Rogers-Ramanujan type, from which various identities
have been deduced., The third part gives results gmvolving
bilateral series of basic hypergeometric type, which have
been obtained from a fpvmula due to D.B.Sears and are
generalisations of known results for ordinary basic series.
FPinally, some miscellaneous results are given. These have
been proved during the course of the work, but cannot
logically be included in any of the three main sections.




(1) For transformations of ordinary generglised series,
we use the method as it was first given. Starting from a
known sum, we deduce a transformation. In fact, we know that,

if thecformula («4.\,@ blalnbr)e 5+~@M¢mumm& (0 (padfosde ) B
oLy — PIAY. (A (4 riyey LK pugm LK) puyn D len (X)), (K2,
gives the sum of a éerpaln‘h§pgr§eoﬁgfrlg serleéf tﬁznc the

formuls

E [ N b] S (e (0w =mdn (e (e Bl)e
0y, O, Pl) PI; P'& ~za 7! ! ‘.P\r‘.’::}r l_Fa\r (ﬁ)‘r‘(ﬁ\

X F[K +!A|"‘ Kxf/-h.?‘, atr, autr, emir - (/6
Litvir, pitr, pate, patr is true.
In these formulae, there may be any number of the quantities

L, A p, o, K Lo, The numbersm & ¥ may be positive
or negative integers Efovided that (a) » is replaced by

NI dn . .
Q
The analysis which led to the above result is Jfollows,

We start by supposing that we have a relationship of
the typeo—F [Pl) P:‘Ps, bX] (.' x\ ~K F o, da, °L§ bl eX ]____ (. ))

o G Ay fa (- ;M
where 1s an 1nteger. By means of the substitution X
JuSu- and multiplying by (-w)" PUmjk‘ we shew
that the'zelationship

Sr{.. s pra=m, -y b L (R L~n'c.“<4mu,).(~m\ Enn(-prdeuriy (olabe
Sy Ta, P (L tP\"‘ w0 ° (/Abrl.fb*u"lb-m,'k\ - {"1

% Ja.[n*/‘“" 7+m, -mtr ]7’ - Ll&)
l-ptiembir, qtr

is obta%ned by equating coefficients of:STi"on both sides

of (1.1) .

This, by means of a known relationship between series
of the type 4F, with unit argument, is seen to give the
relationship:-

sh|P f poniom b :iﬂd\\w(gl\rl_d;nm(:h\r(‘m\r % an.[K*f“"'x ~vub ke, =mtdn j].— 03
q,, 0y, P. (L »yzo7T l- (‘Al\"‘l/&l\)* L’)\ {.ﬁﬂm P+)\f: q+ >\7’

"If we equate coefflclents of = on both sides of (1.1) we
see that if (1. 1) is true then, so is

ZL«\.L Al by US4 e gV adolodnlagd b = (1a)
S LA (K oo (e U |

Footnote, + We have taken the A of the paper (5) equal to
1, the case which gives the most interesting results.



Thus, if (}.%) is true, so are (i a) & (1.3). The form

1.33 however is seen to lend itself much more easily to
generalisation, Thus, generalising and replacing the
positive integer n by any real number a, Professor Bailey
proved, as in the Tract, that, if («) is true, then 95) is
true.

It is, however, possible to obtain a slightly more
general form of the results (¢) & (p), with the a’s
negative integers, diregtly from the equation (1.1), by making
the substitution X = T koen / U= 2en) and equating
coefficients of «=Mx™. . ..., =™ , We give the details

of the working for the case in which n = 3 and, for
convenience, change the notation and make the substitution

x='0%mﬂhmbﬂ-30§) and ecuate coefficients of irg"gN

on both sides, i.e. in (1.1) put X « k and multiply by
- Q‘PO‘?Y" Oj- }D- b . (‘-:c)%ﬂa\U"jB)

Then, - '

LH, S, = 2;

r20

and the coefficient of x™ y™ z

N

in this is:—

z thv;(f-br (fa\v- ‘.p‘l‘*r\m., Lj‘l"r\)m L‘Rf.‘:)"_“ b-n E
L= 2l (e oo bmer) ! (e )! (N=) !

= lE?mL%\nUQN % F [fh s Py P.n"") v, = N ) —,hk]

™. Y. N, G;‘.‘G“'IPI %. 'R
- - -R
?QH Bl (e e X=X "M (1= 50) P"‘*a" Wey)
0 r ' (F!ML,&'L\-F .

. . -R
- = i(-(;).-(d,)-,. Ldb-.. c (K iyar\s X‘N’s U-—::) P(‘- J(.‘P 3 U‘ 53__
v-:o$=or— T ' S! (/AD' (PD, s - < <Rer-g
= ,L‘__ (D{l\r Q’{'D'l" (da\r C:'A (K ‘f"'[.lﬂ')i k“*s ‘." a\) r- U'q\ " Q- !;) —
=%s= r ! S l. L,&D.,. (763.,.
and the coefficient of X™ y™ zN in this is

Z (ﬁl;\r Lolx)r- Qg‘r c (_K ‘l“).w\s kr” (t'f r4 S\n-v-s Lq-hr- +-Dn~r-s (R-{‘ 4 &\ Nev-$§
v*0s-0 ¥ : l-f"bv- (/")r s (mer-g)! (m-nsﬁr (N=r-9) :

:i(a.\,(a.a,@“@&.(m) N (e (@l Ry F [.mx,-, et r,- Nbr, Xt /.n-‘,-K]

L e (e (gde (A !t N ptr qtr, R¥r:

Therefore we have that if

Z)U: (,Ql;)rLd\)r @3)1- (‘“ﬂ\r LK*"\hl:,.q.-)) (. l)rir_ . ‘.an (P"\" l'ﬁ;‘)n Bm .
e a - r l- (F|)"" %‘b\*‘ (K\».,. (0‘.\\-\ Ld’x\n Lxxr\




5.

then -
F [P'; ’/Ox«. Pa, -, -v, - N ) L-Ué}
g, &, P, C.L. R

= (Oll)v-(.dx)v(.“laxt-mlt'h)r("\h,(—da* %x F [K'*‘/-LT', -mtr,~mtr,- N++ ‘)"k;} . (|-§>

r2o r l (/A'B' (A‘)"' LPN)" ('1)-'- L'R)vn P+r‘, qi-'r’ R+~

The case k = — 1, gives the formula given by Professor
Bailey ( with the a’s negative integus).

Unfortunately, this k is of little use, except when
it equals -1, because very little is known about the sums
of series with argument x, except when x = 1, and — 1 and
the cases when x = — 1, are limiting forms of those where
x = 1., Thus although we might be able to sum the series
on the right of (1 — 5) by Kummer’s formula, we could
obtain the same transformation by summing by Saalchutz’s
formula and letting one of the parameters tend to infinity.
The only other possibility would be to use the formulae
for the sum of a ,F,(%) givew in the Tract Page 11. In this
case, however, the parameters involved are of such a
specialised form, that it has not been possible to find a
case where these sums could be used.

(2). We now proceed to consideration of transformations
obtained from a formula given by Saalschutz(6), viz:—

aFa [q., b,-w’ ¢, l+a.+l>-c—~n.] = (e-aale-bdn Ldn (e~ a~b)n -

Hore recently, a very simple proof of this formula has
beentgiven by Professor Watson, (7), who pointed out that it
could be obtained by equating coefficients of x™ on both
sides of the identity

Q- ;QGAB‘QKF, [nu,l:')c.', :c} = aF [ -a,c-bje, ac] .

The cases in which we write Saalchutz’s formulg iwm. the
following forms;-

o[l +abee, adn,-n l+ah, ltace | = (Da(Q0 /0 +orDa(i+asel,

sha [q. ,btn =y edw) l+at b-c.-w] = (Onle-a)y. (e~ B)n /1Dan Lc-o).('c-u-h\. .

have been fully investigated by Professor Bailey. (5)

In both these cases, he was able to sum the hypergeometric
series on the right of (4 ) by Saalchiitz an Dougall’s
Theorems he thes obtained the most general possible
transformations.



The forms of Saalichiitz’s theorem which T have taken
and which yield results are

aFy [Cb ybi-mje, l+u.+ﬁ:>-c.-~n] = (g_-g,)h(_c..b\h{(ah (o-a-l;),, ‘ . @)
3F:. [Oa\ b-w)-.w', -, ltath- c-'w] . (c-a-nda ‘;C‘b)..('(c.-'ﬂ.. (C‘Q-‘Qn ) —— Q. D.‘)
arz [a.-h\., b,‘-mv, ckan,l tatb-c- Qn] = Lc—a.i-n\).\ (bt Qh).. /Lm.gh\n (c-a-‘ai-vd — @ 3)

3‘:2, Lo..‘i‘m, b,-rv ') ot 3"?) ltatbh-c~ E-r,] = (_C.-Q:I-a'\\'.&:.-b*‘&')n/(C‘-+3n)n(§.-0.—6+ Q"\)h N Q. ""')
Q.q)

—Tgking Saal. in the form I-;E;_, v, lHarh: c-m_‘ (e @dn le-Binficinlc-a=bln

we have, using i (A (Bdwe (e = ambt m)orn (- )n 51

L \) / ) = (“-"a)h LQ*&)'\
0)ew = =) U-0)w > T3 ' () z-)——-i":‘l:‘:
This is formula (o) with v ehlemasb)
A= o dazby K= L;—a—‘b\),/q.,:q y e=1)

Ase)

P.: c~-a., P;'.'.C.-b; o, = C.“b=' '
Therefore using formuls Q&) we obtain the transformation

'si-z.r:s-oa [C‘Q-a C"b) QA Qay o ., 0-;,~m')
C’) Fli P\-; RN .~ - ')Ps') PQQ‘(

itan,@,-. CRENNAND Y I:

~asb, aitr, g, . oL, ety v = (&-)A)
»zo *l LFI\" -"(rlﬂ\"' (ﬂ‘\f P.'f"r, P,j-f‘, R Ps#f, Ps,.""" '
If in (2.1A) we take s = O,no a’s,and one p = p(say), and
(2.14). becomes

aa[c-o-,c-‘b'»-ms} - 5 @Ok, [M-b ,,.+,.>]

<y P r30 T . (CD (P)r P*I"r

We can now sum the ,F, on the rlght using Vandewendes
Theorem viz:i—

aF [—W, k) e-, |] = Lc.-b\../(c).,

Y [c_-m, caby v
c, P

- > (.031- !QvL‘"br

» L_.E-I"r-c-* q+®..-.,
=8 "". LC\T (PL

(Pf‘r)m-v- '

= (E-c*)-oﬁ-gm " < (e (D L

——T—————_—‘——“"_—‘
L’Qm o ™ (e (P-c.+a+l~b'r

since (Fw\ e = (P o



Te
We thus obtain the transformation

3r [C. ., C-b - ) = E‘C"‘Q"'b\m X lr @, b

P C, -c+a+b
This, w1th change of rfotatlon, can be written, ‘_
FJesbi-mi = ($+e-a-blm F, [e-ay e-b,-m; . — (5. R}
3 e, ¢ O X3 [. e.‘, e++—a—5 g
Using the notation introduced by Whipple (see Page 17 Tract)

end taking ¢ = — m, (2.1B) can be written
r(dnu\r‘/&wwr([é:o) FP {O Yo, S)

= (st dm) Fp (05 3, ) P (hiae) M pua)(p o),

TOrBrisraris-or (ol.;;)r(/su:)r(,é 30) Fp (o3, a.,_> _

=T (4@1—'(/45;):-(}3“;) Foloy 3, 4),

Fp(o; 4.5): FPLO35,4), -»ALaJQ)
a relationship which was first given by Barmes znd
subsequently by Whipple and Hardy. The relationship is

true, in the moré general case, where ¢ replaces the — m, i.e.
when the ,F,’s do not terminate,

Now in (2 14) take a.—,::a;mi::d (say) and two p’s equal
to p & q then

“Fs[c-o.;r.-b.d..-m‘,] (QLLB\%ML(‘M\W- % aFa [c-o.—b‘d.‘h',-m‘lv\ ,'»

Sy Py, = ! (o). (.P\.-( Vo P*hr' qtr

Now choose q so that the P, on the right is Saakchutzian
i.e, take g = c—a—b-1-d—p—m+1

Then, summing the ,F, on the right by Saa]schutz)
wFa [c~q, e-b, d, -m]
P
T (o (B)elde (=rmde < (£+°‘+b.¢_+-,.\m er-oﬁm-v-
r=o r! (C—\» (P) (ti) (P+1‘)m-r-(.,a+q+b—c~d.),w.‘.
= .Ej’ﬂ" B~t\"‘LP—d'\M_ Ld)m LQ\% be'r L"—"'d."‘P"Qf b'"‘"’hf (.'m\" )

L4

sincetP)"“ (P'M;.-I‘B-c.-d)... == ! L(t)v-LcL (d.-}!:P-m), (Pfod-b-c)v
(-P)m-r = LP\ /D7 ('*P-m) N

therefore we are led to the transformation

"_Fl[t"(\,(‘."b\ d_"‘h‘\ ’ SE"‘Q“‘E'Q\ LP d)ln % Fa[d- @, b) -m ‘)
< P °'+d-'°'-‘h't"‘“ (-P\m (P-i-c\.-i-b-c-d)m ¢, l+d-p-m, ptatb-c
this may be written,

WFi[a, b.c,-m
e.f, l+arbic-e-f-m
= L"F-Q.;bi'e\mt*‘c-\m % o Fa [e-a, e-b, e, =-m) ]; —_— (&.IC)
T H-o.-b-l'e—c\»\ e, etf-a-b, ;__4_,,,4.\




8.

a transformation of iwo SaakchlUtzian  Fy'S.
Using the relation (a), = -)“U-a-n)n , (2.1C) may be wrltten

L\FS a, b, ¢,~m )
€,t Irathtc-e-f-m

= F-Qmltartb-e-t-mm x . Fs [e-a., e-b, ¢, -m ) ] .
EFVmU+atbtes e f-m)m ' e, l-f+te-m, ett-a-b

This is the formula of the Tract Page 56%7.2 (1) with a,b,c,

e & f replacing x,y,z,u,v, af formula which can be obtained

directly as shewn and first given by Whipple.

(2.2)
We now take Saakchutz’s Theorem in the form

- - - -Co = LC"Q‘V\X LC.—b\n
aka [n.. b-r,-n j e-vy ) 1tatb-c "\] (eorinlce o= Bl which can be written

icaxu ~etrky lecarbinde bnde 6] | (aetidn le-b)a
U-b+n)er U-o)n Lc—a;b‘)u

Thls is the formula (&) with

oy = s’y K,:.I-c,/A.:O; Ka = G-Q-b.ﬁ;: Ojc= 1

.,Q.‘;'.“'b, vi= O 'J

f’t= Q.-c.-r', ,o-._=<‘_—b; o= "'5') b= ' J

therefore using 93) we obtgain the transformation
S+3FS’2[°-‘G+" G'b, Qi3 Qay « .+ .y Qg =M 3]

I-b, P“F“ < - s AP Psn -— (Q.QA)
=L0?T(q3‘v- (Qar‘,‘m\-‘.ﬁxr-xs*a - "C,C-Q;b Qir,autr, . . ., agdr, -m+r ')
h i LP! .- '.Pa-pb I-b, |"‘1‘, 1% B AR g"f. Pt#l"r
Now sum on the right of (2 SA) by Saakchutz s theorem
taking 8 = O and one p = — a — m+1 and (2.24) becomes
aFl[onc.-H, c-b,-m')] = la\.-(;-m\a- [ c,c-a~b,-mtr )
I-b, P ‘ ). %g, 5‘1-°,m+,

=£fj§ﬁﬁffﬁl % J}[“»B my =T ) ]
- b)m (Q)m

l+b-c-m, cma-mv

therefore we have the transformation

3‘l.’l q:c.H,c.—b,—rn} (c-b) (_H-Cv - 11-" Ou, bh-m) -"'\> )
I‘B) I-a~m (,l—bdm (Q\ : E-c*—m*, C=Q=rvn




This may be written . ) .
r e i,-"‘l 3 = (b)m(o)m X &(-'1 [a.ﬂ;-c., !—c.-m, - )]. —_— (,.’l-lﬂ)
3t ¢, c~a-h-m+) (S (atb-cdm - l=bem, l-a-m

If in relation (2.2B) we put ¢ = e and f £ c-a-b-m+|

i.e. +=e-a~-b-mtl , Then (2.2B) can be written
aF [o.. b,-m )| < SN ("b‘m\m(}"ﬁ‘"‘__z.\ % 3F, [otb-e, lheem , =m ;],
e, + (e)em (I~ a=bte-rmdm l-b=m, l~a-m

Now, when in Whipple’s notation we put Ay = c=-m this
becomes ‘

e DT )P (0 1)

=0T (domMeloa I (p..,\r(/::a\)l'(f;.grghﬂ Fr (25 1,20 sling)
F A F(A ) FleadM (Jae)

vel Pl o) Fp (05 5, 8) = TlHa) T @oad)1T Fr (37 1, 2) .
This result was proved by Whipple in the case -of generalt
and can be proved directly by reversing the series on the

left of (2.2B). It is a degenerate form of Tract$(3.7)
(1) with f=e~b—a —m-+1.

