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1 . C ry s ta l  S t ru c tu r e s  o f M agnetic M a te r ia ls  (1- 6 )

T h is  i s  a  group o f  p a p e rs  d e s c r ib in g  X -ray d i f f r a c t i o n  s tu d ie s  of a n t i 
fe rro m a g n e tic  and fe r r im a g n e tic  m a te r ia ls ,  examined above and below th e  
m agnetic t r a n s i t i o n  te m p e ra tu re . The aim o f th e  work was to  determ ine 
changes of c r y s t a l  symmetry o r  o f u n i t  c e l l  d im ensions a s s o c ia te d  w ith  
changes o f m agnetic p r o p e r t i e s .  The work was c a r r i e d  ou t in  a  tw o-year 
p e r io d  when th e  c a n d id a te  was a  member o f the  r e s e a rc h  s t a f f  o f th e  G eneral 
E l e c t r i c  C o . ,L td . , Wembley. . .

f i .  H.  C .  
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Crystal Structure and Antiferromagnetism in Haematite
By B. T . M. W IL LIS a n d  H. P. ROOKSBY

Research Laboratories, The General Electric Company, Limited, Wembley, Middlesex

M S. received 1th July 1952

A B ST R A C T . The crystal structure of haematite has been investigated by x-ray analysis 
in the temperature range 20° c to 950° c. On cooling through a temperature of 
approximately 675° c the rhombohedral unit cell undergoes a sudden expansion along the 
triad axis direction. The results are interpreted in terms of an antiferromagnetic behaviour 
of pure haematite, with a Curie point at approximately 675° c. It is shown that the 
behaviour is analogous to that of the cubic oxides FeO and FegO^, which exhibit structure 
cell deformations on cooling through certain critical temperatures.

§1. IN T R O D U C T IO N

Th e  magnetic properties of haematite, oi-FegOg, undergo certain changes in 
the neighbourhood of 675° c, which have been discussed in detail by 
Chevallier (1951). At this same temperature a thermal expansion abnor
mality has been reported by Chaudron and Forestier (1924), and Roth and Bertram 

(1929) have observed an anomaly in the specific heat-temperature curve. Thus 
a second-order change takes place at 675° c, and Néel (1949) has suggested that 
this change comprises a transition from an antiferromagnetic to a paramagnetic 
state. Recent neutron diffraction work on haematite by Shull et al. (1951) has 
given some support to Neel's hypothesis.

In  view of the absence of information concerning the precise behaviour of 
the structure cell of haematite near the critical point of 675° c, it was decided 
to investigate the change of the lattice parameters of the material over the tempera
ture range 20° c to 950° c. The results prove that the structure cell of a-FegOg
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undergoes a deformation resembling those exhibited by FeO and FegO^ at 
certain critical temperatures, and it is concluded that this is consistent with 
the view that haematite assumes an antiferromagnetic state below 675° c.

§2. A PPA R A TU S A N D  SPE C IM E N S  
The x-ray camera used for the investigation was a high temperature 19 cm 

Debye-Scherrer camera of the design previously described by Owen (1943). 
The temperature of the sample could be varied ^om  room temperature to 950° c, 
and maintained constant to ±1°C. An earlier calibration of the instrument 
against the melting points of several metals had shown that the temperatures 
recorded by the thermocouples were within a few degrees of the temperature of 
the irradiated part of the specimen. Further accuracy in measuring the tempera
ture was not attempted, since, as will become apparent in the discussion, a possible 
small error in our scale of temperatures has no important bearing on the results.

Throughout the experiment the air inside the camera was maintained at a 
pressure of 1 cm of mercury. This pressure was sufficiently low to obtain 
reproducible performance from the furnaces within the high temperature 
enclosure, and also to reduce background fogging on the x-ray powder photographs. 
All the photographs were obtained with Co Ka radiation. •

Samples from several different sources were studied. The chief samples 
comprised a natural haematite from Sweden, a natural micaceous haematite from 
East Africa, and a red synthetic oxide, prepared by firing a precipitated hydrated 
oxide (goethite) in air at 400° c and then for several hours in air at 1300° c. In 
the preparation of specimens from the hard natural materials care was taken 
in powdering to avoid introducing lattice strains. All the specimens investigated 
gave satisfactory powder photographs exhibiting no appreciable line broadening.

§3. X-RAY E X A M IN A T IO N  
At room temperatures haematite is rhombohedral, with the oxygen atoms in 

approximately hexagonal close packing and the iron atoms occupying two-thirds 
of the octahedral holes in the oxygen lattice (Wells 1950). It will be convenient 
to describe the results with reference to a hexagonal, rather than a rhombohedral, 
structure cell.

A preliminary exploration of the thermal changes in the lattice was made 
without recourse to detailed measurements at every temperature. Powder 
lines were sought whose relative positions were particularly sensitive to any 
change of shape of the structure" cell, i.e. change of cja. I t  so happens that the 
adjacent high-order lines 10(14) and 410 are very favourably placed for this 
purpose.

The relative positions of these two lines at different temperatures in the range 
20°c to 950°c are shown in the photographs (actual size) in fig. 1. It can be 
seen that the separation of the lines A changes in a non-uniform manner with 
temperature. From 20° c to 300°c the change of A is relatively small, but from 
300° c to 680° c A decreases more rapidly, and at a rate which increases with 
temperature. Above 680° c A is again almost independent of temperature.

The general shape of the (A, temperature) curve was closely similar to that 
of the {cja, temperature) curve, and the latter is shown in fig. 2. This curve, 
possesses a point of inflection at approximately 675° c, which is the critical 
temperature for the second-order change. Within the accuracy of measurement
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of cja ( ± 0-0002) it was found that the value of cja for a given sample in the 
temperature range 20° c to 950° c was independent of the previous heat treatment 
in this range.

IIII
324 410

20° c

430° c

535°c 

680° c 

925° c

10(14)
Fig. 1. Parts of x-ray powder photographs of haematite at successively increasing temperatures 

showing relative displacements of 324, 10(14) and 410 reflections.
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Fig. 2. Curve showing change with temperature 
of axial ratio cja of structure cell of haematite.

Fig. 3. Curves showing variations 
with temperature of expansion 
coefficients of haematite along 
(a) c direction, (6) a direction.

Several other synthetic oxides were examined, and all gave substantially the 
same curve as fig. 2. Some slight differences in the room temperature value of 
cja were observed for certain specimens, and in particular for synthetic oxides 
fired at relatively low temperatures the measured value was 2*7305 instead of
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2-7311. Subsequent heat treatment of such specimens in air at 1300° c, however, 
led to an increase of the room temperature value of cja to 2-7311. Thus fig. 2 
represents the general character of the (c/a, temperature) curve for all the samples 
of haematite examined.

The expansion coefhcient-temperature curves for the directions parallel 
and perpendicular to the triad axis were determined from the slopes of the lattice 
parameter-temperature {{c, T) and (a, T)) curves. The results are shown in 
figs. 3 (a) and 3 (6). refers to the expansion- coefficient parallel to the triad 
axis, and to the expansion coefficient perpendicular to this axis, falls 
gradually from room temperature to 670° c, and then rises almost discontinuously 
to nearly twice its value. It then falls again from 700° c to 950° c. The behaviour 
of is less noteworthy ; it simply rises to -a maximum at approximately 675° c.

These results are to be contrasted with those obtained by Chaudron and 
Forestier (1924) on polycrystalline compressed blocks of the oxide powder. 
Chaudron observed a maximum, rather than a discontinuity, in the (a, T) curve, 
and his (a, T) curve was not reversible but showed considerable thermal hysteresis. 
The differences between our curves and those given by Chaudron ■ are not 
surprising in view of the fact that the x-ray measurements give the precise 
behaviour of the structure cell. The dilatometric measurements on the oxide 
powder are influenced by the state of subdivision of the powder, and can disclose 
no information concerning the anisotropic behaviour of the lattice.

§4. D IS C U S S IO N
Our results indicate that the rhombohedral structure cell of haematite under

goes an abnormal change on cooling through the critical temperature of 675° c. 
The change comprises a sudden relative expansion along the triad axis, involving 
a change of the rhombohedral angle from the approximately constant value of 
55° 24' above the critical temperature to a value which decreases with decreasing 
temperature below 675° c, and attains a value of 55° 16' at room temperature 
(see table).

Crystal Structure Data for a-FegOg
Hexagonal system Rhombohedral system

Temp (°c) Gg (Â) Cg (Â) cja Og (Â) a
20 5-0345 13-749 2-7311 5-4271 55° 15-8'

750 5-0856 13-845 2-7223 5-4698 55° 24-3'

This behaviour is analogous to that of the other iron oxides, FeO and FegO^, 
which undergo slight structural changes from cubic to rhombohedral symmetry 
by a relative expansion along a triad axis on cooling through certain temperatures. 
In the case of FeO the deformation first appears below — 80°c (Rooksby and 
Tombs 1951), which is the critical temperature for the appearance of antiferro
magnetism in that material. FegO^ exhibits the deformation (Tombs and 
Rooksby 1951) below the antiferromagnetic critical temperature of — 160°c.

In a-FegOg the atomic arrangement perpendicular to the triad axis resembles 
that perpendicular to a triad axis in the cubic structures of FeO and FegO^. 
In particular, sheets of iron atoms alternate with sheets of oxygen atoms, although 
the iron atom sheets are puckered in a-FegOg, and in FeO and FegO^ the oxygen 
atoms are in cubic instead of hexagonal close packing. Thus all three structures 
exhibit the same kind of abnormal lattice dilatation, in which the spacing between
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the iron atom sheets suddenly increases on cooling through certain critical 
temperatures of magnetic transformations. As the magnetic transformation 
involves the onset of the antiferromagnetic condition in FeO and Fe^O^, it appears 
that the structure cell behaviour of a-FogÔg is consistent with the view 
that haematite is also an antiferromagnetic oxide, with a critical temperature 
at approximately 675° c. The expansion coefhcient-temperature curves in 
figs. 3 {a) and 3 {b) indicate that the exchange forces, which lead to the antiferro
magnetic orientation of the electron spins, are directed mainly along the triad axis 
direction. This is in general agreement with the views of Néel (1949) and 
Shull al. (1951) that the electron spins are parallel within a given iron atom 
sheet and antiparallel with respect to neighbouring sheets.

There is a close resemblance between the present observations on haernatite 
and those made by Greenwald (1951) on the isomorphous chromium sesquioxide 
CrgOg. In the case of Cr^Og, however, the dilatation on cooling through the 
antiferromagnetic critical temperature of 45° c comprises a relative contraction 
instead of expansion along the triad axis direction.

The existence of a lower transition point in haematite at — 70°c has recently 
been reported by Guillaud (1951), who has shown that certain magnetic and 
thermal expansion abnormalities occur at this temperature. Shull et al. (1951) 
have suggested, on the basis of neutron diffraction observations, that a 90° 
rotation of the magnetic dipoles occurs at this transition point. Apart from 
single observations at —180° c and —70° ew e have not studied the behaviour of 
the structure cell below room temperature. These observations showed, however, 
that there is no phase change between room temperature and —180° c, and that 
the rhombohedral angle is approximately the same at —180° c, — 70°c and room 
temperature. In  combination with the conception of a 90° rotation of magnetic 
dipoles this indicates that the exchange forces between the dipoles are independent 
of their orientation. ..
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i Change of Structure of Ferrous Oxide at Low Temperature*

j B y  B . T. M. W i l l i s  a n d  H. P. B o o k s b y

; Research Laboratories of The General Electric Company Limited, Wembley, England
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The structure of ferrous oxide has been studied between room temperature and liquid-air tem 
perature (90° Iv.) b y  X-ray powder photography. Tlio results support the conclusion of Jette & 
Foote that at room temperature the structure is of the XaCl-typc with a small and variable number 
of the Fo'+ sites vacant, so that the stoichiometric comjoosition FeO is never attained.

At low tomi^erature (below 200° K.) the structure is rhombohedral, the new structure cell being 
derived from the originally cubic cell by an extension along one of the triad-axis directions. This is 
a change of the. second order and appears to be directly connected with the transition from the 
paramagnetic to the antiferromagnetic state on cooling through 198° K. The magnitude of the 
change, as measured at liquid-air temperature, is very sensitive to the concentration of iron in the 
oxide. Thus, for the oxide of minimum iron content the rhombohedral angle a at 90° K. is within 
one minute of the value (60°) which corresponds to cubic symmetry, whereas a is 59° 23' for the 
least iron-deficient oxide.

It  is shown that the powder photograph taken at liquid-air temperature provides a much more 
sensitive indication of the degree of homogeneity of the sample than that taken at room temper
ature.

1: Introduction
The variable composition of ferrous oxide has been 
known for some time, but the origin of this variation 
has received various interpretations from different 
authors. From an investigation of the chemical com
position, room-temperature lattice parameter, and 
density of oxides of different composition, Jette & 
Foote (1933a, h) concluded that at room temperature 
the structure is of the NaCl-type Avith a small and 
variable number of the Fe®+ sites vacant. Bénard 
(1937, 1939), however, measured the lattice para
meters of various oxide preparations and obtained 
quite different results (the two sets of results are 
discussed below in § 3). He concluded that oxides of 
minimum iron content correspond to stoichiometric 
FeO, and that oxides of higher iron content contain 
the excess iron in interstitial solid solution. The 
^  ent state of our knowledge has been recently 
reviewed by Wyckoff (1952), who says: ‘When ferrous 
oxide is heated with an excess of iron and quenched 
from a series of temperatures, the lattice parameter 
is greater the higher the quenching temperature. This 
has been interpreted to mean that at elevated tem
peratures iron dissolves in and swells the ferrous oxide 
structure : it could also represent an attempt to 
complete the lattice by approaching the 1:1 com
position ratio.'. '

The main part of the present investigation is con
cerned with the low-temperature structure of ferrous 
oxide. In  addition, certain observations on the room-

j * Communication No. 554 from the Staff of the Research
1 Laboratories of The General Electric Company Limited,
I Wembley, England. .

temperature structure are given, as they have an 
important bearing on. the discussion of the low- 

. temperature measurements, and, moreover, help to 
resolve the disagreement between the results of Bénard 
and of Jette & Foote.

2. Preparation of oxides of different composition
Ferrous oxide is unstable below 570° C. and decom
poses according to the equation

4FeO = FogO^-f-Fe .
The velocity of this reaction attains a maximum at 
500° C. (Bénard & Chaudron, 1936), but is very 
small at room temperature. Consequently, ferrous 
oxide samples must be prepared above 570° C. and 
then rapidly quenched to room temperature. I t  is 
desirable to carry out X-ray examinations soon after 
the quenching process, in order to avoid ambiguities 
arising from partial decomposition of the metastable 
ferrous oxide preparations.

Approximately 20 g. of ferrous oxide, used as the 
basic material {A) for subsequent preparations, were 
prepared by decomposition of ferrous oxalate at 800° C. 
in a stream of nitrogen. The product obtained after 
heating for 3 hr. gave an X-ray powder photograph 
showing hnes of the ferrous oxide structure only. The 
preparation of the oxide from the oxalate was not used 
by Jette &' Foote (1933a), because they found that the 
product obtained by decomposition in vacuo gave lines 
of free iron as well as ferrous oxide on the powder 
photograph. In their work, the formation of free iron 
may have been due to reduction of the oxide by carbon 
monoxide according to the equations
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FeCgO  ̂ = FeO+CO+COg,
FeO+ CO = Fe+COa .

We avoided this difficulty by carrying away the 
carbon monoxide and carbon dioxide gases in a stream 
of nitrogen.

The material (A) was then divided into two equal 
portions. One portion was mixed with a small excess 
of iron (mixture B) and the other portion with a small 
excess .of Fe^O  ̂ (mixture C). The 'mixture B  was 
further subdivided into several quantities weighing 
approximately 1 g. each, and each quantity was 
separately enclosed in a small platinum thimble and 
sealed in an. evacuated quartz tube. The individual 
tubes were heated at a given temperature in the range 
600-1200° C. The duration of the heat treatment was 
from 2 hr. to 60 hr., depending on. the teriiperature, 
and after this time the tube was quenched by rapid 
immersion in cold water. In this way several different 
samples were obtained, corresponding to ferrous oxide 
in equilibrium with iron at different temperatures from 
600° C. to 1200° C.

Samples of ferrous oxide in equilibrium with Fe^O  ̂
were prepared in exactly the same way from mixtime C.

have been multiplied by the factor T00202, in order 
to express them on the same absolute scale (Co Ka^ % 
1*78890 A) as the present results.

Fig. 1 shows that our results are in much closer 
accord with the previous observations of «Jette & 
Foote than with those of Bénard. In particular, Ave 
have confirmed that decreases rapidly - with the 
increasing quenching temperature T  for the oxide 
heated in the presence of FogO ,̂ whereas Bénard found 
that Aq is independent of T  in the temperature range 
575-975° C. I t  was this observation that led him to 
conclude that ferrous oxide in equilibrium with Fê Ô  
corresponds to stoichiometric FeO.

I t  is difficult to account for the apparently anoma
lous results of Bénard, except on the basis of incorrect 
heat treatment. Unfortûnately, there is no reference 
in his papers to the details of heat treatment of the 
oxide in the presence of Fe^O ,̂ and only three ex- 
p.erimental points were included on his curve (ii) 
(Fig. 1) referring to such oxides. We have found that, 
for temperatures below, 900° C., heating for a few 
hours only is not sufficient to give samples with a value 
of which corresponds to ferrous oxide in equilibrium 
with Fe^O .̂

3. Room -tem perature structure
X-ray powder photographs of each sample were taken 
at room temperature and liquid-air temperature 
(90° TC.) with a 19 cm. camera using Co Koc- radiation. 
For sintered specimens care was taken in powdering 
to avoid introducing excessive lattice distortion. X-ray 
photographs of these specimens gave sharp high-order 
lines.

The room-temperature lattice parameter (Uq) of each 
sample was determined to an accuracy of ±0*0003 A

Oq (A) 
4-3100

4-30Q0

4-2900

* •
(i)

1
(i) •' •<riilr-r

----/ ,  -
—Jette & Fo 
-B énard

ote

1

600 800 1000 1200

T("C.)

Fig. 1. Curves showing relation between ahd the quenching 
temperature, T, for ferrous • oxide heated in presence of 

. (i) Fe, (ii) Fê O ,̂ according to different authors.

by means of the usual extrapolation methods, and the 
results are given in Fig. 1, in which is, plotted 
against T, the temperature from which the sample was 
quenched. Curve, (i) refers to the samples of ferrous 
oxide heated in the presence of free iron and curve (ii) 
to the samples heated with FegO .̂ Determinations of 
the 0 Q versus T  curve have also been carried out by 
Jette & Foote (19336) and Bénard (1939). Their results 
are also included in the figure after the values of

4. Structure a t liquid-air temperature
The low-temperature structure of ferrous oxide has 
been previously investigated by Ellefson & Taylor
(1934), who reported that the structure remained cubiç 
down to 160° K. We have observed, however, a 
decisive structure change in ferrous* oxides when 
cooled below c. 200° K., and this has been briefly 
reported in an earlier communication (Tombs & 
Rooksby, 1950). •

Fig. 2(a) is a photograph of the room-temperature 
powder pattern (Co Koc radiation) of the original oxide 
{A), and Fig. 2(6) is the corresponding photograph 
taken at liquid-air temperature. The 220, 311 and 420 
lines are slightly broader in (6) than in (a), whereas 
the definition- of the 400 line remains unchanged. 
This suggests that at low temperatures the cubic 
structure cell is deformed very slightly along a [111] 
direction to give a rhombohedral cell, and this inter
pretation is completely verified by observations on 
oxide. samples. in which the iron concentration is 
higher.

The X-ray photographs of Fig. 2(c) and [d) represent 
results on a specimen of ferrous oxide obtained by heat ■ 
treatment of oxide (̂ 4) in the presence of free iron at 
900° C. I t  will be seen that thé 220 and 420 lines of ' 
Fig'. 2(c) have each been split into tAvo lines of ap
proximately the same intensity in Fig. 2{d), and the 
331 line into three lines of which the two lower-angle 
lines are relatively Aveak. The 400 line remains unsplit. 
This form of powder pattern is that expected for a 
change from a cubic to a rhombohedral structure cell 
by extending the cubic cell along a [111] direction.
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111 200 220 311 .222 400 331 420 (cubic indices)
I. 1 1 1 1 I I

.. . ,1"

: . ' ! ^
!

I

I I
104

Fe 110 Fe
1051201 ' I 

113 Fe
006

i
204

(a) 290° K.

(b) 90° K.

(C) 290° K.

(d) ,9 0 ° K .

t (e) %PK.
> ■■■L'.

^° 2 0 ^ 1 1 6  212 indices)

r r

Fig. 2. X-ray powder photographs of different samples of ferrous oxide taken at liquid-air and room temperatures.

Atomic ^ Atomic % 
48 0 48 4 r48 8 of FeL47 2 47 6,47 2 47 6 48 0 3-0600

3-0500

3-0300

3-0200

3-0100 4-2900 4-31004-2800 4-30004-2800 . 4-2900 4-3000 4-3100

Fig. 3. (o) Relation between « at 90° K. and the room-temperature valuq of Oq. 
(6) Relation between or at 90° K. and the room-temperature value of Oq.

The rhombohedral angle a  is therefore less than the 
60° required by cubic symmetry, 
i^ -^e  observed spacings and intensities taken from 
'% low-temperature powder pattern (Fig. 2{d)) are 
listed in Table 1, and compared with the values 
calculated by assuming a rhombohedral structure cell 
with lattice parameters

aji =  3-0499 Â, a  =  59° 27-5',

ind with atomic parameters equivalent to those for the 
loom-temperature face-centred cubic structure. Agree- 
nent between calculated and observed figures is 
ixtremely good.

