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Equation of state in finite-temperature QCD with two flavors of improved Wilson quarks
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We present the results of a first study of the equation of state in finite-temperature QCD with two flavors of
Wilson-type quarks. The simulations are made on lattices with a temporalNsize&l and 6, using a
renormalization-group-improved action for the gluon sector and a mean-field-improved clover action for the
quark sector. The lines of constant physics corresponding to fixed values of thengatim, of the pseudo-
scalar to vector meson masses at zero temperature are determined, and the beta functions which describe the
renormalization-group flow along these lines are calculated. Using these results, the energy density and the
pressure are calculated as functions of temperature along the lines of constant physics in tmesgénge
=0.65-0.95. The quark mass dependence in the equation of state is found to be smmali/fo;<0.8. A
comparison of the results fdd;=4 andN,=6 lattices shows a significant scaling violation present in the
N,=4 results. At high temperatures the resultsfg=6 are quite close to the continuum Stefan-Boltzmann
limit, suggesting the possibility of a precise continuum extrapolation of thermodynamic quantities from simu-
lations atN;=6.
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I. INTRODUCTION The next step toward a realistic quark-gluon plasma simu-
lation is to include dynamical quarks, which clearly play a
During the last decade, much effort has been devoted tgignificant role in the real world through chiral symmetry.
experimentally detecting the quark-gluon plasma state inuntil recently, the EOS with dynamical quarks has been
high energy heavy-ion collisions. In order to extract an Un-computed only with the Kogut-Susskirgtaggerel quark

ambiguous signal of quark-gluon plasma production from, iion or its improved forn{8—10]. Strictly speaking, the

heavy-ion collision experiments, a theoretical underStandingtaggered quark action only allows the number of flavors to
of the nature of the finite-temperature chiral phase transition ltiole of d idi i ithi

and the thermodynamic properties of quark-gluon plasma i%e a muttiple ot Toulr, and providing a mass difierence within
indispensable. In particular, the equation of SEE®S be- the fourfold multiplet is not straightforward. It has also been

longs to the most basic category of information needed iffound that the critical scaling for two-flavor QCD extracted
phenomenological investigations of heavy-ion collisions. ~ With this formalism[11—14 does not agree with the theoreti-
Extensive numerical studies have been pursued in latticgally expectedO(4) values. These features of the Kogut-
QCD to derive the equation of state from first principlés ~ Susskind quark action make it imperative that the quark-
Within the quenched approximation, in which effects of dy-gluon plasma properties be explored with alternative quark
namical quark-pair creation and annihilation are neglectedgctions. In this article we present results on the equation of
precise results have been established. Continuum extrapolstate obtained with the Wilson quark action in an improved
tions of the lattice results have been made with various latform.
tice actions, finding a good agreement within errors of a few The study of finite temperature QCD with Wilson-type
percenf2—4]. For the pressure, a detailed comparison of thequark action has been difficult for two reasons. First, explicit
results from the integral method and the derivative methoathiral symmetry breaking complicates the phase diagram
have also been madé—7]. The problem of a nonzero pres- analysis[15—-17], which is basic for obtaining the equation
sure gap at the transition point with the derivative methodof state. In this connection, an important role played by the
has been solved by a nonperturbative calculation of anisojparity-flavor broken phasgl8] has been realized, and the
ropy coefficientd6]. phase structure for finite temporal lattice sizes has been un-
derstood 19-21].
Another difficulty has been that, when the standard
*Present address: Department of Physics, Columbia Universityplaquette gauge action and the standard Wilson quark action
538 W 120th St., New York, NY 10027. are adopted, the system exhibits severe lattice artifacts on
TPresent address: Department of Biochemistry and Molecular Bicoarse lattices with a temporal lattice sidg=4 and 6. For
ology, University College London, London, England, United King- example, the finite-temperature transition strengthens at in-
dom. termediate quark masses to a first-order transition Nor
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=6 [16,17, while it should weaken as quarks become TABLE I. Simulation parameters on a 64 lattice.
heavier. In this regard, it has been shown that an improve :
ment of the gauge action is effective in reducing the lattice 8 K Traj. Therm.
artlflacts in fm:’;eﬂt]en;pergture Qr?D.I tFurth_?_rmorE:{ the gr]itlcal 1.80 0.1300—0.1450 500—2000 200-500
Sl Sroud e b favor v farslon QOANEA 002 15 omooiee o0 o-am
sistent with the gex ected)(4)puniversgalitg class aN;=4 1.90 0.1250-0.1425 500-2000 200-400
[22] P y t 1.95 0.1200-0.1410 500-2000 200
These advances indicate that thermodynamic studies with 200 0.1150-0.1390 500-2000 200-300
0.0900-0.1375 500-1000 200-900

Wilson-type quark actions are feasible if improved actions

are employed. We have thus attempted a first calculation of 2.20
EOS in QCD with two flavors of dynamical quarks, using a
RG improved gauge actiofi23] coupled with a clover-
improved Wilson quark actiof24]. This combination of ac-
tions is motivated from our previous comparative st{@],
where we found lattice discretization errors to be small with E :i(f ¢t ) (5)
this action combination in both gluonic and hadronic observ- - T

ables at zero temperature.

The phase structure and the critical temperature for thisyhere f,, is the standard clover-shaped combination of
action combination were studied in R€26], employing an  gauge links. For the clover coefficiemt,, we adopt a
N;=4 lattice. In this paper, we extend the study toMn  mean-field valueg,,= P~ ** substituting the one-loop result
=6 lattice. We then calculate the pressure and energy densifgr the plaquetteP=1—0.84128"1 [23], which agrees
for N;=4 and 6, employing the integral meth¢a7]. We  within 8% with the values measured in our ruis]. We
obtain the EOS as a function of temperature for each fixedlso note that the one-loop resut,~=1+0.678B+ - - -
value of the renormalized quark mass, i.e., on each line 9f29] is close to our choicegy=1+0.6318+- - -.
constant physics. We identify these lines by the ratio of pseu- Our two-flavor simulation employs the standard hybrid
doscalar and vector meson massegg/my,, at zero tem-  Monte Carlo (HMC) algorithm. Details of the algorithm
perature. Our results cover EOS’s over the range/my implementation are the same as in Rdi25,26,2§. The
=0.65-0.95. length of one trajectory is unity, and the molecular dynamics

The organization of the paper is as follows. Our latticetime step is chosen to yield an acceptance rate greater than
action and the simulation parameters are summarized in Segbout 80%. The inversion of quark matrix is made with the
II. In Sec. Ill, we discuss the phase structure of QCD for oursiccstaB method. We measure the Polyakov loop and its
improved Wilson quark action &;=4 and 6. In Sec. IV, the susceptibility at every trajectory. Jackknife errors of these
temperature scale and the lines of constant physics are stugxpectation values are estimated with a bin size of 20-50
ied. The RG beta functions, required in our calculation of thetrajectories. Hadron propagators are measured at every five
EOS, are determined in Sec. V. Results for EOS'§lgt4  trajectories using point and exponentially smeared quark
and 6 are presented in Sec. VI. Conclusions and discussiossurces.

0.0700-0.1365 500 200

with F,, the lattice field strength,

are given in Sec. VII. In Ref.[26], we studied the phase structure for our action
combination on 18x 4 lattices with a temporal lattice size
Il. ACTION AND SIMULATION PARAMETERS N;=4. The simulation parameters are summarized in Table I.

) The values of the hopping parametr cover the range
The gluon[23] and quark[24] actions we employ are . m ~0.60-0.98. In these simulations, we have also
defined by measured the observables required for the EOS. We have
S=S +5S (1) since extended the simulation to b= 6 lattice. Simulation

9 T parameters foN;=6 are compiled in Table Il. For the spatial
lattice size, we choosBl;=16 both forN;=4 and 6. This
Sy=-8{ > CoW,, (X) + > Wi %), (2)  enables us to commonly apply results obtained on‘aldts
Xu=v X v tice to carry out zero-temperature subtraction in the calcula-
tions of the EOS, and to determine the lines of constant
— o f physics. For various tests, we also perform simulations on
Sq axDx,yQy - () 3 . > \
f=1,2 Xy 8°X 4 lattices as summarized in Appendix A.
Parameters for the zero temperature simulations are com-
Here 3=6/g?, ¢;=—0.331,co=1-8¢,, and piled in Table 1Il. On the zero temperature lattice* 16/e
determine meson masses by a combined fit using both point
_s _ _ . and smeared sources assuming a double hyperbolic cosine
Dy =0y Kz;:' {377 Us Byt (147, form for the propagator. This procedure is necessitated by the
fact that a plateau of effective mass is sometimes not quite
T A clear due to a small temporal size of 16. Results for masses
XUy ubuy+ik 5XVCSV\'K;>:V TurFurs @ are summarized in Table IV, and plotted in Figs. 1 and 2.
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TABLE II. Simulation parameters on a 186 lattice. TABLE Ill. Simulation parameters on a 4 @attice.