Before we can proceed to the consideration of cases

(2.3) and (2.4),it is necessapy to prove a slight modification

of formulae (d) and (B).
We prove that if we have a formula of the type

N i ) i LOk2 S T LR N € D P ) SR P W e (LU~ — (A)
oo ~~ '. (ﬁl\'ﬁ' ({5’1\* ‘.‘q‘i‘ ‘."\3“,(“_‘) LKG)A',“, LK‘L\ h”‘" r(d'h., LO";).. LK'\)’M ('K‘))n:n

giving the sum of a certain hypergeometric series, then the
transformation

FTPo o fry oiGuyem b
‘l; “L) PltFl.'P:!

S oo v (e (i (e « (Kt huirdae (K,j).}ua-\m(a.wl}., adrlleminle  — (R)

e ! LPD’LPD" Lfn)r Ll&)v- (f\)v +! i+ ¢,v‘~r) $ L,':..'ff)t LPJ\*)E { pat r) &

is true. As before there may be any number of the quantities

A p,p, 6 L a, p, but & V¥ may now have fractional
valueg, provided that & ¢v are integral.

For, E l'p., R N Y b] - iLqDl. (oa)..(:nhn (Kn)x.-.. Lxx)hw_;
<, -1 Pl- P\\ p3 m=o ™" (Pb)n l-Px\-\ (Pon L‘-()du‘\‘

S (e b (), b (K Do oy Ut A Dy ety D e E1Y |
e AN D (Lt g dontey (K s (K using (4)

:-M i Lanla)al=-m)alX, "'\)‘“"‘)}-l‘vi\ (Ko )«-.)u\ﬂ atnry ()2 () (dydee”

PZQ NrT T‘l (n~v~\ 1 l\)n( 'An.l \.. ‘,R.* @Yﬁ‘sdq(ﬂ"‘\l“ '\" (/5\}»
(and putting n jrt‘l:l.b. We'P;get\ f

:m (AN wre (Qdret Ermdere LK1t Mpace) At (K )"-/“"\M“ (e () ('_l_‘\_':_
; - I & ! LPD&-OO (.Pz\ww (PQ:-}; (L, + J,Vﬂ‘\ it (A')"‘ ‘ﬁ’)' :

r:0



1 C.

Z La\» (@D r lrde (Do) (e (K,+ Aipacr Ine (Kf"&-ﬂa‘ Dot (atrle ladr)y b "'\

P (e lpn (A (8D, B (A + divir) g it ), Lpat e Lpatr)e
Which is 'I:,;e ;:eqlflrélti result (B). de lprirdetpatnle(py

(2.3) We now take Saakchiitz’s formula in the form

aF [atn, b= ) = (c-0tn), [c-bt An)a
[ ctdn , ltotb-c- :hv] (e+an)a (s-a-btn)a
This can be written o
i(cd (B (cmambt Ink. b N en), = (c-o.\;.\ (e-BYan (Dan(c=a=bln
+! (ctank (c=0n {e~BYan () gn lema-b) an
This is formula (A) with

0(]1&). &1"—%; d&-w)o‘q-ﬁ‘&'b)ﬁ!--—)/&lig‘*‘ /&3:"'2 ‘) b‘l)

‘ﬁ .
K.:Q, Xl.:l“f"l‘a, K‘_’-C"Q‘b, >'I-9 o/-l\.‘-k‘)‘.lf-c’(*,? 'V'-‘.%_)c"'i:

= &-Q c-~a+i = &=~ = C~ - G ~b+2 = ‘

P; ‘T'P“g‘—ei"P;-ch.f“‘ C_-_E?_,P‘.c b;l,f‘_sc ba > ‘g.‘ a. ,

g, =c-a, & a b > = c.-bi'l’ 5’5‘&., g‘s=g+" &= cr A ;
i N ' RY . - 3

therefore using (B) we obtain the transformation

S-I'?Fso'l[ = c-o.fl » &~a-b, cdg_ c-l;:l-l c-l:-l-l’ Q, iy Gy - - 305, =1 ,j

- cb ~bt!
cra, 52, & b:. %“‘-:’ 9‘*2‘ P Pas - - v PEy Pan

lodeaad. . . (ady e (B (D), (24), lema-D) (25)
’f'! (rbv' (Pbo .. (P:ﬂ - L%l (_&%l‘). (c.)_g'

x&“r_;“[g_.g. ar, c-n—b;r ‘c~a-b#2r y Qdr autr, L. L. Qi emitr ) | — (;1.3A3.

t
c.-}&r; ) g¢3: » patt, P,jr’ - .- 1,3;*1", Puﬁ‘r

We can'sum the series on the right of (2.3A) by Dougall’s
Theorem if the para.meters satlsfy certain conditions visz,

b= de-3a-1 N
and we take Qy=!+3a, pa=ia ; then we take two more a’'s
Q, and 0a(88Y) 8N P, ana pa & la-a,,l+a-a, respectively, Also

gince the sum of the denohinator paramete:rs must exceed the
sum of the numerator by 2 we require a,=c-4+m-ay,
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The hypergeometric series on the right of (2.34) then

becomes -
c-a~ -~ a-btlr ’
'1Fb [D.ﬁ' Q‘f" |+ %_"""; Tt -2 = Y aitry, Qutr, “-miv ]

S +v, E."it:‘.: . ‘ﬁ% ) 1 a-aitr, Htacogtr, Hatmtr
and the sym of this (by Dougall’s Theorem) is

(Utat 2r)mn (£ + da-e bt rinp (130 +b-c = 20, 4r) 4 ()
U+a- q,-rv-).,,., (1+3atb-c +3r\) Almer) L‘{'_i- 20-cth=ay) men

But (ptr)a.. = (_.f_;\: v Pl = Plam (an)m = {pdnlptedy |

P\v L"‘ f) LP\% U—F am\u- (PBI.*
(F‘* 3r) Ao = LE‘) amipt )y ot P},,_,, = LE}M
L f;) Ar Q- P-M\r

and substltutlng 2c — 3a —1 for b, we obtain as the sum
of the ,F,.

U+ aYm I+ at mm)nle- art)m (n- 30, am U+a-apn1Y (ataitd-mec)r 33,@:9* (?T:J)r (E%L)-
27 () (1rg),_(e-amd), (& e D7(- et ac dmne-asar b) o () g (4 2.,

3 S

oy b [0-, I+1a, e-a , cratl | dacsl, 3““‘;“, Jatde datde, q,, c-lém-an-m )
| -] Y *
]
Ta, :'m.o-:.:- ‘Jou-: ) &0, f—*;- ) c‘:\ \ CS , Hoeay, -§_+n+m-='"\) I+atm

= (l‘!";)m le- hhm&-—ﬂr‘{)m
(‘ o~ "\Lt"‘ Jo..+b-¢-_- th LC-):;,,. .

% (lratmie Uta-a)dn @'.-chi-orm\v(% (:c__i-_b_(.gg_é's"(l *':‘) (e (C-‘-‘-i'm-o\\..':m\)
Q +:: -,.(_H’a) (‘c-o.-‘{) L‘"%\" (e +3e- -~ m)y LC-*am\v-* (53 (l-l»a-q\.,.('} 4 otay c-m\)

% Qom0 (D) (24), (e~ 0B (&Y
Utarm)e (5), (£25), (222)

Therefore we have the transformation

_'-’ 3

wFio [ovy 1430, o C--&'” ) e, 34'”-0 il 3993'6 Q';C‘J-""\—Q.;—M )
Lta, Jat2e 3“""— , &=a, c.n. Jetl o, ,h-q”%j‘ﬁ‘l’ﬁ‘ o g | Fadmy
Y x 3 T30 :

*

L

:“*‘amh‘)ﬂkﬁtﬁ'a“’i\m x SF'Q [Q. Y q-l-q,{-m‘ ac=3da.-| ' 9&."(’.4- !, "M) ] ~— La.ae} .

Uteradal-ard-a)., O c-a-d, e, et Am, l-c +2a,-Am



This formula (2.3B) transforms a particular well-
poised uFie with the special form of second parameter
into a Saakchiitzian ¢Fu and is thought not to have
been proved previously.

(2.4) Now take Saalchutz’s theorem in the form

Llatn,b,-n 3 = (c-at2n), (e-b+3n),
e+3n, l+atb-c- ?rrv] (c+3n)n (S" a~b# an)n
This can be written :
22 (atnde Ubhe (e~a-bt Ik (<Y (:-_n)_v__ = (e~ &-B)yn LC.);.&_C%A*S)\.E_ .

= ! (_c.+3~r3-.. LC-O-\:n‘.n-b\;..(c).,,,(csu-bsk
This is formula (4) with

oy = by dazd, dyzatl zeroh Jez okl Az e =+l 2 3
EY 3 l‘d'ﬁ ___i-. 1 ___i_)Pl ":,fx-__:,Psxc"':,ﬁ“:sii)

K|= GL‘A,=',/-A|'-‘9\} K-;_: C"Q-b,X;z 3*/&;: %S .‘..‘:—C., #,: 3,V, =.‘§ ')

12ema, pecmabl giae-q, ayseob = e~bt) - s
£ %, F L p t2. puscch, ps cbu'P“ ¢,é%»p1=§:.‘?i:_‘.:

P2 -_c—o.;k 2 P9z c-n-b}_’_‘ po= ;

-—? 5‘,_=~c~:_31_;‘l » Ty=eb, "&’E:;‘%L'_s ﬁ's‘—c‘___b'fz, S =<, =+l
3 3

[y

therefore using formula (B) we obtain the transformation

12.

ca c-at! ¢ . - ~0-b .cea~ .
s_,“':‘_"o[a‘)T’%;‘%;%»Q‘;ﬁ!ﬁi&»‘%o‘ﬁ%tﬂ%» Qi Q3xy - - -5 Qs5,-m
o cratl e -
2! ‘o:. ’c’z—?'c——k-;-"ci%‘-c%ri'%»'i%- ‘l’-"'t-?_\ Py P2o - - 3PS Pant
2 - &) (o) 5 ¢
2N (adnlad - - (adn e (R (R, (2), (25058 (bl
<y el Y N
=0 (.PD:-‘-P\L - LP!*D'» T.LLT>-L91>a(:gfl
X cacFen Jatdr, c.-a.-Bf"-'rlC-Q~E+ZNI,C~Q-H-11~§1’ ajtr, aur, . . 3 Ogtr, = mtr 3 - (.3__‘*,;\)
3 3 3 . )

!
c+1¢r;3-, n-}h\:l ,c.«)-l:r, T, pathy o . . - Pl Pawit” J
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Now we choose the parameters so that we have on the wight
of (2.44) a 4P,

which we can sum by Dougall’s Theorem.
That is we take &, o.nd»Q;:.l-I':p., = +a-a, omne pu=ta.. Then, for the
«F. to be well-poised we have

b=z 2c- ha~| and for
the sum of the denominator parametersto excee

d the sum of the
numerator paremeheis by 2, we require the further condition

ai= c~a-l +ry
The series on the right of (2.4A) then becomes

qFo [o4de 1+datr, 3&-r—+;*'«- 3a~c+1;‘h- :h-us;lr, c-a-l+mir, - mir ‘,]

—Q_+-r‘| r.+ln~+'1. c-ﬂsﬂl ;H,:r

, A+da~c-mir, 4+at+tmr
.
_ Urad vy (B0 ag)

Lo )

L" +'——+ 2.‘)"1"" (.% +-&+%)m-~r- (;3 +‘)£§'3

= Utar 2r) o (Ar= 3o+ Acs 2) 3bmer)

: (c.-i—l.prﬁ Ilmer) (c.~ o~ ‘\ m-r
but -

(P“' QY'),.._, = (Es LE“'M}-:- (Pfl"'\a(m Y = __PEBM
L':Da-.- lr\a... Gy (I'P-lwb"

2v~ o.+1r.- ) lr ot -2
I Tlmr

ey (8730 by Dougall

LP“"}"");L,.\.,.) = LE}M(E-’-IND'- ) L\m-‘!\ =

~ (P ,
LPdur - .§*(:-P.m\*

C.the sum of the . F, is

(14 Q{1+ 0t m)we (e 230N 3m L—%),. (5';'-),. (—?—1',_%,.(5‘%) (A~<¥3a.- e .
(L), Urg) G derdacamle (eot3) fent-3), (oot fom 200

Fherefore, substituting in (2,.34) we have after a little
reduction the transformatioh

| + c-o c-atl c-a42 Q‘g'_‘_ Q-crl . Qece ~cols <+ o G0~ - M
,dﬂ,_’m. l 3, 3 -3 | R 1} ) Q ,h \‘Saul-?.'v.al-t-m, m
"‘._..."' + ' -0 % kq-:ﬂ e+d c+d [] ~ot! - - l+ta+m

al, 3 ¥ o) » ,’c#,e,:a .e Qla.-l-:ln:-cm,

,=Ll+c3..l_2c-1-3chgm " s‘_-“[

-h-e*l Ja-f-n Oe-!.a-l,c_-o.-l-lm,-mg
(s, le~20r Do

c~l- 3 R c-_l. 3-:;4-&» Im, C+3m

a transformation which expresses a particular well-poised
aFin 1in terms of a gF,-
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(2.5)
A result could be obtained by taking Saakchlitz’s
formula in the form ,
F Jatn,b,-w; :l _ (ema43n)a (- b+ b
3 r ?

ctlpnltotb-c-bn (c.+lw\\-\ Lc—o.-b-r&n\

but in order to sum the series on the right of (B) by
Dougall’s formula, we should have to reduce the number of
parameters involved to two, namely a & —-m. Thus in view of
"the highly specialised form of the result which would be
obtained, it does not seem worth while carrying out the
analysis, The same remark applies of course to values of

x> L when we take the form <4 .

(2.6) |

As Vandermonde’s Theorem is reaglly a limiting form of .
Saalehlitz’s Theorem, there is not much point in applying
the method of obtaining transformations to Vandermonde’s
Theorem., When however, we take Saalchutz’s formula in the

formsrx atr, bensy-ruy | (c~orr)nle-btn)n
’ (D (- o B ? we obtain

on the right of (B) a hypergeometric series which is not
well-p01sed and contains too many parameters to be summed by
Saalchiitz’s Theorem., In this case therefore, instead of
reducing the number of terms by substituting for one parameter
in terms of the others, or letting a parameter tend to infinity
it seems more sensible to take the limiting form of

Saalchiitz’s Theorem to begin with. We therefore take
Vandermonde’s Theorem in the form

b~w.-w ) I] Lc-u-n\ — (a8,

c, \+a¥*b-c-rv

and apply the method of obtalnlng transformations.

- The formula (2.6) may be written

D L SR
P ! (.Q)*U‘L"'“\“"“ (,C.\.,. (ﬁ‘gn

This is the formula (o4 ) with
/S,: ey L= I=b, Vi o) = |

P‘-':ﬂ » P‘L’* '+°~: b= '+} ) TS, L= Q~L 0'_3':.' L ’
kN
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., using formula (B) we have the transformation

sru[c-t li’gib" Qs Qa,=m) L*J
e, c.-la, -k, P

= i (adw (@ [ m)n % aFa Qitr, oukr, —mir ’] s LJ-(.A)
rzqg ' Lh)vn LC\-- I-b ? P".r

Now the on .y case in which we can sum the series on the

right of (2.64A) is when it is a ,F, and can be summed by

Vandermonde’s Theorem.

S In (2.64) we take 1 a = a & no p’s and we obtain the

transformation

“FX[E% N Iﬁ;‘:‘., a,-m ) 4 Z(o)v- o W F) [-a_.-t-v-,-m-ir',.!
e, e=h, I-b r-o T - (.c\-» I-b J
and summing by Vandermonde’s '‘‘heorem, the R,H,S, is

TNe
Lebv-g ""\)r (J- a- b.-r)
.,2.:3 YT e LU= B)ener
and since
p-rd = G (D U-ple /U= pudends,
ﬁhe R.H.S. iS
(e emde 4 (1= ar D =13 (@bB)e b=rmde
r2a 7 ! Lc\, lat+ b~m\) 2w (_-I)' U‘b)n
‘=_ U—=a~bh % oFs Ta, atb, b-m,-m —:_.“
(1-8)m : c, °~+h~:\ ,l+q+b~:
.. we have the transformation
WA TR Meb, ag-m )’-t -U—q—h\.. ,“‘p [q oth, b-m.,-m ) .l.;]
<, c.-b I-b U=~B) <, Q-I-L-m |+q_+b~.m !

This may be written

: -a~ - P
|F3 [~ b) b A-m, =m  —
e, b-rn | +b=m

2T i,

% !} Py

= (H-a.-l:)... % F T a, c.+n;b’!+c-in-h\-m; LO-] e (:1.!.83'

=
(- &dm e, @ to~b, l+a-b

——————————————
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@)
We now turn to a formula given by Dougall viz:—

(3)
[°“ I+ia, b, ¢, d, e,=-m ] U+a\m(l+c\-b-c\ (4 0-b-ddm (Hq-c-cﬁm
;_q.l}q—b l+asc,ita-d, l+a-a, 1+atm (l+u-b-°*&3 l.""&"&m(""(l‘C)mU*Q‘d)

provided that
| + o= hict+dte-ru.