Values of the rhombohedral lattice parameters a^, oc 
have been determined for many samples of different 
iron content from appropriate 90° K. powder photo
graphs. The results are given in the curves Fig. 3(a) 
W  (6), in which the room-temperature structure cell 
(iimension, Ùq, is plotted against ot and a^, respectively.

According to 'Jette & Foote (1933a), increases with 
iron content in an approximately linear fashion, and 
their data have been used in Fig. 3 to express a^ in 
terms of the atomic percentage of iron in the ferrous 
oxide structure. The two arrows on each abscissa axis 
indicate the limits of homogeneity of ferrous pxide as 
determined by the same authors (Jette & Foote, 
19336). We see from the figure that the magnitude of 
the cubic/rhombohedral change is relatively small for 
oxides containing up to 47-8 atomic % of iron, but 
that for oxides of higher iron content the magnitude 
of the change increases more rapidly. The lattice 
parameters of ferrous oxide at its limits of homo
geneity are listed in Table 2. These values are derived 
from extrapolation of the curves in Fig. 3(a).and (6).

The two lines 116'and 212 in Fig. 2{d) are of ap
proximately the same density. However, in Fig. 2(e), 
whieh is a photograph taken at hquid-air temperature 
of a different sample, 116 appears to be distinctly
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Table 1. Observed and calcidated spacings and intensities (Co Koc^ for ferrous oxide (48*5 atomic% Fe) at 90° K.

hkl
(hexagonal

indices)
104 \  
110 /
105 
113

. 201 
006 
202
204 
107
205 
211

. 116 
212

Corresponding 
room- 

temperature 
cubic indices

220

311

222

400

331

420

• d o  (A) rfc (A)t lo Zcf
1-5246 ■ 1-5248 a 97
1-5122 1-5124 .a 95
1-3014 1-3018 * V ) 21
1-2941 1-2941 »«.* 42
1-2908 1-2903 m 21( +  21*)
1-2497 1-2501 . w 16 ‘
1-2366 1-2365 m 46
1-0738 1-0738 38
0-99179 0-99180 w 20
0-98663 0-98665 w 20
0-98157 0-98159 *' m - 40
0-96364 . 0-96358 r * 95
0-95733 0-95730 ' a . 100

a =  strong, m =  medium, w =  weak. ' (
* Coincidence with 113«j.
t  Calculated using lattice parameters (hexagonal cell); C£r =  3*0248, c s  =  7*5010 A, and intensities normalized to 

=  100.

"^weaker than 212, and the apparent densities of the 
^lower-angle. components of the other groups of lines 

are correspondingly reduced. This apparent weakening 
of the lower-angle components also occurred in varying, 
degrees in low-temperature photographs of other 
samples.

I Table 2. Lattice parameters for ferrous oxides of limiting 
I : compositions

Composition
Maximum iron 
Minimum iron

Cubic cell 
(290° K.)

Otf
4 3088 A 
4-2800 A

Rhombohedral cell 
(90° K.) •

O R

.3 0550 A 
3-0210 A

59° 23-0' 
59° 59-5'

Tliis effect can be explained as follows. If we con
sider the cubic 42() hue, sphtting occurs at low- 
temperatures into the components 116 and 212, whose 
displacements from the 420 line (after correcting for 
thermal contraction) differ considerably. The displace
ment of 116 is approximately nine times that of 212, 
as the structure change on cooling takes place by an 
extension parallel to the rhombohedral triad axis Avith 
only a relatively small contraction normal to this axis, 

.Thus any slight irihomogeneity of the sample, involAung 
small local variations of lattice spacing, results in a 
broadening of 116 relative to 212, and this broadening" 
is apparent a reduction of the peak density of the 
hne. For the same reason an apparent reduction in 
density of the lower-angle components of the other 

•groups of hnes takes place. It should be emphasised 
that it is the apparent densities of the lower-angle 
components that shoAv this anomalous behaAuour. If 
integrated intensities had been evaluated, the anoma- 
hes would in all prqbabihty have disappeared, but no 
confirmatory measurements have been carried out.

The relative peak densities between' components of

spht lines in the low-temperature poAvder photograph 
are of some practical interest. The density relation-' 
ships provide a very sensitive indication of the degree 
of homogeneity of any given sample, an indication' 
which is not apparent in the room-temperature photo
graphs. ; . "

X-ray powder photographs of an oxide of high iron 
content were taken at the intermediate temperatures 
160° K. and 200° K. The splitting of the cubic lines 
could be clearly seen at 160° K., Avhereas no splitting 
was observable at 200° K.

5. Discussion of results
It is clear from the X-ray photographs taken at 
different temperatures beloAV room temperature that 
the change of structure of ferrous oxide, Avhich develops 
on cooling through a certain transition temperature 
is a change of the ‘second order’. The change develops 
over an extended range of temperatures, and involves 
no re-arrangement of the ions Avithin the structure cell. 
Similar structure changes have been observed in MnO 
and NiO below the temperatures 160° K. and 470° K. 
respectively (Tombs & Rooksby, 1950; Rooksby, 1948). 
It must be noted, hoAvever, that the deformation on 
cooling ferrous oxide takes place in an opposite sense 
from the changes in IMnO and NiO, so that the rhombo
hedral angle is less than 60° for ferrous oxide and 
greater than 60° for ]MnO and NiO.

The X-ray results indicate that for ferrous oxide of 
high iron content Tx lies between 160° K. and 200° K. 
According to Bizette (1946), the antiferromagnetic 
transition temperature of ferrous oxide is 198° 1̂ ., 
and there is strong reason for believing (Smart & 
Green wald, 1950) that the structure change is directly 
connected with the development of the antiferro
magnetic state below this temperature. Moreover, , 
Shull, Strauser & Wollan (1951) have shoivn by neu-



B .  T.- M.  W I L L I S  A N D  H .  P .  R O O K S B Y 831

tron-diffraction observations on powdered ferrous 
jïide at 80° Iv. that the lungn'etic moments pf the 
fer+ ions are parallel within a given (111) sheet of Fe^+ 
ions and antiparallel betAveen adjacent sheets: This 
jiicture is consistent Avith the X-ray observations, 
fliich indicate the development of a unique triad axis 
jbrmal to a set of (111) planes.
I The reason for the marked difference in the magni- 
lide of the crystal structure change at Io a v  tempera- 
iires of ferrous oxide samples of different iron content 
(ce Table 2) is not clear. I t  is unlikely that the dif- 
erence is due to a variation of the transition tempera- 
lire Tx betAveen the different samples. Such an ex- 
lanation would require a change pf Tx oi approxi- 
ately 100° K. when the iron content of the sample 
creases from 47-5 to 48-5 atomic %, whereas the 
tual change in Tx for this range is probably much 
[S. Thus Bizette (1946) found that Tx was 198° K.

a sample of maximum iron content, and Millar 
129). that Tx was 185° K. for a sample which Avas 
ibably of minimum iron content. Further, Bizette 
i^ired the variation of Tx as a function of com- 
«..ion in the solid solution system FeO-MgO, and 
jnd that on loAvering the atomic concentration of 

 ̂ by 1 %  (by replacement of Fe^+ Avith the non- 
l;netie ion Mg^+) a reduction in Tx of 5° K. only 

 ̂ place.
appears reasonable to expect the magnitude of 

deformation below Tx, which takes place in a 
jction normal to (111) ionic sheets, to increase as

the number of A m c a n t  sites and Fc^+ ions A v i t h i n  the 
sheets is reduced, i.e. as the stoichiometric composition 
is approached. HoAvever, on Benard’s interpretation 
of the room-temperature structure, the-deformation is 
extremely small, for stoichiometric, FeO and increases 
rapidly as the proportion of dissolved Fe^+ ions 
increases. We believe that this is therefore additional 
evidence in favour of the interpretation ,of* Jette & 
Foote.
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The Structure of Dimethyl Oxalate

■ B y  1VIÂRY0N W. D o u g i l l  a n d  G. A. J e f f r e y *

Department of Inorganic and Physical Chemistry, -The University of Leeds, England

(Received 7 A pril 1953)

An X-ray analysis of the crystal structure of dimethyl oxalate shows that the molecule has a planar 
trans-trans configuration, which is the planar structure of least steric interference. The bond lengths 
and valency angles are 0^-0^ l-53±0-08, C^-0^ 1 19, C -̂O® 1 31, Ô -C® l-46±0-05 Â,
125°, C1-CL-Q2 110°, G1-C1-Q2 125°, Ci-0*-C» 118°±3°. The intramolecular m ethyl to carbonyl 
distance is 2 70 A. Of the four intermolecular distances which are less than 3 95 A, three at 3 35, 
3 54 and 3 67 A correspond to co-ordination of carbonyl oxygen atoms around a m ethyl group very  
approximately in the directions of the C-H bonds. I t  is suggested that there is weak association 
or polarization bonding between the carbonyl and the m ethyl groups which accounts for the 
anomalous melting point. This m ay also provide an explanation of the differences which have 
been reported in the Raman spectra of the solid and liquid.

Introduction
the recent crystal-structure analyses of a-an^ 

drous oxalic acid (Cox, DougUl & Jeffrey, 1952),

;* Now at Chemistry Department, University of Pittsburgh, 
S* A# »

oxalic acid dihydrate (Ahmed & Cruickshank, 1953), 
ammonium oxalate hydrate (Jeffrey & Parry, 1952) 
and sodium oxalate (Jeffrey & Parry, 1953) it was 
found that the configuration of the (COO)  ̂ is planar 
in the acids but not necessarily so in the salts. In  
(^H j2(C00)g. UgO the oxalate ion is non-planar Avith
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Crystal structure and antiferromagnetism of CrSb.* B y B. T. M. Wn-Lis, Research Laboratories of The 
General Eledric Company Limited, Wembley, England

{Received 24 December 1952)

Introduction
Previous work (Rooksby, 1948; Rooksby & Tombs,
1951) on the crystal structures of tlie antiferromagnetic 
oxides ]\InO, FeO, CoO and NiO has shown that small 
lattice changes, involving a slight departure from cubic 
symmetry, take place in these compounds when they are 
cooled through their antiferromagnetic transition points. 
The bulk of the remaining known antiferromagnetic 
compounds have crystal structures, above their transition 
points, which do not belong to one of the cubic space 
groups. Nevertheless, it appears from recent studies on 
chromium sesquioxide (Greenwald, 1951) and «-ferric 
oxide (Willis & Rooksby, 1952) that non-cubic anti
ferromagnetic compoimds also undergo lattice changes 
in the neighbourhood of their transition points. These 
changes are closely analogous to those displayed by the 
cubic oxides in that they comprise an anomalous ex
pansion or contraction along a principal crystal axis. 
The changes in cubic crystals are inevitably accompanied 
by lowering of symmetry, whereas in hexagonal and 
rhombohedral crystals they can occur simply by an 
alteration of axial ratio without modification of sym 
metry.

The present investigation is concerned with the be
haviour of the structure cell of the antiferromagnetic 
compomid CrSb. Like AlnTe, the subject of a recent 
study by Greenwald (see below), tliis crj'stallizes in the 
hexagonal system, and possesses the NiAs-type of crystal 
structure. The investigation has shown that the changes 
in the structure cell of CrSb in the neighbourhood of its 
transition point are those to be expected from the 
general picture outlined above.

. E xp erim en ta l
The compound was prepared by mixing chromium and 
antimony in the atomic ratio 0 45 Cr to 0-55 8 b', and 
heating in an evacuated quartz tube for 4 hr. at 650° C. 
One end of the quartz tube was then opened and attached 
to a diffusion pump, and the excess antimony was 
distilled off at. 500° C. Homogenization of the product 
was achieved by reheating in  vacuo for several hourq at 
550° C.

An X-ray powder photograph revealed only the pres
ence of CrSb, with the NiAs-type structure. The room- 
temperature lattice parameters were:

o =  4-108, o =  5-440 A, (Cu Koci =  1-54050 A) .
These values are to be compared with those given by  
Wyckoff (1951):

a =  4-115, c =  5-479 A , 
and by Snow (1952):

a =  4-127, c =  5-451 A .

Chemical analysis showed the preparation to contain 
33-6% Cr and 66-3% Sb, compared with the theoretical 
29-9% Cr and 70-1 % Sb for stoichiometric CrSb.

A small quantity of the powder was sealed in an 
evacuated quartz capillary tube of 0 3 mm. bore, and 
X-ray powder photographs were taken at various 
temperatures between room temperature and 650° C., 
using a 19 cm. high-temperature camera of the Owen 
(1943) type. An X-ray photograph at —180° C. was also, 
obtained, using the method described by Tombs (1952). 
Cu Ka. radiation was used tliroughout, no serious diffi
culties being encountered because of secondary fluores
cence from the chromium in the specimen.

The above temperature range included the antiferro
magnetic transition temperature, which is in the neigh
bourhood of 400° C. (Foëx & Graaf, 1939). The lattice 
parameters were calculated for each photograph to an 
accuracy of ±0-001 A. The results are given in Fig. 1,
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Fig. 1. Curves showing temperature variation of c, a and Vi 
for structure ceU of CrSb. The vertical broken line re
presents the magnetic transition temperature Tx.

in which c and a are plotted against the temperature T. 
Another sample of CrSb was prepared using a similar 
technique to that described above, and the lattice 
parameter measurements for this sample are also in
cluded in Fig. 1.

Both (c, T) and (o, T) curves possess a point of in
flexion in the neighbourhood of 400° C. Thus the cur\ es 
are divided into two portions on either side of the anti- 
ferromagnetic transition temperature Tx- Between 
— 180° C. and Tx, c and dcjdT  increase steadily with 
temperature; above Tx, c increases less rapidly with 
temperatm-e and dcjdT  is constant.

The value of the axial ratio cja increases from 1-335 
at room temperature to 1-422 at 420° C. Further, the 
linear expansion coefficient (««) along the c axis is ex
ceptionally large between these two temperatures. Its 
value just below Tx is approximately 3 X 10* per deg. C. 
I t  is remarkable that, whereas «g is large and positive 
over the whole temperature range of —180° C. to 650° 0 ., 
«a. is .zero above Tx and negative for several hundred 
deg. C. below Tx.



In Fig. 1 tbo broken line represents the variation with 
temperature of F i, where V (=  0-866 cu®) is the structure 
cell volume. The slope of this curve is approximately 
uniform and the curve passes smoothly through the 
transition region in the neighbourhood of 400° C.

D iscussion
In CrSb the magnetic atoms (Cr) are arranged in plane 
sheets perpendicular to [0001]. The results just described 
indicate that the distance between these sheets decreases 
anomalously as the temperature is lowered through the 
transition point. This effect takes place without any 
sudden change of structure cell volume or change of 
crystal symmetry. According to Snow (1952) the magnetic 
moments of the chromium atoms in a given (0001 ) 
plane are all parallel, but moments in neighbouring 
planes are antiparallel. Thus the antiferromagnetic ex 
change forces are directed predominantly along the [0001] 
direction, an interpretation which is strongly supported 
by the present work.

It is interesting to note that MnTe, which is also an 
antiferromagnetic compound with the NiAs-type struc- 
tiue, undergoes a similar decrease of cja (Greenwald,
1952) on being cooled through the transition tempera
ture near 35° C. The magnitude of the change for MnTe 
is, however, considerably smaller than in CrSb.

The transition temperature of CrSb has been variously 
reported as 400° C. (Foëx & Graaf, 1939) and 450° C. 
(Snow, 1952). I t  is not possible to obtain a more precise 
value from the shape of the magnetic susceptibility— 
temperature curve, as the maximum in this curve is 
exceptionally broad. If we assume that the lattice 
changes in CrSb appear as soon as the temperature falls 
below Tx, we can determine the value of Tx from Fig. 1 
as 420±10°C .
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The low-tem perature crystal structure of magnetite.* B y H . P. R o o k s b y  and B. T. M. W m us, 
Research Laboratones of The Qeneral Electric Company Limited, Wembley, England

(Received 21 February 1953)

In a recent commxmication Abrahams & Calhoun (1953) 
have presented new evidence concerning the low-tempera
ture structure of magnetite, FegO^. They conclude that 
the structure cell deforms on cooling below 115° K. to 
give an orthorhombic arrangement rather than the rhom
bohedral arrangement previously proposed by Tombs & 
Rooksby (1951). i

Since Tombs & Rooksby’s paper was written we have 
obtained additional results that support a rhombohedral 
deformation. It  is the purpose of this note to record 
these results, and to indicate the difficulties of reconciling 
them with an orthorhombic low-temperature structure for 
magnetite.

If Abrahams & Calhoun’s evidence for an orthorhombic 
change is carefully studied, it is foxmd to rely principally 
on the detection of a splitting of the cubic 800 line into 
two components at hquid-nitrogen temperature. This 
line should remain xmsplit for a rhombohedral transition. 
Because the 800 doublet separation, measured by  
Abrahams & Calhoxm with a Norelco spectrometer, was 
so small, viz. 4 min. of arc (FeJTa reflection), and the 
general fit of all our earlier data with the rhombohedral 
interpretation so close, we xmdertook further studies by 
photographic methods. Powder photographs were taken 
at liquid-air (95° K.) and liquid-nitrogen (80° K.) tem- 
peratxues using Co K  and Cr K  radiations. In this way  
we examined the splitting of a wide range of reflexions.

*  Communication No. 543 from the Staff of the Research
Laboratories of The General Electric Company Limited,
Wembley, England.

including 440, 444 and 840, in addition to the 533, 731 
and 800 lines studied by Abrahams & Calhoim.

Through the coxirtesy of Dr Abrahams we were able 
to examine a specimen of his magnetite powder. Results 
were in every respect similar to results obtained with our 
own preparations, so that possible ambiguities arising 
from use of materials of different origins are eliminated.

Planar spacing values for components of split reflexions 
gave in every instance the separations predicted by a 
rhombohedral structure cell with dimensions

Ur =  5-940 A, «  =  59° 47-5' at 80° K.

Alaking the assumption that the atomic co-ordinates 
correspond with those in the cubic arrangement, the 
calculated and observed relative intensities of resolved 
components agree better with the rhombohedral than 
with the orthorhombic interpretation. Tlxe evidence on 
lines 440, 533, 444, 800 and 840 is summarized in Table 1.

I t  may be noted that we have not been able to detect 
any splitting of 800 photograpliically, though noticeable 
broadening might have been expected with a separation 
of the magnitude indicated by Abrahams & Calhoxm. 
Attention, however, m ay be drawn particularly to the 
manner of sphtting of 440. The splitting is disclosed 
clearly in either hquid-air or hquid-nitrogen temperature 
photographs taken with Cr radiation. Two equahy strong 
components, with a separation of approximately 13 min., 
occxuT for the «  doublet wave-length, and a corresponding 
sphtting is seen with the ^ reflexion, in which any 
intensity ambiguity due to overlaps is natxirahy absent.
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Table 1.
Throughout the table linos are referred to in order of increasing 0

Form of splitting 
observed below 

transition temperature
Expected result for 

rhombohedral interpretation

Two components of approx
imately equal intensities

Three components, the two 
outer ones (highest 0 values) 
being just resolved. Inner 
component considerably 
weaker than the combined 
outer components

Two components, the inner 
one considerably weaker 
than the outer one

No splitting or broadening 
noticeable down to 80° K.

Split into two components, 
208 and 220 (hexagonal in
dices). Ratio of multiplicity 
factors 1 : 1

Split into three components, 
1,0,11, 315 and 401; the 
last two nearly coincide. 
Multiplicity factors 1 : 2 : 1

Split into two components, 
0,0,12, and 404. Multiplic
ity factors 1 : 3

No splitting

Expected result for 
orthorhombic interpretation

Split into three components, 
040, 224 and 400. Multi
plicity factors 1 : 4 : 1

Split into four components, 
143, 035, 305 and 413. Mul
tiplicity factors 2 : 1 : 1 : 2

Split into two components, 
044 and 404. Multiplicity 
factors 1 : 1

Split into two components, 
008 and 440. Multiphcity 
factors 1 ; 2

840 Two components of ap
proximately equal intensi
ties

Split into two components, 
2,2,12 and 244. Multiplic
ity factors 1 : 1

Split into four components, 
260, 444, 228 and 620. Mul
tiplicity factors 1 : 2 : 2 : 1

Tlie relevant section of the photograph is reproduced in 
Fig. 1. (Tliis photograph also contains the 511« reflexion.

511 a

(0)

( b )

208 a,

220 p 220 a,

Fig. 1. Sections of powder photographs (19 cm. camera, Cr K  
radiation) at X 2 magnification showing splitting of cubic 
440 line into two components at 80° K. (a) 295° K.; (b) 80° K.

Since this line originates from planes making a relatively 
small angle with planes of the { 100} form, separation 
between the components of the split reflexion at 80° K, 
is small and only slight broadening is noticeable.)

This simple ,sphtting of 440 is exactly that to be 
expected for the rhombohedral deformation along [111]. 
For the orthorhombic change we expect three components 
with the middle one approximately four times as strong 
as the other two. We believe that the behaviour of 440 
is thus of utmost importance when deciding between the 
two proposed low-temperature structures.

In this connexion it is perhaps relevant to mention

results on FeO, for which a substantial rhombohedral 
deformation at 95° K. has been observed (Rooksby & 
Tombs, 1951). Line-splitting, effects in low-temperature 
powder photographs of FeO are closely analogous to  
those found for FegO .̂ Owing to the greater magnitude 
of the deformation of FeO, however, the separation of 
the two components of line 220 is much larger than in
the case of the 440 line for Fe^O*, but line 400 remains
unsplit. It  is hoped to publish the results on FeO in
more detail in the near future.