B K Traj. Therm. B K Traj. Therm.
1.95 0.1350-0.1410 1000 200 1.80 0.1300-0.1450 200 200-500
2.00 0.1300-0.1395 800-1500 200 1.85 0.1250-0.1440 200-300 100-300
2.10 0.1200-0.1375 500-1000 200-300 1.90 0.1250-0.1425 200 200-400
2.20 0.1100-0.1365 500-1000 200-300 1.95 0.1200-0.1410 200-300 100-400
2.30 0.1000-0.1360 500-1500 200-250 2.00 0.1150-0.1395 200-300 100-200

2.10 0.0900-0.1375 300 200-550
2.20 0.0700-0.1365 200-300 100-200
In order to check the accuracy of mass results, we com- 2.30 0.1000-0.1360 200 100

pare the values ofnpg and my, with those obtained in our
previous high statistic simulatiof&8]. We find that, when
N:a is smaller than about Blpg (K=0.1365 at3=2.2 and
K=0.1355 and 0.1360 8= 2.3), several masses are incon-
sistent with those obtained on a 32448 lattice. In these
cases, the effective mass on the! 1&itice shows no clear
plateau up to the largest time separation 8, suggesting th en circles in Fig. 3.

the temporal lattice size of 16 is not sufficiently large to The dashed lin&,(N,=4) through open diamonds rep-

L%T?J\éee cdo;tgirgﬁatl(;r:q;r:)nm g)r(flttﬁ: itéatlzitlic-reh?/\cﬁfeor:g ;ve d?esents the finite-temperature pseudocritical line for a tempo-
PS v ¢ ral sizeN;=4, which is determined from the Polyakov loop

<6.0/mps. We instead include results from our previous : o . )
study[28], shown by open symbols in Figs. 1 and 2, in theand Its sgscept|p|l|ty[26]. The region to the right oK,
! (largerB) is the high temperature quark-gluon plasma phase,
analyses in the present study. d th he left oK I s the |
Since the aspect ratits/N;= 16/6=2.66 for N and that to the left oK, (smaller5) is the low temperature
st o ! hadron phase. The crossing point of thkg(T=0) and

=6 is smaller tharNg/N;=4 for N;=4, we also check the . . .. ) .
. : . Ki(N;=4) lines is the finite-temperature chiral phase transi-
influence of the spatial volume on the EOS. In the ideal ga%é(n rt)oint)[17]. As one observespin Fig. 3, the c[:)hiral transi-

limit of ¢, analytical calculations as described in Aploen'tion point is located close to the cusp of the parity-flavor

dix B show a 10% finite size correction fots/N;=3 when broken phase, with the difference expected tafa). This
~4— 0, = - ! :

D ot COMSIGNt Wi the it it e massess i,

ture, however. To study the spatial volume effect in this re_preted as th_e Nambu-GoIdstone_ bospn assoma_ted W'th. spon-
Y : - . . taneous chiral symmetry breaking in the continuum limit,

gion, we make additional simulations &ig/N,=2 appears only in the cold phase

834 Iat_tlces, and compare the res_ults with thOSN?’FNt In Figs. 4 and 5 we present the expectation value of the

=4 obtained on 1¥x 4 lattices. Details are presented in Ap- Po

. ! lyakov loop and its susceptibility obtained on &X®
pendix A. We find that the pressure ldt/N;=2 and 4 are : ) .
consistent with each other within 1-2 %, except very nealatt|ce. We find a clear peak of the Polyakov loop suscepti

- .~ bility. Fitting th k ian form using thr r four
the critical temperature. We therefore conclude that fll’llte'b y g the peak by a Gaussian form using three or fou

I i bl trolled f 6 points around the peak, we determikgN,;=6) at 5=2.0,
volume corrections are reasonably controfied for Bl 2.1, 2.2, and 2.3, as summarized in Table V. The results are
lattices over the range of temperature we study.

shown in Fig. 3 by filled diamonds denot&j(N;=6).
The pseudocritical temperatufg,. in units of the zero-
IIl. PHASE STRUCTURE AND temperature vector meson mass was studied in [lRéf.for
PSEUDOCRITICAL TEMPERATURE N;=4. We repeat the study using tg=6 data. For this

_ _ _ purpose, we interpolate the zero-temperature meson mass
Figure 3 summarizes our results for the phase diagramyata to thek,(N,=6) line by

The solid line threading through filled circles, denoted

K:(T=0), is the location of the critical line where the pion

mass vanishes at zero temperature. This is the line of con- 1 1

stant physics for massless quarks. AboveKh€T=0) line, (Mpgd)?= BPS(R T

the parity-flavor symmetry of the Wilson-type quark action is ¢

broken spontaneousfit8,20. The pion mass vanishes along

the line since, the pion becomes the massless mode of a

second-order transition associated with this spontaneous

breakdown. At zero temperature, the boundary of the parity-

flavor broken phasghe K.(T=0) line] is expected to form

a sharp cusp touching the free massless fermion geint

=1/8 atB=». The values ompg/my, andT,./my, atK, are summarized in
For finite temporal sizedl; corresponding to finite tem- Table V.

peraturesT=(aN,) !, the parity-flavor broken phase re-
tracts from the larges limit, forming a cusp[19,20. The
boundary of the parity-flavor broken phase Nj{=4, the
ag(Nt=4) line, is shown by a thin line threading through

el
+CP R_K_C ' (6)

1 1)2

mva: BV + CV (7)

C Cc
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TABLE IV. Results formpga, mya, andmpg/my, on a zero temperature lattice of size*16

B K Mpga mya Mps/ My B K MpA mya Mps/ My

2.00  0.1325  1.15325) 1.304747)  0.884321)
2.00  0.1350  0.95587) 1.115949  0.855925)
200 0.1375  0.70884)  0.904445  0.783433)
200 0.1385  0.60287)  0.829154)  0.727149)
200 0.1390 0526885  0.743955  0.707G41)
2.00 01395  0.44620) 0711465  0.627262)
210 01100  2.16222)  2.210922) 0.97813)
210  0.1150 1.94125) 1.998931) 0.97125)
210  0.1200  1.69821) 1.768324) 0.96075)
210  0.1250  1.42227) 1.506619) 0.94448)
210  0.1300  1.10223) 1.204430)  0.915211)
210  0.1325  0.92126) 1.042937)  0.883417)
210  0.1340  0.77941)  0.905346)  0.860625)
210  0.1350  0.70222)  0.845330)  0.830726)
210 01365  0.541Q7) 0715242  0.756448)
210 01375  0.42189  0.615851)  0.685151)
220 01100  2.04021)  2.076322) 0.98263)
220  0.1200  1.55821) 1.612924) 0.966%6)
220 01225  1.41229) 1.469531) 0.96118)
220  0.1250  1.266@5) 1.332329) 0.95079)
220 01275  1.10722) 1.178826)  0.939711)
220  0.1300  0.92826) 1.016738)  0.913721)
220  0.1325  0.74583)  0.844234)  0.883129)
220 01350  0.50181)  0.630755  0.795051)
230  0.1100 1.93718) 1.965520) 0.98552)
230  0.1150 1.69520) 1.731422) 0.97944)
230  0.1175 1.57220) 1.610223) 0.97634)
230  0.1200  1.42920) 1.469223) 0.97285)
230  0.1225  1.295Q0) 1.339719) 0.96735)
230  0.1250  1.15329) 1.207429)  0.955G11)
230  0.1275  0.989@5) 1.049528)  0.942410)
230 01300  0.81125) 0.881230)  0.921113
230 01325  0.62929  0.711G47) 0.885729)
230 01340  0.48633)  0.593240)  0.820351)
230 01350  0.380436)  0.508G53)  0.749369)