Dougall’s method of proof is an ingenious application of the
algebraical theorem that if a polynomial of degree n
vanishes for more than n different values of the varlable,
it vanishes identically. Wore recently, Preece®has given

a direct proof which buidlds up the series from the factorial

product, but his proof is very much more complicated than
that given by Dougall,

t5)
Professor Bailey has worked out the two following
cagses in which Dougall’s Theorem is written in the forms

FJar 1tia,cid. e, kinow ] U4, (Ha-c-d)n (I+ a-c-edn{l+asd- n

ta, l+a-c,lta-d, I+a-g, l+ak-n, 1+odn Uta~e)n qu_.d),,(nq-a (1+a-c-d-),,

R Hm, &y s, e, kiww, - ) = U'PQ')“(C-'}dJ’&AU‘*‘Q-QAU‘?Q-Q'G\;h“fﬂ' d-e)

La, lta-c lta-d-n, [+aein, lta~k-ny, [Yoiin U"'Q-*‘)nu*'a-e-\-u.(d-cb..Ui»o,‘c-o).‘ 14 aec-dr O
where k=I+a-c-d-e

The only other form from which has been obtained a
result is the following.

~1F Q-'|l+'l-n-\b '.‘.+n. d.—l'vu. k+l"\) -T\J)
-a.o., lta-b 1 ta-c-m, l+a~d. + An,, l+a-k-an, | +ain

LUtadalltab-c-n, Uta-b-dtdn), Utaserdim),  whoe k= [+la-b-c-db.
(14a-Bal+a- d.*lr).. U-I-a.-c-n\. (1+a~h-e-dL+ nl,,

_Equation (3.1) can be written
> ()l +1. B (c.+.v\3... (=+ 2 b (= l\'ln-n-n\-,. (k-at+2r)..,.

rror! (Fade (It a-D (I+acdt 3 Utat n)e(l-d 4 2m)...

-U+03 (b‘m—o)&*“’“q ‘“q-h-d'\ («@L L+q1 Tn +w°-d) L'Mﬂ @'—‘9-'5 (l o~ b-c.-d)

U+a-l) (l‘;'—-) (_%h(‘““ “l&-a) ('M-bd) Lm«b—l} (ta-e-a), (H'Q-L-c-d.) (a +o- -e.-d.) .

This is formula (A) with the following particular values'—
4= a, -la.-b -h-"i:'*u‘ C'H PR = s =2 5‘:*""%:“"‘“"“‘; b=lye=l;

/&,vz'ka.. F:_:l'l'o.-b,fsf- |+_°‘;i. /A“'- Q.J‘Q-;d., k: 3’1‘&3:&. f&:ﬁ_g-_.’ fw:i-q_;

K.a c, )M= '-/-lo= 1‘, K= k; )0-=3-./-n.=%_; K;:-‘ ct-0o., )\3""3 f‘&"‘c;
K»: k'% X,.: &)fn'= ".‘.;: }
L zlta-d, 4;: &,v.r—%—_; 4y lta, #:l,v,—- b 3 lae-)—o!., 4,:—. 2, e 3’"_ N

pr= bte-a, g2 Ha—h-ot L pas m»a—b—cl, P,,,sh-b'd- ps = Hn-c- . pu= am-c:d-,
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H-o.- - 1+q-d- - k+| k-o. k-oti - ;
= ——— ¥ ¢, K = n= 22 = K-adl = l+a-b e-al,
[ /° 2 A= [\3 3 PR y P > P

g = lta-b, o1 = '+°“'d'. o = 2tandy L 3_."’&1'-., &t l4osbc-d | o = Atab-e-dh , oy = [ +anb-dk
3 3 2 N 2 2
=% =1*°4-b:_d_n - —Cm o {+o=d -
v —a ! Sq = lta-c~d, Tio= _g‘.—r,g'n'-ﬁa'l'gd.’m:_‘_!:zg , Ca = A~

;. using (B) we have the transformation

- )

bie-a, Hotrd  Matrd Jra-b-d, JHared, 2ta-e d.‘ l-m-d. .2+a-¢ c,__ ’i_&ﬂ k-o. Nk—o. JHacbred, ay, .

E 3 3 3 CR Y T8,
SHE'Seny
la-b, He-d 2tod. J+ad Hach-ed, atab-ed Habd dtabd (Ha-c-d,od Lted 1-d 2.d o,
3 T3 1 A —a e ! = o PP
W ~\
- ladnladidan mde (@ B ()20 (), 158D)_(823) (-

! L_Ph, .. F‘" NEAR u;,.,.g UM\LGMZLL 3) Luqlu

K eFen c 42w, KEY ke coq, k-adr | LHeodr oy, odr, LAt - mite ;
* Y Y 2 —_ (.3-‘R)
l_-_t_t*_:_ N :I.-n.‘l’:‘ lrat e, 1ta-dsdr d+a-dide pir puiry o g perr, Psutr
Y P~ 0

Now if it—4e (3.14) we take k € 1, d = a = b+ c, the series
- on the left has a zero parameter in the numergtor .. its sum
is 1, and if we take no a’s in the series on the right and
one p = — 2b—m, the series on the right of (3.1A) becomes
sFa[s+2r b mmin 14bb et e, -2-mtr | which by Saalchiitz’s Theprem
U D (14 ke #20) U+ bbebdn ) (1 W,

L wndh HRaw waluar, (3. 18) Lecomas
Ln+s+c.\,..U+ A Z(ua.. (O (D (22)_ Utabtesmin (2HE) (cm)e
Q4D U4 Wt S3 ILu«.) U+ (=h=m)n U*”‘“B (auuc.) (1+btetm)y
.. we have the sum of a well-poised /[ viz:-
Fu [b-l-c_' 1ibte o, I¥E, [+ Qkctm, b, —m ] ] (4 — ®)
bte,atdble ipabte phom, lbe, Wbtetm | (L0 (14 aktedn

This is not a particular case of Dougall’s Theorem, but ‘;)l:he
formula has been previously obtained by Professor Bailey with

b¥rc:> as and, cz2b.

If in (3.1A) we take k = 1 and 4 = a = b+ ¢, as before,
we cah also sum the hypergeometric series on the right using
Dougall’s Theorem if we take
Q= |+_
where

Qw: I +b+ p IR mM-Q3~Qy.

» Qay Q3 Oy P ;, Pr= l+cim, ?,;-.Hw:.- Q;,anl*c-n;, Pstl*c-o...
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- In this case, the sum of the,F, on the right is
(+ec+ 1?\ e U + b+c-at r)m_', LH- kstc- gt r),.,.,. u *C.-Q;_-Q;\-n.-v
U+bte +3.§~),,,,. U+4c-adt v\,....,. U+e-agt v-\ ~— (+b4e -q‘_—o;\ -

and we are led to Dougall’s Theorem itself in the following
form viz,

1rb [bfc‘ |+‘l—'1.£:; b, Qa, Qx> 1+ b+ ac.-l-m-_qr.q:,-m )' }

'ii; , 1vey L ¥btemaa, [+hte-ay, atag-c-m,l+btetm

= U 'Hb"‘c)m U tc- Q"L)m U +€-~¢L;)m (U+btc-a,- a;\m
(, 14 (‘..\,\‘ U +bte - Orsm U +b "’(‘--Q:,\h U-I-c_-q.‘.- Q‘-S\m

WWe cannot obtain any transformations from (3.14).

} .
Professor Baileyﬁhas used the formula (3.,1B) to obtain
transformations,

(4)
#e now obtain transformations of basic series. To
obtain such transformations, we use the fact that if

,4; - i (g™ U«;i, (D
| r=°(n{dL(wf"ﬂAv where o, is independent of n then

- Lk\ntka,g.‘:\gu_,\_,@# 3‘1@,,5,,,\459, ,c,:s.,l, < E k{',k;a_. N t]._ (2)
(= ,LG‘J,.E—; . - [ y ’

kb4 Lt)n M\h (-u‘l\'\ ‘-d])'\ 1{?3‘0&\;, rd ? m{. G\{

a result which has been established by Professor Bailey. (3)

Using this result, we proceed to obtain, wherever
possible, the analogues of the results which we obtained for -
ordinary series.

(5)
We start therefore with the basic analogue of
Saalchiitz’s formula viz, :
g, [b. c, q:“; ‘U] = CYNNETAR
3 = - . .
o Lcé{;"/d. LoD () Be)w which was first
proved by Professor Watson, and consider it im various forms

from which, using formulae (c) and (@) we obtain transformations
The cases which give results are



ads [m. b ™ CU] o (sl (el L (s
e, akli;"ﬂ/ (C)n (,C- IQb\)w

1y | on &i“’, cl:"', gl/-] = (,o.q "wWAN (clb) _— (5.3)
eql", sbg e e n (elab)n
o, h‘b’", ‘I;N’ 0(,] = Loc‘;'/a\\nLc.IQn R L53)
cﬂ:": Qb‘i““/ < ch:’)v. LQIOQN

(5.1) Ve start with the formula
A [ b, «{":I; %] - Le—l;s.sz(n.l%
abq"" WA AN
Then .. inte '

ZL&I@QA([-‘“ I I\r\tL (CJOL\U\E‘.)"}‘Q'\ Z ﬂ ) J
"o ‘.q)n(ﬂ';)n(‘\)n "= o Lcev\ Lu‘.\ 15'1. n wag - '\IG

-‘-«“‘Mﬁ- ™™ ‘.\)" bt ol ‘lr = LQ.)v- Lg'r 9 A
/;S ?:—a (Q&bL'-")c.ir ' Q>
Putting n = r+s,

Ledobhn (e £ () ol
% (Qn (e leda Z m.g"/:\l.—

Z ST e ldesy e fobs e €70 £ ~ (g =Y

2o a0 (631--&! LGI)pQg L‘L\S

< ‘(;/M\rL’,ADv- ch \ral-n ® E‘ [CJC\b: /“ll%*\ /&\ﬂ:‘ Vv &
7=°L¢D¥(‘\-\r‘-‘t}* thl G-l‘]:\ ‘\.ﬁ:‘

.,% we have the transformation

S (elafinlidnlednthn S (e e (£ « & [e.lab. g E
R lq}..(;D. [CAN 55 (odnlon) Qe \akg! o g

i.e. we have, using (5.1)

o0 LC-IO)QLC—IA)..(")‘\L/A&\,\ n i 9‘)'-(/41) L..Q,Lb\- (CEB
n=E=o L?}" L‘Q'\ z;a\)u (- AN roo (q) (_(‘.) (ﬁ]}v (6’..

3 I [C—’QA:/A% F\.% ) t] .‘ —— LS-'AB s

‘-";L ) d.I—q_,

If in (5.1A) we take onep. = "'L and one <= & and t=q, we obtain

19.
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S edadale®alg Vg 5 (g (D (0 I, Iab. '""".
(r.LL L) (cs.. S (@Qn (O [N ('Eﬂ;; * [ ’ K

Now, wesum the ,&, on the right using the analogue of
Vandermonde’s Theorem

I'[h, <™ %] o Laule) 8™

-
and repiac1ng(P%)m, bquhp.we obtain the transformation

I elaelk, g™ ;q_,] = (obale) (£al) ,gi[q.. by :j

¢, & ‘-d'\)n <, QAG[C.

This result is the analogue of (2,1B) as may be seen if
we change the notation and write the above as

alufen b 7 g | letbBlelal)” | F, [cla., elb, ™ q/].— (5. 18)

e, ¥ RON e, eflob

Now we use the analogue of Saalchutz’s Theorem to sum on

the rlght of (5.14) i.e. we take

S fa\.-j-l-,'b %, S = ﬁ"/obcr and, S, = &,

Then

telon (edBn Gdn lgn g™
*=0 (q).\ LC-\.\ (d’\n(ﬂn/m)'\

é&r‘.a"‘) (,Q)-v- (.h\'n % 33‘ [&[Qb -~nﬁ- ;
PSRN W, *-/am} i Y

Zcﬁ\,cw €Y (e (Dnlorldnrabfedn () (ctablpus (ueq obee
(.6\1- (pf.q: "/nlac) Lc.\v. (Q},. Lg-[j‘_\' %«J ./G'\.. WI‘B’ (‘)“ (j:rhbl/unhw

(since (Ao s (AW /(A" EN" ‘L . %"‘ "‘(.i""/A\,. )

(0"'\-. Lfobl/..g),‘ <, Gob}c ‘/""%“‘/9’

., we pbtain the transformation

Y r_ln.f—[b,/.u..c':";q_, =(.dh‘.b'c.\..(n“':‘)_:_¥» 3[‘\.. 5,/4.;. " Q/J

e, ej.-.a{"/qbc— () (NW\n <, cuble, 14, iy
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i.e. with a change of notation

u}-s[o. b.c, q > q/] _éﬁl@:L4[c3n‘ x n&: [&lq,elg <, .:(:h ) "{/—J,—(s-‘c\)
e.t, C\Mz':",e.*F 4 On(etlono) etlab, ¢, <q’ /e

— the analogue of (2.1C)

(5.2) Now take the analogue of Saakchiitz’s formula in the
form :
3, [«» by, q/] = b en  _ lagied (/0.
% o.h%"”/c, Luf:‘)n Lcldbp. L(Llc).. (_a[qg.. a”

’l‘hen
> Ledaldn Lq)e)..gn.,l.,.@ £ An
n=a Lm" ‘.6'3 (G’;n(‘!gw
S (eloBh gludalpdat” Z (e (bgesly  athan ofy = (e q]
Sepp ¥ "‘L ’lbn(.ﬂ'\ leah £33 “‘/‘Q ‘F‘%n\) Q-
“and pu‘btlng n=r+s and summing g by (5.2) we have

S Logiada (/Dnliadelppdn [ £V
n=0 (1}" LCLI b)nv(.}l\n (E\n .—)

(e Gadnas (&b (a1
r-zo,z:; (.j;\-u L‘J:. -:- Lq}s Z%lz\ } ('olq->

Z“‘t’} 'y«h)v- (O)-r _. % I [&,Ok, q}'&, /—hqr-f&\,{; t]
7:0(—6’)\* CAR ‘.q)-r A q‘“,, 6‘.:{‘, d'\,%’

and if we take t = g we are Bd to the transformation (5.24) viz

ZLQ.HIQ n(elo)n @)ngm.\.. / _&_‘;&;L_Lg. (‘3%. x & clok, q}c:fuqr;ﬁx{ )tt ~(5-28)
L%nlmlb\n (.6';\ (o’:) 1‘—0 LCV- AN AN cle 3 c‘.c{, S

We can now sum on the right using the analogue of Saalchiuitz’®
Theorem, if we take :

- ton
men AT o =T

o;qlc\ (Q]Q,,(q ") (qla.\
n=o Lcl) LQ‘HQ.,(. '\/Q)

i (o). L 3 h)-r X LQq"C\n--nLCJ B)ner
r=0Q L%}"‘ L% “/Q-\"' LCL“'\ nwn LO)s\-q-

(g L laY (g ledn (el /8 (g7 ™) Lo "
"o g g/ e lafe)" (o) o (e 6 (6 ™) (g 0 (o
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. we are led to the transformation

[o.q"(‘. c_IB CLIO»] Lﬂﬂ’c‘)" (elbdn % 35_1 a, b% cL LL’Q.J
/b, "”/oU (B (edn "‘/o. lut""/w

which may be written

SE‘:. [o““ b‘ CL-~ ; \:ﬁj&.‘a} (.CQA (Qh 'S ;I; 0‘:’& ) q:““/c) q:n ) cﬁ/&b] = LSZB) -
Y (. (bl <™k, cc""/a,
This formula (5.2B) is analogue to (2.2B).

(5.3)
We now take the analogue of Saalchutziin the form

SN q/] (eaplada & _ (T STl ST i (S 80n
. aha e P NN O I AN WA N NN (el .

In this case, we take

foe 5Ol i s (]

bl W - ) '\'l/c‘ . (. -)'.
Then ) ok e P
§ (eloldn (DGt € pn Z(c.lab)..(_b)..gﬂ..ylb £ S e nlg e
mee (qlnleh ot Lo Lqim (o omlonn +23 (cqhn (obg o)

_!u- rraptbsli‘ (.t‘k'\ -E [Qlob b% ,/AML /.n_% )La]
v=a (.GXLGQ' (o Nobyq e Qs aq”

.% Putting t = q and using (5.3) on the L.H.S. we obtain the
transformation

;Lb JTTE, - JT, e - S, el s g s g _J
J— J- \,— J—-, G.,Q. <, oL

~ qu), Lcr\ (cs.),. ). ", @ q", cr..q_
First we sum on the series on the right of (5 3A) by teking
one .= ct’“ and one a--r_t:"“/q, then we have uhant=q,,

125 b, J:":\"‘@) Je_ttT J:{E, clb, cb ) LV
: J-é‘n "J‘E J"" y =~ J—‘ » C./c.,. '"'/q,,

") Lﬂv‘(‘r)v-(.m J-—)r(n)' (B‘_ A QEI[QIOb h% ; ' Cl/J
T Lg},( -~ Hode (Sl ). (SR LR s

S (D B LID (J59)» BRI (5 (e o (0 (abq b (D (18 [V (Y
+=oh0 (eI LI (5 e (R Lobdan () (g (1064 ) Loy

.rﬂrn/&
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(6)
We now consider the analogue of Dougall’s formula
which was first proved by Jackson (11) viz:—

gI~, Q, CLJa-v'CLKa b, ¢, o, e, %‘m N q,
\/-a-n‘ J-a-) Q&,b' %bngﬂ'd-l Qﬁ'le) Q-q:".'