Summarizing, the additional experimental evidence 
obtained by photographic methods appears to provide 
adequate confirmation of the original interpretation of 
the transition in magnetite at low temperatures as a 
rhombohedral structural deformation. It  is admitted that 
this interpretation does not explain the small splitting 
of 800 observed by Abrahams & Calhoun. On the other 
hand we have not been able to detect such splitting by 
photographic means.

Ultimately, when the structure change is studied in 
very precise detail, it may be foxmd that the sjunmetry 
is lowered to monoclinic or triclinic, but a principal 
dilatation along [111] appears to be reasonably consistent 
with the present evidence. It  wül probably require in
vestigations on single crystals at temperatures below  
80° K. to settle the issue xmequivocably.

We should like finally to  express our thanks to Dr 
Abrahams for allowing us to see his paper before publica
tion.
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Crystal Structure and M agnetic 
P roperties o f Cobalt Ferrite at Low  

T em peratures
Co b a l t  ferrite (CcO.FejOg) and magnetite 

(FeO.FeaOj) both crystallize at room temperature 
with the inversed-spinel-type of structure^. A mag
netic transition consisting of an abrupt decrease of . 
saturation magnetization takes place in magnetite* 
at 116° K., and is accompanied by a slight deforma
tion of the structure cell from cubic symmetry above 
the transition to approximately rhombohedral sym
metry below*. As cobalt ferrite* undergoes a similar . 
magnetic transition at 90° K., we might expect that, , 
like magnetite, it is no longer cubic below its magnetic 
transition temperature. We have shown by means of 
X-ray powder photography that this is indeed true," 
but the departure from cubic symmetry is even 
smaller than in the case of magnetite. ’ Our results 
indicate that the structure cell o f cobalt ferrite at 
low temperatures is approximately tetragonal.

Powder photographs were taken at liquid nitrogen 
temperature (80° K.) with a 19-cm. camera; both 
cobalt K ol and iron K a  radiations were employed. ' 
Several different specimens were prepared by mixing 
appropriate proportions of pure CoO and aFe^Oj, and 
firing the mixture in air for several hours at 1,100° C.

, The departure from cubic symmetry was revealed by 
■ splitting of some of the high-order, originally cubic 
lines. The cubic 840 and 800 reflexions were each ‘ 
split into two components with intensities approx
imately in the ratio ' 2 : 1, in order of increasing ‘ 
Bragg angle. No splitting of the high-order 444 
(iron K a) and 655 (cobalt Ka) reflexions could be 
detected. ' .

This behaviour indicates that there is a principal  ̂
dilatation along a [100] direction, so that the structure 
cell is approximately tetragonal with c/a slightly less ' - 
than unity. This interpretation requires 840 to be 
split into three tetragonal components (840, 804 and ' 
408) ; but the first two of these are too close together 
to be resolved. In  the accompanying table we give 
several .independent values of c/a, deduced from 
measurements on split cubic reflexions. These values, . 
are in fairly good mutual agreement. In view of they 
extreme smallness of the lattice deformation, it 
would be of interest to study the line splitting in . 
more detail by means of a sensitive counter spectro-. 
meter. ■ , '■



Cubic reflexion Tetragonal indices Wave-length Value of cja

800 .800, 008 Iron K't, 0 00868
800 Iron K a, 0 09870
840 840 "{III Cobalt K a, 0 •99885

We believe that the X-ray results on Fe^O  ̂ and 
CoFogO  ̂ at low temperatures are relevant to the 
interpretation of the low-temperature magnetic 
transitions. The changes of symmetry take similar . 
forms to those observed in FeO and CoO respectively, 
as these monoxides are cooled below their anti- 
ferromagnetic Curie temperatures®. Thus FeO and 
FoO.FogO, are both rhombohedral at low tempera
tures, with the rhombohedral angle ur slightly less ‘ 
than 60°, and CoO and CoO.FegOa are both tetra- . 
gonal with c/a slightly less than unity. Verwey’s 
theory® of the origin of the low-temperature transition 
in magnetite involves an ordering of the valency 
electrons in the octahedral sites. His model requires 
a low-temperature tetragonal symmetry, whereas the 
observed symmetry is more nearly rhombohedral. 
The observed low-temperature symmetry in cobalt 
ferrite is tetragonal, but Verwey’s model cannot 
explain this as electronic interchange between Co*+ 
and Fe*+ is more or less inhibited. We conclude 
that Verwey’s theory cannot explain the origin of . 
the low-temperature transitions in either magnetite . 
or cobalt ferrite. The correct solution may be found ■■ 
by considering the close similarity of their, structural ; 
behaviour with that of the ■ corresponding simple

* monoxides.
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Magnetic Transitions and Structural Changes in Hexagonal Manganese
Compounds .

By B. T . M. W ILLIS and H. P. ROOKSBY
Research Laboratories of The General Electric Company, Limited, Wembley, England 

M S. received 2nd December 1953, and in amended form \3th fatiuary 1954

Abstract. The lattice parameters of the isomorphous compounds MnAs, M nSb 
and MnBi have been measured over a temperature range which includes the 
temperatures at which certain magnetic transitions occur. Characteristic changes 
develop near the magnetic transition temperatures and are of two kinds: 
{a) discontinuous changes of lattice dimensions (MnAs at 40°c, MnBi at 320°c), 
which are associated with magnetic transitions of the first order, {b) discontinuous 
changes of the temperature derivatives of the lattice parameters (MnAs at 130°c, 
M nSb at 320°c), associated.with second-order magnetic transitions.

Correlation of the results on MnAs and M nSb with those obtained by 
Greenwald on M nTe indicates that the magnetic exchange energy for manganese 
atoms at a distance r apart is a maximum for r = 2-94Â.

The magnetic change which takes place in MnBi near 440°c is caused by 
decomposition of the material and is not a Curie point phenomenon.

§ 1. Introduction

A l l  four manganese compounds, MnAs, M nSb, MnBi and MnTe, which 
ZJV crystallize at room temperature with the hexagonal NiAs type of 

JL J l  structure (figure 4), show interesting magnetic changes between room 
temperature and 600°c. These changes consist of transitions between ferro
magnetic, antiferromagnetic and paramagnetic states (see table 1), but there is 
some doubt concerning the precise nature of the transitions in MnAs and MnBi. 
For convenience we shall denote antiferromagnetic-ferromagnetic, antiferro
magnetic-paramagnetic and ferromagnetic-paramagnetic changes by symbols, 
namely A -F, A -P  and F -P  respectively. .

Table 1. Magnetic States of Hexagonal Manganese Compounds

Ferromagnetic -^tiferro Paramagnetic Reference
magnetic

MnAs <  45°c ?45-130°c > 130°c Guillaud (1951 a)
MnSb < 3 1 3 °c  ------------ ► > 313°c Serres (1947)
MnBi < 3 6 0 °c  ?360-445°c > 445°c  Guillaud (1951 a)
MnTe —  < 5 0 °c  > 5 0 °c  Serres (1947)

M nSb possesses a ferromagnetic Curie point at 313°c, M nTe an anti
ferromagnetic Néel point at 50°c. The magnetic changes shown by MnAs and 
MnBi, which are both ferromagnetic at room temperature, are more complex. 
In the case of MnAs the ferromagnetism disappears at 45°c on heating, but 
reappears at a lower temperature, 34®c, on cooling. Guillaud (1951a) has
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suggested that this magnetic change is a first-order F-A  transition, and that 
MnAs does not become paramagnetic until a higher temperature, 130°c, is 
attained. He believes that the magnetic behaviour of MnBi, with corresponding 
changes at 360°c (or 340°c on cooling) and 445°c, can be similarly explained.

The present work comprises an investigation of the variation with 
temperature of the lattice parameters of MnAs, M nSb and MnBi. It is shown 
that characteristic changes of lattice dimensions but not of structure type occur 
in the neighbourhood of the magnetic transition temperatures. Further, these 
changes give some indication of the nature of the associated magnetic transitions.

Guillaud (1951b) has previously reported discontinuous changes of lattice 
parameter at 45°c for MnAs and 360°c for MnBi, but there.are certain significant 
■differences between our results and his. We have also extended the measurements 
to include the higher temperatures at which the additional magnetic transitions in 
MnAs and MnBi occur. Fdr M nTe a lattice dilatation at the anti ferromagnetic 
Néel point has been recently noted by Greenwald (1953). All these results are 
considered in more detail in the discussion below.

§ 2. Experimental Procedure

Powder photographs were taken between room temperature and 600°c 
using a 19-cm Unicam high-temperature camera and CuKa radiation. This is 
not the best choice of radiation for manganese compounds, because of secondary 
Buorescence effects. But since it was necessary to seal the specimens in evacuated 
silica capillaries, the employment of the softer iron radiation would have required 
unduly long exposures.

All compounds were prepared by mixing appropriate quantities of the 
constituent elements and heating in sealed evacuated silica tubes. The 
préparations of MnAs and M nSb were straightforward. In  the case of MnAs, 
pure manganese and arsenic in the proportions 40: 60 atomic per cent respectively 
were well ground together and heated for 20 hours at 800°c. With the exception 
of one end the tube was lagged, so that during cooling to room temperature the 
excess arsenic collected at the unlagged end. M nSb was prepared by heating 
•equimolecular proportions of manganese and antimony for one hour at 800°c. 
Powder photographs of these preparations revealed only lines for compounds 
having the NiAs-type structure.

The preparation of MnBi presented certain difficulties. According to 
Adams, Hubbard and Syeles (1952), the formation of MnBi from manganese 
and bismuth takes place by means of a peritectic reaction. After numerous 
experiments the most satisfactory preparation was obtained as follows. 
Manganese and bismuth were mixed in the ratio 45 ; 55 atomic per cent and 
heated in •vacuo for one hour at 1000°c. The temperature was then lowered slowly 
to 440°c, held there for several hours, and finally reduced to room temperature. 
T he powder photograph of the product showed the presence of MnBi 
(NiAs-type structure) and bismuth in roughly equal proportions. Further 
enrichment of the MnBi content was achieved by magnetic separation. Little 

•confusion in interpretation was caused by residual bismuth in the specimen as 
the principal x-ray observations were made above the melting point of bismuth. 
W e must emphasize, however, that the results on MnBi described below refer 
to  the alloy in the presence of excess bismuth.
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§ 3. Results

The x-ray data are conveniently summarized in the lattice parameter- 
temperature curves, figures 1-3.
MnAs

As the temperature rises through 39°c (figure 1) a discontinuous decrease 
of a takes place, leading to a contraction of structure cell volume of 2%. No- 
corresponding change takes place in the c-axis direction. The precise magnitudes 
of these lattice changes are recorded in table 2.
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Figure 1. Curves showing variations with temperature of structure cell dimensions o f
MnAs.

Table 2. Lattice Dimensions of MnAs, M nSb and MnBi
MnAs- 

Just below Just above
'MnSb -------- M nBi-

Just below Just above
Temp. (®c) 20 39 39 20 20 320 320
o(A) 3-724 3-715 3-681 4-128 4-286 4-310 4-380
c(A) 5-706 5-721 5-721 5-789 6-116 6-182 5-991
171/3 4-090 4-064 4-634 4-634

By careful adjustment of the temperature of the two furnaces it was found 
possible to produce a temperature gradient of a few degrees across a specimen at 
the mean temperature of 39°c. In this way diffraction lines of both low- and high 
temperature ‘ structures ’ were recorded on the same film. The two sets of lines 
could easily be distinguished, as they were inclined at a small angle to each other. 
All lines were sharp and clearly defined, showing that the lattice change was 
strictly discontinuous.

The change exhibited small thermal hysteresis. On cooling the material from, 
above 39°c the lines of the low-temperature structure failed to re-appear until a 
temperature of 32°c was reached.

These results are in good agreement with those of Guillaud (1951a), who- 
measured the lattice parameters at two points on the heating curve, at 20°c 
and 45°c. Minor differences between the two sets of results, such as small 
differences in the absolute values of lattice dimensions and of transition.
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temperatures, can probably be accounted for on the basis of a small difference 
of composition.

The second region of interest in figure 1 is in the neighbourhood of 140°c, 
where both the {a, T) and {c, T) curves show an inflection. The lattice dilatation 
involved here is characteristic of an A-P change. For other antiferromagnetic 
compounds with rhombohedral or hexagonal symmetry, e.g. Cr^Og (Smart and 
Greenwald 1951), oc-FegOg (Willis and Rooksby 1952) and CrSb (Willis 1953), 
the anomalous dilatation occurs principally along the c-axis direction. But 
there appears to be no reason in principle why the dilatation should not take 
place normal to this axis as in MnAs, Thus the x-ray data support the suggestion 
of Guillaud (1951 a), based on magnetic evidence, that an A-P change occurs at 
approximately 130°c.
M nSb

The (a, T) curve (figure 2) shows a pronounced inflection near 320°c, 
whereas the (c, T) curve is of nearly uniform slope throughout the entire range 
from room temperature to 600°c, The ferromagnetic Curie point is 314°c.
MnBi

There is a discontinuous change in both a and c at 320°c (figure 3), a increasing 
by T5%  and c decreasing by 3% on heating through this temperature. The 
resulting change of cell volume is less than OT % (table 2).

6 0
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413 Positive
Dilatation

412

-200 -100
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Keating
434

426
-200 400 100 200 30
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Figure 2. Curves showing variations with 
temperature of structure cell dimen
sions of MnSb.

Figure 3. Curves showing variations 
with temperature of structure cell 
dimensions of MnBi.

We are unable to explain completely the differences between these results 
and those of Guillaud (1951b), who was the first to observe this dilatation. 
Guillaud made x-ray measurements at room temperature on two samples, one of 
ferromagnetic MnBi cooled slowly from above the transition, and the other of 
hon-ferromagnetic MnBi rapidly quenched from 400°c. He deduced that 
c decreases by 5% whilst a remained unchanged on heating through 360°c,. 
There are thus differences both in the nature of the dilatation and the temperature 
at which it occurs. On the other hand, our results are in good agreement with 
the observations of Adams, Hubbard and Syeles (1952), who give c = 5*87 ± 0*02 Â 
for MnBi rapidly quenched from 320°c.
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On heating samples of MnBi beyond 320°c we observed an irreversible 
change of structure in the region of 435°c. The diffraction lines of the NiAs-type 
structure were replaced by lines of an unidentified phase, and this phase 
persisted on subsequent cooling below 435°c. The existence of a magnetic 
change at 440®c has been known for some time. Fiirst and Halla (1938) 
attributed it to a Curie point change, whereas other authors (Bekier 1914, Siebe 
1919) considered that a peritectic reaction takes place at 440°c. More recently 
Guillaud (1951 a) and Smart (1953) have lent support to the former point of view 
in suggesting that 440°c represents the antiferromagnetic Neel temperature of 
MnBi. The present results show clearly that decomposition of MnBi occurs 
before the Neel temperature, if it exists, is reached, and that there is therefore 
a fundamental difference between the behaviour of MnAs and MnBi at their 
upper magnetic transition points (130°c and 440°c respectively). The magnetic 
change in MnAs is an order-disorder effect, which involves no structural change 
apart from a small adjustment of lattice parameters ; in MnBi the magnetic change 
is caused by decomposition.

§ 4. General D iscussion

Magnetic changes taking place without alteration of composition or phase 
can be broadly classified into transitions of the first or second order (Smart 1953). 
The former include F-A  transitions and give rise to a discontinuous change of 
orientation of electron spins. Second-order transitions include F -P  and A -P  
changes ; in these an ordering of spin orientations develops gradually on cooling 
below the transition temperature.

The x-ray measurements on hexagonal manganese compounds demonstrate 
that characteristic lattice changes accompany these two kinds of magnetic change. 
Thus first-order magnetic transitions occur in MnAs at 40°c and in MnBi at 
320°c, and are accompanied by discontinuous changes of lattice parameters. 
(By dilatometric measurements on polycrystalline compacts Smits, Gerding and 
Vermast (1931) observed a volume change in MnAs near 40°c. Investigation 
of MnBi by a similar method, however, would fail to indicate a first-order change 
since there is no overall alteration of structure cell volume.) The second-order 
magnetic transitions in MnAs at 130°c, in M nSb at 314°c, and in M nTe at 50°c 
(Greenwald 1953), are not characterized by abrupt changes in lattice dimensions 
but by discontinuous variations in the temperature derivatives of these dimensions. 
The lattice parameter-temperature curves are reversible for second-order 
changes ; in the case of first-order changes there is thermal hysteresis in the 
transition region.

Occasionally it is even possible to distinguish between second order F -P  
and A -P  changes by purely x-ray means, F -P  transitions in cubic substances 
(e.g. a-Fe at 770®c) take place without change of lattice symmetry, whereas 
A -P  transitions in materials which are cubic in the paramagnetic region 
(e.g. NiO, MnO, CoO) lead to a slight deformation to rhombohedral or 
tetragonal symmetry below the transition point. No change of symmetry occurs 
in  non-cubic substances (e.g. M nSb, MnAs, M nTe) and the above distinction 
does not arise.

Smart (1953) has considered theoretically the dilatation accompanying 
first-order magnetic changes. He suggests that the magnetic atoms in the 
majority of antiferromagnetic materials are arranged in sheets of atoms of the
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same spin, so that in an A -F change a dilatation takes place normal to these sheets. 
Thus in MnBi he considers the sheets to be normal to the c-axis, and in MnAs 
to contain the c-axis. Unfortunately, his model for MnBi fails to account for 
the abrupt change in both a and c; moreover, for MnAs one would expect a 
symmetry lower than hexagonal in the antiferromagnetic region, whereas the 
x-ray results give no evidence of such an effect.

^  Position o f  
U  Magnetic Atom

Position of 
Non-Magnetic Atom

Figure 4. NiAs-type crystal structure-: the magnetic atoms occur in plane sheets, normal
to the c-axis and of spacing c/2 .

Theoretical treatments of the thermal expansion associated with second-order 
changes have been given by Neel (1937), Shockley (1939), and Greenwald and 
Smart (1950). According to the latter authors the exchange interaction J  between 
neighbouring magnetic atoms leads to a deepening of the magnetic energy levels 
by a factor 2Z \J \ S^. S  is the total spin quantum number of a single atom and 
Z  is the number of nearest neighbours. As J  is a function of the separation r of 
magnetic atoms, the exchange interactions will in general produce a change of r 
leading to an increase of J . In fact it is easy to show ( Shockley 1939) that there is 
an increase or decrease of r according to whether dJjdr is positive or negative. 
In  the special case of dJjdr =  0 there is no change of r, i.e. no anomalous lattice 
dilatation.

The theory can be applied to rriagnetic materials of the NiAs type, noting that 
tiearest magnetic neighbours to a given magnetic atom lie along the c axis and are 
at a distance away of c[2 (see figure 4). The observed sign of the dilatation in the 
c direction is given in table 3 for the M n compounds MnAs, M nSb and M nTe. 
(The data for M nTe were taken from Greenwald 1953). The dilatation is 
zero for M nSb and we can conclude that 8J/dr =  0 for r =  4r =  2-94Â, where J  is 
the exchange interaction between neighbouring Mn atoms ; dJjdr is positive for 
r  =  2-88Â and negative for r =  3*36Â. From these data the curve in figure 5 (a), 
relating J  and r, has been constructed. J  is given in arbitrary units and the 
ordinates corresponding to the points for MnAs and M nTe have been estimated 
roughly, assuming that dJ[dr is proportional to the observed magnitude of the 
dilatation.

It is of interest to compare figure 5 (a) with figure 5 (6), which represents the 
( / ,  r) curve for Mn as deduced by Guillaud (1943) using an independent method. 
Guillaud’s method consisted of plotting the second-order transition temperature 
Tp against r. can be taken as a measure of J  (in arbitrary units), as Tp is 
related simply to J  by the equation 7’p= Z | J|2fe, where t  is Boltzmann’s constant. 
There is serious doubt as to the validity of including the point for MnBi in
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figure 5 (b). Guillaud assumed that MnBi possessed a second-order transition 
point at 440°c, whereas the present work indicates that there is instead a complete 
transformation. Figure 5 (/>) contains an additional point for MnTe, which was 
not included by Guillaud. The correspondence between figures 5(a) and (b)

5
In0i(?)MnSb4

MnAs j2 2
MnTe'I

2-98 X
0
2 8 3 0 3 2 3 4

5 MnSbMnAs
4

S
= 3

2Î MnTe>
I

2-94Â
0
28

Distance betw een Mn Atoms (A)
3 0 3 2 3-4

Figure 5.
(o) ' ' <b)

(J, r) curv'es ; (a) from x-ray data, (b) from magnetic data, based on Guillaud
(1943).

appears to be fairly good. Both curves indicate that J  passes through a maximum 
value (in accordance with the theoretical considerations of Bethe, see Bozorth 1951), 
and the closeness of the two estimates, 2-94Â and 2 98Â, for the position of the 
maximum is noteworthy. Unfortunately the two curves possess too few points. 
Additional points could be obtained by taking observations on materials with 
different c parameters, and the preparation of solid solutions between the several 
compounds may well provide the required range of c values.