1.80  0.1300  1.76741) 1.931847)  0.915Q14)
1.80  0.1350  1.53280) 1.738449)  0.881814)
1.80  0.1375  1.388a5) 1.631G062)  0.851719
1.80  0.1400  1.20985) 1.476951)  0.818925)
1.80  0.1425  1.02324) 1.336878)  0.764633
1.80  0.1440  0.87883 1.219876)  0.720046)
1.80  0.1450  0.75626) 1.156388)  0.654654)
1.85  0.1250  1.91048)  2.041G52  0.936G11)
1.85  0.1300  1.68185) 1.844043)  0.912411)
1.85 01350  1.41074) 1.614852)  0.873621)
1.85  0.1375  1.25382) 1.486246)  0.843116)
1.85  0.1400  1.04639 1.317q70)  0.794529)
1.85  0.1425  0.80587) 1.123367)  0.716933
1.85  0.1440  0.56386)  0.948871)  0.593950)
1.90  0.1250  1.82389 1.947051) 0.93639)
1.90  0.1300 157539 1.728348) 0.911512)
1.90  0.1325  1.42621) 1.597946)  0.892615)
1.90  0.1350  1.26689) 1.455052)  0.870720)
1.90  0.1375  1.08633 1.312652)  0.827930)
1.90  0.1400  0.85080) 1.118676)  0.760235)
1.90  0.1425  0.495B4)  0.829296)  0.597779)
1.95  0.1200  1.96845  2.064347) 0.95367)
1.95 01250  1.723@3 1.836053)  0.939410)
1.95  0.1275  1.60839 1.739851)  0.924713)
1.95  0.1300  1.46687) 1.615343)  0.907512)
1.95  0.1325  1.29482) 1.453058)  0.890916)
1.95  0.1350  1.12689 1.313840)  0.857321)
1.95  0.1375  0.90239 1.117746)  0.807529)
1.95  0.1390  0.74083  0.978952  0.756335)
1.95  0.1400 059888  0.851G69  0.703752)
1.95  0.1410  0.44635  0.742493)  0.601582)
2.00 01150  2.09685  2.169937) 0.96645)
2.00 01200  1.87881)  1.966247) 0.95557)
2.00 01250  1.62036)  1.723844) 0.93999)
2.00 01275 148289 1598548  0.927110)
2.00  0.1300  1.32583)  1.457446)  0.909213)

Results ofT ,./my, as a function of ps/my)? are plotted  servables for a fixed renormalized quark mass, i.e., on a line
in Fig. 6 for N;=4 [26] and 6. We find, in the range of constant physics.
Mps/My=0.65—0.95 that we study, values Bf./my at N, We identify the lines of constant physics in the parameter
=4 and 6 agree within about 10%. space B,K) by the values ofmps/my, at zero temperature.
Deferring details of the interpolation procedure of hadron
mass data to Sec. V, we show the lines of constant physics
IV. LINES OF CONSTANT PHYSICS corresponding to the valuesss/m,,=0.65, 0.70, 0.75, 0.80,
0.85, 0.90, 0.95, and 0.975 by solid lines in Fig. 7. In this
In previous studies of EOS’s with staggered-type quarkiigure, the bold line with open circles represents the critical
actions, the pressure and energy density are determined Bse K (T=0), corresponding tops/my, =0. The bold lines
functions of temperature for a fixed value of bare quark masgiith open diamonds and triangles are tKge lines for N,
m{Ya. While m{”a and N, are practically easy to set in =4 and 6.
simulations, the system at different temperatui@svalues We also attempt to determine the lines of constant tem-
of B) will have different physical quark masses. This is notperature. Here we adopt the pseudocritical temperafyge
useful for phenomenological applications, and we need t@n the same line of constant physics as the unit of tempera-
evaluate the temperature dependence of thermodynamic ohire, where the temperature itself is determined through the
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3.0

®p=1.80
Op=1.80(12°x24)
Wp=1.85
&p=1.90
AB=1.95
AB=1.95(16’32)
«p=2.00
V¥p=2.10
V B=2.10(24°x48)
»p=2.20
D>p=2.20(24°x48)
#*p=2.30

8.5

0.0 L

9.0

FIG. 1. Pseudoscalar meson mass squared as a functioK of 1/
Filled symbols are obtained on a“llattice. Open symbols are from
Ref.[28].

zero-temperature vector meson masg as

T
(B.K)

my

= Nexmya(B.K) ®

The ratioT,./my, for the pseudocritical temperatuiig,. is
obtained by tuning3 andK along theK; line for eachN;.
We then interpolatd ,./my as a function of fnps/my)? by
a Padeype ansatz:

Toc _ 1+ B (mpg/my)? ©
My 1+C(mpslmv)2-
We obtain A=0.2253(71), B=-0.933(17), and C

=—0.820(39) with xy*/Ng=1.61/5 for Ny=4, and A
=0.261(19), B=—0.873(35), andC= —0.624(108) with
x%IN4¢=0.74/1 forN,=6. The dashed and dot-dashed lines
shown in Fig. 6 are the fit results fdi,=4 and 6.

2.0

1.5

@p=1.80
Op=1.80(12°x24)
Wp=1.85
@p=1.90
Ap=1.95
AP=1.95(16°x32)
«p=2.00
V¥p=2.10
VB=2.10(24°x48)
p-p=2.20
D>p=2.20(24°x48)
*P=2.30

0.0 1 1 1 1
7.0 7.5 8.0 8.5
1/K

. 1, but for vector meson mass.

0.5

9.0

FIG. 2. Same as in Fig
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0.18 T v T v T T T
0.16 |parity—broki .
phase,
. SO
0.14 ? « 5 R
+ + . LR %
X + + » i\\ ¥
0.12 5 4 LR AN \!’
+ data(163x4,1 64) + N+ X
x data(16°x6,16") B x:
o K (T=0) +
010 I oK (N=4) At
O K(N=4) £ N\
* K(N=6) P
0.08 4
1
1 1 1 1 =I
1.2 1.4 1.6 1.8 2.0 2.2

B

FIG. 3. Phase diagram and simulation points orFx8,

16°x 6, and 16 lattices.
0.15 . T . ' . ; . .

0—OB=1.95
00— B=2.00

0.10

<L>

0.05

0.00 <
0.100

0.120

0.110 0.130 0.140

FIG. 4. Polyakov loop obtained on a6 lattice.

2.0 L) L} L} L}

0—0B=1.95
O—0Op=2.00
O—0p=2.10
A—AB=2.20
<4—<p=2.30

0.0

0.100 0.110 0.1&0 0.130

FIG. 5. Polyakov loop susceptibility obtained on &% lat-

tice.
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TABLE V. Finite temperature transition and crossover poky for N,=

PHYSICAL REVIEW D 64 074510

Mg T=0)/m(T=0) andT,./m\(T=0), interpolated to thé&, point, are also listed.

4 and 6. Results for

B Ki(N;=4) Mps/ My, Tpc/my Ki{(N{=6) Mpg/My, Tpc/my

1.600 0.154810) 0.346153 0.21711)

1.650 0.153810)

1.700 0.151Q10) 0.396170 0.23417)

1.800 0.144814) 0.69092) 0.21115)

1.850 0.14014.8) 0.790560) 0.191720)

1.900 0.1362(15) 0.852539) 0.180112)

1.925 0.1341@23)

1.950 0.1304®7) 0.905164) 0.157262)

2.000 0.1237@3) 0.945@36) 0.139829) 0.1386121) 0.72516) 0.208653)
2.100 0.1092M3) 0.979@13) 0.111409) 0.13365%40) 0.863578) 0.175358)
2.200 0.1253@5) 0.948119) 0.1275%15)
2.300 0.11964@L5) 0.972412) 0.1114%62)

Ansatz(9) does not incorporate the(@ scaling behavior

limit mps/my=1. Fits satisfying these constraints may beT/T,

attempted, e.g., by replacingnbs/my)? with (mPS/mV)2’55
and giving an additional factdrl — (mps/my)?]. They yield
curves which are close to that of E@) but agree less well
with data. Since we employ such fits for the purpose of in-
terpolating the data folf ,./my, over the quark mass range

mps/My=0.65-0.95 of our study, we choose to adopt Eq.

(9) in the following analyses.

For N;=

trapolation by performing a fit olN,=

6, since the data foif ,c/m,, cover only the

points in the rangenps/m,,=0.725—-0.972. We find that the
difference between this fit and our full fit is less than 1% for

mpslm\/: 0.65-0.7.

Finally, we normalize the temperatufém,, by the pseu-

0.25 4
\n
~
N
0.20 | b RN .
= e\\\
£ ‘{%
~
-4 N
= * §
0.15 | 2N 4
O Nz=4 \a
\
AN=6 ‘A\
\\\
R
0.10 1 1 1 ] \
0.0 0.2 0.4 .6 0.8 1.0
(Mes/m,)

separately, foN,=

4 and 6 data.