= (agdn(oglesdn (0qfbcldnlogibedn Lok & = mf“/w-

Lo 18)a (ag)eds lagq ol (aq lhedl)n
Jackson’s proof followed the same generagl lines as Dougall’s
proof of his theorem, The case in which we take Jackson’s
formula im the above form has been investigated and leads

to the formula given in Tract —4(8.5) (1) — a transformation
between two wekl-poised &,

(6.1) '

We now proceed to investigate the other form of
Jackson’s theorem, which ylelds a result, by taking the
analogue of Dougall’s theorem in the :[‘orm

331 Qo %E."%E—; 5. N‘ d.q.‘“‘ kq‘ ) -N ‘!' ]
Ja., - Ja, oq’lb,o;i;‘"/c.,o-lf /d.,mi:m/k, n

= (og)h (g feel), (og ™ lbcln [og) ™ hedn  whass. k= a2q Jhee . — L6 1),
(gl (6 e)n (o) *edmclag lbest)n

If we write

(Aﬂ:ﬁ "= (Aq):nl (ﬁq}» = FA:()'\ (q‘m\n(-%ﬁl/(wh
lﬂq:m = (AY L‘hw Al (.'/ 3!\

then (6.1) may be written as

~J‘ &, oqlb, °‘i" '/c ""/d. u,;“"lk aq! e = alqlbesl,

- oqyoq:ws Loq o (- JaqTasln (g, JaTiat) B (beded- (0 0n
(o LoD LT - il oo - Qi) (0 thasl), (oq foaldn b’“
If ‘

Bn = le N (g™ leq e (o™ ol
Then r=o ('O"L ﬂ) (q‘t‘lm/‘a {N’[: ../c)' ch:t‘"/d.)

(k\n ‘_klﬁ) (C\n (QIQ\-\ U‘\nl ;\nt b-\
nzo Ltt) (ﬂﬂ)n(&‘r\ l.ﬁ'i) (OLM!.) (oﬁ)

zmn(um..cahucn.z,n.\:,.,\..tn y (ans,(cq) () L ek
“-o(c,pn(c..l}.(mm(sg.i%m,. (YR Falaq ") log “Ji)w {_o‘i’ /\,(a{"/eb\,
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Putting n =r+s and using ch N -qj"{""\ - ..(q;"""s(_ ) ( 3\,
o ‘

QI Qe = ™ T s,

(o "ebe = 67 g (gt ™ )

LK‘L IO)* ,Lkln:\ ree - ' / Lk,o)& .
Thus , S Un (kladn (Daleladn fadn et An
n=o (an (Qq}n (O",\n (_d‘;\h (%lcb,, (Q‘L’d)h » ,
= Seli e (-k) nts (.klo.\s (/“Bﬂ-t l-/-h.\v‘i-s LQ\ z»s'iv t’*s cho-\s (.Cdk[ 03:%}_‘
n=05%6 L'-l}s (Oﬁ) Wi CANW (D) rae (,cL)d.\; Lmt'ca s

S ()ar (e (pdede (254« 3 < g el p o t]
LQQ)!.'. (G) (.6\3 ( Idbz a“L qﬂ;“. ‘"“/d,, ) 8'\%, U'\CL
1

Usnlg Jackson’s theorem on the L.t d taking

v = (@0 LcLJR\v (:%\T&)' (Dwq /e lcU WIANE-AR LoaUQr

we obtain 'the transformation

ng‘ne[b"-a-; %’wﬂ ‘q—_ Ja'_%m %‘EJ_—‘) ?}m t, k)/& )/M;./-l; 5 tlb
%ldna%“hd %“‘3 @E W %J_— Cvf—a.)d'nfnfz. :

Lmh@\hg‘\ AN PN NGNS AN («M Y
& ,,(o.q)z,Lc'\.‘(s‘) Y (u%ld.);, AN LS

X .,Eb k. b, cqj*, kla, cla,/ucf /“"’CL /.4;:;1:‘, t:- . — LB.'A)
h“ h"/c(a, q’ld.. c’,%, c’.% an/

If in the bas1c series on the R.H.S. of (6,1A) we take
M= ‘t’a» ﬂ==‘iﬁ:ﬁ3=/*s Jucs %"N;'f E-= Cba

L3 7 B

c 2 JE, v=-JE, o= C%l/-‘-) Sy = Q‘L >
we obtain on the R.H,S. of (6.1A) the series

&

?I.'[cq‘ k% y kla, ela, —q:HJE. +q, Je, /ut ‘L ") ]

Liall nerel

% \ 1“5'/d, q}d, CLJE. %J‘g,% 4*‘%

for this 24 0 be wellwpoised we requ.lre dak/e and if we
. are to sum it by Jackson s theorem we require the further
condition fbhat/,. 2 aleg™t /Kt
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If the parameters have these values, we have as the sum of
the &,

1.”'\ nen (M.!k\" - (&q" K\,\ - ( 1’“ / k)“.,,.

Vert

(CAZLI k\n - Qﬁ% /k\,\.v- ‘.QCL 39‘-? (..Q‘ %’K"\h-'f‘

and using
(. T ey = (Qﬂ'n(ﬂq} ) “.&q)h.) ond. (Q&L\nv\ = (D-q}n% /LD&L ‘:’D (% /Ol-r‘

the sum

v

_@“@q R N AN AREY N TR AR (aQdun (ST I g o).
(uﬂ;.,. cn.%/k'—) (kql foc). (Q%/k) (k.q) /o.) (a.q'/k\h C,LIQ losli), (n.ui"lk) (o% (.Wi:“ Q"lh‘ l,,
’, substltutlng in (6.1A) we have
I llg Bl q Elpdnlg o el STl Sicgla), lore [ /8™
275 2 o). (e log D loqhl ekl (T, g el o), g B

= Leq)nloeg Ik)a (0 1k)n (0¥l
(el (oeqalagn lakglid),

ANAN cqr\.@mpuq g Mg (g ) gl L e (R foeg tubl u‘{/q gla)
= o(ﬂq)z,.(mf- T, L)), L%/Q ("ﬁ:m)r WA AN (qu),(cq)hL /m\“(k%b) (Q.ctlk\).“ou‘l o). (Dq:‘)'-

.o« We obtain the transformation

.-._5.,]:;, %J' %J" JR,-Jk, "‘L k%,/u /“ik' kq""é Q.%"“/k an ‘L“’ ]

L34

i Q.‘-I&,oﬁll.ﬂi O%NE)Q.JQTE -Q.Ji-l;, QAL/L,O% /u.,twcb /E kg /a.,OqJ

.Sﬂi:-(' c.q] K). (,ocqlk]». [‘ocl,ul.
BN AREN AR

'1-HL (I-E, (LTC,R /.l %lk "“L’“l kutlo., CIO-' )U:‘]G., o.%hc' q:».) %16 ] 7 © (6"83

)

Je, - JE,C%IK‘%/A,‘(/Q, \Eq__— \/-—42 %J&—J‘ -CL-EJ_ ckla, =)

s e

Formula (6,1B) is a transformation between two well~
poised .E.s, though not of general type and is the analogue
of (7.41) of (5.

where
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If on the right of (6,1A) wetake a = bec, one
and one o =dgVal; b= gy k has then the valuepmldthe series on the
left of (6. %A) termlnates after the first t@rm and has thus

sum unity and we obtain from (6.14), the sum of a certain :
series,

With these values (6.14A) reduces to )
|5 ey, "Liﬂ'tﬁtf&‘vwﬁ)*(ﬂu\ ehis |, 3, [“‘L y olas 77y, .
rzQ (Qﬂ)h- LJ?Q..LI'\ («{)r hlo}\)a- LJ{) ¢ )

By the analoguc of Saakchutz’s theorem, we have as the sum
of the &, on the right

lagldne B0y _ 33’°)- (8100 g T (N

(W{:m)-m@- lt)nen /c.\TL “lade (a¥gleh, (ag)n ( ) (o )L-)h
.+ wWe are led t theugormul A L

s e."q: ~ ok J

108y [ - 4R TRy - S B Ryades SR 475
L -J&, -8 afqle, - Q.J{l?:, aq &, ~ cn:iJE. c.q',ccblu,, o.q j

93 &;QIJQn L= le e
ll:) LQ.CL)Q n

This formula which gives the sum of a well-poised .«3q
is the analogue of (3. 1B5 with a = b+ ¢ and has not been
obtained »reviously.

(7)

4s the formulae (6.1C) is of the type which can be used
to obtain transformations,we now investigate it in this
connection,

If Rl nel
S () el e o
b 2 S

A = (D (gl q IRy (o - SR LD T lorfe g
NN ANy S N~ NPT I AW TR NN MIAS

where

then
2 (@l lagldalpdalus b Z(a.‘qlc lanalidnat™ § (g7 (g el
"z (‘i)"' (Q%\n(OTB. ‘.57).. (C‘)., (O-Cl)n (_d'n\n Lﬂ'x)n =0 (C'Q."/q"\ ( "*‘X

and putting't:q.a~¢ n=vrts we are led to the transformation

& ““L’“’ /"‘“%] LJi.__“ I el (‘ﬂx o xq.-s[@q, /c..oal'lc../luq‘ » Ay ,@] 0. m)
), 0L s 0(041}» G‘l) (61, uﬁ"‘) o (L G'w!;\,

Now we choose u'stas so that we can sum the series on the

right of (7.14) by Jackson’s theorem i.e. we take

: /u't/“‘nj-'l- j‘ut Dﬁ;‘}\rz) /.ns-~mt/JE.,/u.-_ct: ;
o, s @qep, synalilom, s agtlE, Saragt 1R s e ’
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where the parameters satisfy the further relation that
P = u."q)""'/c thus the sum of the ¢&+ on the right Ais

(g™ (o eptgidon (047 fud gl o).

(o e 5] e (9 T Lo e

= (el e lngluleloghadn , (aq 1o laghae e (2 oo iTetsde o)

(g gl Il e (/e (o Gy o), (e Lo

»

and .. from (7.1A( we obtain the transformation

Jb[&%"‘-" ag e - oqF R, prs g, o, 75 U ]
IV a1 e e e e

_ (e flc\h(of leptpadnlog bu. (09 /e
Cag) laq i) n Lo qepudn (e

Ja,-Ja, aglpn a"l’/‘." u‘w&l'\ub‘ AqlE,-0qfle, aukle,~a ""W{H
3 e

where Jppa= g e

The ~®, 1is nearly-poised and the product of the
denominator parameters is 4, times the product of the
numerator parameterss the ,. €, is well- poised. It is
the analogue of - . ‘

._Fs_[ax.ba.a_,u{x, b,e,o,-m) ] = U+ R (tra-B (I+a-cmita-d) -

Tk, 1K-b 4K, 14 K=o, | K+ LI+ 00l 4K BY rm {1+ KecYpm 1+ Ko )

X taEu[Q" CL‘E" '7?)‘}3! /-")f-'\-l/ul: Q..Iu‘ JE:'JE) JE—%-‘J—%‘ Cl;w ‘) (1/ ]"' L"l-lf.';)

X oF “‘Ch‘H“%.Q),B. c,d.,"ifa.-—'in() l+a-LiK, Kea=l <m
s M °

T, l+a-b Ha<,lta-d,t+ik, 1K, 2+3aK, I+atm
by Professor Bailey with K=i+3a-d,b=ai,ceasaond d=ag

:{ a formula given

Footnote. + (8.41) of (5).
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(8) We now consider identities of the Rogers —
Ramanujan type. The two identities discavered by Rogers
and then rediscovered by Ramanujan are

I+ qU-q)+q *U-U-q) + - PU-CW- I+ - - -
= 1 [U-QuU- @)= g M- -9 W . . )
+ QU= + Q- Q- + MU= --) + -
S TR TS TR TR VS VR .

In these formulae the indices of the powers of § in the
numerator on the left are w and mi>#+) while, in the products
on the right. the indices of the powers of g form two
arithmetic progre381ons with difference 5, These identities
were obtained in a paper published by Rogers in 1894, (12), wh
where they appeared as corollaries of a series of general
theorems. They seemed to escape notice in spite of

their particular eleganee until Ramanujan, who had then no
proof of the formula, but has arrived at them by a process.
of induction, communicated them to Hardy in a letter sent
from India in Feb. 1913. Further prodfs were published by
Rogers, Ramanujan and Schun (12) 4 Watson, (10), Rogers
third proof and Ramanujan’s proof were the same in
principle, though the details differed; they consisted in
establishing the preliminary lemma

* ZMN " e 0g Weaqlnag)) - - U-aq™)
(.I—ﬁ}U—q;‘-\ I U-%")

WI- h\l_ - ]_..I.%.l)
n-u(hq) U-q ~) and then using Jacoba’s
Well known formula

TO-my - = > Ny

M-
and putting a = 1  and a=q, 2 we hagve the
required results.

In 1929, Watson published his proof of these identities.
He pointed out, that equation (8.1) was the limiting
form of a much more general identity vizi— :
a;_‘ a., %&i, (t’J'a,,c. d. e £, > Q'Q‘/c.dlu@%]

J—) -Ja., qu’c oﬂ}d. Ola!ﬁ I;u
C R
x U- aq")i-aq /g W!-aa’lae Wi-oq™lef) } % w& [aqled, e, ; q,] —(&:2)
whe /Qﬂ-o%%w-oq:"’a\(l 3 le Y efgla., ui,k" aqlel

N o+ UJﬁr
which Waté%n ﬁibved_by fﬁductf% ue'af er es&abllshing as a

preliminary lemma the analogue of Saakchutz’s formula viz:

BT v T et |

le | o.%lab
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This he proved by equating coefficients of X in the
expansions of both sides of Heine€s equation,

;_4;[4, /s;a] = %o [dlblx',ac.]x A8, [5'4\ X/ zlfri:l

It is however, easier to obtain (8.2) as in the Tract. If in
(8.2) we make ¢, d, e, £, g§ =0 then

J-vn (n fe™agledn = (-iY" g0

and we arrive at (8.1), Watson then obtained the Rogers-—
Ramanujan identities as in their proofs,

Watson’s proof was extremely interesting in that it
shewed the Rogers-Ramanujan idertities to be essentiglly
limiting cases of transformations of basic hypergeometric
series, ©Since Watson’s proof was published, further
identities of the Rogers-Ramanujan type have been obtained
from basic hypergeometric series in particular by Professor
Bailey and Mr., Dyson., We now proceed to consider identities
of this type. ' )

(8.1) As the formula (6.1C) giving the sum of a well-
poised &q has not been obtained befote, we obtain its

- 1limiting form, to see if it leads to any new identities of
the Rogers-Ramamyjan type.

If in (6.1C) we let ¢ —we0 it becomes
|+ 5 el )T ¥ (g8 g ) o

=) (_ o U_n:) —-r'n:'\ --\-ra-.l‘-..(,q\“ _.‘)
Now let'n — o in ¥his and we obtain

I+ Z("Q“U-%’)% iyt T U-aq?)
Al | Lq)r L.-Qb n=t
"l Z (I:{Q:;U- "WL Vg, D T(l-oﬁ:}
-~ = q.' n= )

Puttlng a =1 in this becomes
nL&n"\ ln(&n‘l’h
|+ S e g E= e,

Whlch is a classical result due to Euleer.
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(9) We now study identities of the Rogers-Ramanujan
type which can be obtained from 3 formulae due to Professor
Bailey.Ww). The following notation is used throughou.t this

section.
(Y= U-a)-am) .
’io.'L,, = U*o)(l*orl.) .-

Uma™), [od i (o) (i-and) (lean®) - . . (l-an™),

),

— n
az lmoe™y Ene 1+ 2", 3cn 'z (30, :all = 30 xyxe - - - Wy d
- > | - or Ryl ™\ L ) h
Tp = Wy g K T M I, D, - .- W g x-\"txl&\;,“"xhﬂ)
1 | 2 )
M, T e, D& - = Weg - :
and similarly for

—

abbreviations with bars B.g., = = EE“! : The three

formulae are:—
‘ ZLM\lhtP&"{At n (
) 3 a
. Qg

x[ ZL") (ot pdud o - ““tmm) (Ess‘-\h] 5 — @
S owal /ongnimw/f;)tn e -

) _n“ U_o.ac. f.)U-Oo* p\)

(=)= o)

+ Ztﬁa nladn Lo laey ( ‘f} _T["‘ mfgzﬂ:::/f)

=nl (M\m. ™ /"[,.D

N1 aen ' (od.llo\;h ('00(,/0!) In ,°l '01.

| + L— w iorx;}.,..593, o ac.‘th“‘) ' U-M / )
ma.l Ll O‘K“\

L4
n3y un’. LM\-‘“‘.. P;h

. . ;H(Sn-n) ;
«Jirosapne ¢ $ ool e o) ] — (.3)

In

)

et xd! (cvnlloha.\
These formulae were obtained from the following

result of which the methods of obtaining transformations
which I have previously used are particular cases.

/5-\ = Z"{“ Kpr Ny Ol K,' < ZJ U Ve ?
then ZJ“‘B Z /3"

R (9.4)
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The proof 1s 51mp1e, for

iol }S“ = Z Zel v My Vnar

'n*o =

2 Z Z_Q‘rdn-’f‘*v\v'r‘\"\

N=2Q N0

iL_ - A ) assuming that the series converge
and that the Change 1n the order of summation is permissible.