Table 3.
Compound

MnAs
MnSb
MnTe

^Lattice Dilatation at Second-Order Transition
r (= c /2 )  Obs. sign of dilatation Sign of
2-88A 
2-94A 
3 36A

4-ve (figure 1) 
0 (figure 2)

—ve
0

—ve
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2 . C ry s ta l  D e fe c ts  (7- 18) '

These p a p e rs  d e s c r ib e  e x p e rim e n ta l s tu d ie s  (u s in g  v a r io u s  k in d s  o f 
r a d ia t io n )  of the n a tu re  o f  th e . d e f e c ts  in  c r y s t a l s .  Tî ;o p r in c ip a l  typ es  
o f problem  were exam ined: r a d ia t io n  damage caused  by f a s t  n e u tro n
i r r a d i a t i o n ,  and th e  oxygen d e f e c ts  a s s o c ia te d  w ith  d e p a r tu re s  from 
s to ic h io m e try  in  uranium  d io x id e . These problems a re  r e l a t e d  to  th e  
r e s e a r c h  programme a t  H a rw e ll, where th e  b u lk  o f th e  work was c a r r i e d  ou t.
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Fig. ÿ. Section throngh a  cliioroplîi^ showing laniellœ {cl), intcr- 
lainallar spaces and some clilorouftist granules {eg), x 20,000 
F ig /3. Section through a chloroplast showing the pyrenoid (p 2/).’ 

5,000

s^ves are below the IW it o f resolution of this instru- 
lent. Since the size /o f the chlorophyll molécule is 

below the lim it o f Resolution of the electron micro
scope, nothing can/be said at present about the loca
tion of ch lo ro p l^ l m  respect to the lam ellæ ..

A dense bodwibtmd in the centre of the chloroplasts 
in some of ouf electron micrographs is interpreted as 
the pyrenoiy ; it appears as a condensation of inter- 
lamellar material, w ith which it is frequently con
tinuous. É h e  lamellæ can be follovçed, in some cases, 
th rou g l^ h e  pyrenoid and a p p e ^  to be tightly  held  
togetl:^  in this region (Fig. 3 } /  In  other instances, 
h a m ^ , in very dense mrfenoids, the lamellar 
stny^ure seems to d isap p e^  at this level. A  large 
cyTOplasmic vacuole is fru^iently j)resent outside the 
cmoroplast in contact w ith the pyrenoid.

ÊË Chloroplasts w ith - structure and organization 
Rim ilar to those of Eiiglena were found in P . stipitata. 

Further studies on  th e  light versus dark reaction in  
the formation and structure o f the clddfoplasts are 
in progress a full account o f th ig/w ork will be 
reported and published elsewhere

J. W ol: ^ k *
G. E. P^ADE  

Rockefeller Institute for Medio^fl R e se a r c h /
N ew  York 21. 18.

S crew  D islo ca tio n s in Q u a rtz
Ik  a recent letter in Nature, Amelinckx^ has given  

evidence fur the existence of screw dislocations in mica.- 
Ho obsQrved a stop, 140 A. high, which term inated on 
the surface : the point o f term ination of the step  
defined the point o f emergence o f a screw dislocation  
o f Burgers's vector 140 A.

I  have obtained similar evidence for the existence  
of screw dislocations in quartz. Fig. 1 is a photograph  
of the major rhombohedral face ( lOfl )  of a natural 
quartz crystal, showing the edges o f growth sheets 
which have spread in two separate directions, de
noted a and p in the figure. The a growth fronts are 
continuous, and parallel to the geographical contours 
of the face ; but the p growth fronts are discontinuous 
along the diagonal black line. This line is term inated  
on the surface at both ends, and is parallel to the 
line o f intersection of the face w ith an adjacent major 
rhombohedral plane. Fig. 2, is the corresponding 
two-beam  interference picture (X =  5460 A.) o f the  
area shown in Fig. 1, and shows th at the diagonal 
line represents a step, the height of which varies 
between 0 and 950 A.

I t  is well known® that the {1.011} major rhombo
hedral planes of quartz are planes of ‘partial cleavage’. ' 
W e can conclude that the diagonal line in Fig. 1 is a 
slip line, partial slip having taken place parallel to  
the major rhombohedral plane. The points o f term 
ination o f the slip line, and the points along its  
length where a change o f height occurs, mark the 
points o f emergence of screw dislocations.

The slip line in F ig. 1 is much more visible than  
the growth fronts, although the latter are approxim
ately 3000 A . high— that is, several tim es higher than  
the m axim um  height o f the slip step. The reason 
for th is -reduced visib ility  o f the growth fronts is 
that the risers o f the growth fronts, m ake a small 
angle (approximately 1°) w ith  the plane surface of the 
growth sheets, whereas the slip line represents • a . 
sharp, vertical step.

I  have observed a growth spiral on quartz, indicat
ing that growth had taken place from a screw dis
location of Burgers’s vector 220 A. This is therefore 
additional evidence for the existence o f dislocations 
in the quartz lattice. I t  is hoped to publish a fuller 
account o f a study o f the topography of quartz 
surfaces elsewhere.

■ • Fellow of the American Cancer Society on the recommendation of
the Committec.on Growth, N ational Research Council.
> Weier, T. E ., and Stocking, C. R ., Bol. Rev., 18, 14 (1952). Granick, 

S., “ Photosynthesis in P lan ts” (edit. Franck and Loomis, Iowa 
S tate College Press, 1949). Frey-W yssling, A., "Subraicroscopic 
Morphology of Protoplasm  and its Derivatives”  (Elsevier Publish
ing Co., 1948). Rabinowitch; E . I., “Photosynthesis,” 1 (In te r
science Publishers, 1945).

•M enke, W ., Protopiasma, 22, 56 (1934).
• Menke, AV., N aturw üs., 28, 158 (1940).
‘ Kausche, G. A., and Ruska, H ., NaturKiss., 28, 303 (1940). Menke, 

AV., Protoplasma, 35, 115 (1940). Thomas, J . B., Bustraan, M., 
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’ Wolken, J . J . ,  and Palade, G., paper to  be presented along w ith paper 

in Ref. 5 above. F ig . l .  (X  7)
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and

so that

%
dxv

K
dx,,

d̂x„

_ pF,,v d-ri 
/  dxv dxn = 0 ,

=  0 .

(4)

(Ô)

( 6 )

(4) is tiie Ma;xwell equation, and (5) after reduction 
becomes ^He Lorentz equation

k  =  v , F (7)'

In making the variation, the A/„ v) and ' X were 
treated as the independent field functions.

The canonical energy momentum tensor Tpg derived 
in the standard way from the Lagrangian (1) is

F ig . 2. ( X 7)

I wish to thank Prof. S. Tolansky for his continual 
interest in this work ; the Director, Signals Research 
and Development Establishment, Christchurch, for 
the loan of the crystal ; and the Chief Scientist, 
Ministry of Supply, for permission to publish this 
account.

This tensor is not/^unmetrical and so with it angular 
momentum wo^ld not be conserved. To make it 
symmetrical we may proceed in the usual way (see, 
for exam ple/W entzel, “Quantum Theory of Fields”, 
A p p en d ix /y  Jauch) and add.

pa dxA

B. T. M. W i l l i s
( 8 )

Royal Holloway College, ■ 
(University of London), 

Englèfield Green,
Surrey.
May 7.

* A m elinckx, S., N ature , 169, 580 (1952). 
*K o ino to , O ., N ature , 164, 359 (1949).

T'pa has the necessary properties of vanishing 
divergence and vanishing integrals of the energy and 
momentum components, for

The Energy M om entum  T ensor in D irac’s 
N ew  E lectrom agnetic T h eo ry

Dibac has recently^ proposed''a generalization of 
his new theory of electromagnetism so as to pemait 
vortical streams of the electrical charge. The vortical 
motion has been introduced by redefining the 
potentials in a more general manner. Dirac has then 
framed two stationaiyi-^rinciples, both of which lead 8 6  the symmetrical tensor, Qpa =  Qap, is 
back to the Lorentz pi^uation of motion for an electric '

T\a  dâ d̂ægdæ

Now by

^ r 9
— J , GiTa dâ/’jd iB jd g îj

^ s k a  d z r] d^^gdgrg =  0 .

^ — l̂ â Vp. (1 0 )

charge, with, howèver, the ratio, m/e =  k, only 
occurring in it. ÿhe first of these stationary principles 
has for its action density

( 1)— ^FfxvFpv +  iX {vvVv —
/  '  - /  

where the potentials are assmned to>be of the form

/ A n  — (2)
/

In  these equations Vfi is the vAocity vector, v̂ iV̂  =  1, 
and Ç and y) are two independent functions of the Xy, 
X is an arbitrary fu n c ^ n  ôf 'the Xy. Varying the
integral Lagrangian (Jl), one gets the equations, .

V yV — 1, .(3)

0pff =  Tpa +  T'pa =  FalFpX — Vg'kOp +  8paL. (11)
X '''The Ç and v) variables do not appear explicitly in 

this formula, and the. tensqi/is, apart from notation, 
of the same form as the/' tensor of the irrotational 
theory, the 600 and components of which have 
been given by Le jBbuteur®.

I  thank Prof. Pt A. M. Dirac for suggesting^this 
problem to m e /

/  S. F . ^ / T yabji
Christ’s (/liege ,

Carnjbridge.
May 20.

‘ D irac, P . A. M ., Proc. R oy . Soc., A . M d ,  291 (1 9 5 1 ); A , 212, 303 
(1952). /  . .

* Le C outeur, K . J . ,  N a tu re , 169, 146 (1952).
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Diffraction from  D islocations
W i l s o n  ̂ h a s  calculated the nature of the diffraction 

from a cylindrical crystal with a single axial scfew. 
dislocation. Diffraction from an edge dislocation is 
more difficult to treat theoretically, because of the 
more complex nature of the elastic field surrounding 
the dislocation. An approximate treatment has been , 
given by Wilson*, who assumed that the displace
ments of the atoms were parallel to the Burgers 
vector. We have succeeded in solving the diffraction 
problem for a cylindrical crystal with an axial edge : 
dislocation, in which the displacements correspond 
to isotropic elastic theory. Two independent methods 
were used : straightforward calculation (by T. S.),- 
and direct observation in a Lipson diffractometer of 
the optical diffraction pattern of a two-dimensional 
grating representing the crystal (B. T. M. W.). In 
•Fig. 1 we reproduce the optical ^diffraction pattern 
given by a grating representing (o) a perfect crj’-stal 
(no dislocation) and (6) a simple-cubic crystal with
an edge dislocation normal to the plane corresponding 
to the plane of the grating. ■

Fig. 1. DiflFractlon patterns from gratings representing (o) perfect ...... .... patterns from gratings _______ „ , _____
crystal, (6) crystal with dislocation. The horizontal axis in (b) 

corresponds with the slip direction

Diffraction from



Our results can be summarized as follows. The 
/t-axis in reciprocal space is parallel to the slip 
direction (Burgers vector) and the Z-axis to the axis 
of the dislocation. (I) Any spreading of the diffracted 
intensity in reciprocal space is confined to the planes 
I — 0, ±  1 • • • » and the intensity within these 
planes is independent of I. (2) The hOl reflexion is 
broader and weaker than the Qkl reflexion for equal 
values of h and k. (3) The maxima of the /iOZ reflexion 
are displaeed from the ideal reeiprocal lattiee point 
by an amount that inereases linearly with h ; the 
maxima of the Okl reflexion are also displaced, but 
the displacement is roughly independent of k for 
Bmall^k. (4) The intensity at the ideal hOl and Okl 
lattice points is zero for h,k > 4 . (5) The form of
the distribution of intensity around an ideal reciprocal 
lattice point depends on its co-ordinates in reciprocal 
Space, on the strength of the dislocation and on the 
value of Poisson’s ratio, but not otherwise on the 
crj’̂ stal structure. In contrast with the case of a 
screw dislocation^, the spread of intensity around 
the ideal reciprocal lattice point is not o f circular 
symmetry.

These results were obtained using an average value 
of 0 3 for Poisson’s ratio. It  is clear that the diffrac
tion pattern is quite different from that proposed 
by Wilson on the basis o f the more approximate 
theory*.

Our thanks are due to Prof. F. C. Frank for dis
cussion o f this problem, and to Dr. J. Thewlis, who 
suggested the use of the optical method for its 
solution. \

T. Suztnci

H . H . WiUs Physical Laboratory,  ̂ - ■
, Royal Fort, ' '

V \ . Bristol 8 . ' , ■ . _ ’ -
B. T. M. W rt^ s '

Atomic Energy Research Establishment,
Harwell, _ • . : /  , ■ ;

Hr. Didcot, Berks.
Dec. 13. : . . .  , ' . • ■

* Wilson, A. J .  C., Acte C nttl., 6, 318 (1952).
• Wilson, A. J .  C., ResearvA. 8. 387 (19M ). V
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An X-Ray Study of Neutron Irradiated Lithium Fluoridef

By R. E. S m a l l m a n  and B. T. M. W i l l i s  

Metallurgy Division, A.E.R.E., Harwell, Nr. Didcot, England

[Received May 8 , 1957]

A b s t r a c t

The nature of the damage in neutron irradiated lithium  fluoride has 
been examined by x-rays up to neutron doses a t which the m ajority 
of the ions have been displaced from their lattice sites. The observations 
have been made by Debye-Scherrer powder photography, Laue photo
graphy and small-angle scattering. The results indicate th a t isolated 
defects predominate a t low doses, bu t th a t these cluster to form large 
defects a t doses higher than  about 1 0 '̂̂  neutrons/cm^.
■ W ith the exception of some small-angle scattering all the Xrray effects 

anneal out in the range 400°-500® c. This residual scattering is in ter
preted as th a t associated with gas bubbles.

§ 1 . I n t r o d u c t i o n

The nature o f the damage induced in lithium fluoride by reactor irradia
tion has been the subject of several recent x-ray investigations. The 
problem has doubtless owed its popularity to the simplicity o f the un
irradiated structure and, more important, to the ease with which the 
structure can be damaged.

Binder and Sturm ( 1 9 5 4 )  showed th a t for a dose of 6  X  10^® neutrons/cm^ 
the lattice expansion as measured from the change of lattice param eter 
was equivalent to th a t determined from density measurements. This 
indicated th a t the expansion was due to the production of isolated 
Frenkel defects, an interpretation which was later supported by annealing 
experiments (Binder and Sturm 1 9 5 5 ) .  Keating ( 1 9 5 5 )  measured the 
integral breadths of the 0 0 1  reflections of crystals irradiated a t rather 
higher doses, 2 - 1  and 7 - 5  x  1 0 ’̂ n/cm^. He observed considerable line 
broadening, which he interpreted in terms of a model of flat clusters 
of defects in the (0 0 1 ) plane separated by uniformly stressed material. 
Finally Mayer ( 1 9 5 5 )  has reported measurements by Perio of the variation 
of lattice param eter with dose, and Brooks ( 1 9 5 6 )  has reported some 
x-ray results of Guinier. Both these sets of results will be referred to 
below.

In  the present work new x-ray results are reported on lithium fluoride 
irradiated in the range 3  X  10^® to 7  x  10^® n/cm^.

I  Communicated by A. H, Cottrell, F.R.S,
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§ 2 . I r r a d i a t i o n  P r o c e d u r e

The standard samples were plates, ■} mm thick, cleaved from larger 
single crystals obtained from Harshaw Chemical Co., U.S.A. These 
crystals were irradiated in the centre of e e p o , the graphite moderated 
reactor a t Harwell, in a slow neutron flux of about 1 0 ^̂  n/cm^/sec 
and a t a temperature of 55^15° 0 .

The doses were measured by determining the y-activity of cobalt wire 
monitors placed with the samples. Owing to self-screening the mean 
dose received by a sample was less than the 'unscreened dose recorded 
by the monitor. Calculations based on the assumption of an infinite 
slab of I  mm thickness showed th a t the standard sample received a ■ 
mean dose 80% of th a t recorded by the monitor. This correction has 
been applied to the dose figures quoted below. Self-screening also 
produced a variation of di3%  in the dose throughout a given sample ; 
tliis variation is about half the error involved in estimating the relative 
doses.

§ 3. X - R a y  R e s u l t s

3.1. Measurements of Lattice Parameter and Line Breadth
Debye-Scherrer photographs were taken of powders, which were 

prepared from fragments cleaved from irradiated single crystals. The 
lattice param eter a was obtained from the line positions on the photo
graphs. Figure 1 shows the variation of a with dose. For small doses 
the change of a, Aaja, is proportional to dose ; a t higher doses a increases 
to a maximum a t 4xlO ^’ n/cm^ and then falls again. These results 
are in good agreement with those obtained by Perio (see Mayer 1955).

. ' Fig. 1
‘I  4-0310

4-0290

z  4-0270

4-0250
12x10'

Dose Cn. cm"*)

Lattice parameter of LiF as a function of slow neutron dose.

The integral breadths of the powder lines were measured from 
line profiles obtained by microdensitometry. The instrumental broaden
ing was corrected by the Jones (1938) method, and it was assumed th a t 
the breadth of the unirradiated crystal was entirely instrumental. A 
plot of ^ cos djX versus 2  sin OjX for thç most heavily irradiated sample
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(7 '2x  lO^^n/cni^) was a straight line of slope 0-0042 through the origin. 
This showed th a t the line broadening was predominantly due to strain 
rather than crystallite size, and th a t the mean strain was 0-0042,

The integral breadth of the 422i%i line as a function of dose is shown in 
hg. 2 . ^ 4 2 2  is the same as the unirradiated value up to I x  1 0 ’̂ n/cm^; 
above this ^422 increases rapidly with dose and shows no sign of saturation.

Kg. 2

700

600

500 u2 5

4002 0

300

200

1000-5

Dose (n. cm'*)

Integral breadth of 422aj line O, and intensity of x-ray scattering at I® x, 
as a function of slow neutron dose.

3.2. Laue Pliotogra'phs
Transmission ‘ Laue ’ photographs, using both wliite and mono

chromatic MoKa radiation, have been taken of a number of irradiated 
single crystals. In  the heavily irradiated (i.e. greater than lO^^n/cm^) 
samples narrow, well-defined streaks ajDpear along the ( 1 0 0 ) directions. 
The streaks extend from the origin to the 2 0 0  reciprocal lattice points, 
and are produced by reflection of the characteristic MoKa radiation.

‘ Defect diffuse scattering ’ (Huang 1947), which arises from the dis
tortion of the lattice around the individual point defects, has been carefully 
looked for. This scattering is difficult to observe experimentally, as it  is 
concentrated near the strong Bragg reflections and is in a region where 
the therm al diffuse scattering is a maximum. However, extra diffuse 
scattering has been observed along the radial direction joining the 
reciprocal lattice point to the origin. Such a radial distribution of 
intensity is predicted by the theory of defect diffuse scattering (Huang 
1947, Cocliran 1956).
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3.3. Small-anrjle X-Ray scattering
Tlie apparatus used for these tests was th a t described by Smallman 

and W estmacott (1957) for the study of cold work and irradiation effects 
in metals. I t  consisted essentially of an asymmetric quartz mono
chromator limited with slits to give beam divergence. The sample to 
focus distance was 80 mm and the intensity of scattering recorded either 
on a film or directly using a Geiger counter.

A film taken with a crystal irradiated to SxlO^^n/cm^ and oriented 
with the (1 0 0 ) and (0 0 1 ) planes respectively perpendicular and parallel 
to the x-ray beam, showed th a t the small angle scattering was approxi
mately isotropic. I t  was therefore possible to use a Geiger counter 
(Milliard type M X llS  with slit 0-3 mm X  5 mm) to measure accurately 
the intensity distribution along the (lOO)-(OOl) zone. Figure 3 shows 
a plot of log (intensity) versus 6  ̂ (radians^) for six crystals irradiated 
with successively increasing doses of 5x10^®, I-OxlO^’, 1 *0 x 1 0 ®̂, 
3-3x10^® and 7 X 10̂ ® n/cm^. The results (corrected for parasitic 
scattering but not for beam height) have been plotted in this way since 
it  is known (Guinier and Fournet 1955) th a t for a  collection of-identical 
scattering groups the intensity scattered over an angle 9 is given by

I=Mn^IgQx-p . . . . .  (1 )
Here 7  ̂is the intensity scattered by an electron a t small angles, M  is the 
number of groups, n represents the difference between the number of 
electrons in one group and in an equal volume of surrounding m atrix, 
and K  is the radius of gyration of the groups.

The amount of small angle scattering for irradiations less than  
3x101’ n/cm^ is extremely small bu t above this dose the scattering 
becomes appreciable. The intensity of scattering a t 1 ° as a function 
of dose is shown in fig. 2  together with the line broadening results.

Accurate analysis of such a complex scattering system is difficult but 
an estimate of the maximum size of scattering region is of interest. 
The table shows the radius of gyration K  for the various irradiated 
crystals calculated from the extreme low angle linear portion of the 
log I  versus 9  ̂ curve.

Irradiation dose 
(n/cm^)

Size Z(A) Irradiation dose 
(n/cm2)

Size K{k)

5x101® 1 0 1x1018 23
IXlQi’ 15-5 • 3-3x1018 2 2  ‘
3-7x101’ 18-5 7x1018 2 2

I t  can be seen th a t the size of the scattering group increases with 
neutron dose up to about lOi® n/cm^ and then remains approximately 
constant a t 2 2  Â. The number of such regions also increases extremely 
rapidly with dose, as the intercept on the log I  axis indicates, . '
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Eig. 3

7x10'" n.cm'"o

3x10

xlO'

IxlO'

xIO

0602 04
•>

Log. (intensity) versits 9̂  for six crystals irradiated at successively increasing
doses.