' docritical temperaturd ,./m,, on the same line of constant
Tpe(Mpd = Tpe(0)+cmpE? with 1/85=0.54 expected close physics. Results of the procedure above for the lines of con-
to the chiral limit or the constraint,.=0 in the heavy quark stant temperature are shown by dashed lines in Fig. 7 for

used to sefl .

=10, 1.2, 1.4, 1.6, 1.8, and 2.0, whefg(N;=
. We observe that th&; line for N;=6 is

4) is

slightly discrepant from thd/T,.=1.5 line; this deviation
represents a scaling violation ,./m,, .

V. BETA FUNCTIONS

The renormalization group flow along the lines of con-
stant physics is described by the beta functions. Their precise
rangemps/m,,=0.725-0.972, we have to extrapolate the fitvalues are required in a calculation of the energy density
result down tomps/m,=0.65. We check the effect of ex- ¢/T* discussed in Sec. VI. In this section, we study the beta

4 data using only the functions

K
(10

0.150
0.140 T
2.0
0.130 ~{18
X 1.6
0.120 14
®om./m,=0.65 :
Em,/m,=0.70
& m,/m,=0.75 12
|| Am/m,=0.80 .
0110 E3 <m:z/m:=0.85
¥ m./m,=0.90
» m,/m,=0.95
%m,/m,=0.975
0.100 L L L
1.80 1.90 2.00 2.10 2.20 2.30

FIG. 7. Lines of constant physics and constant temperature.

FIG. 6. Pseudocritical temperature in units of the vector mesorsolid lines aremps/m,, constant lines, and dashed lines avd .
mass as a function offos/my)2. Dashed lines are interpolations, constant lines foN,=4. The values off /T, for the dashed lines
are given on the right edge of the figure.
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for fixed values ofmps/my,, using results fompa andmya 2.5
at zero temperature.

Sincem,, is a physical quantity which we can take as
independent of the lattice spaciagthe derivativesadp/da
and adK/ga with fixed mpg/m,, can be replaced by
myadpld(mya) and myadK/d(mya). Naively, these quan- 15 F
tities may be determined in the following way. First, one fits
the values ofmpa and mya measured at eachB(K) by a E>
suitable fit function, and differentiates the function in terms 1.0

#K=0.110
k=0.115
k=0.12¢

K=0.125

of B andK. The derivatives8/d(mya) anddK/d(mya) can K=0.13C
be calculated by solving o5
B IK
a(mya) d(mya) %50 060 070 0.80 0.0 1.00
B K Mps/My
d(mpg/my)  d(mMpg/my) FIG. 8. mpg/my vs mya obtained onT=0 lattices. Solid lines
-1 are B constant lines, and dashed lines &econstant lines. The

a(mya) J(mpg/my)

B B
- amya) d(mps/my) ' 1D The fit range is _determir_ned for gachn(\(a)o,(mpslm\,)o)
IK IK separately: The fit range imps/my, is fixed such thag?/N
is minimized, under the condition that the number of fitted
data is larger than 30 to avoid artifacts from statistical fluc-
In practice, however, we find that there exists a region wherg,ations. For the fit range imya, we include all data except
the matrix on the right hand side becomes almost singular, sgy the pointsmya<2.3 orK=0.11, which are far from the
that the inverse cannot be solved reliably. In particular, Wheﬁ‘egion we study.
quarks are heavy, becausgs/my is always close to 1,its  From the fit results, we calculate the beta functions by

d_eri\llatives in terms of andK cannot be determined pre- (jfferentiating andK in terms ofmya, with mpg/my fixed:
cisely.

meanings of the symbols are the same as in Fig. 1.

This leads us to adopt the following alternative method. B
We determinamya(dB/dmya) andmya(dK/omya) directly My~ Mvacs, (14)
from the inverse functions B(mya,mps/my) and
K(mya,mps/my). In Fig. 8, we plot results for 9K

(mya,mps/my) at zero temperature. To determinép/da
and a(dK/ga) at a point, say[(mya)q,(Mps/My)gl, we

fit data for (B8,K), i.e., the values specifying the simu-
lation points, by a power function expanded in terms
of [A(mya),A(mps/my) J=[mya—(mya)e, (Mps/my)
—(mps/mMy)o]. We employ the following general fit ansatz
up to the third power:

mvam= myacgs - (15

The results are plotted in Figs. 9 and 10. In Fig. 9, the one-
loop perturbative value aiyal JB8/d(mya)] for a massless
quark is shown by a solid line near the right edge of the plot.
Our results appear to approach this value gradually in the
large B8 limit. We also see thata] ¢K/d(mya)] for small
mps/mMy, approaches zero at large as we expect from the
B=Cgot Ca{Amyal+ca{Amyal?+cg{Amyal® fact thatK .— 1/8 asB— . Another application of fit12)

and(13) is the determination of the lines of constant physics

+Cpa{ A(Mps/my) }+Cps{A(Mps/my) HAmya} and the temperature measured by the vector meson mass,

+Ce{ A(Mps/My) HAMya}2+c g7 { A(Mpg/my)}2 T/my=1/(N;mya), discussed in Sec. IV.

+ Cagl Ampg/my)}*{mya— (myajo} VI. EQUATION OF STATE

3
*CpolA(Mps/my)}, (12 The energy density and pressure are defined by
K=Cko+CrifAmyal + cof Amyal?+cez{Amyal® 1dInz TaInZ 16
e=—y 1 P= :
+Cral A(Mps/My) } + Cis{ A (Mps/my) {AMpaa} VTt N
+Cye{ A(Mps/my) HAMya}? + c7{A(Mps/my )} whereZ, T, andV are the partition function, temperature, and

2 3 spatial volume, respectively. We calculate these quantities as
+cra{A(Mps/my){Amyal + cof A(Mps/my)}. a function of temperature along the lines of constant physics
(13 obtained in Sec. IV.
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0.0 1000 T
Op=1.80
Op=1.85
800 I op=1.90
Ap=1.95
----------- <p=2.00
X g0 b VB=210
) D> $=2.20
VA
=
®m,/m, =065 o
B m,/m,=0.70 %’ 400
&m,/m,=0.75 o
A m,/m,=0.80
4m,/m,=0.85
¥ my/m,=0.90 200
»m,/m,=0.95
¥ Mg/, =0.975
1,7 .
-15 1 Z 1 1 . 0 P
1.80 1.90 2.00 2.10 2.20 2.30 0.080
FIG. 9. mya[dB/d(mya)] on mps/my constant lines. The one- FIG. 11. Derivative of the pressure with respecktas a func-

loop result from perturbation theory at,=0 is also shown.

A. Integral method in full QCD

tion of K on a 16x 4 lattice.

aln zZ S
We compute the pressure by the integral meth2d]. B ap
This method is based on the formufe= —f, with f=

(=T/V)In Z the free energy der_lsity, valid for large homoge- — NgNt< Co > Wiy, D wix2) 0CSWK
neous systems. The pressure is then given by xp=v Xpv B
K —_
p:_f:_N4J(3 )d§ 1 iS(IB, K') ><< > T, F,,(x)D 1(x,x)>>, (18)
™ Tt N3N, 96T . Xp
Su

@D smz | s
where &=(dB’,dK’) is the line element in the 4,K) oK

T3

plane, and - - - ), is the expectation value at finite tempera-

ture with the zero-temperature value subtracted. The starting
point of the integration path should be chosen in the low

=NfN2Nt(< =2 TrE9(1—y,)U ,(x)
X, p

temperature phase whepe=0. In actual simulations, for set-

ting the starting point of the integration path, we quadrati-
cally extrapolate results for the integrand near the low tem-

perature phase to zero.

XD X+ @, X) + (14 y,)UL()D ™ H(x,x+ ,1)}>

_ For our actiong2) and(3), the derivatives in Eq(17) are _Csw< D Tr(C'S)oM,,FM(x)Dl(x,x)> (19
given by X v
0.04 ; - Py whereNg is the spatial lattice size, and(=2 denotes the
:mPs/mv=g.;g number of flavors. We evaluate the quark contributions
A?iﬁﬁoﬁao dS/dp anddS/dK using the noisy source method. In order to
0.02 ;g:jg;g;gg select the type pf noise, we have tes@®@), U(1), and a
»-m,/m,=0.95 complex Gaussian noise with a test run on &8 lattice.