If we take = L )L S

= L‘c\*n (M\r-h«. St a "*33(%) IntS

‘5;‘?Q4f3’bm*?%:) .Wwe obtain using the basic analogue of
Gauss’s theorem,

}5 ﬁﬁl“‘“ (

—

\T Ta- 'ﬂ/p.\o-m /ou ]
Py~ (1~ "\)U—cw."}loyh.) f

Hence, using (9 4)
PARTAN T0= o™= antYa Dnlos)n /_W\" R
S (e (o fplloatio | 57 (alen [y -t

= m- |~M"‘)O —ant |/I m;c(ﬂo{{p.)-\(fﬁ'xlﬁ;)n

Taking
dn = (D" (I~ 0nt™ Mo o
/s" is obtained from the formula:—

WO o 218,-%T3, b,c, =) o™ = (antn (st fbade
UG, -Ja, anlbyoxlc, a™ B lont DVn {anle)n

and we find that :
An = (andan fsed a2l

Changing a into a5 x into x, in (9.5), we obtain (9,1).

--m(}».-l)/m \

. ' w 10w .
IT we take olys,= 0, oy, = 1) 3odml-on Nae I)We sum.ﬁ, using Jackson’s
3|

XLn
analogue of Dougall’s theorem and we obtaln.fn- fadlan
B o (M\u ~t

substituting these values in (9.5) we have (9,2{.

The formula (9.3) was obtained using different-bs&‘B%
We use the formula

2%, ]:"'» ‘33 2*-]- I T U-aall Yol [&;Um) L“'i)“'] obtained from
anl *3

rmzg (1= MSU'M Is'a) *2 g
6.5 (2) of the Tract by letting ¢, e~ and putting d = %
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Then if 8ux (edalpdnlafppl

(&“_‘:3%3_3_ ' \ \ M,_U'}M"‘)-M(pmam):} X T /:3(_-_0_”: /"") ‘J
Qg P\ n Q"‘ [5\

Pypr-a mel(}. M”‘)U o.:l"//a }p»)

When pr0 3 we obtain

S = (=0 (/m\ o.’cc-iﬂhn//br
(9.6)

Yo = Epal T (ol MNT (1= o)
(MI/‘.}.).\P' U an™)

The formula (S.6) cpmbined with the values of
used to give (9.2) gives (9.3).

The results obtained may be divided into three groups,
vig :— identities of the Rogers-Ramanujan type, identities
in which we have the difference of two false & series
expressed as g single sum, and identities in which we hgve
the sum of two false & series expressed as a single sum.
In the last case, the identities obtained are rather
complicated and their only interest appears to be in their
existence, The formula (9.3) gives linear combinations of
results in practically all cases.

For the sake of completeness, I shgll include identities
which have been obtained previously. (3§ & (4). As the
method used is the same for the various identities of
any one type, details of the working will only be given for
- typical cases,
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34.

The following formula have already been obtained from

the formulas (9.1)

Identitieg§ of the Rogers-Ramanujan type.

r >R, {o‘.-‘aoo, o= | gives
an- ~— Q
f . x:.‘! - ;Tr L'_ xﬁn-g}(]_ *‘q I-u)“_x ':) , (9 . 1A)
n=a x: l aca;“! ne ) “-:x.l“)
Lr>2, P;,-\GQ o= = gives
Snlnt) q -8 QY
E = ~"=:wnl TU N (- )
Y I . n ) u-oc. .\3
P,=-—J S}) Lpas o, o= | gives
a) It 2 - -
o e - ‘n—u-n"" =™
nTa a‘;:lv a?h , neg “-at}"“:)
fn--J o, pre, a=3e glves
2tRee) - | ...\.gm_ c.»)
t:n-u\l xa “ ( - 3
- \
n=go "é‘n! la"-;-nl” ' Nz (l-vc. e 33
2t 4
= ac:-.m'::n =) = U~;Q"“" U-= ——
S e | el ma1 (1o -)u =5

Tdentities of the false @ series type

P' JQ“) f:.% °° [- VS glves

*,‘\ °° . 30\-
Z L_I')n x;m|l - 3"\ TR T zx
nzo X ! " h=a
anels glvem 2~ on Jdomaon wmln.noﬁaw 2
- }-(h‘h\ .- In“=ru .

S al - Z:‘ —;x_

Further 1dent1t1es have been obtained as follows.

Identities of the Rogers—RamanJan type
2 3 '
p.:-n.‘-ar- » prde, a= l glves'
(=) an (ne1) | o.....s)U ‘-m-l) (-
Z 13;?&; ST —ﬂ—(- ~ n -
nto ) e} - '.“-;3‘. M= L'-&M)T hd)

’o. 2~ .::. , r._—\ B, ou= T gives

L_——).. m‘,';',‘ (l+e)~n—-u_ 'z..")(l_ = +d _“_U_xu...,)(, m...,>

O Xy . B& -3..." (l-\: - Lm-% Ll— M"\ o™ .‘3
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Identities of the false ¥ series type

3 3

Pl"‘o-"'i‘- -‘r‘n.—u‘—a‘-‘"‘ ?uu.\ on ch = &lo st
2
~l§ :g; = 3 N .
by hi—l x — 0, .
HZ.; s ! Zo Z (9.1B)

e gan also obtain a result of the third type by taking
p' = a'bx, P‘.—}w & a = X,

We give the proofs of (9,14) and (9.1B)

In (9.1) 2et p, 4Fteaz and we obtain
nln- ~ In 3".
. Qm)n. Anin u) o (o (1= 1..) n .Ll.a n\ ] ‘

(o +5
;g; =2 {2, U-Bhﬁk = !

Taking a = 1, we have

= \.3-\ - S (s U-uk)nc.t“(qmis
P; a'-"‘ }_ag Eln m=1 (‘_nh) [ g xn-' 7 ]

. (x.):“ |+ =iy e ,‘) +n ety
= sliai' TU 3-~[ Z

mey

= —_Tl S (=IO Uas™mae ™)1 ""‘)
':I!-—:U"éh h-ZA n U-u-ahj

|

L E T x"“ R (o (G0

n=g a:,. . ne ) U‘_tlhj
3 32 3
In (9.1) take p, = —a“ x 4, p, = X, a = x and We have

Zl.ag'};,, };ar.%,,{;hc}% &Y

~zo ' et

‘n‘[u-m“)tl- <) [ Zt—h"( Db b ()2 }
(l x?w'W‘“' uh% L ‘-*‘-n! {—&-lh im}n

R.H.S. -

U+ f(lm‘“"‘)a{( (TS

N _.;wh@nn\]

U 0-D - w + 5t 2

ey

and changing x fato x™ the R.J S. becomes




) o At R, 3tn \
(i- m-.)/._w_&q[zx. - = ] .
n=o n=) )
Changing x into x*.

(s, -l U= L. U= 04 04

).

(145)

becomes

{:c."zh," 'l-an X(_l-ac 3 N “‘—nﬁ*k)

.._3__.0-3_\-) x L. H.S'\- az“...,‘) Qc'&nill
U=x%) el

"

n=0

.% we obtain the identity
«Q 34 >

(-"n nd
Z &;L l" = Z =

n=0 nxa ne g

I
|
I
.
-
4

36.



(9.2)

From the formula (9,2) the foilowing identities
have already been obtained,

Identities of the Rogers-Ramanujan type

37.

Por Pa-—* ®, a=1  gives s
A= 1§ - n
+Z°=- -!‘-,\. ! ] " (.‘N‘. >U )Ll ) _— Lq‘QA)_
ha—lx" ac,,\:‘, "z » (.'-nv-)
Propracd, asx ~ gilves g
2 W4in 2 Vnan),  Mnsdyy R
Sl | e I (Sl
h*qu' a‘,.“.‘ h=) (l-u")
pi=~ o, proo, ax= | and finally changing x into x* gives
- Jan~ ;
USRI S
A2 &.\q 3 nLj U-=cb“‘\U—:g )
P = JM: f\,* o8, axx glVGS
z -l(hH%n\ 9' ("'-‘&Ln\)
- PN N || ) n= '()-u.")(,l—ac. -')
f,:-Ja, pr @, oz | gives
yas t‘*‘*%i.’ R )™ Y
Y 3ener! tn ! 2 nay U-a:")U- &‘"")
pr=-7 paneR, o= and finally changing x into x* gives
) &\-4,1". 5' _ U"% Ln-l}BU Asmed - Noh) >
h‘o&uu unﬁ- hey Ll“‘- -\)U' )
pr=-Ja, P‘___J;;) ax | and changing x into x* gives
Lod o | n))_ 8ng Y.
i +-3.Zu'.a-|- : - Tu-u )0 I.“) ("*‘%)' 3@)
mne PC et - :'\ L"'&h)u- ’) Ang) (l" N)(l+ \)

=-J3, puz ~J5H, as= oy and changing x into x  gives
fr=Ie
o) e-.) lsn-:)(,_ m...c‘)
: Wn - -"—(l ae (‘- £ N
"= o‘c\—.n ‘ =y U-'ac.")u-;gl“")

Identities 1nvolv1hg false & series

.}
,°|= 1 P:.-\ o, Oa.= o . gives
: (F43n 22 an-b
Sl M s £ 0ad),
naoll +"‘~”) xh«u’ na0 h=d
Fu.rther results have been ob‘balned as follows:—
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Identities of the Rogers-Ramanujan type

P. —‘fd:) f)._\@ a = 1 gives .
‘ \ -Q°
B T )
T feal)T e RTINS ) R TR -qm,c*h")

This resul'b may be Wri‘tten 4
o L {wan (TR .
Zuz!x_‘i N +|+1§__°~'"j—i U- = ) U-m )U‘ Y q))
n:o(xn!)\x-.ﬁ!’ n= g *n"w_h\ )l w2 \L]-,‘_yj e -l) AT :c.")[) RS ‘)

which shows that it is the sum of two known results.

P, =-Jox, fh—wo a=x" gives
| + U-*\U-‘ac-“') Z ac..h‘ U'i' ) ™ t+n
Ll'l-a:.:') ey ;‘w' x"" . . |

=“‘°°’“‘°‘"3[T T, r\)("&h q\ TL‘ “"X)- :s..-u)@_ um)]

. NN (1< M' ”"‘.l) “-ac.““\(.'-%c.‘»’) .

and this again is a linear combination of two known results

.3 3 b .
Py =X 4, Pa =X a =X gives
o - | "\"‘“
| 4+ l E'-’-‘-] Lmgg e TU- 3
U*x.‘ﬁ( T‘fjs ; sl [se.*].“. ];,g [M‘ nay
where Jolnw denotes (-=SU-x") . ... (I-=*"**9),

Tdentities of the third type

In all three idéntities X has been replaced by,x" to give
the final result

Py = Jox, pr=> =, a =1 glves J

) T B T ) Qﬂ-ah_‘_ |+ ("\ nt.,w _ (9 20)
2.~ Z'n B [ ;s'—'!w ’ .
P = Ja‘.. [c,_—ue s a = x3gives

SRR e N 1 [l + u-w\(—-u =5l ]
"Zwo& +'§; L = [‘ 7a z ‘ [..... g] x )

pr -3y pue+, B =1 gives

= WX =)
S wm s Xl el u+2zt~'\ sroy L :
e ! n |

Na=g o b I me g &n xu.{~




We now give the proof of (9,24)

In (9.2) let P11pa>e then, since
) N ~ Alnen 3n 3 (3n-1)
l./n:).//;. L) e arml (/Ao\:\alﬁ. - (~) =%
we obtaln
ioﬂinﬂ Q-“:ﬂ-

ha) € o (M\'Ih-

L‘L\n‘;h:)

- 3 ’_ lon Yn Ji_

L' + Z( I) 100(}.'\-.(:& ‘M a wx ]
Mo 1(" M“) 0, -

puttlng a= 1, we have

L (Q-3n)
= ,\_“.‘n ‘-" by im?ln l(.l l J .
[ +2:i (L m)[-ﬁ

2!
n= xh'(xx mz) L.

Now
i;x.lzh_' - U-"“-J\U-*h) R %-:;3
3, = U~ NKWU-:GC) LR L'- *-vlh)

. R.HLS.

T

e

e

e U-:&"‘)n:--ﬂ .
‘Hence, using Jacobs’s formula

PRI y (SR A

n=-0 3-
with q x‘l & z = x* we have

|.;.Z_-.,;,,N ,g"" _"_. U~ u..-m)a u-\-n.)o m-\)

,v\-oxﬂ x‘-n-l nzy U u.)

o L anan
|+ZL~|\"(I+:¢ Ve ]

n .l (M +3Q

(9.2B) is proved as follows,
Putting p, = + Jax  and letting p>@ (9.2)  becomes
|+ 5 o, @D

-on=l oY ' (M}hq

U‘Q-an. ‘)] [+ ia"“nﬂ(l*u& is) o l"-'ﬁ*l);&!%ln-.l) ] )
: - al LJ—B';.,

maik (1~ ox™)

39.

(9.2D)
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and putting a = x3, we obtain

| i(‘o@')—. i.acksn-.(:i\)“n%‘:*;e U- mH Z{ul all-2e *33 pritae
+ T “ . R ’-33"
e SIS Sy o n=3

Now, divide both sides by (1 - x?)

R H S U_é)[ Z(!" Bn-&l) QR‘\FB}.]

A (=)
2 gdeln 2 WM+ hn-c-:s]
= + - o

Lo 2 Z

o0 n+L'\ =

Z‘u. n— za s 0

R (putting n + 1 = N in the second sum)
2odn

L‘H'SO - ] = L‘N‘-‘)n t’ﬂ.anL '} w > +

_——
Uw:g") nu =gr\l (." ‘a\(.nl:\“ﬂ
e e

N

+
U-u;") e U-::‘)Q-!-)U ) (= 3:.om

+ 5 L
e gy, ! U'" “’.3
n 4('\*3'\\ 3 | qh ten B Wbn
Sorgt -5-
~h=o Q4 X angr s nta n=i

(9.2C) is proved as follows

L (nt43n) 3 [

In (9.2) take p, = +Jox  end let f,z.m then we obtain (9,2D}.
In this take a = 1, then

D) (sr.‘-) 3.3 .x.-‘;" s ”> i.vc?}n-. l- s :-:.T
! +;l D (s I((l- [ -Z‘. - !((%_-\\)a.. 1

* and we obtain,

RS, - .‘ﬂ‘u-:‘"‘)[. S ]

~Now change x into x

0‘ in) hwt
- adedn = OW-3n
% ) gL 5T
—— (l- 1"\) 59 ) ‘T’zl .

:(‘-::.)U—;CAU ac) a:‘ﬁ"-*3n N i;n‘-&n]
(- U-=)0- ) [i

L xall g e Z;-\-u]

3"—-0! S nal
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When we change x into xl

biﬂn becomes (- s )l S)-=) --....(J—m?")
. el
(D, becomes (s (l-oUasd .. . . LU )
) b~ -
T N becomes (haesDU-=®) . . . U-m 3\&-&nﬂ!
- Ggﬂhlggb"l becomes | /sen!! wn., !
n b nt
. changing x @nto x* s. the L.H,S. becomes 1+ Gﬁ*mw
h‘l&n’-— \‘ :“l?
.. we obtain the identity
Qrt4+ 3n 2 q’}" l ) Po-) "'\ | nt
< . l (_“) Oy

o

Results of the third type, but of even greater -
complexity, may be obtained by taking p, =-J%7, o=+ Jonk, = Xy

Pu“r fa.="‘\r—- o."')f’G-'N.'-) P|=J— f‘zt'r “ a=act,

(9.3)

Using the formula (9.3) the follow1ng resul¥s have
been obtained,

Identities of the Rogers-Ramanujan Type

Pa—> 0, & = 1 gives “""SY.L- 11,._\,%1. 11-\)

i '\13. .
2”*;‘"' tHt) === = ( >+"( == 7

n=o ::.. n;,,.,., ns. xr\ %-1....4
= 1ve 8
p 1 - Cﬂ 8, X g Tb\-u) U WV h) U 17n>

ue.’}“h‘l:n" - U 3
Z ) T U= )

nzg*n Laanta

%)
Py =-Jox, a8 = X glves el n
3 4t al & AN e a:h") B (e ) o™ Yo >>'(“-3‘*\
®n X)) La' = U n) | “_.\
n=o L&q x%nn 1" n2a &n‘ “’-«-"‘ml n=1 U-“\U- n= B ('..