3.4. Annealing Experiments
Irradiated single crystals have been vacuum amiealed for 1 hr periods 

a t 50° and 100° c intervals in the range from room tem perature to 700° c. 
After each anneal the crystals were examined by the three x-ray techniques 
mentioned above. Tho bulk of the damage annealed out between 400°
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and 500° c., i.e. the lattice parameter reverted to its original value, the 
powder lines became sharp and the Laue streaks disappeared. The 
small angle scattering results showed th a t the annealing behaviour of 
the scattering group was extremely complex. Below 400° c there is a 
small increase in small angle scattering but a large decrease does occur

Big. 4

as irradiatedIu(U
c3
8

c

c

600*C

0-6 0 - 8 1.0 1-20 02

0 ^ x 10" - ^
. Ix)g (intensity) versus 0̂  for crystal irradiated to 1 0 ^̂  n/cm^ and annealed for 

one hour at successively increasing temperatures. @ As irradiated, 
□  annealed at 350° o, X 400° o, A 500° o, □  600° c.

in the range 400-500° c. Further annealing a t temperatures above 
500° c causes the log I  versus 6̂ . plot to beeome approximately linear but 
does not remove the seattering completely. The scattering curves 
for a crystal irradiated to 1 X 1 0 ®̂ n/cm^ after various anneals are given 
in fig. 4. Substantial small angle scattering remains after high tem pera
ture annealing.
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Irradiated litliium fluoride is dark red or black depending on the seyerity 
of the dose. On annealing the colour of all the samples changed. Crystals 
irradiated less than 1 0 ®̂ n/cm^ become yellow-brown a t low temperatures 
but finally colourless in the range 400-500° c. The crystals more heavily 
irradiated remained dark up to 400-500° c, then became white.

§ 4 .  D i s c u s s i o n .

Ill the irradiation range below l O l ’ n / c m ^  the amount of .small angle 
scattering and line broadening is extremely small whereas the lattice 
param eter increases linearly with dose. This initial linear portion of the 
lattice param eter versus dose curve (fig. 1 ) can be interjireted as being 
mainly due to isolated Frenkel defects distributed a t random throughout 
the lattice. From the slope of this portion we can obtain, by assuming 
tha t the lattice expands by the molecular volume for each }iair of Frenkel 
defects produced, an estimate of the number of defects per fission. This 
number is fairly close to the theoretical estimate of 1900 obtained by 
assuming th a t all the defects remain in the lattice during and after the 
irradiation (Seitz and Koeliler 1956). We conclude therefore th a t the 
major part of the damage does not anneal out a t room temperature.

We can interpret the saturation of the lattice parameter versus dose 
curve by using the rough criterion for saturation suggested by Pease 
(see Varley 1955). An u])per hmit to the concentration of Frenkel 
defects is th a t for wliich any additional interstitial introduced in the 
lattice is adjacent to a  vacant lattice site. I f  the defeets are immobile 
tills will occur when the vacancy concentration is of the order of IjN , ’ 
where N  is the number of lattice sites surrounding an interstitial site. 
Now the cross section for thermal neutron absorption in LiF is 70 barns 
so th a t for the saturation dose of SxlO^’ n/cm^ a mole fraction 
(70X 1 0 “^̂ ) (3 X 10i’) = 2 'l  X 10“® of fissions occurs. The corresponding 
concentration of vacancies is (2*1 X 1 0 “®) ( |)  (1900)= 1/50. Tliis is 
rather less than  1/N, but the difference can be accounted for by assuming 
interstitial-vacancy interactions over a few ionic distances.

We attribute the fall of the lattice parameter versus neutron dose curve 
to the coagulation of pomt defects. Evidence for coagulation is provided 
by the appearance of ( 1 0 0 ) streaks in Laue photographs and by small 
angle scattering. The streaks indicate a break-up of the periodicity 
in the ( 1 0 0 ) directions, as produced, for example, by the condensation 
of interstitial atoms in (1 0 0 ) planes. The small angle scatter curves 
show th a t the scattering system is more complex, being more sensitive to 
vaeancy groups than  interstitial aggregates. However it is exjiected 
th a t aggregates of lithium and fluorine atoms, together with groups of 
vacancies are present. Any variation in size of each of these scattering 
groups will give rise to a coneave type of log (intensity) versîis 6  ̂ curve, 
as observed. Coagulation of defects also produces long range strain, 
as revealed by the line broadening measurements. The interpretation
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of line broadening in terms of crystallite size is invalid (see § 3 ), although 
Varley (1056) rei>orts tha t Pease has deduced thereby an estimate of the 
size of the region disordered by a single fission process.

On annealing, the Laue streaks, line broadening and changes in lattice 
param eter all completely disap])ear in the tem perature range 400-500° c. 
However, some small angle scattering still remains even a t 700° c. This 
residual scattering is believed to be due to the new atoms, ®H and ^He, 
formed by transm utation. The number of such atoms per group can be 
calculated from the x-ray measurements, since from eqn. (1 ) the number 
of scattering particles M  is given by

M = N I(0 ) ln \  .....................................(2)

where 7(0) is the intercept intensity in electrons per atom and N  is the 
number of atoms/cm®. The conversion of the intensity from counts/sec. 
to electrons/atom can be made, knowing the geometry of the aj>paratus 
and the main beam intensity (Smallman and W estmacott 1957). For 
our arrangement one count/sec. is equivalent to 2 0  electrons/atom. 
Thus in the 1 x 1 0 ®̂ n/em^ and high tem perature annealed sample 
the number of groups is about 4xlO^®/cm®. However, the number of 
transm uted atoms formed during irradiation is 8 x l 0 ®̂/cm® so th a t the 
number of atoms per group is about 2 0 0 0 , I f  these small atoms fit 
interstitially in the lattice sites (i, }) or (}, 0 , 0 ) then the volume
occupied is about 500 unit cells. Tliis is not in agreement with the 
observed size of the scattering group of 301  radius. The difference 
can be accounted for if  it  is assumed th a t gas atoms by capturing vacan
cies in their neighbourhood expand into gas bubbles forming a stable 
cavity. Wuch behaviour has been observed metallograjihically when 
irradiated uranium (Cottrell 1056) and beryllium (Barnes and Redding, 
X>rivate communication) is heated. An estimate of the size of cavity 
which this group of atoms would acquire a t tem perature T°k  m ay be 
obtamed since the pressure of a gas bubble of radius R  is given by

P = 2 ylR   .......................... (3)

where y  is the surface energy of the litliium fluoride'. Since the volume 
of gas atoms a t n.t.p. is

Â J p a N  .............................  . . (4)

where is the density of the gas a t n.t.p. and A q the atomic weight of the 
gas and N  Avrogadro’s number, the number of gas atoms per bubble 
a t pressure P  and tem perature T°k  is given by

4ttR^P(.NP .2n iZ A çfT . (5)

Taldng the number of atoms per bubble as th a t given above (2x 1 0 ®) and 
w ith y = 2 0 0  ergs/em® and pJA (,= 4i'5x  1 0 "® g/cm® the size of the bubble 
is about 301 radius, iii agreement with th a t observed a t 600° c.
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§  5 .  C o n c l u s i o n s

Three principal x-ray techniques, Debye-Scherrer powder photography , 
Laue photography, small angle scattering, have been used to determine 
the effect of neutron irradiation on crystals of hthium fluoride. The 
results indicate th a t for low doses ( < 1 0 ’̂ n/cm®) the defects are pre
dominantly isolated. However a t dosés higher than about 1 0 ^̂  n/cm® 
clusters of defects such as interstial platelets in (1 0 0 ) planes and groups 
of vacancies are formed. These defects anneal out in the temperature 
range 400°-500°c but above this temperature it  is believed th a t the 
transm uted atoms ®H and ^He which remain form small gas bubbles.

A c k n o w l e d g m e n t s  

We would like to thank Mr. T. M. Valentine, Mr. K. Rouse and Mr. 
K. H. W estmacott for assistance in the experimental work.

Note added in  'proof.—The presence of gas pockets has been confirmed 
by microscopic examhiation of samples annealed for long periods just 
below the melting point. For example, bubbles six microns in size and 
of square cross section were observed after heating for 24 hours a t 700° c.
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An optical method of studying the diffraction 
from imperfect crystals
I. Modulated structures

By B. T. M. W i l l i s  

Atomic Energy Research Establishment, Harwell, Berks

{Communicated by A . H . Cottrell, F.R.S.— Received 1 7  July  1 9 5 6 )

[Plates 5 to 7]

The correspondence between the X -ray diffraction pattern o f a crystal and the optical 
diffraction pattern o f a two-dimensional grating has been used to determine the nature o f the 
diffraction from imperfect crystals. A  two-dimensional grating representing the structure 
of the imperfect crystal is prepared on a very fine-grained photogi*aphic plate by a technique 
wliich gives an error o f less than 1/t in the positions o f the elements of the- grating. The 
grating is placed in a bath o f cedar-wood oil between optically flat glass plates, and its 
Fraunhofer diffraction pattern is observed in a modified Lipson diffractometer. Illustrations 
are given o f the application o f the optical m ethod to the study o f the diffraction from  
modulated structures; such as the alloy Cu^FeNig w ith a periodic variation of lattice para- 

. m eter, and the age-hardening aluminium-copper alloy w ith a variation o f both lattice para
meter and structure amplitude.

1. I n t r o d u c t i o n

The structure of an imperfect crystal is normally determined by the trial-and-error 
method. A given arrangement of atoms in the crystal is postulated, and the calcu
lated X-ray diffraction pattern  produced by this arrangement is compared with the 
observed pattern. This may involve a considerable amount of calculation, which 
can be reduced by the use of optical diffraction methods. A two-dimensional grating 
is prepared representing the projection on one plane of a large number of atoms of 
the proposed structure; the Fraunhofer diffraction pattern  of this grating is then 
obtained with the aid of an ‘X-ray microscope’ (Bragg 1 9 3 9 ), and compared with 
the observed X-ray pattern. Optical methods have been developed by Lipson and 
his school (see references in Hughes & Taylor 1 9 5 3 ) primarily to help determine 
complex organic structures ; bu t they may prove specially valuable in the field of 
imperfect structures, as satisfactory theories of diffraction from certain kinds of 
imperfect structure, for example a crystal with dislocations (Wilson 1 9 5 5 ), are not 
available.

Bragg & Lipson (1 9 4 3 ) and Taylor, Hinde & Lipson (1 9 5 1 ) have carried out pre
liminary investigations of the use of optical methods in determining the nature of 
the diffraction from imperfect structures. Bragg & Lipson photographed the optical 
diffraction patterns of line gratings simulating the structures of various alloys, but 
the restriction to  one-dimensional gratings severely limited the power of the method. 
Taylor et al. prepared two-dimensional gratings to  illustrate the diffraction from
(a) hexagonal cobalt containing stacking faults and (6 ) CugAu a t different stages of 
ordering; these gratings were made by punching holes in an opaque card with a 
pantograph punch. They found th a t the principal limitation of the optical method

[ 184 ]
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was the difficulty of constructing suitable gratings. In  the cobalt problem (a), for 
instance, only a small number of ‘ atoms ’ could be included in the gratings, and this 
limited the quantitative evaluation of the patterns. Further, for these two problems 
there was no need to locate the ‘ atoms ’ in the gratings very accurately, but, in 
general, inqierfect structures contain a high proportion of atoms displaced by only 
small amounts from their ideal lattice sites. Taylor et al. concluded th a t a quicker 
and more accurate method of making the gratings should be devised.

In  the present paper a method for preparing two-dimensional gratings is described. 
The method, which was designed to overcome the limitations mentioned above of 
the pantograph punch technique, has been used in a study of the diffraction effects 
from modulated structures. This study is also described in the paper. Other 
apphcations—to the study of the diffraction from crystals with dislocations and 
with stackhig faults—will form the subjects of later papers.

2 . C o n s t r u c t io n  o f  g r a t in g s

A diagram of the ‘gratmg machine ’ is shown in figure 1. The grating is prepared 
on a fine-grained photographic plate P  (preferably a Lippmann plate with grain size 
less than Ip ), which rests on a floating carriage Fp, F^ itself rests on a second floating 
carriage F^ mounted on a surface plate S. The surface o f S  is accurately parallel 
to the planes of the carriages. Both carriages are seated kinematically on three 
steel balls, free to run in grooves, and this allows translational movements of the 
carriages in mutually perpendicular directions. These movements are controlled 
by micrometers M^, M2 with non-rotating anvils and scales reading to  0 - 2  p. A con
stan t thrust of the carriages on the micrometer anvils is obtamed by shghtly tilting 
the surface plate out of the horizontal plane.

Three vertical pillars fixed to the surface plate support a rectangular plate B  
which, in position, is just clear of the upper emulsion side of the photographic plate. 
In  the centre of the rectangular plate is a narrow sht N , 2*5 cm long, and underneath 
the slit is attached a th in  foil containing a round 10 p  pinhole. The pinhole can be 
made by passmg a high-frequency discharge through a thm  sheet of mica. This forms 
a round hole a t the discharge point, and the remaining mica is then made opaque 
by evaporating aluminium on to it. On exposure to a parallel beam from a ‘ compact- 
source ’ mercury-vapour lamp, an image of the pinhole is recorded on the photo
graphic plate. A photographic shutter a t the focus of the light source controls the 
exposure time. To represent atoms of different sizes on the grating, the photographic 
plate is carefully over-exposed, causing image spread; in controlling the image size 
in this way it is essential to  include a mains voltage stabilizer in the lamp circuit.

Certain types of imperfect structures, such as layer structures containhig stacking 
faults and distorted crystals with modulation of lattice param eter and structure 
amphtude, can be represented by gratings prepared by repeating a whole row of 
‘atoms ' a t a time. In  this case the smgle pinhole is replaced by a row of a hundred 
or more 10 p  pinholes, which are placed under the narrow sht N , and this row is then 
used as the repeat unit in ‘ruling’ the two-dimensional grating. The original row of 
pinholes is itself prepared by recording images of a 1 0 /a pinhole a t regular intervals 
on a Lippmann plate, and by printing this on a  second Lippmann plate.
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Tlie performance of this gratmg machine compares favourably with th a t of the 

pantograi^h punch machine of Lipson. The estimated error in the position of an 
element of a grating is less than 1 /x (see § 4), whereas it is 30 /x (Hughes & Taylor 
1 9 5 3 ) for a punched-eard grating. A grating of 10 0 0  x 1 000 elements can be prepared, 
photographing a row of elements a t a time, in two hours; this is the time required

F igttre 1. D iagram  o f  th e  equ ip m ent used  to  m ake th e  tw o-d im ension al gratings.

to make a 40 x 40 grating (Taylor et al. 1 9 5 1 ) by the pantograph method. A further 
im portant advantage of the photographic teclmiqüe is th a t the gratings can be 
made on a very small scale, with the repeat distance between the elements as small 
as 2 0 /X, so th a t high-quahty diffraction patterns can be obtained without using 
highly corrected lenses.

3 .  O b s e r v a t i o n  o f  t h e  d i f f r a c t i o n  p a t t e r n s  

The patterns are photographed using an optical diffractometer similar to th a t 
described by Hughes & Taylor (1 9 5 3 ). Light from a high-pressure mercury-vapour 
lamp is directed on a pinhole a t the focus of a plano-convex lens of 1*5 m focal length. 
The grating is placed in the parallel beam emerging from this lens, and the diffracted

«
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beams are brought to a focus by a second lens of the same focal length. The repeat 
distance in the gratings is 250/x or less, so th a t the diffraction spectra are well 
separated in the image plane; the diffraction patterns can therefore be photographed 
on fast quarter-plates, without recourse to the special fine-grain techniques devised 
by Hughes & Taylor.

The uneven optical thickness of the photographic plate on which the grating is 
made causes irregular variations in the path  lengths of the diffracted beams, and 
a consequent deterioration in the quahty of thç diffraction pattern. To overcome 
tliis difficulty the grating is immersed in cedar-wood oil and sandwiched between 
a pair of optically flat glass plates (Bragg & Stokes 1 9 4 5 ). This technique is not 
necessary if the repeat distance between the grating elements is sufficiently small.

A grating prepared photographically consists of opaque spots on a clear back
ground. The area of the spots is small compared with the area of the background, 
and consequently the grating gives a dazzling zero order of diffraction, tending to 
mask the central portion of the pattern. This defect is avoided by using the com
plementary grating, prepared by prmting on a second Lippmann plate. A number of 
gratings, which were photographic negatives of one another, were used to demon
strate Babinet’s principle, which states that, except in the region of zero order, the 
distribution of illumination in the diffraction patterns of two complementary 
gratings are identical.

In  addition to the hues of the mercury spectrum the source gives an appreciable 
white light continuum, which produces spurious radial streaks in the diffraction 
pattern. I t  is essential to remove these streaks by photographing the pattern  with 
monochromatic light isolated by a filter of very small bandwidth. The photographs 
shown in figures 3 to 11 (plates 5 to 7) were taken using a nine-layer interference 
filter together with a gelatine filter, the combination passing a band of 2 0  À half
width, centred on the mercury green hue (A 5461).

4 .  D i f f r a c t i o n  f r o m  m o d u l a t e d  s t r u c t u r e s

(a) One-dimensional modulation of lattice parameter and structure amplitude
Wilson (1 9 4 9 ) has given a summary of the theory of diffraction from modulated 

structures, in which the lattice param eter and structure amphtude vary periodically 
throughout the structure. The model he considered was a simple-cubic crystal 
distorted along one direction, the x  axis, according to the equations

a„ =  a^l + 6 s i n ? ^ ) ,  (1 )

=  . (2)

Here is the spacing between the n th  and {n -h l)th  unit cells numbered along the 
X axis, the structure amphtude of the n th  ceU, a and F  respectively the lattice 
parameter and structure amphtude of the undistorted ceh, b and g the amphtudes 
of the two modulations and N a  their wavelength. Wilson derived expressions for the 
intensity of diffraction when the lattice parameter and structure amphtude varied 

9
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FiGUKii 3. D iffract ion i^attern o f  a  grating representing a  sim ple cubic crystal w ith  a  sinu so idal 
m o d u la tion  o f  la ttice  param eter along th e  x  ax is ; sm all am plitud e o f  m odu lation .
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F io u bk  4. D iffraction  p a ttern  corresponding to  an  un d istorted  crysta l.
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F i g u r e  5. D iffraction  p a ttern  corresponding to  a crysta l w ith  a  sinu so idal m od u la tion  
o f  structure am plitude a long  th e  x  ax is.
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h — — 4 — 3 — 2 — 1

Ftcitthr fi. Diffraction pattorn of a grating rnprosonting a simple cubic crys/al 
with thn modulations of figures 3 and 5 combined.

A =  — 4 — 3 — 2 — 1

F igu re 7. Diffraction pattern corresponding to a sinusoidal modulation of lattice 
parameter along the x  axis i large amplitude of modulation.

1.

A = - 4  - 3  - 2 .  - 1  0 1 2 3 4 "

F igu re 8. Diffraction pattern corresponding to a square-wave modulation of lattice 
parameter along the x  axis ; large amplitude of modulation.
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F igure 10. Diffraction pattern of a grating representing the one-dimensional model 
of the modulated structure of Cu^FeNi,.

h  =  0  1

F ig u r e  11 . Diffraction pattern corresponding to the two-dimensional model o f CiqFeNi,.
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independently, and gave an approximate treatm ent for the case of simultaneous 
variation of lattice param eter and structure amplitude. Hargreaves (1 9 5 1 ) has 
extended the theory to square-wave modulation; his treatm ent applies to a crystal 
with small amphtude of modulation of lattice parameter and for this case the 
diffraction is similar to th a t from a crystal with sinusoidal modulation. These 
theories are not necessarily valid for large amplitudes of lattice parameter modula
tion, or more exactly for large values of JiNb, where h is the order of diffraction along 
the reciprocal aj* axis corresponding to the axis of modulation. The optical method 
can be used to determine the nature of the diffractiqn from modulated structures, 
when no restriction is placed on the amplitude or the wave form of the modulation, 
and when the modulation occurs along the x  axis only or along the x  and y  axes 
simultaneously.

t

a(l+b') n.-*-

NH N Z Nh

< •

F ig u r e  2 . T h e  sp a c in g  b e tw e e n  a d ja c e n t  e le m e n ts  a lo n g  th e  m o d u la t io n  a x is  a s  
a  fu n c t io n  o f  th e  n u m b e r  o f  th e  e le m e n t, for sq u a r e -w a v e  m o d u la t io n .

The optical diffraction pattern  is shown first (figure 3, plate 5) of a two-dimen
sional grating with a periodic variation of spacing along the x  axis in accordance 
with equation (1 ). The amplitude of the modulation, b, was 2  % and its wavelength 
10 a, where the repeat distance, a, was 250 fj.; 100 x 100 elements were included in the 
grating. The co-ordinates in reciprocal space are denoted h, h, where, h and k are 
integral for the diffraction spectra of the corresponding grating with 6  =  0 . As the 
rows of spectra parallel to the a;* axis are identical, three rows only, for k = 0 and 
± 1 , are shown in the photograph.

Figure 4 shows the diffraction pattern of an undistorted two-dimensional grating. 
Comparison of figures 3  and 4 shows th a t the modulation of lattice parameter 
introduces pairs of satellite reflexions, which flank the main reflexions and are 
displaced from them  along the x* axis by ± 0 -la*, where a* is the repeat distance 
between the main reflexions. The components of each pair are equal in intensity, 
and this intensity increases with h, being zero for h = 0. Higher-order satellites, 
displaced from the main reflexions by 0 -2 a*, 0-3a*,..., appear for 4. All these 
features are explained satisfactorily by the theory (Wilson 1 9 4 9 ), which indicates 
th a t the intensity of a satellite associated with the Ath-order main reflexion is 
J\{hNb), where i is the number of the satellite, counting from the main reflexion as 
i =  0 , and is the Bessel function of order i. For TiNb < 1 , which corresponds hi our 
case to li < 4, J \  is appreciable for 0 =  0 and 1 only.