T *m,/m,=0975

We find that theU(1) andZ(2) noises show a faster con-
vergence than the Gaussian noise in the number of noise

FIG. 10. my[adK/d(mya)] on mpg/my, constant lines.

ensembles. The difference betweenthgl) andZ(2) cases
is small, while theU (1) noise shows slightly faster conver-
gence in this test. From this result, we have adopted the
U(1) noise in this study.

The integral method was originally developed for a pure
gauge system, for which the parameter space is one dimen-
sional. In our case, the parameter space is two dimensional.

1.80 190 200 210 2.20 Therefore, the integration path for the pressiEg. (17)] is

not unique. We have performed a series of test runs on an
8%x 4 lattice, and confirmed the integration path indepen-
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TABLE VI. Derivative —(N3N,) “%(#S/dK) for 16°x 4, 16X 6, and 16 lattices.

PHYSICAL REVIEW B4 074510

1 <os> 1 <as>
N§Nt oK NSNt oK

B K 16°x 4 16X 6 16" B K 16°x 4 16X 6 16'
1.80 0.1300 —5.3622(47) —5.4232(59) | 2.00 0.1395 4.048406) 3.3763124)
1.80 0.1350 —4.8166(79) —4.9341(51) | 2.10 0.0900 —2.9462(25) —2.9600(17)
1.80 0.1375 —4.3207(63) —4.5143(54) | 2.10 0.1000 —2.8643(27) —2.8993(14)
1.80 0.1400 -—3.5759(65) —3.9051(93) | 2.10 0.1050 —2.7054(31) —2.7710(25)
1.80 0.1425 —2.2016(162) —2.9788(112)| 2.10 0.1100 -2.3368(50) —2.5538(26)
1.80 0.1440 —0.2992(227) —2.1623(102)| 2.10 0.1150 —1.8240(60) —2.1962(21)
1.80 0.1450  2.13282)) —1.4493(102)| 2.10 0.1200 —1.0100(60) —1.6474(34) —1.6509(29)
1.85 0.1250 —4.7935(43) —4.8429(33) | 2.10 0.1250  0.06187) —0.8130(62) —0.8219(32)
1.85 0.1300 —4.3596(47) —4.4437(33) | 2.10 0.1300  1.657B9) 0.502866) 0.479445)
1.85 0.1350 —3.4384(56) —3.6678(50) | 2.10 0.1325 1.50773) 1.386471)
1.85 0.1375 —2.6171(80) —3.0360(71) | 2.10 0.1340 2.373%7) 2.092679)
1.85 0.1400 —0.8984(161) —2.0797(142)| 2.10 0.1350  3.90851) 2.929167) 2.574252)
1.85 0.1425  2.671046) —0.6809(104)| 2.10 0.1365 3.90699 3.468671)
1.85 0.1440  4.501040 0.7871132 2.10 0.1375  5.31G89) 4.661565) 4.198360)
1.90 0.1250 —3.9170(71) —3.9860(32) | 2.20 0.0700 —2.3029(21) —2.3022(16)
1.90 0.1300 —3.2151(80) —3.3875(53) | 2.20 0.0800 —2.4132(27) —2.4469(16)
1.90 0.1325 —2.6335(101) —2.9136(34) | 2.20 0.0900 —2.3649(31) —2.4697(21)
1.90 0.1350 —1.5613(124) —2.2669(69) | 2.20 0.1000 —2.0985(35) —2.3012(25)
1.90 0.1375  0.312130 —1.3867(70) | 2.20 0.1100 -—1.4253(42) —1.8043(21) —1.8065(20)
1.90 0.1400  2.66563 —0.0358(137)| 2.20 0.1200 —0.0533(45) —0.6958(26) —0.6954(24)
1.90 0.1425  4.93089) 2.0916163 2.20 0.1225 —0.2433(30) —0.2560(41)
1.95 0.1200 —3.5434(50) —3.6066(38) | 2.20 0.1250  1.138@3) 0.324435) 0.273627)
1.95 0.1250 -—2.9842(63) —3.1191(60) | 2.20 0.1275 1.03722) 0.929737)
1.95 0.1275 —2.5015(123) —2.7719(46) | 2.20 0.1300  2.795B0) 1.954736) 1.759929)
1.95 0.1300 -—1.7833(65) —2.3076(73) | 2.20 0.1325  3.85740) 3.042341) 2.764649)
1.95 0.1325 —0.6182(99) —1.6726(52) | 2.20 0.1350  5.09439 4.407841) 4.074641)
1.95 0.1350  0.85676) —0.8309(61) —0.8373(61) [ 2.20 0.1365  5.89336) 5.348@43) 5.011352)
1.95 0.1375  2.48164) 0.373492 0.300984) 2.30 0.1000 —1.8180(16) —1.8210(21)
1.95 0.1390 1.38387) 1.221786) 2.30 0.1100 —1.2098(17) —1.2178(21)
1.95 0.1400  4.28083 2.3321134) 2.0463106) 2.30  0.1150 —0.6777(21) —0.6944(21)
1.95 0.1410  5.029%9 3.6109165 2.9673135 2.30 0.1175 —0.3082(20) —0.3570(29)
2.00 0.1150 -—3.2222(42) —3.2710(27) | 2.30 0.1200 0.10523) 0.043929)
2.00 0.1200 —2.7735(49) —2.8989(40) | 2.30 0.1225 0.62624) 0.533829)
2.00 0.1250 —1.8085(56) —2.2919(32) | 2.30 0.1250 1.24323) 1.118525)
2.00 0.1275 -—1.0607(82) —1.8253(43) | 2.30 0.1275 2.008383) 1.825221)
2.00 0.1300 -—0.0836(73) —1.2623(54) —1.2600(49) | 2.30 0.1300 2.936234) 2.711G40)
2.00 0.1325  0.99621) —0.5093(40) —0.5103(75) [ 2.30 0.1325 4.06439) 3.807739
2.00 0.1350  2.25869) 0.528249) 0.482@82) 2.30 0.1340 4.85529) 4.617329
2.00 0.1375  3.72589) 2.007386) 1.891777) 2.30 0.1350 5.43185) 5.174150)
2.00 0.1385 2.98494) 2.5623111) 2.30 0.1355 5.72742) 5.494429)
2.00 0.1390  4.66879) 3.4516133 2.9676112) 2.30 0.1360 6.03632) 5.847%45)

dence[30]. Details of the test are presented in Appendix A.Fig. 3.
We shall present results of a similar test in our production
runs below.

From this test we also find that the integration paths in the
K direction (constantB) lead to smaller errors for the final
values of the pressure than those in thdirection(constant
K). Therefore, we choose the integration paths in Khei-
rection starting from the region of small values lkfand K
moving toward the chiral limit. Our simulation points on the
16°x 4 and 186 lattices are shown by+”and “ X" in

B. Equation of state for N;=4
In Fig. 11, we show the results for the pressure derivative

A(plTH
= Nf< (20)

1 as>
N3N, K
NsN sub
obtained on aN;=4 lattice. Measurements are made with
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five noise ensembles at every trajectory. The bin size for the ' ' ' '
jackknife errors is set to ten trajectories from a study of bin Op=1.80 '
size dependence. Numerical values for the derivative are 80 0Op=1.85
summarized in Table VI. Interpolating the data by a cubic ©p=1.90

. : ; LI . AP=1.95
spline method, we integrate in thé direction to obtain the qB=2.00
pressure presented in Fig. 12. VB=2.10

We also compute the derivative in tiedirection, E 40t PB=220

a(plT) N4< 1 aS> o1 o
N\ N3N 98 '
9B NNy 9B sub 20}

as shown in Fig. 13 and Table VII. We observe that the
results for this derivative are noisier than those for ke
derivative in Fig. 11. This is the underlying reason for the 0.0 e
fact commented upon in Sec. VI A that the integral paths in 0.080
the K direction lead to smaller errors in the pressure.

In Fig. 14, we replot the pressure from teintegration FIG. 12. Pressure as a function i§fon a 16 4 lattice.

as a function of8, and compare it with the slodé&q. (21)]

computed independently from theéS/93 data. The latter \yhile the integral method does not allow a separate evalua-
data for the slope, shown by short lines, are tangential to thgon of the two contributions, a comparison of the two-flavor
pressure curve, confirming the integration path independencgsyit and that of the pure gluon theoi§] (dashed ling

of results for the pressure. “shows that the situation should be similar at finite tempera-
The pressure data shown in Fig. 12 or 14 are not yet quitg,res.

physics as a function of temperature normalized by thepression for the interaction measte 3p:
pseudocritical temperaturg,. on the same line of constant
physics. The necessary change of parameters fig/d) to
a_

formed in Secs. IV and V. T N3N, da

The pressur@/T# as a function ofT /T, is given in Fig.