Ps = - J—— a =1 glves x |8n-Q
. ™Y an
e ity ) R ! - 'ﬂ) I= 22 \) ) 5

o
“Hii {
o 1+2) = >’ 2 -
2:\;&‘.3 !):x- |-” f ;xn'l!nn! *u\!l hz‘ l““)(’.'a "?—“ L'— N)(' > )
= n i nep . " Y A
=- a=X ives
p‘ \E; 'w »‘.4“' gk l . ""Q)(l )
" . U—a:. -

Y W =
1 v l n=,|(l_ a"_")('-a

Tz O Lyt Lpey *
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Identities of false & series type

3 .
Pr = +Jox, a = X~ gives e v s
i 14 3] 4ln 3'51 | ad43n ‘lh--‘an k4 -
Nt N - e ( V' . - - — e .
W "o A= |
“‘-muv-l nao (4w ‘)&\mt

At Q

The only other results which have been obtained are
linear combinations of identiti»es as follows:~

P. =-Jax, a =1 gives Ve Fonei€ anl
R e )-
;"-t:: ! + U_-{;::)[I + ;:. l.r_,,,_ .Tu-an Y‘- U 4-;:.)‘!— U )(. ) x-
wo=, =Y ) = nEY A, '&" ! ""‘U 3:‘- “ ln—‘)("..a‘hn)
For ‘p; =-J&x &g =1, we obtain a 11near combination of

o J—(R'+3n\ 3 t ) na».-cs)U_ len-axl_ uin>

wc* U
-—~—'-—-———-——— T U~ ) ( i~ ah_T D]

N0 A Lnrt* Xpe* nag

‘oo J.‘.\’*{ﬂ\ kY l <0 (J_ 5'\)

& Wwn - )
Z (:Cn?\)kxn-u ! .l T L"¥“>(J"x}h.‘>

nT o e |

(n""h\ ‘ -9
| + 2 iac :cl-m' . T U-= MF )
h-lxng ‘\ *ﬂ he ) L'- )(' ""'3
If we take py = +Ja., a = x*, we obtain a linear
combination of two results of the third type, and similarly
for py = +Jox , a = 1.

Tp shew how these linear combinations of results arise,
we obtain the formula (9.34). 1In (9.3) put p, =-J=x,
then we have

|+ Ziul...t—ﬁ et
NN ) o
A 1&-3 h.-\ 3\(3»-!)
U n..:c ) a ,_'1 aioma.\..(l-od. )(H—M +atx = ]’
: [H " +2‘ =2 GO (=T

, U~ an

and pu'b'bing a = x° this becomes

l + Z )Lac. lh- (-ac.").-‘.n-‘-h(“'\)

n . %") [ PR

e s $ibats “"j¢!n~ 1+

-, n=

T

tantd, Ine Qn *43n :]
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RHS

1+ Artd 3n
" z' S| (T PR T Y P Ui A B ]
L 3 j[ >

n

.\ (na)8n Ailen n eland) |
s T 2 S STt o

L3 3]
nsy oy ne

| m .
Foel RN SIS Tl ="

~m :j "o lat il )

=(- Ql—ﬁ‘ Q- u-."‘") + = UT &\g. T Bn-is x-lﬁn-a‘)( _ 'xlnn)
R G JF: (o) (o)

FPor the L.H.S. J.an.\

Z {sc %.- (-
nz B \m_. | '
A
Lrvew) L& LbNe 3 | -y m
=1+ Q- ac\)licx. ol i' = (_l— =) 5 =" Lm [l.. 4+ =
.x'\ o -*- , h=o n”"xﬂbll*nﬂ‘!
+8 " net *
o Lln M43} 2
- U-;:a‘Z it *\ 1 l %(l-&3 Z )a:-. [
(:4:.\ x - foyagr ac.n, et ! ‘M'”

and d1v1d1ng both sides by (1=x)* we obtain (9.3A)

Three other methods of obtaining lgnear combinations
of known results are as follows _
(1) In(9.2)by taking p,— we, Io,,-\oﬁ , a= x©

(2) In(9.2) by taking p, = p. = X, a = x“‘

(3) By taking olwz 1 (-ox ) [N N u':nuﬂ\) /S'~ (P'ba./’:n- > :s'ln
. in (9.4) and using (9.6) to give the values of da.d éS""
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Results obtamable from Seary formula.

_ We now consider a formula which has been proved by
D.B.Sears,.

The formula is as follows:—

P Sy @ Wi lai- x) = 2, 9(aS, la ,Q:\'\m\:\]mﬂ(a{;-uQ + idam (On) Az -0 Quay) — U0

=t

where the parameters are &,Qa, .. .,Qu 4 x = Lqu"(q. <. Qan)
Also an Mt -1

P = LTCT‘.PQ.IQv )Flnv)} ‘i‘»llr‘Cr(a-.-, Q*lﬂl\)% . p)

Q(aﬁ)z %—:F;G(Palh?‘l Fﬂ.lq,_q-,\} iT'G(-a"la‘ﬂala"ln'\k >

Sq(x)= T(:-xf“)(t-n",,"“) ,

G(a)= ']T_ U-a)n') ,

o™ N \
G(Ql et :qﬂ\' bls - B .l = S T‘-G' h")
3 ) : N 3 ,_IGI(Q\/T“—‘I [. >

NHWH(Q‘.\*‘\) = Mq—\IM Ay Gy, - - ) BMe) &] 3

PQ',“‘-) ce . -Pqnlﬂmn

HMVP\ ‘.Qv- '; &3 = M 1-,,\ [Q'}IO\, Qr, Qpﬂ-JQu, e ,d,a..../a., a-,a-.-..la., “ Q,.QM“,Q. 'y n]
. PQ' !Qa-, Pﬁrlﬁ\ 3o ot - . - . ’)q.. /Qnﬂ
forr =2 to M+1.

For the meaning of idem, the sum

~
E ?(Q'-s Quy -+ Qe OL, Qiery * * 0 Q"\X

L=

is written as ,
g(au Qay - - - Qn\ + idam (q.’, Qa, Q}a O\N)-

The second term of the sum coming from the first by ‘interchang
of a, + Q. ete,

We shall follow Sears and replace the g used in the
notation of basic hypergeometric series by a p.

Sear’s formula ghves a relationship between (M+1) well-
poised ,,¥,..;s of perfectly general type, If however, we
introduce the special form of second and third parameters into
the basic series, the number of series is reduced by 2 and we
obtain a relationship between (M—1) well-poised series
of the type ' '

amM E M=t
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Results obtamable from Seatrd formula,

e now consider a formula which has been proved by
D,B.Sears.
The formula is as follows:~

P Sy (@) aWaml@i-2) = 0,008, la ad) W, (0)-50) + idam (00 Gy ++ > 0nay) —l001)

where the parameters are a,q., .. .,Qu d x.:LFnb“(m.. o)
Also am . Ntl' -\
P o= LH——G‘LFQJQ’,PID»)} '{.T C?{.Q*, 0*,'-"15?( >
Q(al)-—- iIG(PQxI&rn Pﬂ.fa.a-r\\} iT'G(‘a,ija,,,a.‘a,ld.\)k >

am.y

S2(0)= Tl -3,

G(a)= 'ﬂL U-ofﬂ,

~=p

- " N
, . BTl N\
G’(Q\, . 5 QM) bu_, - B,,ps "-"-'.:ul G-LQ-\ /rl_‘l CTO:\-H)

M+lNH (q‘ .\ &x = M*‘I"‘ Qiy Guy * - + ~ 23 Qmey ) = J N
PQIIQL) e PQ) IQMH
M Nm (D«w',xb = pant T [av‘f'la., ar, Onalay, . .- \GvQr [Qi, ArOenlay, - .. Oy Qe fQ4 ) .r.]
) PQ‘.[Q., PQ?,Q\, R Jama

forr =2 to M+1.

For the meaning of idem, the sum

N,

N .
: 3(°“’ Quy -+ Qeyy QL QLery * - 0 QM)

[N ]

is written as |
g(a’) Ay, - - - QP\\ + i1dam (Qi') Qz,y Ay, - - QNB.

The second term of the sum coming from the first by interchange
of a, + Q. etc,

We shall follow Sears and replace the q used in the
notation of basic hyperzeometric series by a p.

Sear’s formula guves a relationship between (M31) well-
poised ,,¥,..,s OFf perfectly general type. If however, we
introduce the special form of second and third parameters into
the basic series, the number of series is reduced by 2 and we
obtain a relationship between (M—1) well-poised series
of the type

am E M=t

LR
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M.y ™)

. N = . .

?;M_ganq Qs P FE.. Qs st famea) p_=

o = Jai) ~-Jau Eq| N -y EQD . Q‘.. '_'- q]"“'?* - N
L Qs Aam-a, . . L

v

* e ‘are concernsd here only wi'thbb,asic series,but analogous vesults
for ordinary series could be obtained.by considering the integ-al

N jtkq&@ﬂaﬁ@ﬂ@i) quM.n*'k\f‘( Yirlagrary) - oot Fawea
ML Jou T (4 anty ) I-q,.-k\ “..I"(l- qm_,_'n‘\ rli+acany) .- —..FU+aramma- 75)

taken round a large circle whlch awlds the poles ‘of the integrand.
By conmdering résidues at the poles of the integrand,we obtain a
‘relationship between (wm --l) well-poised amet T amen. of the type:

"HF 2 q,\ l+~,,q,, °1-) LRI N °‘:.n~'z. ) 1 .
. : R B
S oA H'°£r¢h., . ?' . H'Ql wa'h.

— L i . e R
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This method was given by Whipple (16).

It should be noted that there is no relationship
between the parameters in either of these cases. All the
results connectlng more than two Fes and those connecting
2 or more Fgs given in the Tract, involve relations
between the parameters.

The formulae given by Sears and Whipple are useful in
the consideration of bilateral series of hypergeometric
type, series which are infinite in both directions.

These serieg are defined as follows

PHP o,y oy, .. 10{";76] : oa (‘Q“(_,{,_),\ . (J;;\n_gh
'y ,01; < /‘\p na—a (fll)n(f'-\.\ N (fp)n

where (o), 4 (a)-n. have the usual interpretations vigz:—

(adn= alasd) < - latn-1) < (Q)en = (1) /Q-cb.. .

(As in the case of generalised hypergeometric series, z is
omitted when it has the value 1.)

" rq,,[a., Gy e e 1‘] - T D Wpm - - Sy
fry P> - - apr nE-s0 (/QDP,N (f"-\?m‘ . '(P'AP'“'

whon (Q)?',‘= U-qy;l-af;\ nf. ') q Lohp)..\ ’/(l~ ij\(l-a’fi" - - Q/P':).

The bilateral series by which pHp ond v~ are defined
can be divided into two parts, one con81st1ng of terms for
which n is positive and zero, and the other of terms for
which n is negative. Thus, we have immediately that

PHP[:“‘IM .. JP" 'Ktl:’m:r['- sy v, - ‘k]"‘u‘ N - - P) HF L 1~f"l~f“ ) 170" )4 ](‘0 33)
“Pp

PI, F;‘ v

Hypa - - pp (- .\ U-JP) ’ Avgly, Amedy,, - 1~Jr

The analogues result for basic bilateral series is easily
seen to be

'U'"b‘!‘ do)Jq_,- n-\dv)’k ._."I_‘I'[P,J'.J._,--,Jr;‘g]
. v Pl’ [ ,{J,- Pn,/a\... ..,fg.r.

BL'"FIf"\ . U'Flf'rj H,E P P PIP" . e (,o_q}
("r'f{’) - . (l‘P,J"‘) [‘ ﬁ PIJ\, .. /)':r “" '—7‘ ;
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Thus we see, that using Sear’s formula and (10.4), we
can express a well-poised ,, ,Jd,.. » With the special form
of second and third parameters in terms of(j ~ 3) well-
poised N . & ey . Similarly, Whipple’s formula and
(10.3) give a well- poised ,myMHaw.y s With the special form
of second parameter, in terms of(M - 3)W611~p01sed ames Hamey

These bilateral series do not seem to have received
much investigation. In 1907, Dougall (8) gave the sums of
8 Hi ond a sHg , though Dougall gave the results in
terms of sums of products of gamma functions and not in
terms of bilateral hypergeometric series. 1In 1935,
Professor Bailey™gave the connection between Dougall’s
formula and the more general results for ordinary
hypergeometric series, of which Dougall’s results were
special cases, In the sam paper, Professor Bailey gave
a method of obtaining transformations of bilateral series
- from transformations of terminating series both of the
ordinary and the basic type. This method yielded several
new results as well as those given by Dougall,

(10.1)

We first take M = 5 in Sear’s formula, the parameters
being a,,8,,..:..,@a. Since we are concerned with series which
have the speclal forms of second and thlrd.parameters, we
take ag=pla., a-pla then, S, @4) = 0 and Sear s formula
gives a relation betwee we11~ 01sed o 8q’ vizg :—

(l- ap "’unw-n-p""/dsy.l-a.ﬁ' ‘Iq..\{l-'d.,:“/a.b(l-ﬁ o Y- B Yo F *faq X~ rm, 0-«3
E, a.r )U-Qup )U— asp )U-n.,?YU Q-..P /q.\ (- oaf £ o)~ q\.P /c\-)

X ln-§'1- ‘q'\ PJ—H P‘E‘.') Qu, Qy, Qy; Q4. Og, Ag; Qe x
J'_.,~Jan. PQI’Q:,PQ;IQ’, Fﬂl’ﬂﬁx Pﬂlh\) PQ:,QC PQ"QQ'FQ'/Q"

Qa.U‘mInJU-mp o)) loﬂl-a-g /aq\(l-aq: /nub(l-n.p Ia:.ea)U‘a.p onag N aq: %‘QS(LG‘P /01%)
rd U-‘eura/au)ﬂ-aar /oa)('-au’a ﬂ;)U‘Q\.P )U-Q‘P /q.)(_l-ntq;P/q)(l- QP /o.)

x»,v.;I,, r‘ la, poJJE., }"‘1“3-' %, tadsay, qla-.lq., adsla;, 399fa;, Onaqlay, e (ai ) ]
a, /16, - aulJay, pmln.. pavas, P°"'°‘” P“"""' PQJO" P""Q"' Pq;la.‘.
"+ idem(a,; a3, Qg )
where X = P Bl /0\0;0»010\@99;., .
Ry

Now, in ’chls formula, take a, = p, then us:.ng (10 4) the

first .8, on-the right hand s:Lde combines with the. ndq

on the left hHand side to give an’ gig and the ather two
.:E‘:s reaace to ,ﬁ‘rs. Thus,‘ "
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U-a,p* /q-.)(_l-a.[a L.Xf-o. "'Aqxl'-m Z:..)(I-P faYI-p. P laaw— /eqw-!a /mo\
reo - P"S(.l- "")U- cap X.l"‘hp S(I- o)l (,-oap /cn\(- Quf ,as

X '-bg P‘r.n Pm: Qy, Ay, A4, Qm Qq,Qw ) P‘Q?/quha'lq!%qw]
‘—J—..FQ.’G;. lhu.PQtlﬂvn Pq'hl. PQJQ’, PQnIQw

) - n.n.é"/&.Y_Loa ",/Q'M"Q:Ew /Q YLQ;F%..XI-Q'.&"A‘Q,)U a.f’ '/aaq‘w a.‘; "/asq,\{' Q']‘;‘qu ,,3
(e o Sag)(- & P la)()- up Slas){l-aaf" \U—aali‘ Yo~ as P Tl (- a7 /Q,)

X '3‘41‘1—1 [u}'/q. R Pa,ha,,- qulJa., aya,, ago,lci., ayaear, @394 fas, a3aifa, °, #q?/a-‘q‘a,q,a.‘am ]
o [i@, - a3/Ja,, anbm,fm:lqw pasfaz. paslay, paslaw

T dam (035 Q4) . SR (to. IR)

This formula, expresses a well-poised gb¥y , in terms of two
well-poised g®y's . It is a generalisation of the result

“*

1

P

D0-bg x. L’;;‘i’.ﬁi_»d.i"g:*]
/LW‘%M-J % [ e G W (10.1B)

+ idem (b £)
where

! " n e .1 nd
X [ a, b, c, d, e, f] T[u.%h/m- nk\U-uq!d.Yj-%/eXl nq_/#\(_l-a.iv /badgf){]

ns U-aq))
ng i %Ja,-%r b.e,.a,e,$ )Q.%/W]

Ja, -J4&, mtlb ogle, oq/ldl, agle, aqif
Putting a,. =.84 iwm (10.14) we obtain (10.1B). The formula
(10.1B) was first obtained by Professor Bailey (17), who
used a method entirely analogous to that used by Whipple _
when he obtained the correspending formula for ordinary series,

‘The formula (10.14) immediately suggests the problem of
- expressing am we in terms of one «&y , No methdd of doing
this in the general case has been discovered, but it is
perhaps worth while noting that certain par‘clcular tdg's

can be expressed 1n ’cerms of one ;I-u . B in—{40514)
'bhe-—-frrsﬁ:— - ——&Eﬂ-‘w': gotaimran inr-which—one—




48,

ilse, If the ,4;3 terminates below i.e. if ay = <1.;>'TL ;
then -ﬁ'(l-mp"/m) = 0 and we see that ang¢, which terminates
rso

below can be expressed in terms of an ¢&y . This result can
be proved from first principles and is true in the general
case, i.,e. an . H. Wwhich terminates below can be expressed
in terms of an ,.H.., . Thus, any formula giving a
transformation of a hypergeometric series, may be regarded
as giving a transformation of a bilateral series which
terminates below.