Diffraction patterns of the same form as figure 3 were ob tamed from gratings with 
square-wave modulation of spacing along the x  axis and amplitude of modulation, 
6 ' (see figure 2 ), equal to 2  %. A number of gratings were prepared with the mean



189 D iffraction  from  imperfect crystals. I

repeat distance, a, varying between 250 and 25 /x. The satellite reflexions were clearly 
resolved for all the gratings, including the one with smallest a, and this indicated 
that the error in the position of an element in a grating was probably less than 1 /x.

Figure 5 shows the diffraction pattern  of a grating representing a crystal with 
a uniform lattice param eter but with a sinusoidal modulation of structure amplitude 
in accordance with equation (2 ). The amplitude of the modulation, g, was 30 % and 
its wavelength 1 0 a. This grating was prepared by controlled over-exposure, as 
described in § 2 . Each main reflexion in the pa,ttem is accompanied by a pair of 
satellites displaced along the a;* axis by ± 0 -la*. All the satelHtes have the same 
mtensity, independent of h. A grating with a square-wave variation of scattering 
power gave a similar pattern . These results are again in agreement with the theory 
(Hargi’eaves 1 9 5 1 ).

Figure 6 , plate 6 , is the diffraction pattern .of a grating representing a crystal with 
combined sinusoidal variation of lattice parameter and structure amplitude, with 
maximum lattice param eter coinciding with minimum structure amplitude. The 
modulations were equivalent to those possessed individually by the gratmgs whose 
diffraction patterns are shown in figures 3 and 5. Comparison of figure 6  with 
figure 3, the pattern  for lattice parameter modulation only, shows th a t the effect 
of the additional structure amplitude modulation is to introduce a pair of weak 
satellites of equal intensity a t A =  0 , and to cause the components of the remaining 
pairs of satellites to be unequal in intensity, with the component of higher intensity 
lying on the higher-angle side of the main reflexion. This type of grating was used 
as a model by Preston (1 9 3 8 ) to explain the origm of the asymmetrical streaks in 
X-ray photographs of an aluminium-copper ahoy.

The diffraction patterns shown in figures 7 and 8  were given by gratings with 
spacing modulation of relatively large amplitude; the grating for figure 7 had 
a sinusoidal modulation of amplitude 1 0  %, and th a t for figm’e 8  a square-wave 
modulation of similar amplitude. For smah values of up to  ̂  =  2 , the two patterns 
are identical; as Nb is unity, this range of ̂  is equivalent to the condition hNb < 2 , the 
same condition given by Hargreaves (1 9 5 1 ) for the validity of his theory for square- 
wave modulation of lattice parameter. There is no correspondence between the 
patterns for the higher orders of diffraction, but in both cases the satellites represent 
the predominant part of the diffracted intensity and the ‘m ain’ reflexions (corre
sponding to  integral values of h) are either weak or absent.

(6 ) Modulation of lattice parameter along both the x  and y axes
The hivestigations of Daniel & Lipson (1 9 4 3 , 1 9 4 4 ) showed that the reciprocal 

lattice of the modulated structure of Cu^FeXig consists of integral likl points, each 
accompanied by three pairs of satellite points; these satellites occur along the 
principal z*, y*, 2 * directions through the likl points, and their intensities are pro
portional to h^, l ,̂ respectively (see figure 9). Daniel & Lipson concluded that the
lattice param eter was modulated smusoidally along the [1 0 0 ] axes, but were unable 
to determine from their diffraction data whether the modulation was one-, two- or 
three-dimensional. (In the one-dimensional case the modulation within a given 
small region of the crystal occurs along one axis only, bu t in neighbouring regions
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this axis lies along different [1 0 0 ] directions; in the three-dimensional case the 
modulation occurs everywhere along all three cubic axes.)

The optical method gives the form of the diffraction pattern for the one- and two- 
dimensional cases. Figure 1 0 , plate 7, is the diffraction pattern from a grating 
consisting of two regions of equal size; the spacing in one region was modulated

• o  • • o  •

•  09

•  0 *

F ig u r e  9 . R eciprocal la ttice  o f  Cu^FeNi^ in  th e  1 =  0 p lane.

(a ) ( b )

F ig u r e  12. Schem atic  diagram s o f  a  grating m odu lated  a long  b o th  x  and  y  ax es;  
(o) one-d im ensional m odulation , (6) tw o-d im ensional m odu lation .

along X and in the other along y  (figure 12(a)). The amplitude of each modulation 
was 2 % and the wavelength 10 a. Figure 11 is the corresponding portion of the 
diffraction pattern  of a grating modulated throughout along both x  and y  
(figure 1 2 (6 )).

For low orders of diffraction (A, A < 3 ) the spectra in figures 1 0  and 1 1  are of similar 
form, bu t for higher orders additional reflexions appear in figure 1 1  which do not lie 
along the principal x*, y* directions through the ideal hk points. When h and k 
exceed 6 , these additional reflexions constitute the most intense part of the hk 
spectrum, and for h and k  greater than 8  there are no reflexions a t all along the x*.
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y* directions. For these gratings Nb was equal to 0 -2 , so the condition for the patterns 
to be appreciably different is th a t hNb and kNb exceed about 0 *6 . Hargreaves (1 9 5 1 ) 
studied the X -ray diffraction from a single crystal of a copper-iron-nickel alloy, for 
which Nb was approximately equal to 0 *6 , and he observed no satellite reflexions 
apart from those lymg along the principal x*, y*, z* directions through the ideal hkl 
points. I t  can be concluded therefore th a t the lattice parameter modulation was 
probably one-dimensional.

5 .  C o n c l u s i o n s

The optical method provides a rapid means of determining the nature of the 
,diffraction from modulated structures, and the mtensity distribution in the diffrac
tion pattern  agrees with the theory, where this is available.

The restriction of the method to two-dimensional problems is not a serious draw
back in the field of imperfect structures. Certain types of defects, such as parallel 
edge dislocations and stacking faults in monolayer structures, disturb the periodicity 
along one or two dimensions only of the lattice, and the structures can be adequately 
represented by two-dimensional gratings. Other defects, for example isolated 
vacancies and interstitial atoms give rise to a lattice distortion in all directions, but 
certam features of the reciprocal lattice can still be obtained from gratmgs which 
simulate the arrangement of the atoms in a section of the crystal.

The author wishes to thank Dr H. M. Finniston and Dr J . Thewlis for their helpful 
criticism of the manuscript and for their constant encouragement in the course of 
this research, and kir J . Hicks who showed great skill in constructing the grating 
machine.
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[Plates 8 and 9]

Lipson’s optical diffractometer has been used to determine the diffraction patterns o f gratings 
representing crystals with dislocations. The optical m ethod lends itself readily to the 
solution of the two-dimensional problem of diffraction by  a single edge dislocation. The 
intensity distribution near the ideal reciprocal lattice points is, in general, complex, but for 
certain special points it  is relatively simple and in agreement w ith that deduced by a new  
theory of Suzuki. An earlier theory of W ilson’s fails to explain the observed intensity dis
tribution. Diffuse scattering, not predicted by Suzuki’s theory, occurs in the form of streaks 
joining the reciprocal lattice points. The diffraction has also been studied from gratings 
consisting o f photographs o f dislocated bubble rafts, and from a grating whose diffraction 
pattern is related to that o f  a screw dislocation. A  brief discussion is given o f the expected  
diffraction patterns from crystals w ith various arrays o f dislocations.

1. I n t r o d u c tio n

In  part I  (WiUis 1 9 5 7 ), referred to  below as I, the nature of the diffraction from 
modulated structures was studied by Lipson’s optical diffractometer, which gives 
the diffraction pattern  of a two-dimensional grating representing the crystal. This 
method, including the new photographic technique of constructing the gratmgs, 
has been used to  study the nature of the diffraction from crystals with dislocations. 
The results, which are primarily concerned with the diffraction from single dis
locations, are presented in this paper. A brief discussion is given of the application 
of these results to  the problem of the diffraction from crystals containing various 

- arrays of dislocations.
The theory of the diffraction from a cylindrical crystal with a single axial screw 

dislocation is comparatively straightforward and has been treated by Wilson (1 9 4 9 , 
1 9 5 2 , 1 9 5 5 ) and Frank (1 9 4 9 ). I t  is difficult to apply the optical method to this 
problem, for the structure cannot be produced by repeating a two-dimensional 
configuration of atoms in a third direction, and so cannot be properly represented 
by a two-dimensional grating. However, as shown below (§3), this limitation can 
be partly overcome. On the other hand, the diffraction from a single edge dis
location is very difficult to trea t theoretically, because of the complex nature of the 
elastic strain field surrounding the dislocation. A rough theoretical treatm ent has 

• ‘ been given by Wilson (1 9 5 0 ) using higlily simplified equations for the displacements 
, of the atoms, and a more satisfactory one by Suzuki (1 9 5 6 ), who assumed displace

ments given by isotropic elastic theory. Suzuki derived the intensity distribution 
in the immediate neighbourhood of the hOl and Okl ideal reciprocal lattice points,

[ 192 ]
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where the li axis refers to the Burgers vector direction and the I axis to the direction 
of the dislocation. Fortunately, the diffraction from a crystal with a single edge 
dislocation (or with a number of parallel edge dislocations) can be determined for 
all points in reciprocal space by the optical method, for the crystal is built from 
identical layers of atoms stacked normal to the dislocation axis and the problem is 
therefore essentially two-dimensional.

2 . S i n g l e  e d g e  d is l o c a t i o n

A grating representing a monatomic simple-cubic crystal with a single edge dis
location was prepared by the photographic method described in I. The displace
ments of the elements ( ‘ atoms ’ ) of the grating from their positions in the undislocated 
grating were calculated from the equations given by isotropic elastic theory 
(Read 1 9 5 3 ):

V = —
871(1  — 1̂ )

(1)

Here x, y  are rectangular co-ordinates in the plane , of the grating, with the a; axis 
parallel to  the Burgers vector and the xy  plane normal to the dislocation, u, v are 
the components in the x, y  directions of the displacements produced by the dis
location, b the magnitude of the Burgers vector, and v Poisson’s ratio. In  the present 
case 6  was taken as the repeat distance, a, in the undislocated grating and v as 0"3, 
an average value for common metals. The magnitude of a was chosen as 250 /x. This 
was sufficiently small to give adequate separation of the diffracted spectra, which 
were photographed on fast plates using the mercury green wavelength (A 5461), and 
large enough to correspond to  an error of less than  0*5 % of a  in the location of the 
individual elements of the grating. In  order to observe clearly a large number of 
orders in the diffraction pattern, the diameter of the elements (approximately 1 0 /x) 
was made much less than a. The central portion of this grating is shown in figure 1 (a), 
plate 8 . For clarity, the size of the elements has been deliberately increased by 
printing from an over-exposed negative.

Figure 2  (a), plate 8 , shows the diffraction pattern  of a circular portion of this 
grating of radius 1 0  a, centred a t the dislocation. The positive h and h axes in the 
photograph correspond to  the positive x  and y  axes respectively in the grating. The 
reciprocal lattice of the corresponding cylindrical crystal of radius 1 0  a and infinite 
length is equivalent to the pattern  in figure 2 (a) repeated a t each integral 
I plane, Z =  0 , ± 1 , . . . .

A number of other gratings were prepared of different radii (up to 2 0  a) and 
different Burgers vectors (a and 2  a), and with displacements given by the same 
equations (1) using v =  0"3. From the study of the diffraction patterns of aU the 
gratings the following conclusions were drawn concerning the distribution of 
intensity around the ideal hkl points of a cylindrical crystal with an axial edge 
dislocation.
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(а) The dislocation causes a spreading of the intensity in reciprocal space. This 
spreading is confined to the integral Z.planes and its form is independent of I. (For 
this reason the hhl point is referred to below as lih.)

(б ) The m tensity distribution in the neighbourhood of an Tih point is, in general, 
complex and depends on both A and k. I t  is not of circular symmetry, unlike the case 
of the screw dislocation (see § 3).

(c) An AO reflexion has roughly the shape of a figure of eight, while an Qk reflexion 
is in the form of a cross made by four points with an extra point a t the centre 
for A ^  4. !

{d) The position of the peak intensity of an AO reflexion is displaced from the ideal 
reciprocal lattice point by an amount th a t increases roughly linearly with A (see 
figm’e 5 (a)). The peak intensity of an Ok reflexion is also displaced, bu t the displace
ment tends, if anything, to decrease with increasing k (figure 5 (6 )).

(e) The intensity a t the ideal AO point is zero except for A =  0 , 2 ,4; the intensity 
a t the ideal Ok point is zero for A ̂  5 (figure 2 (6 )).

( /)  The spreading of mtensity in the integral I plane increases linearly with the 
strength, 6 , of the dislocation and with the reciprocal of the radius of the crystal. .

AU these results {a) to  (/) agree weU with the theory of Suzuki (Suzuki 1 9 5 7 ; 
Suzuki & WUhs 1 9 5 6 ), which gives the distribution of m tensity around the ideal 
AO and OA pomts, assuming atomic displacements given by equations (1), To 
describe this distribution, polar co-ordinates p, are chosen in the integral I plane 
with the origm of co-ordinates a t the ideal reciprocal lattice point and the line 
{6 =  0  parallel to the A axis (figure 3). Suzuki shows th a t the intensity of the
AO reflexion a t the point'(/?, varies with p  and (j> in accordance with the equations

exp (iA^) S  [{( -  + oî n) cos 2 { 2 n + l) f
n=0  ; (2)

-t- (a^) + cos 4wçJ}+ i{( — —cé^) sin 2 (2 î0 -h 1 ) çi
+ {<xf -  a f )  sm 4wç6}],

where = e2n+iJ2n+liP)s-^ j

rs •
~  ^2n+l*^2ra4-l(7^)^~’  ̂ I ^'^-2(2n+l)(ê)Jo

^«4+4n(^)
«r 0 •

and . e„i =  I for m =  0

=  2  for . m 4 = 0 .

is the Bessel function of order m, A is the radius of the crystal or grating,
8 =  27TpAajnàp =  A/4(l —r). Ifa*  is the repeat distance between the main reflexions,
the series in (2 ) converges rapidly for p ^ a *  and j* can be evaluated by considering
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F i g u r e  3. Schematic representation of observed AO reflexion showing définition
of co-ordinates p, <j>.
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p in units of (1/27t^) •

F ig u r e  4. Theoretical curves for edge dislocation on elastic theory model showing 
2;̂  as a function of p for ^ =  0, Jti and A =  1, 2, 3.
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the first two or three terms only in the series. By this means 7/j has been calculated 
as a function of p for the two directions 0 =  0 and 0 =  \ tt, taking v = O'3. The curves 
obtained for h = 1 , 2 , 3 are shown in figure 4. There is a striking qualitative agree
ment between these theoretical curves and the appearance of the hO  reflexions in 
figure 2 (a); in particular, the number of prominent maxima in each curve in 
figure 4 is equal to the number observed.

A quantitative comparison between observation and theory has been obtained 
by considering the displacements of the positions of peak intensity of the hO

IÎI
i

.s

nd

(b) k
PiGXTBE 5. Observed ( © , 0 ) and calculated (O , □ ) values of displacements of intensity 

peaks from ideal reciprocal lattice points, as measured along 0  =  0 and 0  =  ^tt, and 
plotted against order, (a) hO reflexions, (6) 06 reflexions. The points in (o) lie remarkably 
close to the straight lines:

p f  =  (27t̂ ) - i (1-9 +  0-557i) and =  {2tiA)-^ (0 8 -f-1*806).

reflexions from the ideal reciprocal lattice pomts. Let Ph^^\ denote the magni
tudes of these displacements as measured along the two directions 0  =  0 , 0  =  
respectively. In  figure 5 (a) the observed and calculated values of and are 
plotted against A; the observed points represent average values measured from the 
diffraction patterns of several gratmgs with different radii and Burgers vectors, 
while the theoretical points were obtained from curves of the type shown in figure 4. 
The same procedure was used to obtain corresponding results for the Ok reflexion 
(figure 5 (6 )), the theoretical points being derived from equations of Suzuki of the 
same general form as equations (2 ). Agreement between observation and theory is 
good, particularly for the TiO reflexions.

In  addition to the diffraction patterns from gratings prepared by the photographic 
method, patterns were also recorded from gratings consisting of reduced photo
graphs of hexagonal bubble rafts (Bragg & Nye 1 9 4 7 ). Figure 6 , plate 9, is a 
photograph of the diffraction pattern  from an edge dislocation in the centre of 
a bubble raft of radius 15a', where a ' is the distance between adjacent bubbles a t
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a large distance from the dislocation. The h axis in figure 6  is along the Burgers 
vector direction. The bubbles in the raft were relatively large (1 - 9  mm in diameter), 
so th a t this grating represented a relatively ‘soft’ metal with a value of Poisson’s 
ratio somewhat greater than 0-3 (Bead 1 9 5 3  ). The dislocation was therefore narrower 
than th a t considered above for the simide-cubic model. Nevertheless, apart from 
the modification due to the hexagonal symmetry, there is a definite similarity of 
figure 6  with figure 2  (a). Thus in both patterns the hO reflexions are roughly in the 
form of a figure of eight, and the 0 /c reflexions in the form of a cross with zero intensity 
a t its centre for A; > 3 (figure 6 ) and 5 (figure 2 (6 )). I t  appears th a t the distribution 
of intensity around an ideal reciprocal lattice point depends on its co-ordinates in 
reciprocal space, on the strength of the dislocation and on the value of Poisson’s 
ratio, bu t not otherwise on the crystal structure.

3 . E d g e  d i s l o c a t i o n : H a l l - W i l s o n  a p p r o x l m a t io n

I t  was pomted out by HaU (1 9 5 0 ) th a t to a first approximation the atomic dis
placements produced by an edge dislocation can be represented by the equations

6  , . yu  — —  ta n - i - ,277 X
V =  0.

(3)

The xy  plane is normal to the dislocation, u, v are the x, y components of the dis
placement of an atom with co-ordinates {x, y) and b is the magnitude of the Burgers 
vector. The net displacements given by (3) are approximately the same as those 
given by equations (1) (cf. figures (1 (a) and (6 )), bu t equations (3) faü to  satisfy the 
conditions for elastic equilibrium. The problem of the diffraction from a hypo
thetical crystal wdth an ‘edge dislocation’ described by (3) has been considered 
theoretically by Wilson (1 9 5 0 ), but before discussing his results the solution of this 
problem by the optical method will be described.

A two-dimensional gratmg was prepared with the positions of the elements given 
by equations (3 ) taking b equal to the repeat distance, a, in the undislocated grating. 
Figure 1 (6 ) is a  photograph of a small portion of the dislocated grating. The 
diffraction pattern  of a  circular portion of this grating of radius 15 a and centred at 
the dislocation is shown in figure 7, plate 9. The 0 ^ reflexions are unaffected by the 
dislocation, where the h axis refers to the direction normal to the Burgers vector, 
bu t the remahiing lik spectra are drawn out into hollow rmgs with zero intensity a t 
the centre. The diameters of the rmgs are mdependent of k  but mcrease with h, so 
th a t the rmgs are of appreciable diameter for the higher values of h. The reciprocal 
lattice is therefore quite different from th a t corresponding to  an edge dislocation in 
elastic equflibrium (cf. notes (6 ), (c) and (c) in § 2 ), and there appears to be no 
justification for using the simplified equations (3) to obtain the approximate nature 
of the diffraction from an edge dislocation.

I t  is interestmg, however, to  compare the observed and calculated diffraction 
patterns of a two-dimensional grating deformed according to  (3), as this pattern 
is closely related to  th a t of a screw dislocation. Accordhig to  Wilson (1 9 5 0 ) the
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dependence of the intensity (f>) of the hh reflexion on p  and (j) is described by
the equations

(4)G{p, (j)) =  exp s- 2

The symbols p,4>,A have the same meanings as previously deflned for equations (2 ). 
In  deriving (4) Wilson assumed th a t Equations (4) show immediately th a t

is mdependent of h and has circular symmetry .(i.e. is independent of in 
agreement with the observed pattern in flgure 7. The integral in (4 ) is readily 
evaluated by expressing it in the form of a series, as suggested by Wilson (1 9 5 2 ),

intensity, 1̂ -̂ , of hh reflexion

A. - 0
-05

-0-li

-10

p  in units of (\l2nA)

F ig x t r b  8 . Theoretical curves for edge dislocation on Hall-Wilson model showing as 
a function of/? for A =  0 , 1, 2 .... 7;,*. is normalized to peak intensity of 00 reflexion.

and this leads to the series of curves in figure 8 . These curves show IĴ J. as a function 
of p  for the different orders of diffraction ^ =  0 , 1 , 2 , . . . .  For each value of h the 
intensity increases uniformly with p up to the position of peak intensity a t /? =  pĵ , 
and then falls away uniformly for p > p^. Thus 'ip^ corresponds with the diameter 
of the Hk diffraction ring in figure 7. In  figure 9 theoretical and observed values of 
Pft are plotted as a function of h. The theoretical points were obtained from figure 8  

and the observed points by measuring the diameters of the diffraction rings in 
figure 7 between the positions of peak intensity. Theory and observation are in 
very good agreement up to the highest value of which corresponded to 
Thus equations (4) give an adequate representation of the diffraction from a dis-. 
location with atomic displacements defined by (2 ), and they are still valid a t a con
siderable distance from the ideal hkl point.
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Apart from tlie factor exp {ihf), which affects the phase but not the mtensity of 
diffraction, equations (4) describe the diffraction from a cylindrical crystal with an 
axial screw dislocation possessing displacements in accordance with elastic theory 
(Wilson 1 9 5 2 ). The symbol however, now refers to the axis of the screw dislocation, 
so th a t the spreading of intensity is confined to the integral h planes perpendicular 
to the dislocation direction, and within these planes the intensity varies with the 
distance p from the hh point according to (4). The reciprocal lattice of a crystal with

24

fi.
-  pt

/
/

12 16
h

F ig u b e  9. Observed (•) and calculated (o) values of radius of diffraction ring 
plotted against order. In,.