Bl 1 S K/ 1 4S

this figure, symbols denote the values on the integration path =N a q N3N, 9B +a£ NN, K :
along theK direction at3=1.80, 1.85, 1.90, 1.95, 2.00, 2.10, st sub st su
of K corresponding to the given values ofss/my. The
values ofT/T at those points are determined framya, as  Applying the beta functions calculated in Sec. V, we find the
direction of g (i.e., of T/T,;), we use the results for the symbols is the same as in Fig. 15.
slopesdS/dB shown in Fig. 14 and adopt a cubic ansatz.

(mpg/my,, T/T,) is achieved with the interpolations per- _Bp:Nf< 1 as>
sub
15 for mpg/m,,=0.65, 0.7, 0.75, 0.8, 0.85, 0.9, and 0.95. In 4
and 2.20, i.e., for each, the pressure in Fig. 12 at the values (22)
discussed in Sec. IV. To interpolate these symbols in theesults for €—3p)/T* shown in Fig. 16. The meaning of

In Fig. 15 we observe that the pressure depends only  60.0 T T T T
weakly on the quark mass once the ratips/my, falls below O p=t.80 (L
~0.8. In the heavy quark limitmpg/my=1, the pressure OpB-1.85
should coincide with the pure gauge value on a lattice with ©B=1.90
the same size, which is denoted by a dashed[eWhile Ap=1.95
the pressure decreases fogs/m, = 0.80—0.95, the values at 40.0 ;‘F;g;ﬁ’g
mps/Mmy,=0.95 are still large compared to those of the pure T D>p=2.20
gauge system foN;=4. v":‘

In Fig. 15, we also mark the high-temperature Stefan- &

Boltzmann (SB) values by solid horizontal lines, both for <1

. i : ) 20.0
N;=4 and in the continuum. The lattice value is evaluated

from the free energy density in the SB limit, to be in parallel
with the integral method adopted in numerical simulations.
Some details of this computation are described in Appendix
B. We observe that the pressure overshoots the SB value i
the continuum limit, and appears to increase gradually to-
ward the SB value for thil,=4 lattice at high temperatures.
Another point to note is that the large SB value onNyn FIG. 13. Derivative of the pressure with respecidas a func-
=4 |lattice [3,31] is dominated by the quark contribution. tion of K on a 16x 4 lattice.
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TABLE VII. Derivative — (N3N,) “%(9S/aB) for 16°x 4, 166, and 18 lattices.

1 <as> 1 <as>
N3N, \9B N3N, \9B

B K 16°x 4 16°x6 16" B K 16°x 4 16X 6 16"

1.80  0.1300  10.00299) 9.997624) 200  0.1395 11.5289) 11.500212)
1.80  0.1350  10.11131) 10.102%16) | 2.10  0.0900  11.37716) 11.376210)
1.80  0.1375  10.17884) 10.169114) | 2.10  0.1000  11.44Q14) 11.435810)
1.80  0.1400  10.263%1) 10.244719) | 2.10  0.1050  11.47931) 11.471711)
1.80  0.1425  10.38448) 10.336%19) | 2.10  0.1100  11.54Q422 11.510012)
1.80  0.1440  10.52380) 10.406315) | 2.10  0.1150  11.59924) 11.55589)
1.80  0.1450  10.67417) 10.458%11) | 2.10  0.1200  11.67G85  11.609313)  11.607710)
1.85  0.1250  10.23G46) 10.228210) | 2.10  0.1250  11.72715)  11.667@15  11.665410)
1.85  0.1300  10.32345) 10.318912) | 2.10  0.1300  11.7937T1)  11.735%11) 11.73389)
1.85  0.1350  10.45192) 10.436%10) | 2.10  0.1325 11.77930)  11.770913)
1.85  0.1375  10.53542) 10.507116) | 2.10  0.1340 11.8126) 11.799113)
1.85  0.1400  10.67946) 10.597423) | 2.10 0.1350  11.86G41) 11.82788) 11.812810)
1.85  0.1425  10.91233 10.702413) | 2.10  0.1365 11.85622) 11.84029)
1.85  0.1440  10.99623) 10.798115) | 2.10  0.1375 11.8958) 11.87599) 11.86038)
1.90 0.1250  10.56287) 10.557%13) | 2.20  0.0700  11.74723 11.74689)
1.90  0.1300  10.664@81) 10.650316) | 2.20  0.0800  11.78549 11.778210)
1.90 0.1325  10.72923) 10.70988) 220  0.0900  11.84195) 11.818@10)
1.90 0.1350  10.83266) 10.776114) | 2.20  0.1000  11.89414) 11.864713
1.90 0.1375  10.97634) 10.850916) | 2.20  0.1100  11.96283 11.92548) 11.922910)
1.90  0.1400  11.11431) 10.947Q19) | 2.20  0.1200  12.03412 11.99967) 11.99838)
1.90  0.1425  11.20711) 11.064314) | 2.20  0.1225 12.0223) 12.02168)
1.95  0.1200  10.80180) 10.796716) | 2.20  0.1250  12.08G21) 12.04777) 12.04478)
195 0.1250  10.88737) 10.876324) | 2.20  0.1275 12.0752) 12.06877)
1.95  0.1275  10.94435) 10.921%16) | 2.20  0.1300  12.126%1) 12.106%8) 12.09829)
1.95  0.1300  11.01811) 10.972419) | 220 0.1325  12.15360) 12.135110)  12.124911)
1.95  0.1325  11.11914) 11.032013) | 2.20  0.1350 12.18@8) 12.163110) 12.15437)
1.95 0.1350  11.21830) 11.097812  11.098314) [ 2.20  0.1365 12.1936) 12.183410) 12.17247)
1.95  0.1375 11.3019) 11.174712)  11.168115 | 2.30  0.1000 12.2137) 12.213%9)
1.95  0.1390 11.23G21)  11.219414) | 2.30  0.1100 12.2598) 12.25939)
1.95  0.1400 11.37G0) 11.274712)  11.260914) | 2.30  0.1150 12.2893) 12.28879)
1.95  0.1410  11.39295  11.327212)  11.298912) | 2.30  0.1175 12.3066) 12.30219)
200 0.1150  11.03638) 11.035713) | 2.30  0.1200 12.3238) 12.31879)
200 0.1200  11.10912) 11.097714) | 2.30  0.1225 12.3426) 12.33488)
200 01250  11.22G%1) 11.169910) | 2.30  0.1250 12.360%) 12.355Q11)
200 01275  11.28814) 11.217%12 | 2.30  0.1275 12.3818) 12.37227)
200 01300  11.36G%4)  11.262912)  11.263114) | 2.30  0.1300 12.4039) 12.39479)
200 01325  11.42215) 11.31498) 11.316813) | 2.30  0.1325 12.4248) 12.418@10)
200 01350  11.47782) 11.37838) 11.373612 | 2.30  0.1340 12.4368) 12.43378)
2.00 0.1375  11.53323 11.44819) 11.445112) | 2.30  0.1350 12.4468) 12.44018)
200 0.1385 11.49G20)  11.471@13) | 2.30  0.1355 12.4499) 12.44548)
200 01390 11.55713)  11.506310)  11.486210) | 2.30  0.1360 12.4550) 12.450911)

Combining Figs. 15 and 16 fg/T* and (¢—3p)/T*, we , P

obtain the energy density plotted in Fig 17. This quantity also (23

overshoots the SB value in the continuum limit. In contrast

to the case of pressure, the energy density in the high temwe compute the derivative from a quadratic fit pfas a

perature phase is quite constant as a function of temperaturginction of e using three data points along the lines of con-
Our results for pressure and energy density allow us tatant physics. The results fot,=4 are plotted in Fig. 18,

calculate the speed of souid defined by where errors are estimated by error propagation from those