If in (10.14) we take a:,.m.rh, we obtzin a relation
‘between a Y, and a Evizi— '

Bdl'. PJE-. —P’Ial, Q, , Qy, Qg. Qq ') FQ}/QQO*(QQQQ‘]
Ja, - Ja, Pq.lau,lm-km paidos. paas

= T (- Qu,!{ ok cn.ﬁ' “/ogll-qui'%ﬂl— q\f'i/a.,q.,\(,l-a.l;*'IO@M-Q-F‘/Q:A‘W- ap (- F "\I- "'/a.\)
2o (oo )i-p o ad o) af aull-a o1 a Hae- £ foak- 5 oaXi- lav)

X s [:J'/o.. Pu..[J‘_&.,- Pu..lJE., audifa., avagla, Auaglai pat foyaiagas

Qq,Ja‘)'Qulﬁu, PQ\JQ-'. PQQIGQ» PQMJQ‘! 10 10)

Thus, we see that a general well-poised ._Lb.. can be expressed
in terms of a . %g¢. The & on the right of (10.1C) can be
summed and we obtain the formula

bd’b [PE\; -Pfa. y» Quy Qy, Qg. Qq i f'}‘:'u .) PQ}IQI-R\Q 'QQ]
i \I_Q-n -Ja., PJQ(;, Pnldw. PQI/Q:- PQJQQ
[

| ’:n—("""ﬁhﬁ“mw*hw&w-?fom\(l-n«i‘Yamw-@"Vn«whﬁ"laﬂaWj“)”-P”"“)~ :
-l l-af lant-ag el g N oY Hoei-f ax)- T Yavanasad

which is a known result.

We can obtain a more general result than (10.1C) by
taking ay= paja, in (10.1A). Then, the ¢de reduces to
a b and'the two 3Ey's reduce to Fss which combine
to give a @, . Thus, we have ‘
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h'l'h[ Q, P‘)a'\ Q4y, Qg, Gq,; Qe ) PQt IQqQ;Qqu]
Ja,, - Ja,, ,ao,lm. poufas. Pﬂn'nq,POJQw

TF.- oWl oo o o oo ol gt ol of Tanfhof oo
2o 'Q'P lo" 'Q:P*VQ\U’Q‘F /a'\\ﬂ‘Q!P IQGW'C\lr /qu"ﬂ«r ,Qw)U‘Pulﬂww-r /C!g\)u-!:mlﬂq\('- Fﬂ/ma>

u‘-llem»Na-. Pqu“a-, Qu‘hh‘. awgla,, Q4Qq IQ., Qq.Qn/Q| ) pa /q.,qeaqq,,
ay[Ja,-alfa;, PQ"’Q“ PQu,Qg\ PmIQq. pas [aue (10.1D)

putting aq.:= aQ, in (10.1D), we obtain (10.1C).

Probably the most useful formula obtained in
connection with, basic series is that which expresses an
e®y in terms of 2 Saalkchiitzian ,€:'s . We have seen
that the form which this result takes when the gy
terminates was used by Professor Watson in his proof of -
the Rogers-~Ramanujan identities and he has also used it
to give altermative definitions of the mock theta functions
of the third order, Consequently, if a similar result
could be obtained for an g¢g , the limiting cases of
such a formula might be of interest. TUnless there is a
relation between the parameters we have been unable to
obtain a formula giving an ¢be¢ in terms of 2 Saakchuﬁzian

w8as . The simplest. formula (10.1F), gives an
in terms of 3 Saalchutzian .&y's , but the
formula (10.18),in which an eJdg is expressed in terms

of 4 Saakcnut21an w2 8, appears to be more useful when we
generalise the two and three term relationships between
e®4' s . VWe therefore give both results.

If in the formula (10. 1A) we use the formula

a., pJa, - psa. d. a. ‘/d.e
‘I‘[ Q, -Ja, n.,;ld. QP‘Q QP’? u.pl? Q’h“u ) &a‘“]
cnu_ '")U’QP"‘ Y- "‘/H\\U ’“/gk) “I’l ld“’_‘_‘r | *Vr , ;
vao U-of )- :1/«370 P ) U-of /ign ¥ [t,au o,pl.?. #gpde ]
P Yoo Mg b VA gAY b S Teleh)
rrali-of" ) "'le\o-qr"'k)u “'/casu- ra30-a '*‘/wadu-*ﬁ"/m)

® L‘.E’.}[ | I"‘t\\ \ Qr ) PJ - '(|° . lE)
_ ﬂﬁL_th&ak f -
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to transform the g@,'s into ,&ys, we obtain 3 or 4
Saalschiitzian series according as to whether we take a;a\.fq. ‘
to be e or &, or £, g, or h,

Taking e =am,ja, d =awfa, £ = aa/a,, g =ayla,h = 0y, o av/a,,

to transform the first g8y and the same values with icm
(aa; Qi) to transform the second &, , we obtain

U-ap “la M- "/ﬂg\(\-nlr"'/nq\(l-a.ﬁ" /q..Ml—p"'/a..YJ-!; agll-F *aq Y- P o)
rs0 (l -Qy ""M“P'")U‘ Q‘lP’)a"'QuP*)U‘ P"."Io‘\Ui:‘F [Gu)o‘ Qu'frla\s

b4 %ng PJan'o "P'Bl » Q3 Qy , Gq. Qg. Qq, Qe ; P‘-le (Q;Q.‘Q,Q‘QQQIQ
Ja,, -Ja., peifos. padoe, pulo~. pailos, Pmlm.. Pailae

= —~Q T (~a l,; "/0501\@"01!;"1 Q;ng- Qnﬁ“k;ﬂq)u‘ Q\’;"/Q;;Q\b
. =0 u- O\ﬁ/‘h\(“'ﬁﬂl 035("““;/ Q:)G‘ Q:’ﬂ t - cu.j;. ‘/O\)O‘Qiqn FIQ‘)

‘ I‘T"*ﬁ"’a; ag)-afa ’qw)u_qlf”/ngmXI-Q;é”’/q~b % 183 E.-rlouq,,qaa.la.; ayaqla,, axanfa, | F]

(l-n?‘p“"/anqt'-‘qch °=P/°u ) QaPlCl'u aya32qa5fat

+ (- ouf * '/o..a ,\Q-q,aq? la - ﬂaan { Q.)U-Q;au]; /Q\W-0'.']5"70nﬂt%Q.ow-a?};"/Owﬁx%ﬁ's
ro u - QaF"/ Qq\ 0- Q-t P,n./ %Q“Q,QgQQQ\o\L = Q30g09%.a f; . l/ Q?)
Y4 AIQ [Q\IPIQQQN Y Q‘Plﬂﬁqu N Q‘qu',qﬁ ) Q? P‘/Q;Q“Q‘ﬂgaq qlﬁ ‘l P] ' ]

3 ®
Y g"/a;q.nqq.., afplavasesan, otpTaraseyae
<+ idem. Q3 ;5 Qq,') . )

Uo.IF)

The second ,§; on the right of (.10.1F) bein
symmetrical in aqiaend a, we see that the formula 10,1F)
gives an gdg in terms of 3 Saalchitzian .8 's.
Unfortuna%ely, the two infinite products in front of the
second %3 do not appear to be expressible as a single
product. When a, = a,,l@iF)reduces to (10.1E).

If we take ajaJa, as + (say) in (10.1%) we obtain



Tu- af “/u,}U—n.P Ing-q,P laqXl-ap " fao)( )- o )1-FlagYi- ¢ p /aq\(l-r /QlaB 51.
*zqo U“O: "")u- "‘)“‘ Q.:P )(l-q..?’\(l- vt IQ l\ “*‘ QIP IQ.)U- Qu’P /m\

% gq'g [P Qu, rﬁ.. Q3. Q,s Ay, Qg Qq, Qe P"'n. /Q;G.‘Q,ngﬁq",
Ja,, - J&, paps.  paulay, pala.. paifar. pa. daq, paila,s

2" 2" 0'°'P /°\“1X“°'P Yosar Y- ap "lazaq)(l- n\g "lagaw)
rzo U'Q. '/QY'_P u/aﬂu—a..}a/aﬂ(l-u.ﬁ )(l-q,P /a,)(l.q;qur /0‘)0 q'vu/Q ) l-mp A 1943104948, )
EE:“-Q'P / agan - ap 5 hua)(- G«p /Q-.QQU- ClsP '/aqm-q;; '/QQU- a P /q;q,,,q,q'qqq,,)
) ("“‘P /“3Q¢h°%)

o u§3E°°"°9q'°’ Q1°\+IQ., Q:%!Qn Q;QQIQ\ )
Fq3 Iq‘it FQIIQNN QlQuQ'\QtlQl"

)
-Q' }\Q \L‘. Xl'.q x _01;5"' “I Q, . _EI‘ E. E"Q| \ ]
¥ 1Y ) N b} ]
" : Qe ﬂ ﬂ% 33!} a..n,a,mo QyQyag0q % a8 Audy avag 010,044 Q1 F

»®

(l-aya %ugp /QW . B’h" ot ot
»' \ L] ? P Qy
+ idem <a .,,) . (10.16) Q39605  Awaagdn duarageq

It does not appear to be possible to combine any of
the .®2's which occur in (10,.1F) unless there is a
relationship between the parameters., The third .2,
however comes from the first by interchange of a,ona a3 .
Now, it is known that Q%) :—

T U of o) o T 1-of ek Ni- o VY- of - Theolef)
ve Q- a';*'ld-;)

X w22 “M‘-) d. e+ ‘J
[QZPIB le. , otef [eu F

et "\/aow-apvu-e_,nu - 1 Y=ot Y- emad)

reo li-oat Pr |/°3

< & let, oplalf, /M‘f'
y [“f /:.\): Q.P bd-:f ::-.fa"’/ad.l.\t J ]
- o.ﬁ'"f ul.w- “'/e..\(‘- “le)U- "'/Ni-hpw‘ ““/ladnf-) B I, , a.r”u QP,LF) ey p
_ﬂ— “ hF‘I“—B Qr 1/w Ofk-) P‘-lb
+ idem (c;b) §10.1H)

Now, 1f in (10.1H) the parametera satisfy the
relation a'p* = bedef, then |- bﬁﬂ = 0, and the
TI-( boole £ ’
second ,®3 on the left has sum unity. Thus if a‘p = bedef
there is a relationship which involves only infinite
products and the two .Eys on the right. - -

—o%'- Q30 ﬂ—u%w . asag ayQy
f = Q.p where 030, Q\Qg Aq Qe = Q? P , we obtain
Oy Qi -
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-—-IT—(.I" Q’I;"IQ'IQJU'Q |f:“10109w‘0|§’701(3mX(I‘Q;OgﬂqQ,.?’ I Q}y.”' QQQ'%QIQ?’ ?')

:TU‘ QWGFIQ;YJ" M&F !Ql) U-Q@.SF’QBU-a:';* ‘/Qq\(l- Q\!; N/ Q;Q'f\u- Q;Q.qugi; ,Q.lt)
rza U° QHP’IQQ

b4 QI:. [thllﬂq ’ Q:QQIQU a;a../o.) P‘J

Q;qu-l » Q3 P,Qu

+ ‘Idlm (_QB.MQQ) . . (10 1I)

e If the parameters satisfy the relationship n?.‘[na:o@\%aqmo
we can eliminate the series between -
;Iz. [Quqt lai, auaqfai, QuQ-eIQn b P]

QHP’Q-l » qu/Q:

(10.1I) and (10.1F) and we obtain
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_Tl_(l-o "|th9%$ |.e£;' lay -on J [PJa., PJE., Q31 Qe Qyi Qg Qq, Que P]
ree “‘“‘f")L"P"Y("%P)("“ur)(k "/Q:Y"‘hr/"ww/ﬂ) o..-m..&;'#‘t.m: oPaL,pay, P,

Qg Qq Qe

- [ ‘“’U-o-p “lagagltap” yﬂﬁl"ﬂ@"’%ﬂq" o To I o,P“/n.p‘)U ap /n.q,Y'-m'"loml - "Lm.y' aae la)(- -aasp o, ]q)ll-o..nq l
rzo U- a3%p /QMI-O-.P /qdj-o.P/q.,)(lT;M/q.b(i o.r)()-qquq.)(l Q0P /q.)()-q‘q‘r [q. U-mqqr IQ Y.l -asaup /Q.

<Q "ﬁ"lhn.,s 'fagaq))- op "fagaio)(l- o *laqan)l- Q;P"/uﬂ(i af "layay)U- -af Hayag)l- o "fasaq)(l-aif ‘fo;qm) ]
e U" quu}),ﬁu)(l‘ﬂuP lﬂa)(" O-IP IQ;) U‘P H’G;)U Q;P )(l-Q:;P } IQ;)U a..q.,P /q,

X &, [“3‘1&[0:. ayaqfan aaefa, | P]

aipfas, ayplaw

1-[ "ﬂ'(l o oo 0o o )-0s0, B )0 Togaplias lagag)eod lagafi-osesfladiaguiod -asFla-asadf fay)
u- Q&“ur IQ-\O OuP !0:)("03[: "/o-.w' m)(' Q) "wa*rﬁ / Q:)(LQ.\P “." QSP o IQ')U‘ °‘P /QQQ'I)

1cam (Qu) 0») ]

X I-t-;-l P\ QnP’QQQ-., Q»PIQQQ.Q; Q»P’anq ' F]

a..o,,;lq.. G;Q-.PIQ. > GsQuP/q.

auatA Guaqih oyl Qedq QQQ qq,

“ﬂ"u- —}X‘ £ ;-a_aap_ l-o..P)l- ni)u q&g "‘“—J’-X"%“_‘P\ih.\gg l_au_!g~(10 1J)

[ ¥ -3

- oM\ M L [T AV vy
&T! G\B ) QqE FQ.& \t 9_\E_. ) Q.P l-q |-Q"" l-q
Q“ Gulty o Q‘l‘i Q\Qu Q;

The equation (10,1J) expresses a general well-
poised Saalichiitzian qbg in terms of a Saalkchlitzian &
and a Saalchiitzian .8. . If 2, = ay (10.1J) reduces
to the form which (10.1E) takes *when the g8y im
Saalchitzian and well-poised.
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We now write (10.1G) in the form

e G e ST CH S o e
T(_I-o. Fr -+ )0 au)0- X"i‘EX %1 "Yi-as™ )

xs‘bs P‘E“"P‘E‘* Q3, Qu) Qy;, Ay, Qeq; Qe ) f‘Q?
Ja,, -

S (S
T—(%X”‘X a.J °~"".‘> | x (4)

=0

-cu v- |- ~ap [ agfdft-p
e e S

"9—33(' A L o o ey . (3)

where (A) and (B) can be obtained from (10,1G).

Now, in the above formula, change a, %_fﬁ‘__ Qa G.EL; Qu ta.ﬁ_

1 a30.2.at awnag aa,ag
ay & ar
R A a:s- to a&__;n o o leaving aq & a., unaltered,

and we obtain
"S‘E‘r “E—X :':.:u%ﬁtﬂw _&3%&1%" qu%} -u}h“;r °"°" “‘n"')
ILE‘L_“ B S

Q30,008

L tX
3‘1’3 P}Pm | , P& )E' )_EI__. ES% y 2490 Qo ﬁﬁ__

“&“uqv“a ﬂgﬂ..n.ﬂl aya,qg Qyaat Qyauly 839,98 aqais

1
J.L J ) B, po, p2, pal P
a,0,8,0¢ cao,.q,qs G; q;a..a.,ngﬂq a;c@yﬂgmo

el
Qajzaq Q;Qm

TL‘S*E— o - ) |

- Oy T QIQ‘P l.q. X{— ap |-~au0y )
O\Q‘] Qquo Q“Q,Qg
“ l -y -030,0p Yhayp Y=o l-a, l~ay ~Quls - T
-& (- : t:.‘- \ a;aaac)( X -L ’%X :.;:Ev
,r=e - z (B)

x (&)




Subtracting these two
by an 4&, Wwe obtain,

)

uy\{_qanx Q:;\ il g::)
u L{_ Qp

Q309 @230 az

u“ﬂu X‘l a ')(‘l. -a rHY 1"'\
T P P——X X&:;{%fg,

b kXY

® S‘JJQ, I‘P'}E"'Pﬁ‘s Q3. Qu, Q4y Gr., QAgq, Anw -"q\ o

3

7
!
!

~Ja,, B Qy a - : .
a., Y ' Lo:..' 'E—Qi') Ec—xj—;\ \ ,E%,;, EEL:",‘L ARG 0

[

' 3~ I 3 reL o
- Q\p - ql}: l-Q:%&E ,-qsge q XI_ Q.
kY
o IL Q39,R4ARA%L, 239, 24ag%10 R " a” Qqnt quo

hak Y-
3

X P
? 4, ® QQQ~Q1°'

J q&“ hq'ﬁl

,-,t"“LH b -

2 vH|
]i (- Q?Pw» Xl— ap l- ayaaep (o, X, Qs
Q10,2,0g/A Qg ay Qg i

PJ#S—- -E-z-—) ﬁ_, ﬁ’:_., .ge_t_,ﬂq.n.a)

Q2308 Auadg  Qa0qa8 Q%A+ Q32498

results and replacing the two &y 's
after a little rearrangement of terms:—

Q,
Qq Q0

103 K> 3
B papa o, o
o;q“qﬁg 3 ““ ar A xpaudPelg A% a1

S T e el

rag | Avani\ ayag

Ateaflifbotleg) Tl

'Y

oy A azae

R G IS s e

ﬂ“ﬂ‘-ﬁ'-““')@ e e et

T

N,

*%I't_a;‘e%"‘
o

=

Ja

P_ﬁ__ %_q_'!_ ) q_&?_l N Oﬁ Q_.,_Ei q'.q‘° ! "Q? 5
Q Q Q@ Q, a T ay N el S
0304942203010

- Q .
=R P?.—» P P

2]

55.

The expressmn in square brackets can be expressed as
a single product using the formula



56.