F ig u b e  10. Portion of reciprocal lattice of screw dislocation. Regions of large diffracted 
intensity occur at intersections of integral In, planes with cones of semi-angle (after 
Frank 1949).

a single screw dislocation is therefore of the form shown in figure 1 0 , in which the 
regions of large diffracted intensity are at the intersections of the integral h planes 
with cones of semi-angle çJq of axes defined by k, I = integers (Trank 1 9 ^9 ). In
the notation used above is approximately equal to  p}^|ha*. Tigure 10 m ay be 
considered to  be derived from the diffraction pattern in figure 7 by rotating the 
individual diffraction rings in figure 7 through 90® about an axis through the centre 
of the ring and parallel to  the k axis.
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F ig u r e  1. Enlarged prints of portions of gratings reiiresenting edge dislocation bn (a) elastic 
theory model, (6) Hall-Wilson model. In (6) horizontal rows are straight.

h->

h =  0

A ;  =  6

(6 ) '

F ig u r e  2 . (a) Central portion of diffraction jiattern of grating shown in figure 1 (a), h axis 
parallel to Burgers vector, {b) OA; refioxions between A: =  2 and A: =  6 .

{Facing j). 192)
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F ig u r e  6. D iffr a c tio n  p a tte r n  o f  e d g e  
d is lo c a t io n  a t  c e n tr e  o f  b u b b le  r a ft.

F i g u r e  7 . D if fr a c tio n  p a tte r n  o f  g r a t in g  
sh o w n  in  fig u r e  1.(6).

->/i

F ig u r e  11. D iffr a c tio n  p a tte r n s  o f  e d g e  d is lo c a t io n  sh o w in g  d iffu se  s c a tte r in g  (a) b e tw e e n  
lo w -o rd er  r e flex io n s , (6) a ro u n d  o r ig in  o f  rec ip ro ca l la t t ic e .
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Frank (1 9 4 9 ) has shown th a t tho radii p,̂  of the diffraction rings in figure 10 
increase with order h accordhig to the rough equation

A slightly different equation,

has been used by Williamson & SmaUman (1 9 5 6 ) to  deduce dislocation densities from 
Debye-Scherrer spectra. Figure 9 shows th a t a more correct expression, valid for 
li ̂  2 , is

4 . D i f f u s e  s c a t t e r i k g  f r o m  a x  e d g e  d is l o c a t i o x

I Suzuld’s theory discussed in § 2  can only be applied strictly in the immediate 
neighbourhood of the ideal reciprocal lattice points, where yO< â*. I t  was shown 
that the theory is in good agreement with the results obtained by the optical method 
up to a value of p  of OTa*. However, for higher values of p it is to be expected th a t 
the correspondence between theory and observation is less satisfactory. For 
p = 0*5a* the theory breaks down completely, whereas the optical method gives an 
accurate representation of the diffracted intensity tliroughout the whole of reciprocal 
space.

For this reason the optical method was used to investigate the scattering between 
the principal reflexions. Figine 1 1  (a), plate 9, shows the diffraction pattern  of an 
edge dislocation grating (elastic theory displacements) with the main reflexions con
siderably over-exposed m order to reveal the weak ‘diffuse scattering’, consisting 
of streaks joining the reciprocal lattice points in rows of constant h. The photograph 
also shows subsidiary maxima surrounding the main reflexions, and additional 
weak reflexions produced by a small amount of contamination of the mercury green 
hue with the yellow doublet. The intensity of the streaks connecting reciprocal 
lattice pomts increases with order h, bu t the streaks still appear around the origin 

^of reciprocal space, as shown in figure 1 1  (6 ) taken with an even longer exposure. I t  
was found th a t as the radius of the grating increases the streaks become more 
clearly defined and more uniform in intensity, and move closer to  the straight line 
connecting reciprocal lattice points in a given row of constant h. I t  appears therefore 
that in the case of a cylindrical crystal w ith a single axial edge dislocation the 
reciprocal lattice points in a row of constant h and I (where the I axis is along the 
dislocation) are joined by narrow well-defined streaks whose intensities vary little 
along their lengths.

5 . D i s c u s s i o x

The spreading of the main reflexions produced by a single dislocation is inversely 
proportional to the radius of the cylindrical crystal with its axis along the dis
location. To observe the diffraction effects fisted in § 2  it is therefore necessary to 
use extremely fine X-ray beams which irradiate no more than a few microns of the
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crystal. High-orcler reflexions must be studied. Using an X-ray diffractometer of 
sufficient resolution the intensity a t the centre of the /iO and 0/c reflexions should 
be zero for h ,h '^5 .

The displacements of the atoms near a wall of parallel equidistant edge dislocations 
in a small-angle tilt boundary arc given to a good approximation by equations (1 ) 
(Burgers 1 9 3 9 )- The diffraction is therefore approximately the same as for a single 
edge dislocation, apart from modification by an appropriate interference function 
of period l/d( <«*), where d is the separation of adjacent dislocations.

The application of the results to crystals containing other arrays of dislocations
is a m atter of some complexity. The distribution of intensity around the ideal
reciprocal lattice points is mdependent of the structure type (§ 2 ), so th a t the results 
apply to structures other than simple-cubic. If, however, a face-centred cubic 
crystal is chosen, the Burgers vector of a total dislocation is parallel to [1 1 0 ], so th a t 
a given crystal is expected to possess such dislocations lying along the six different 
[1 1 0 ] directions. Consequently, the observed X-ray diffraction pattern  wiU be con
siderably more complex than the pattern  for a single dislocation. A more practical 
method of studying the diffraction from arrays of non-parallel dislocations may be 
the investigation of the diffuse scattering between reciprocal lattice points.

My thanks are due to Dr T. Suzuki and Professor F. C. Frank, F.R.S., for valuable 
discussions; Dr H. M. Fmniston, Dr J . Thewhs and Mr K. R. E. Smith for comments 
on the manuscript; and Dr W. M. Lomer for the loan of several photographs of 
bubble rafts.

R e f e r e n c e s

B ragg, W . L . & ISTye, J . F . 1 9 4 7  P roc. R o y . Soc. A , 190, 474.
B urgers, J . M. 1 9 3 9  A cad . S c i. A m st. 42 , 293, 378.
F ran k , F . C. 1 9 4 9  Research, L on d ., 2 , 542.
H a ll, W . H . 1 9 5 0  P h .D . T hesis (B irm ingham ).
R ea d , W . T . 1 9 5 3  D isloca tions in  crystals. H ew  Y ork ; M cG raw -H ill.
Suzuki, T . 1 9 5 7  (In  preparation .)
Suzuki, T . & W illis, B . T . M. 1 9 5 6  N a tu re , L o n d ., 177, 712.
W illiam son , G. K . & Sm allm an, R . E . 1 9 3 6  P h il. M a g . (8 ), 1, 34.
W illis, B . T . M. 1 9 5 7  P roc . R oy . Soc. A , 239 , 184 (part I).
W ilson , A . J . C. 1 9 4 9  Research, L on d ., 2 , 541.
W ilson , A . J . C. 1 9 5 0  Research, L o n d .,'3 , 387.
W ilson , A . J . C. 1 9 5 3  A c ta  G ryst. 5 , 318.
W ilson , A . J . C. 1 9 5 5  N u ovo Gim . (10), 1, 277.

P R IN T E D  I N  G R E A T  B R IT A IN  A T  T H E  U N IV E R S IT Y  P R E S S , C A M B R ID G E  

(B R O O K E  C R U T C H IE Y , U N IV E R S IT Y  P R IN T E R )



11.

Reprinted without change of pagination from the 
Proceedings of the Royal Society, A, volume 248, pp. 183-198, 1958

An optical method of studying the diffraction from 
imperfect crystals 

III. Layer structures with stacking faults

By B. T. M. W i l l i s  

Atomic Energy Research Establishment, Harwell, Berks

{Communicated by A . H. Cottrell, F.R.8.— Received 2 April 1958)

[Plates 7 and 8]

The reciprocal lattice intensity distribution has been determined quantitatively using a 
photomultiplier to measure the optical diffraction intensities. The system s examined included 
the simple-cubic structure with ‘wollastonite-type’ stacking faults, the close-packed- 
hexagonal structure with growth faults, and the face-centred-cubic structure with de
formation faults on one set and on two sets of {111} planes. I t  is shown that the Paterson 
(1 9 5 2 ) analysis of the diffraction from deformation faulted f.c.c. crystals can be extended to 
intersecting faulted {1 1 1 } planes, provided that the faulting parameter, a, is not greater than  
about 0  1 .

The main lim itation of the optical m ethod concerns the restriction in the number o f  
layers (10®) which can be conveniently represented in one grating. This restriction gives rise 
to weak fluctuations in the observed intensity distribution and to an uncertainty o f up to 
0 03 in the determination of a  from this distribution.

1 . I n t r o d u c t i o n

The structure of many solids can be conceived as the stacking together of identical 
layers of atoms. These layer structures often contain ‘stacking faults’, or errors 
in the sequence of layers, where the order of two successive layers fails to  conform 
with the regular stacking sequence. Stacking faults may arise in several ways: 
during crystal growth (as in graphite, silicon carbide), after phase transformation 
(cobalt, lithium), or by cold-work (gold, copper, a-brass).

X-ray diffraction provides the main experimental evidence for stacking faults. 
The effect of the faults on the reciprocal lattice is to draw out some of the hkl 
points into rods, whose long axis corresponds with the direction normal to  the 
layers. A study of the intensity distribution along these rods in single-crystal 
X-ray patterns can lead to a determination of the kind and density of the faults; 
similar information can be obtained from powder photographs, where the faults 
produce a broadening, and in some cases a displacement, of the Debye-Scherrer 
lines. This kind of study assumes a knowledge of the theoretical intensity dis
tribution for diffraction from the faulted layer system under investigation, but 
these theoretical treatm ents are restricted in a number of ways :

(а) They have been worked out for only a limited number of faulted layer 
systems : there are many possible systems which have not yet been theoretically 
examined.

(б ) To simplify the theory it is normally assumed th a t the faults are distributed 
a t random intervals along the stacking direction, i.e. there is no interaction between

[ 183 ]
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f a u l t s ,  a n d  t h a t  t h e y  e x t e n d  o v e r  c o m p l e t e  a t o m i c  l a y e r s .  I n  s o m e  c a s e s  a t  l e a s t  

t h e r e  i s  e v i d e n c e  t h a t  n e i t h e r  a s s u m p t i o n  i s  t r u e  ( C h r is t ia n  & S p r e a d b o r o u g h  19^6 ; 

B a r r e t t  1950 ) .
(c )  T h e  d i f f r a c t io n  t r e a t m e n t s  n o r m a l ly  a p p l y  t o  f a u l t i n g  o n  o n e  s e t  o f  l a y e r  

p l a n e s  o n l y .  T h u s  i n  t h e  c a s e  o f  s t a c k i n g  f a u l t s  i n  d e f o r m e d  f a c e - c e n t r e d - c u b i c  

m e t a l s  t h e  d i f f r a c t io n  t h e o r y  h a s  b e e n  d e v e l o p e d  f o r  f a u l t i n g  o n  o n e  s e t  o f  c lo s e -  

p a c k e d  p l a n e s  o n l y  ( P a t e r s o n  1952) , w h e r e a s  f a u l t s  p r o d u c e d  b y  h e a v y  c o ld - w o r k  

p r o b a b l y  o c c u r  s i m u l t a n e o u s l y  o n  s e v e r a l  i n t e r s e c t i n g  s e t s  o f  { 111}  p l a n e s .

T h e  o p t i c a l  m e t h o d  ( W i l l i s  1957) p r o v i d e s  a n  a l t e r n a t i v e  w a y  o f  d e t e r m in i n g  

t h e  d i s t r i b u t i o n  o f  d i f f r a c t e d  i n t e n s i t y  f r o m  a  g i v e n  f a u l t e d  l a y e r  s t r u c t u r e .  T h e  

m e t h o d  c a n  b e  a p p l i e d  t o  a n y  l a y e r  s t r u c t u r e  i n  w h i c h  a n  i n d i v i d u a l  f a u l t  c o n s i s t s  

o f  a  t r a n s l a t i o n  ( n o t  n e c e s s a r i l y  c o n s t a n t )  o f  t h e  l a y e r  i n  o n e  f i x e d  d i r e c t i o n ,  o r  t o  

a n y  s t r u c t u r e  c o n t a i n i n g  s u c h  f a u l t s  o n  t w o  d i f f e r e n t  s e t s  o f  i n t e r s e c t i n g  la y e r s .  

T h e  m o s t  s e r io u s  l i m i t a t i o n  t o  t h e  o p t i c a l  m e t h o d ,  a t  l e a s t  a s  r e g a r d s  m a k in g  

q u a n t i t a t i v e  p r e d i c t i o n s  f r o m  t h e  o p t i c a l  d i f f r a c t io n  p a t t e r n s ,  c o n c e r n s  t h e  

n u m b e r  o f  l a y e r s  o f  t h e  c r y s t a l  t h a t  c a n  b e  r e p r e s e n t e d  i n  o n e  g r a t m g .  I f  o n e  r o w  o f  

t h e  g r a t m g  c o r r e s p o n d s  t o  o n e  l a y e r  o f  t h e  c r y s t a l ,  t h e  m a x i m u m  n u m b e r  o f  l a y e r s  

t h a t  c a n  b e  c o n v e n i e n t l y  r e p r e s e n t e d  i s  a b o u t  10®, w h e r e a s  a  t y p i c a l  s i n g l e  c r y s t a l  f o r  

X - r a y  d i f f r a c t io n  w o r k  m a y  c o n t a i n  10® t o  10 ’ l a y e r s . F o r  r a n d o m l y  s p a c e d  s t a c k i n g  

f a u l t s  a  s t r i c t  r e p r e s e n t a t i o n  o f  t h e  s t r u c t u r e  m u s t  in c l u d e  a l l  t h e  l a y e r s .  T a y lo r ,  

H i n d e  & L i p s o n  (1951) u s e d  4 0 - r o w  g r a t m g s  t o  s t u d y  t h e  d i f f r a c t i o n  f r o m  g r o w t h -  

f a u l t e d  c o b a l t ,  b u t  t h e  n u m b e r  o f  r o w s  w a s  i n s u f f i c i e n t  t o  a l l o w  q u a n t i t a t i v e  

e v a l u a t i o n  o f  t h e  d i f f r a c t io n  p a t t e r n .

T h e  p r e p a r a t io n  o f  g r a t in g s  a n d  t h e  r e c o r d in g  o f  t h e i r  d i f f r a c t i o n  p a t t e r n s  a r e  

d e s c r ib e d  i n  t h e  f o l lo w in g  s e c t i o n ,  a n d  in  § 3 t h e  v a l i d i t y  o f  t h e  o p t i c a l  m e t h o d  is  

t e s t e d  b y  c o m p a r in g  t h e  o b s e r v e d  a n d  c a l c u l a t e d  i n t e n s i t y  d i s t r i b u t i o n s  a l o n g  t h e  

d i f f r a c t io n  s t r e a k s  o f  ‘ w o l l a s t o n i t e - t y p e ’ f a u l t e d  g r a t i n g s .  I t  i s  s h o w n  t h a t  t h e  

e f f e c t  o f  t h e  l i m i t e d  n u m b e r  o f  r o w s  i n  t h e  g r a t i n g  i s  t o  r e d u c e  t h e  a m o u n t  o f  

d e t a i l  w h i c h  c a n  b e  o b s e r v e d  i n  t h e  o p t i c a l  d i f f r a c t io n  p a t t e r n ,  b u t  t h a t  u n d e r  

c a r e f u l l y  c h o s e n  c o n d i t io n s  o f  o b s e r v a t i o n  c lo s e  a g r e e m e n t  i s  o b t a i n e d  b e t w e e n  

t h e o r y  a n d  o b s e r v a t i o n .  W i t h  t h e s e  c o n d i t i o n s  e s t a b l i s h e d  t h e  d i f f r a c t i o n  f r o m  

f a u l t e d  c lo s e - p a c k e d  s t r u c t u r e s  i s  e x a m i n e d  i n  § 4  ; t h e  c a s e s  c o n s i d e r e d  a r e  s t a c k i n g  

f a u l t s  i n  o n e  s e t  o f  p la n e s  f o r  f a c e - c e n t r e d - c u b ic  ( f . c . c . )  a n d  f o r  c l o s e - p a c k e d -  

h e x a g o n a l  ( c .p .h . )  s t r u c t u r e s ,  a n d  f a u l t s  i n  t w o  s e t s  o f  i n t e r s e c t i n g  p l a n e s  f o r  

f . c . c .

2. E x p e r im e n t a l  m e t h o d

(a )  P r e p a r a t i o n  o f  g r a t i n g s

A s  a  t y p i c a l  e x a m p l e  t h e  p r e p a r a t io n  w i l l  b e  d e s c r ib e d  o f  g r a t i n g s  r e p r e s e n t in g  

t h e  s t r u c t u r e  i l l u s t r a t e d  i n  F ig u r e  1 ( a ) .  T h i s  d ia g r a m  i s  a  p r o j e c t io n  i n  t h e  ac p la n e  

o f  a  f a u l t e d  s im p le - c u b ic  s t r u c t u r e ,  i n  w h i c h  a  s i n g l e  f a u l t  c o n s i s t s  o f  a  d i s p l a c e 

m e n t  o f  t h e  (001 ) p la n e  o f  a t o m s  in  i t s  o w n  p l a n e  b y  ^ a .  I n  t h e  c o m p l e t e  s t r u c t u r e  

t h e s e  f a u l t s  a p p e a r  a t  r a n d o m  i n t e r v a l s  i n  t h e  [001]  d i r e c t i o n  a n d  w i t h  a  d e n s i t y  a .  

T h e  f a u l t i n g  p a r a m e t e r ,  o r  f a u l t i n g  d e n s i t y ,  a ,  i s  d e f in e d  a s  t h e  p r o b a b i l i t y  t h a t  
a  g i v e n  l a y e r  i s  f a u l t e d .
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T o  p r e p a r e  t h e  c o r r e s p o n d in g  g r a t i n g s  t h e  g r a t i n g  m a c h i n e  d e s c r i b e d  p r e v i o u s l y  

( W i l l i s  1957 ) w a s  u s e d .  A  r o w  o f  5 /x  p i n h o l e s ,  s p a c e d  5 0  a p a r t ,  w a s  r e p e a t e d  

p h o t o g r a p h i c a l l y  a t  i n t e r v a l s  o f  5 0  p  p e r p e n d ic u la r  t o  i t s  l e n g t h  ; a t  t h e  p o s i t i o n  

o f  a  f a u l t  a n  a d d i t i o n a l  d i s p l a c e m e n t  w a s  m a d e  o f  2 5  ju, a l o n g  t h e  r o w .  T h i s  l a t t e r  

d i s p l a c e m e n t  w a s  m a d e  b y  m e a n s  o f  a  m ic r o m e t e r ,  w h i c h  h a d  a n  a t t a c h m e n t  

a l l o w i n g  r a p id  r o t a t i o n  o f  t h e  m i c r o m e t e r  h e a d  b e t w e e n  t w o  f i x e d  p o s i t i o n s  2 5  p, 

a p a r t .  T h e  o r ig in a l  r o w  w a s  r e p e a t e d  a  t h o u s a n d  t i m e s ,  a n d  s o  e a c h  g r a t i n g  r e 

p r e s e n t e d  t h e  s t a c k i n g  o f  a  t h o u s a n d  l a y e r s  o f  a t o m s  i n  a  s t r u c t u r e  w i t h  a  f i x e d  

f a u l t i n g  p a r a m e t e r ,  a .  T h e  t i m e  r e q u ir e d  t o  r u le  o n e  g r a t i n g  w a s  l e s s  t h a n  1 h .

:|

(a)

i=l •

(b)
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# •  •  • h=--2 0

F igu re 1. (a)  Projection in ac plane of simple-cubic structure with faults consisting of a 
displacement of (001) planes by Ja. The fault positions are indicated by broken lines. 
(6) Portion of corresponding reciprocal lattice.

T a b l e s  o f  r a n d o m  n u m b e r s  ( K e n d a l l  & B a b i n g t o n - S m i t h  1951) w e r e  u s e d  t o  

o b t a i n  t h e  p o s i t i o n s  o f  t h e  f a u l t s  in  a  p a r t i c u la r  g r a t i n g .  T h e s e  t a b l e s  c o n t a i n  

s e t s  o f  a  t h o u s a n d  d i g i t s  w i t h  e a c h  s e t  c o n s i s t i n g  o f  t h e  d i g i t s  0  t o  9  in  a  r a n d o m  

s e q u e n c e .  T h e  s e q u e n c e  o f  d i g i t s  i n  a  g i v e n  s e t  w a s  a s s o c i a t e d  w i t h  t h e  s e q u e n c e  

o f  a  t h o u s a n d  r o w s  i n  a  g i v e n  g r a t i n g ;  f o r  a  f a u l t i n g  p a r a m e t e r  o f ,  s a y ,  0 2 t w o  

o f  t h e  d i g i t s  f r o m  0  t o  9  w e r e  c h o s e n  t o  d e n o t e  t h e  f a u l t e d  p o s i t i o n s  a n d  t h e  r e m a i n 

i n g  e i g h t  d i g i t s  t h e  u n f a u l t e d  p o s i t i o n s .