Cs—ae.
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FIG. 14. Pressure as a function gfon a 16X 4 lattice. Short FIG. 17. Energy density on a 184 lattice as a function of
lines denote the slope of the pressure odirection. T/Tyc. The dashed curve shows the energy density for pure gauge
theory with the RG-improved action on a*64 lattice[3].
T v T T v T —
g0 b Omu/m,=0.65 SBN=4 | 0.4 ——
Omgy/m,=0.70
O mg/m,=0.75 SB limit
Am,/m,=0.80 —
6.0 <qm,y/m,=0.85 -0 03 b j © i
“ T 9Vmgy/m,=0.90 T )
P> m,o/m,=0.95
t
Q40 SB continuum N 502} Omgg/m,=0.65 .
© O m,g/m,=0.70
O m,/m,=0.75
Am,/m,=0.80
20| - <Im, /m,=0.85
01 r <o V m,/m,=0.90 .
-------------------- i D> m,e/m,=0.95
>3
0-0 Il 1
0.5 1.0 1.5 2.0 25 0.0 . , , ,
LA 05 1.0 15 20 25 3.0
. , T,
FIG. 15. Pressure on a 184 lattice as a function of/Tye.
The dashed curve shows the pressure for pure gauge theory with the FIG. 18. Speed of sound squared on X8 lattice as a func-
RG-improved action on a #& 4 lattice[3]. tion of T/T .
15.0 v I§ T T L} L) T L}
A Om,/m,=0.65 800.0 } Op=1.95
Qm,/m,=0.70 0p=2.00
o m,/m=0.75 ©B=2.10
Am,/m, =0.80 AB=2.20
100 F <Im,/m,=0.85 i 600.0 | <IB=2.30
- V m,¢/m,=0.90 X
= >m,/m,=0.95 RS
—_— VA
o
orl) 5 400.0 |
L =]
50 | .
200.0
1 0-
4 e
o 0.0t 3 \
0.0 . L 1 L L 0.100 0.110 0.120 0.130 0.140
0.5 1.0 1.5 2.0 25 K
T,

FIG. 19. Derivative of pressure with respectkaas a function
FIG. 16. (—3p)/T* on a 16X 4 lattice as a function of/T .. of K on a 16x6 lattice.
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40.0 Y T T r
15.0 -
Op=1.95 ® m,/m,=0.65
Op=2.00 B m,/m,=0.70
30.0 F ©B=2.10 *m./m=0.75
AB=2.20 Am,/m,=0.80
<qp=2.30 <m,/m,=0.85
20t < 100} ¥ m,/m,=0.90 -
© ) = » M, /m,=0.95
A o)
5 i
S 10}t
© &L
50} -
0.0g4———
-e
-10.0 L . : y 0.0 LldE y
0.100 0.110 o.1|%o 0.130 0.140 0.5 1.0 15 20 25 3.0

FIG. 20. Derivative of pressure with respectgoas a function

4 )
of K on a 16x 6 lattice. FIG. 22. (€—3p)/T* on 16x 4 (filled symbol3 and 16x6

(open symbolglattices as a function of /T .

of p and e. We omit results at small temperatures with Figure 22 shows the interaction measuee-@p)/T* as a

T/Tps<0.9, since there the magnitude eis small in com- function of T/T, calculated from results in Figs. 19 and 20

parison with its error. The speed of sound rapidly inCrease%ogether with the beta functions of Figs. 9 and 10. Combin-
ggtvztl)ggivtr?:n_?ﬁ'ca; tleEr_)nperature, and almost saturates ﬂ]ﬁg the results for pressure and interaction measure, we ob-
pem = tain the energy density presented in Fig. 23.

These figures show that both the pressure and energy den-
sity decrease as the lattice spacing becomes smaller from
N;=4 to N;=6, and the values at high temperatures become

oser to the continuum SB limit. On the other hand, both at
=4 and 6, the energy density is smaller than the SB values
a}‘lor the correspondind);, and an approach to the lattice SB
value toward high temperatures is not apparent in our data. A
similar deviation of the energy density from the SB value at
gnite N, was reported in Ref.3] for the case of the S@)
pure gauge theory using the RG improved gauge a¢fion
(2)]. Further study is necessary to examine if deviations re-
main toward the limit of high temperatures.
We also observe for both the pressure and the energy den-

C. Equation of state for N;=6

The simulation points foN;=6 lattices at3=1.95, 2.00,
2.10, 2.20, and 2.30 are marked by crosses in Fig. 3. Ra
data for the derivatives(p/T*)/dK and d(p/T*) /9B are
shown in Figs. 19 and 20, respectively. Since the statistic
errors forN;=6 results are larger than those fdf=4, the
spline interpolation does not work well ft\;= 6. Therefore,
we interpolate the pressure derivatives by straight lines. Th
rest of data analyses parallel those for the cas;ef4.

The pressures foN;=6 on the lines of constant physics
are plotted in Fig. 21 by open symbols as a function of
T/T,., together with the results fdd;=4 (filled symbols.

per sity that the dependence on the quark mass is quite small for
' ' ' ' v T L) T L)
®m,/m,=0.65 SBN=4 SBNoa]
80 I mm,/m,=0.70 1 250 9
& m,/m,=0.75
Am,/m, =080 _
6o 4m,/m,=0.85 i 200 | M .
-0 I vm,/m,=0.90 . )
» m,/m,=0.95 SBN=6 SB N6
*': vt 15.0 | -
p— SB continuum
G40 -0 SB continaum W —
®m,/m=065 |
100 W m,J/m,=0.70
&m,/m=0.75
2.0 - Am,/m,=0.80
5.0 4m,/m,=0.85 1
¥ mge/m,=0.90
» m,/m,=0.95
0.0 1S . 2 1 2 2 2 0.0 1 1
0.5 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 20 25 3.0
T, TIT,,
FIG. 21. Pressure on i84 (filled symbolg and 16X 6 (open FIG. 23. Energy density on #&4 (filled symbolg and

symbols lattices as a function of/T.. 16°x 6 (open symbolslattices as a function Of /Ty
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mps/my~0.65—0.8. Aweak quark mass dependence appear %150
only atmpg/my,=0.9 for N;=4 (the errors are still too large
to conclude that there is a quark mass dependence for th  o0.140
N,=6 data. This result may not be surprising since hadron
mass results in our zero-temperature simulati@& show 0130 F
that the renormalized quark massat 2 GeV in the modi-
fied minimal subtraction NIS) scheme at mps/my ¥ 0120
~0.65-0.8 is equal tany>(u=2 GeV)~100-200 MeV,
which is similar in magnitude to the critical temperatdrg
~170 MeV estimated for two-flavor QC[L]. For compari-
son, finite mass corrections for free fermion gas only amount
to 7% when the temperature equals the fermion nmss
and exceed 50% only whem;/T=3.

In a previous study using the standard staggered quarl %% 70—7s0
action, it was reported that the energy densitf* for N,
=4 overshoot the SB value forming a sharp peak just above _ ) _
T,, while the results folN,=6 show no peak8]. With the _ FIG. 24. Integration pa_ths for_ test s_lmulatlons on &xg lat-
. ) . tice. Stars represent the simulation points.
improved Wilson quark action, we do not observe an over-
shoot of the energy density both l{=4 and 6. A similar ) _ i
absence of the peak of energy density was also reported froan_ctlons o_f tem_perature along the lines of. constant physics,
an improved staggered quark actiorNat=4 when a contri- which are |dent|f|e'd through the mass rmslmv. As a
bution proportional to the bare quark mass is removed@rt of the analysis to vyork _out these lines, we have also
[10,37. We think it likely that the overshoot observed with Computed the beta functions in the parameter spacK). _
staggered quark action Bit=4 is a lattice artifact. With the We found that the quark mass dependence of the EOS is
staggered quark action, the energy densities figy/T small over the rangmpslmv~0.65—0.8. While the phy5|cal
—0.075 and 0.15 aN,=6 are found to be consistent with point mpg/my,=0.18 is still far away, the observed indepen-
each other within the errof8]. This result is similar to our dence on the quark mass suggests that our result for the EOS
finding of small quark mass dependence in the EOS. is clos_e to thos_e_ at the_ physical point except in the vicinity of

Our present data foN,=4 and 6 show a 50% decrease the chiral transition point, vv_here a singular limit according to
both in the pressure and energy density, which are too largi'® O4) critical exponents is expected. .
to attempt a continuum extrapolation. Q=6 lattices, Our results for the pseudocritical temperature, in U!’llt.S of
however, the magnitude and temperature dependence of tifa€ Vector meson mass,./my, show an agreement within
two quantities are quite similar between our improved Wil-2Pout 10% between the temporal lattice sikgs-4 and 6.
son quark action and the staggered quark action. Togeth&n the other hand, the pressure and the energy density de-
with the fact that theN,=6 results are close to the con- crease s_ubstantlally, showing the presence of_lar_ge _scalmg
tinuum SB limit at high temperatures, the approximate agreeYiolation in the results foN;=4. An encouraging indication,
ment of EOS’s between two different types of actions may bd!OWeVer, is that results on th¢,=6 lattice are close to the
suggesting that th&l,=6 results are not far from the con- continuum Stefan-Boltzmann value at high temperatures. We
tinuum limit. This expectation is also supported by the
dependence of the SB value on the lattice. The value for 400 - y y -
N;=6, which is 50% too large compared to the continuum O--Op=2.10, 84
limit, reduces by 30% so that fod,=8 the lattice SB value D——DB=2.20: 8°x4
is within 20% of the continuum limit. Thus we expect that a ®—93-2.10, 16°x4
precise continuum extrapolation will be possible if additional 800 1 w—ap-220, 16’4
data points alN;=8 are generated, which we leave for future
work.