T (ool g o - o)

20

Ut “‘ieﬂg)u £k

) Sl S S A G S

wiﬂs‘ﬂ‘—:&, Q. ql._l' Q. = Ql Qa, -

———— e ——— N

away ef awag of aza4Qg bda
By analogy with the definitions of ¢ [a; b, ¢, 4,
e, T ] and X [ a; b, c, d, e, £.7] given by Whipple
and Professor Balleyy we define
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This formula (10.1K) is a generalisation of the
formula

X[2i b, ¢, d, e, flf]C[q‘.‘rld-r.ﬁb.c.ofld&,afld@,o’olef]

which can be obtgined by pdfting a, = ay in the above result.

We now proceed to obtain from (10.1G) the
generalisation of the basic analogue of Whipple’s
fundamental three term relationship. (™ « (9)

Multiply the formula (10,1G) by %T[‘('-s:q'- '}“‘«F{!-a.a{_')
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Subtracting these two equations, we obtain
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Subtracting these two results, we obtain
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Some miscellaneous results

(11)

The sum 6f a particular neatly-poised sFz with argument — 1

The method used to sum this series was suggested by
Professor Watson’s proof of Dixon’s Theorem. (20)

r{mrerk) < <R [A, b, e ) - |] - ir(mn\r(hh{)r(dnﬂ—h“

r(y-‘-o.—E)F(Ha.-c} |+a-k, lta-c ! l‘(l+q.-b+n§l‘(l+o.—c.+n3

a1

=SF(A+n\r(b+n\"(c+nﬁ‘DT_ x JF, [ Btn,ctn
£— ! rL!+q+ W) Fi+asb-e) | + a+ 2n

. i zr (PH"'\) Fletatw)rletntm)=0"

el FQtat ¥ +m) T (1+a-b-c)

nTowm=g

il‘(l\\l‘@:ﬂp\l‘(&ﬂa} x 1F [A, -p : j]
P“'P' F(|+Q+P\F('+q~h-c.\) l+a+,>
S rrlrprlet prliva-Atip)

p=a p I I"(_H-od'a-‘a\) FU-I-q- -c.\l"(H‘Q-Af-r..\) .
_rrlre) oy WF: [ b, e, 'TE, %]

T rQ+orl+a- bee) l+a-A, H2, 1ha
now taking v = 1+3a and A = 2c-a+2, we obtain

oG [ﬁc-a+2 Z,¢e)- I].= r{1+a-b)Mi+a-c) X;Fx[c" a-c, ase-t )]

r(i+alrli+a-b-c) *2, da-e-|

=, | ta-c

The yFa on the right can be summed using Watson’s Theorem
(Tract § 3.3 (1) ). and we obtain

=, lto-a o_rLJ--;--Lc\!-LQ--

;.,R[“"”a‘ I+ 5, <) "_l] LA ae) ),

pronded that the series on the left converges i.e. if
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If ¢ is a negative even integer, the series
terminates and we obtain

. arl[l-q,-ah, '+9"\-_> -2 = l] = L—Hb" (Q\)htﬂ\ #4&“. Q,,— (‘ll.i)
2, l+atan

b“_ (.Q‘) 3n

Professor Bailey has pointed out that this result
cgn be obtained from Tract & 4.6 (3) where we have the
transformation '

aFafo Bseh —1 [ L orlk-BIrke) JFy By ey, 40 +Kk-a) )
K~b, K-c r (O (K-b-c) Kea, £K, LK+

Teking b = 1+ 3A. K= 1+ A, the ,F; on the right reduces
to a ,F which can be summed by Watson’s Theorem if
a=2c — A+ 2, hence (11.1), but the existence of a
direct proof may be of interest.
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The sum of a particular non terminating Saalchitzian &,

In the formuls

;_:1 a., %Ja,-ct\fa, d, a, + | SR Q.ct‘/dd?h [

<
Ja, - Ja., o.ct‘,d.. culle. Q%/F, QAL’? a.%“u _{

’—U»Q‘L)U—%Z#iﬂ‘aq:/fﬁ\)('-oﬁhly\l - § aqlldn. \ ‘F. q . *’u ') _g
.y Lo- ma-mﬁ’/?w-aq;/ﬂuﬂ“/ca@J] e aqe aqe, Fgpdan % |

+T[U 01)(( n/d’z-\)(."&i |X "')U ML IBG nfl/d‘.F%)U 1 nél "?kl_
U-aqpld) (- agle)(- "/M—ug/%w-awk Ji-o *‘/d.e*at\,‘)(l-il o) |

"=y

X W&y | 2 lghs 0qlth, ag,! , o )9,
" Q%a‘;\‘-#\., ol’%"/d.#;\? i "/ef?

take h = a.mld.. and e = O../‘F?.

Then, we have :—

Eg o @R - R odfe. F. 7 ‘» .9/_]

+. 9
AN
+[T[u-aq.«)a-m~mu 47 W g5 - oq - axfig) - as) ]
= ‘(l-o-%"/d.)l! ‘Fﬁ")“-aﬁ‘ /F)U—%"Iﬁ)u_ "')U.. )(l».{:n /db
Cx L&, [lg 4, ) %]
oltbl?'f’, dql

Now the ¥ and the ,&,, can be summed using known
results and we obtain
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" Q- oq ~)(- -og, /'F%)O‘ ﬁﬁ")(l__i_)

?\1]

T]] (1= aqnfe Y=o "/?)U f-n)u- ")

n=j

R e Y e e e =l

ny

‘ﬁ‘u- M- aa] ) U= )= ke, "'/*?)U‘ M-+ ).

+ Q- agril- %w,)uﬂ"% 7{")@- "/%)U-%“ )
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TO ")U—g e Y- "/? U= atq - *?‘L 1ot

K 3~1}_‘%) ; ) CL
obas ‘*1/?

.‘ 3£” %. dl?’ d—l‘F.l obJ

ey
= U-)(i-Fgld) ~ (1= + Ia.) ru aq ™ )1 ~olq” /9}
{_Fca)u }) Q- 'F) U-d,ct"‘)u d@"‘/ﬁy)

and with a change of notation, this formula can bve
written

B[k q, g |alslg)ecobg) ~ (I-clobg) (=ag™N(-6q™) . (.l
c, ohqtlc U-clag)-eloq) ('-=’%¥'-'-”°e)n-\ U- <™ OM,/CB

In the case of ordinary series, the corresponding
result can be obtained from the formuls

3 L[Q" b’ etf-a-~b-| )] = r(e)rt‘f'nr'(e-o.-h\l"(}-o-b)

Fe-o)r (e-B) F (f-a)r(#-5)

_______ P(&\F(-F) 3& e-a, e-kb N ‘ } ]
e Har ) e~arbil, etboasb

taking a = 1, the ,F, on the right reduces to a ,F,
which can be summed using the Gauss’ Theorem,

Tract § 3,8 (2)
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Tu- oq) W-aq e ) 997) _“_i‘l,lw__
i}"r U= o e Yi-oa)lq )i #q)0q.)

Tu- W-oq g i-ag 'ia,)u e W= ﬁ*\i«-%ﬂ*}

h2,

TU- "/J-X ? NCE N G2 /'F?\U* ~){- 1"?% )

ne

+Tu-- "')0-m~/¢\u-+ﬁj"w-ﬁ"‘)0- wa‘)u-d%n“
T‘U ")U- N GF “/?)u o™= - f-m o)

X 3%, L‘L’ Ou? ohft CLJ
ola,s dﬁ.’?

aa, g
< U-a)li~fqia) — (1= tqle) T~ (1-agT ){I-oe’ lg)
“““““ 3') -0l 7) ,..r “""‘L")U dﬁ;‘"#?)

u- ?W
and with a change of notation, this formula can be
written

5 a,b, q, ) =U-=Jq3('-dobq2 - U-c}ﬁ) (1-aq ')U- 59?"/\__ . Qany
C,oluﬁ'/c. .U-clmm)(kcl&m) (l-cIGqJX’-c./bq)n, (,_ l)(‘_akq‘n/c)

In the case of ordinary series, the corresponding
result can be obtained from the formulsg
3R [as b, etfeasb-l ] = "(e)"(.*wl"(e.-m-b\l"@-o-bE

e. £ (e~ (e-BY F (#-a)r(#~b)

L Fledr{s) '« sF Te-a, e-b s | ‘J
at+b-e rr®)rle+f-a-k) e-o~b# !, e+fen-b
taking a = 1, the yF, on the right reduces to a ,F,

which cen be summed using khke Gauss’ Theorem,

Tract $ 3,8 (2)
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The sum of the general Saalkchiltzian .Wa

This result follows immediately from the
previous result.

For, 2_4, [a. ; L
‘lc.

B[ b ]l BTy, e, o
Q‘qu:',c 4 U"%’QAU"UBB L/Q Q_IL

and both these L %,'s can be summed using (12.1).
We have ..

1‘1":. o, b5 O
e, abgile

=0-clqg)l-cloba) — U- cfobq) T laqg ™ V-bg'™)
U-f-loq)U— cNuL\ ('-claql\(l«'—lb%\“, U- cnﬁ’")(l o)

halqclba)figiiak)  ~ (-ak)  Flg ) l-cq k)
U-qlad-q/6)  [ll-cloqdl-aqfe)  (1-e/bq)i-aqie)ns U- e U= gl

cqleaba) FErad b 4 blaa) Tr0- )=o) lok).
(QTQ\)(&rQ :‘ll—'(o-‘uq"'“)('-ab{‘/c) %Lb-q}nsn (- "*'/B\U-%"[&\

2 qlenaka) [T" N S B o A i M2 ]
(oq -<lloq-< jrtu "*'w ahqﬂcw- “/a)u- e

— (12.2)
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So far as is known, this result is a new one, the most

general ,%, which has been summed being a well-poised
one,

In the case of ordinary series the corresponding

result would only be a particular case o# the sum of
the series

;.H-;, [Q‘r b '>] - (8)
c, d )



(13) A limiting case of the formula (10.14)

Atkin & Swinnerton—~Dyer, working on theory of
numbers at Cambridge, established the following formula:—

"“\) ) + .
:{:(4\-w ,_Egim__ L5
o I_ 3 A
SPGB _,_ (5 ) P w) fj— Ghatle
'.- - = [
?(5 W) e B\*l TP(ES ,w)P(})- mﬁ'P(gS»w) — (13.1)

vwhere P(z 4w) —-"H~U-3?130 ) bl < |,

They have used this formula to prove many of the
results suggested by Dyson in his paper "Some guesses
in the theory of partitions" (21) in addition to new
results., Their formula may be regarded as givmng the
partial fractions of 4 »(;% ,w}Ptv“np(s W)
and it is really a particular case, éugh eavily
disguised, of a formula giving the partlal fractions of

(Zf-l Y
;}3('43&(yﬁ¥$l §> which was established by
Professor Watson and used to derive numerous identities
involving mock theta functions of the third order.(18)

Atkin & Swinnerton—Dyer srrived at their result by
conjecture and then proved it to be true as follows:—
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Writing (1311) in the form f(z,E,,w) = 0 they proved that

-FLWB S w)+ }‘F‘( S w) . If le<|5|<| *F, qua
function of z, has at most poles atz =1, 2 = S ,
z =wg' in  lwl <1yl %1 and evidently z = 1 is
not a pole. Hence f = 0, The result for general §

follows by analytic continuation.
We now prove that (13.1) is a limiting case of

(10.14). In (10.14), take al—a, ay = Jop ,» . = z«#
ay = b, ag=0¢C, aqa =4, a, and let b, c, oE
Then, 31ncea4qm ay, there 1s a péﬁé&eter 1 in the

numerator of the second ¥y which therefore has unit
sum. The gYg reduces to a P, because a; = aplay

.. Wwe hgve
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h'}l

i i A SO
Pl (a0 F -2 )0 A U Fr) -t /Q‘W‘HN“*“)

b S M. ’-(LD-Q[PEI. PJKv'& QJP: J-—lk b, e, o ‘) (.Of:)%./wJ
b.c d>e V=, - Ja, PJ—IB 3’ u’: afu,h, Qfalc,arld, .

STl 0= )
| ,,u-w TR ST T T DT

L 3
lmi“f Pty gt o, g, ’“"’LM]
P P ]b/'iS P"Q. ”:-. P o."/c‘. P"o."/d.,[a'b’

+“‘«6(m01f - ")U-H})

§ R 5 M Mg N )35 =

Letting b, ¢, d — o0 and rearranging the products we
have .

" Sninw) 3 3n 38 -3dn
i(_l\JP = [B g > }'o‘ ]
el (]- EQ{P" "L\) (|- "{/Q'\-)

- ln-H)

= f —H_U- ‘")O—p /Q> 2_— ("D

rza (l- T )U-q’.t';“ (I-r- 3)

+"Iu R e I A NI |
B S T (S N (I AT

putting w = p and/pla. = 5 we obtain (13.1)
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This proof is of interest, because it gives a method of
obtaining moregeneral formula than (13.,1) from
generalised hynergeometric series, In fact, we have a
method of obtaining formulae which correspond to (1%.1),
with 3 replaced by (2m+ 1), It is apparent that such
formulae become more and more complex as m increases. The
case in whieh m = 2 is obtained as follows.

As the parameters in Sear’s formula fall into two
different groups, in order to have 5 parameters which can
tend to infinity without introducing awkward limits, it
is necessary to start from Sear’s formula with M = 7 and
not with M = 6 as might be supposed Taking M = 7,

8, =P, a,= pJa, ag =-plJa,, where the parameters are
Q., o, - - Sear 8 formula becomes :—

ml_ ql"ﬂ *M-l 'ﬂl _ i 4 x,_ 1 wg L Wi
X mo Qn Qn Q\x Qlu Ak T au Qu_ Qu} mg)

Wcu-mg"w- 20 agf 1o e ae ) i-auf o ihef )(- -asg )U'gm' )

=14
r o
S
‘b r Ja.. P-Eln Q3+ Ay A, Qb Qg Ay Qus My Qs Qg ) EL'(_Jl e et = ;
K 12 - -
Ja,,-Jja _! q, @ L ArApaq No % G l
HAL PR P2\ pou, oy % par, ga-,% P, fL, ?—“N J
_oQ
:n HL“E_. X‘Q l-ay "lil- I- -QE i“ﬂ\ﬁ ‘ﬂnE 1-6\2"‘
- Q\o Qu an " o;qq Q;Qu ﬂ:ﬁll Q3Qn, /\ Azan A ajay

TQ‘%XF%X-—";%X“%)E~°-£;\‘*-QP’u— -] (%)(M)(_.,EX_L)

c Q
" \ Q. Qt . q3q“qsqhngqvgﬂn AnlnQi,

b’ ng.l' ’ El‘ * »y23% , naa: u;m. Gy, a1Q4, Q;Qu Bt 0303 , 0y p‘*QF
Q Q Tay
23, -9 3 3 1

+ idem ( a,; au, as, ae ).

Wow, in (13.2) taking
a4 = 8y, 8, = JEF y a, = zﬁﬂﬁ , g = XJEF, 8, = JEFA:
a = and letting aQq.Qe.Qu,Quiaiy >R, we obtain,
in the ngQatlon of Atkin & Swinnerton—Dyer, the formula
(13.3) viz:
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- ,&‘."\*!) ~&n S
S [_&‘M;, S
Nz~ I—XS- W " 76%\4."
= P WPEL W PET W) &= Y w%\“'f )
PLS: W) ):PL«:‘\.h]z ne—-0 U'”Aw“)

+ PLS WP WP (T w) P(& v w) Cri(\- w"\)x)
PLE W PG ) P (5w P (3he, ) Pl w)

..1 \ . Snlnti) T _Sn S~+8
TS 5 S e =
PL“\ \'J)P (:a', w) < n=-o

1= b::.' W I~ '8'-“”“

— (13.3)

We can also reg-ard (13.3) as giving the pé,rtial

iractions of 1Lp (8™ WP () PRS0 Plyhei) Ploeg ) }




(14)
A generalisation of the formula (10.14A)

obtai;[lf, in (13.2) we take a, = Pq.!qg, ae =}>ﬁnlao. , we

SLb% ‘Pﬁ.,"Pﬁn Qq, Qs Ay Qs Ay Quy ) ELQ:}
’ JE.;J_E., %) &- E.L E_J_ E_l qﬁQIQQan_qp;Qn,.

) Qia’ Qn. (=1} oy,

LQ'_%)—I——U_Q‘P)(} ™ V)a, ‘!‘Hr rH l-n?_)(l-oup )W(‘lie_ﬂ: hag r»l\

LQI—QI q‘q“ :
S — (14.,1)
_erﬂx_ X]_ "'il °5_L |~ "}X_ (}_ ﬂlX
Quﬂb
V\t‘\?l!lq
X - Q‘,Qg QuQm v Oy, @, Q Q\Qun , oL ; Fap
3\]’9 l # ? i; Q. Q. Q, Q, ! "I“ ‘*Ql = "' ' —!’-Ql .
Q9% n Ay
) S, P2, pau, pou , pos par
U: Qie Qn Qi Qpy Quw

+idem(a,a)

This is a relation connecting 3 well- poised sdg's
of general type. (10.1A) is obtained from (14,1) by
taking aq ¢ a, and a, = a.

In conclusion, I should like to express my
thanks to Professor W.N.Bailey for his encouragement
and advice throughout this work.
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