0.110 |

0.100 |

1.90 2.00 2.10 2.20 2.30

VII. CONCLUSION

We have presented first results for the equation of state ir
QCD with two flavors of dynamical quarks using a Wilson-
type quark action. In order to suppress large lattice artifacts
observed with the standard Wilson quark action, we have
adopted a clover-improved form of the action and a RG-
improved gluon action. Two temporal lattice sizéé,=4 0
and 6, are studied to examine the magnitude of finite lattice
spacing errors.

We have calculated the energy density and pressure as FIG. 25. 9(p/T*) /3K on 8x4 and 18X 4 lattices.

100 +

0.08 0.10 0.12 0.14
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' ' ' ' a series of test runs to calculate the pressure onZan48

OB=2.10, szx4 lattice. For subtraction of the zero temperature part, we also
6.0 - Dp=2.20, 8'x4 1 measure the same operators on &hld&tice. Simulation
=210, 16 x4 points are shown by stars in Fig. 24. We generate 500 HMC

m B=2.20, 16°x4 . . !
P X trajectories at each point.

We first check the influence of the spatial volume on the
j EOS. In order to avoid systematic errors from the numerical
interpolation and extrapolation needed for numerical integra-
tions, we first compare the values of the integrand
(pITH /9K for Ng/N,=2 (8%%x4 lattice with those for
N¢/N;=4 from our main runs on a £6& 4 lattice. From Fig.
25, we find that the difference betwedh/N,=2 and 4 is
comparable with statistical fluctuations. Integrating out these
values, we obtain Fig. 26. We find that the two results agree
well with each other—the slight discrepancy of tBe=2.2
0_1'40 data at smalK seems to be caused by a longer extrapolation
to the pointd(p/T#)/dK=0 for the stating point of the inte-
gration.
FIG. 26. The pressurp/T* on 8°x 4 and 16X 4 lattices. We then test the integration path independence in the in-

also note that the values and the temperature dependencegfral method. We study three integration paths in the param-
the EOS atN,=6 are quite similar to the previous results €t€r space £,K), shown in Fig. 24. At the crossing points,
from staggered quark actidi8]. These may be suggestions the results for the pressure from different paths should coin-
of a possibility that precise calculations of the EOS are realcide with each other. The results fp/T*, obtained from
ized on lattices with temporal sizel; not much larger these paths, are summarized in Fig. 27. The left figure is
than 6. obtained by integrating in thg direction atk =0.13, while
the right figure is computed from the integration paths in the
ACKNOWLEDGMENTS K direction at3=2.1 and 2.2.
. 4 _ .
This work was supported in part by Grants-in-Aid of the We fm_d thatp/T" at (,8,K)_—(2.1,0.13) and (.2‘2’0'.13) n
Ministry of Education (Nos. 10640246, 10640248, the tvyo figures agree well with each other. This confirms the
11640250, 11640294, 11740162, 12014202, 1230401path independence of the pressure.
12640253, and 1274018A.A K. and T.M. were supported We also note that the paths in tKelirection lead to much

by the Research for Future Program of JSPR®. JSPS- smaller errors in the pressure than the path indfdrection.
RFTF 97P0110R S.E., K.N., M.O., and H.P.S. thank the Ve therefore adopt paths in tiedirection in the production
JSPS for financial support. ' runs discussed in the main text.
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APPENDIX A ATEST OF THE INTEGRAL APPENDIX B: STEFAN-BOLTZMANN LIMIT OF
METHOD IN FULL QCD PRESSURE BY THE INTEGRAL METHOD

We compute the EOS by the integral methi@¥] de-

X : In the calculation of pressure discussed in Sec. VI, we
scribed in Sec. VI A. In order to test the method, we perform

employ the integral method, in which the negative of free

6.0 T T y T T T energy density—f=(T/V)InZ is identified with the pres-
B—mp-21 sure. In order to compute the Stefan-Boltzmann value to be
*—0p-22 compared with the pressure from the integral method, we
should compute the free energy density in the free gas limit.
In this appendix, we describe our calculation of the free en-
4o0r 7 ergy density for the case of our improved lattice action.
To calculate the partition functiod, we expand the link
= variable as
Q
20 ] U, (x)=expligA,(x)} =exp{igA%(x) T} (B1)
and perform a Fourier transformation
0'01.8 1.9 2.0 2.1 22010 0.l11 0.l12 0.:13 Aa(X): . 2 eik(x+;,c/2)Aa(k) (BZ)
B K NN, K "
FIG. 27. Pressure computed along integration pathsKat
=0.13(left) and 8=2.1 and 2.2right) on an §x 4 lattice. where
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27y, . whereX’ means a sum except f(_Jr the zero mc_)de.
K= N, j,=0,x1,..., Ng/2 for n=1,2,3, The free part of the quark actidiEq. (3)] is given by
(B3)
2 3
= RM j,=0+1,.. ., NJ2 for u=4. S“:_Nfazl ; D), (814
(B4)

4

Fixing the gauge to the lattice Lorentz gauge by adding the 4
g e 9ald gauge by g Dq(k)=2K X, cogk,)—1-2iK >, y,sink,),
nw=1 n=1

gauge fixing term,

2 (B15)
Sg=—2 Tr(E V,A,Ax)) : (B5)
* a where
the free part of the gauge actipiq. (2)] is given by
1 _2M a1 NJ2 for u=123
(O) (O):__ ~a ~a . w N ) M_ g— =y =« . yINg ey,
SPHSY="7, 2 [Au(OFL0FL(-k) . ®16
+ 2k .k, A% (K)A(— k)], (B6)
e ] _2mUu 2 1 N2 for p—d
wherek, =2 sink, /2), F2,(k) =i[k,A%(k) —k,A%(K)], and wSTN, 0 T RE e e o p=a,
(B17)
Qu=1-cy(Ki+K2), for u#v, (B7)
The partition function for the quark part is obtained as
0,,=0, for u=w. (B8)

The free part of the ghost term corresponding to the gauge

N e (B18)
fixing [Eq. (B5)] is given by

3N;¢
zq=(];[ deth(k)) :

(B9)

S= > kuk, 72—k 73(k),
K,u,a

where n and; are the ghost fields.

The partition function for the gauge part can be calculated

4 2
deth(k)=H1—8K+4KZ sinz(k#IZ)J

n=1
2

4
+4K2 2, sirP(k,)
u=1

. B19
as (B19)
8
Zy=|I1 detD}%(k)D (k)< (consh| ,  (B10) ~ We then obtain the quark part of the unnormalized free en-
K ergy density[31]:
with
3N,
- . . . . fl@gt=— INZy=——— > In(detD4(k)).
D, k() =k,k,+ > (k,8,,~Kk,5,,)0,,k,, (B1Y) N3N, T NN, R d
= (B20)
D;hl(k)=2 Ri. (B12) Numerical calculations of the normalized energy density
I

and pressure are performed using the equations

Consequently, we obtain the gauge part of the unnormalized

free energy density pat=—(f9—f9 yat— (fD—£ ya*  (B21)
(9)g4 1 4 4
flOa%=— NEY InZ, ea”=3pa”, (B22)
s'Vt
8 1 ) B wheref{® , andf{? ; are the free energy at zero temperature
=8N ZK 5In(detD (k) =InDgy (k)| +const,  calculated on aiN? lattice. At the right edge of the Figs. 15,
sVt

(B13)

17, 21, and 23, we show the results for the cases dk 46
and 16x 6 lattices, in the massless quark linkit=1/8.
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