(6) O b s e r v a t i o n  o f  d i f f r a c t i o n  p a t t e r n s

T h e  p a t t e r n s  w e r e  o b s e r v e d  w i t h  a  m o d i f i e d  L i p s o n  o p t i c a l  d i f f r a c t o m e t e r  

( f ig u r e  2 { a ) ) . A f t e r  r e f l e x i o n  a t  t h e  m ir r o r  M ,  m o n o c h r o m a t i c  l i g h t  f r o m  t h e  m e r -  

c u r y - a r c  s o u r c e  L  w a s  f o c u s e d  o n  t h e  e n t r a n c e  p i n h o l e  E ,  ^  m m  i n  d i a m e t e r .  T h e  

g r a t m g  G  w a s  im m e r s e d  i n  c e d a r - w o o d  o ü  a n d  p l a c e d  b e t w e e n  t w o  o p t i c a l  f l a t s ,  

w h i c h  i n  t u r n  w e r e  l o c a t e d  b e t w e e n  t w o  i d e n t i c a l  p l a n o - c o n v e x  l e n s e s ,  a n d  L ^ .  

T h e s e  l e n s e s  w e r e  11 c m  i n  d i a m e t e r ,  1 5 0  c m  i n  f o c a l  l e n g t h  a n d  c o r r e c t e d  f o r  

s p h e r ic a l  a b e r r a t io n ,  w h i c h  w a s  t h e  o n l y  s e r io u s  f o r m  o f  a b e r r a t io n  a f f e c t i n g  t h e  

d i f f r a c t io n  p a t t e r n .  T h e  d i f f r a c t e d  b e a m s  w e r e  r e f l e c t e d  i n  t h e  o p t i c a l l y  f l a t  m ir r o r  

F  a n d  b r o u g h t  t o  a  f o c u s  i n  t h e  p l a n e  P  c o n j u g a t e  w i t h  t h e  h o r i z o n t a l  p l a n e  

t h r o u g h  E .

T o  m e a s u r e  t h e  i n t e n s i t y  d i s t r i b u t i o n  i n  t h e  d i f f r a c t i o n  p a t t e r n  a  p h o t o m u l t i 

p l i e r  P M  w a s  u s e d ,  m o u n t e d  o n  a  p l a t f o r m  Q  s h o w n  i n  d e t a i l  i n  f ig u r e  2 (6) .



1 8 6 B. T. M. Wfflis

A t  t h e  c e n t r e  o f  t h i s  p l a t f o r m  a n d  i n  t h e  f o c u s i n g  p l a n e  o f  t h e  d i f f r a c t e d  b e a m s  

w a s  a n  a d j u s t a b l e  s l i t  S  t h r o u g h  w h i c h  t h e  l i g h t  e n t e r e d  t h e  m u l t i p l i e r .  T h e  d i f 

f r a c t io n  p a t t e r n  w a s  s c a n n e d  b y  m o v i n g  t h e  p l a t f o r m  a l o n g  r a i l s  R  w i t h  t h e  a id  

o f  a  m i c r o m e t e r  C .  T o  p h o t o g r a p h  t h e  p a t t e r n  t h e  w h o l e  a s s e m b l y  i n  f i g u r e  2 (b )  

c o u l d  b e  in t e r c h a n g e d  w i t h  a  q u a r t e r - p l a t e  h o ld e r .  D i f f e r e n t  m a g n i f i c a t i o n s  o f  t h e  

p a t t e r n  w e r e  a c h i e v e d  b y  p l a c i n g  t h e  g r a t i n g  n o t  o n l y  in  t h e  p a r a l l e l  b e a m  b e t w e e n  

t h e  t w o  l e n s e s ,  b u t  a l s o  a t  t h e  a l t e r n a t i v e  p o s i t i o n s  G ^, i n  t h e  d i v e r g e n t  b e a m  

a b o v e  L ^ .

PM

F igtteb 2 . A p p a r a tu s  for  reco rd in g  o p tic a l d iffra c tio n  p a tte r n s :  (a) d iffr a c to m e te r ;  (6) d e ta il  
o f  m u lt ip lie r  a ss e m b ly , w ith  b ro k en  c irc le  d e n o tin g  p o s it io n  o f  m u lt ip lie r .

3. WOLLASTONITE-TYPE FAULTS

T h e  t y p e  o f  f a u l t  s h o w n  i n  f ig u r e  1 (a ) ,  i n v o l v i n g  a  d i s p l a c e m e n t  o f  a  l a y e r  i n  i t s  

o w n  p l a n e  b y  |a , o c c u r s  i n  w o l l a s t o n i t e  ( J e f f r e y  1953 ) , a n d  t h e  c o r r e s p o n d in g  

d i f f r a c t i o n  p r o b le m  f o r  a  r a n d o m l y  s p a c e d  s e t  o f  f a u l t s  h a s  b e e n  t r e a t e d  t h e o r e t i c a l l y  

b y  W i l s o n  ( 1949 ) . I n  t h i s  s e c t i o n  t h e  r e s u l t s  g i v e n  b y  t h e  t h e o r y  a n d  b y  t h e  o p t i c a l  

m e t h o d  a r e  c o m p a r e d ,  a n d  f r o m  t h i s  a n  e s t i m a t e  i s  o b t a i n e d  o f  t h e  a c c u r a c y  w i t h  

w h i c h  q u a n t i t a t i v e  p r e d i c t i o n s  c a n  b e  m a d e  b y  t h e  o p t i c a l  m e t h o d .  T h i s  p a r t i c u la r  

f a u l t e d  s y s t e m  w a s  e x a m i n e d  f i r s t  b e c a u s e  o f  i t s  s i m p l i c i t y .

(a )  T h e o r y

A  p o r t i o n  o f  t h e  r e c ip r o c a l  l a t t i c e  i n  t h e  a*c* p l a n e ,  a s  g i v e n  b y  W i l s o n ’s  t h e o r y ,  

i s  i l l u s t r a t e d  i n  f ig u r e  1 (6 ) . C o lu m n s  o f  r e f l e x io n s  w i t h  h  e v e n  a r e  u n a f f e c t e d  b y  t h e  

f a u l t s ,  b u t  t h o s e  w i t h  h  o d d  a r e  d r a w n  o u t  i n t o  s t r e a k s  i n  t h e  d i r e c t i o n  o f  t h e  

c * - a x i s .  T h e  i n t e n s i t y  7(Z) a t  a  p o i n t  a l o n g  t h e  s t r e a k  w i t h  c o - o r d i n a t e  I  ( n o t  

n e c e s s a r i l y  in t e g r a l )  i s  g i v e n  b y  t h e  s e r ie s  ( W i l s o n  1949 ):

7(Z) =  Æ A o 4 - 2 ( l \ Z - 1) A j  c o s  27rZ -f. . .  - i - 2 A ^ _ i  c o s  2 7 r ( i V - 1 ) Z. (1)
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Here N  is the to tal number of layers in the crystal, or rows in the grating, and

A^ = F ^{\-2o iY ,

where F  is the structure factor of a unit ceU in the unfaulted structure and a  
is the faulting parameter. Wilson summed (1) assuming a<^ I, but as we are going 
bo study gratings for which this condition does not necessarily apply, the summa
tion must be carried out for the complete range of a  (0 < 1 ). This is easüy done
by putting

whence (1 ) becomes

I{ l)= N F ^ + 2 F m

^ =  (1  — 2 a) exp 2ml,

8 ^ -8 ^
(2)(1_5) (i_eJ)2j

where M denotes the real part of the term  in square brackets. Each grating 
contained 1 0 0 0  rows, i.e. iV =  1 0 ^> 1 , so th a t (2 ) is given very closely by

2NF^a{\-cx)
1 — 2 a  + 2 a^ — ( 1  — 2 a) cos 2ttV (3)

Strictly speaking, formula (3) represents the average intensity from a large 
number of gratings, each containing 1 0 0 0  rows, with the same faulting parameter 
a  bu t with different sequences of randomly distributed faults. We require to in
vestigate how closely the diffraction from any one of these individual gratings is 
represented by (3).

(6 ) Observed intensity distribution
Photographs of the diffraction patterns from gratings with different values of 

a  are shown in figure 3, plate 7. In  agreement with figure 1 (6 ), columns of re
flexions with h even consist of well-defined spots, whereas those with h odd are 
drawn out into streaks along the c* direction. For a  =  0*1 the streaks are quite 
short, bu t as a  increases they elongate until, for a  =  0-5, they fuse together into 
one continuous band. The streaks contract again for a  > 0  5, bu t are now centred on 
points with half-integral values of Z.

IL

0 5- 0 5■5- 0  5
I(a)

F ig u r e  4 . Intensity as a function of distance along diffraction streak of a = 0-2 grating, as 
measured using a width t of multiplier slit of (a) 0-1 m, (6) 1 mm. The order separation 
is 17 mm.
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Figure 4  shows the observed intensity as a function of I along the h = 1 column 
of the grating with faulting parameter of 0 2. The two curves refer to different 
values of the width t of the multiplier slit. For very small t (figure 4(a)) fluctua
tions appeared in the intensity distribution curve, but these were smoothed out 
by opening up the sht (figure 4  (6 )). I t  was found th a t by masking a portion of the 
grating, so as to reduce the number of rows in the grating contributing to the 
diffraction pattern, the fluctuations became more pronounced. This indicates that 
their origin is connected with the hmited number of rows in the grating, and that 
they would disappear if tliis number was increased sufficiently. For our present 
purpose these fluctuations are undesirable, and must be removed by increasing 
the multiplier slit width, in spite of the loss of resolution in the measurement of the 
intensity distribution th a t this entails. The minimum value of t consistent with 
negligible fluctuations of intensity was found to be about a quarter of the half
width of the diffraction peak, a criterion for the magnitude of t which is used in aU 
the intensity measurements described below. For any given faulted layer system 
adjacent diffraction peaks are normally separated by a whole order, or by a large 
fraction of an order, so th a t the loss of resolution imposed by the finite width of 
multiplier slit is not serious.

(c) Correction of observed distribution
Formula (3) refers to the intensity distribution from a grating with infinitely 

small scattering elements and for which the diffraction pattern  is observed using 
infinitely small multiplier sht S  and entrance pinhole E  (figure 2 ). Before comparing 
observed and theoretical intensity distributions the influence on the observed 
distribution must be considered of the following three factors :

(а) finite diameter d of the holes of the grating,
(б ) finite width t of the multipher sht,
(c) finite diameter a of the entrance pinhole.
The intensity distribution in the diffraction pattern of a grating with holes of 

diameter d is equivalent to the distribution for infinitely smah holes after multi- 
phcation by the Airy modulation function J.(Z). A(L) is of the form

^(h?+ V ) ’  ̂ ’
where is the Bessel function of first order, is a constant proportional to  the 
diameter of the holes and h is the order number of the column in which the reflexion 
occurs. The correction arising from (a) was made by plotting formula (4) as a 
function of I, choosing ^  so tha t Aif) was reduced by the ratio of the corresponding 
observed intensities in passing from Z =  0 to Z = 1 . The corrected intensity was then 
obtained by dividing the observed intensity by A{1) (figure 5  (a)).

The correction due to (6 ) was evaluated using the equation
1

4bs.(0 = 7  , i ’obs.(Z) dZ, (5)
f J i-h

where (Z) is the observed mtensity for a multiplier slit of width t, and /o b s.(Z ) 

is the intensity which would have been measured under the same conditions of
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resolution with an infinitely small slit. The difference between and fobs, was 
relatively small, and for this reason fobs, was readily determined from (5) by a 
trial-and-error graphical procedure (figure 5 (6  ) ).

Finally, the observed distribution depends on the diameter a of the entrance 
pinhole E  in figure 2  (a), and must be corrected for the condition a 0 . This 
correction was calculated assuming incoherent illumination a t E. As the maximum 
value of a corresponded to ^ t h  of the order separation, the correction proved to 
be negligible except for a  OT.

0-5- 0 5

I (à)(a)

F ig u r e  5 . Correction of observed distribution curve for : (a) finite diameter of holes of grating,
(b) finite width of multiplier s li t .  , observed distribution;-------------, corrected
observed distribution;............ , Airy function A  (I).

(d) Comparison between theory and observation
The observed mtensity distribution curves for a  = OT, 0 3, 0 5, corrected in the 

manner indicated above, are shown in figure 6 , together with the corresponding 
theoretical curves calculated from formula (3). The scale of intensity for each 
curve has been adjusted to give the same integrated mtensity between adjacent 
orders. Agreement between observed and theoretical curves is good, and this is 
also borne out by table 1 which compares observed and theoretical values of 
-fmin.//max.5 the ratio of the minimum and maximum intensities along a diffraction 
streak. The table indicates th a t the faulting parameter of a grating can be deduced 
to within a factor of + 0 - 0 2  from observations on the intensity distribution in its 
diffraction pattern.

T a b l e  1. R a t io  o p  m i n im u m  a n d  m a x im u m  i n t e n s i t i e s  a l o n g  a

DIPPRACTION STRBAX

faulting 
parameter, a

r
observed calculated

0 1 1 2 1 0
0-2 7 0 6 5
0-3 19 5 18 5
0-4 42-0 44-5
0 5 92-5 100-0
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I t  is concluded that, in spite of the loss of resolution associated with using a 
multipher sht of definite width, the optical method adequately reproduces the 
main features of the diffraction from layer structures with woUastonite-type 
stacking faults. In  the next section we will see th a t the same kind of accuracy can 
be achieved with other faulted layer systems.

HD

•a=0'2

0-5-0 5

FiGimB 6 . Observed intensity distribution curves along diffraction streaks of wollastonite- 
type faulted gratings with different values of a. Theoretical curves are shown dotted. 
I(Z) is in arbitrary units.

4 . S t a c k in g  f a u l t s  i n  f a c e -c e n t r e d -c u b i c  a n d  c l o s e -p a c k e d -h e x a g o n a l

S T R U C T U R E S

There are three possible kinds of position, usually denoted A , B  and C, for the 
atoms in a close-packed layer, and the sequence of packing of these layers is 
ABC  A B C . .. for f.c.c. and A B A B  ... (or BCBC . .. or G AC  A  ...) for c.p.h. A stacking 
fault occurs when either of these regular sequences is interrupted, with the restric
tion th a t adjacent layers must be different. There are two possible positions for 
each layer, so th a t a very large number of stacking sequences are theoretically 
possible ; however, we will only be concerned here with sequences of randomly spaced 
‘growth faults’ and ‘deformation faults’, as most theoretical diffraction trea t
ments have been devoted to these cases. The stacking rule for grown faults is that, 
a t the position of each fault, the next nearest layers are the same for f.c.c. and 
different for c.p.h.; in faulting by deformation the original packing sequence is 
maintained on either side of the fault, but the crystal as a whole slips a t the fault.

The three types of layer change into one another by slip along the [2 Î Î ]  direction 
(cubic indices). The change in atomic positions produced by the different types of 
stacking fault is therefore seen most readily from a projection of the structure 
normal to [0 1 Î], i.e. normal to the plane containing [2 1 1 ] and the stacking
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d i r e c t i o n  [ 1 1 1 ] .  ( T h e  c o r r e s p o n d in g  p r o j e c t io n  f o r  t h e  c .p .h .  s t r u c t u r e  i s  n o r m a l  t o  

[ 110] ( h e x a g o n a l  i n d i c e s ) . )  F ig u r e  7 i l l u s t r a t e s  h o w  d i s o r d e r  i s  i n t r o d u c e d  i n  t h i s  

p r o j e c t io n  b y  a  s i n g l e  d e f o r m a t i o n  f a u l t  i n  f . c . c .  a n d  a  s i n g l e  g r o w t h  f a u l t  i n  

c .p .h .  I t  i s  c le a r  t h a t  f o r  s t a c k i n g  f a u l t s  c o n f in e d  t o  a  s i n g l e  s e t  o f  c l o s e - p a c k e d  

p l a n e s  t h e  c o m p l e t e  s t r u c t u r e  i n  t h r e e  d i m e n s i o n s  i s  o b t a i n e d  i n  e a c h  c a s e  b y  

r e g u l a r l y  r e p e a t i n g  in  t w o  d i r e c t i o n s  t h e  r o w  o f  a t o m s  m a r k e d  b y  t h e  d o t t e d  l i n e .

(a) ( 6)

B

C

F ig ijb e  7. (o) Projection on a plane normal to [Oil] of f.c.c. structure with single deforma
tion fault; (6) projection on a plane normal to [110] of c.p.h. structure with single growth 
fault. The unfaulted sequence is ABCABG  ... in (a) and AB A B  ... in (6). The open and 
closed circles represent atoms in different elevations.

I f  t h e  n u m b e r  o f  s u c h  r e p e t i t i o n s  i s  l a r g e ,  t h e  r e c ip r o c a l  l a t t i c e  i s  c o n f in e d  t o  

r e g io n s  w h i c h  s p r e a d  o u t  o n l y  i n  t h e  d i r e c t i o n  c o r r e s p o n d in g  t o  t h e  n o r m a l  t o  

t h e  c l o s e - p a c k e d  p l a n e s .  T h e  t h e o r y  o f  d i f f r a c t io n  f r o m  f a u l t e d  c l o s e - p a c k e d  s t r u c 

t u r e s  i s  c o n c e r n e d  p r i m a r i ly  w i t h  t h e  v a r i a t i o n  o f  i n t e n s i t y  o f  t h e  d i f f r a c t io n  

s t r e a k s  a l o n g  t h i s  d i r e c t i o n ,  b u t  t h e  i n t e n s i t y  d i s t r i b u t i o n  c a n  a l s o  b e  d e r i v e d  

o p t i c a l l y ,  u s i n g  g r a t i n g s  w h i c h  r e p r e s e n t  t h e  p r o j e c t io n  o f  t h e  s t r u c t u r e  n o r m a l  t o  

[01Î ] .  A  m m o r  d i f f i c u l t y  h e r e  i s  t h a t  t h e  a t o m s  i n  t h e  t w o  d i f f e r e n t  e l e v a t i o n s  

( f ig u r e  7 )  c a n n o t  b e  d i s t i n g u i s h e d  i n  t h e  g r a t m g ;  t h e  e f f e c t  o f  t h i s  o n  t h e  r e c ip r o c a l  

l a t t i c e  i s  d i s c u s s e d  b e l o w .

(a )  G r o w t h - f a u l t e d  h e x a g o n a l  c o h a l t

C o b a l t  c a n  c r y s t a l l i z e  i n  e i t h e r  a  f . c . c .  o r  c .p .h .  a r r a n g e m e n t ,  b u t  i n  t h e  h e x a 

g o n a l  f o r m  i t  i s  i m p e r f e c t ,  g i v i n g  a  m i x t u r e  o f  s h a r p  a n d  d i f f u s e  l i n e s  o n  a n  X - r a y  

p o w d e r  p h o t o g r a p h  ( E d w a r d s  & L i p s o n  1942 ) . W i l s o n  ( 1942 ) h a s  s h o w n  t h a t  t h e  

X - r a y  o b s e r v a t i o n s  c a n  b e  e x p l a i n e d  b y  p o s t u l a t i n g  t h e  d e v e l o p m e n t  o f  r a n d o m l y  

s p a c e d  g r o w t h  f a u l t s ,  w h i c h  g i v e  r i s e  t o  a  r e c ip r o c a l  l a t t i c e  o f  t h e  f o r m  s h o w n  i n  

f ig u r e  8 ( a ) .  T h e  C * - a x i s  i n  t h i s  f ig u r e  i s  r e c ip r o c a l  t o  t h e  h e x a g o n a l  [ 001] d i r e c t io n ,  

a n d  t h e  i n d i c e s  c o r r e s p o n d in g  t o  A*, C* a r e  H ,  L .  C o lu m n s  o f  r e f l e x io n s  w i t h  H  

d i v i s i b l e  b y  3 c o n s i s t  o f  s h a r p  s p o t s ,  a s  i n  t h e  u n f a u l t e d  s t r u c t u r e ,  b u t  t h e  r e 

m a i n i n g  c o l u m n s  c o n s i s t  o f  a l t e r n a t i n g  s h o r t  a n d  l o n g  s t r e a k s .
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The layer sequence for 1000 layers of cobalt was determined using random 
number tables, and the corresponding gratmgs were prepared on the basis of 
figure 7  (6 ) by using a uniform row of elements to represent a horizontal row of 
atoms, and repeating this along the direction of the dotted line. Figure 9, plate 7, 
is a photograph of the central portion of the diffraction pattern  from such a 
grating ; the pattern reproduces the main features of the reciprocal lattice in 
figure 8  {a). The observed intensity distribution along the diffraction streaks of the

Z,=+l|

O f
§

H = - \

[c* @

0 2

0 5

F ig u r e  8 . (a) Portion of reciprocal lattice of growth-faulted hexagonal cobalt (after Edwards 
& Lipson 1942). C* corresponds to the normal to the close-packed planes. (6) Intensity 
distribution along diffraction streaks of corresponding grating (a=  0 -1).

a  =  0  1 gratmg is given in figure 8 (6 ). According to Wilson (1 9 4 2 ) the faulting 
parameter for hexagonal cobalt is about 0  1 , and the mtensity distribution curve 
which he deduced theoretically for this value of a  is virtually the same as th a t in 
figure 8 (6 ).

(6 ) Face-centred-cubic deformation faults on one set of close-pached planes
The diffraction patterns of gratings with faulting densities of 01 , 0 3 and 0 5. 

and prepared on the basis of the projection in figure 7 (a), are shown in figure 10, 
plate 8 . Figure 1 1  is a diagram based on these photographs and indicating the 
main features of the reciprocal lattice. The points of intersection of the broken 
lines mark the positions of the reciprocal lattice points of the unfaulted structure 
(a = 0 ), and the axes b*, b* are reciprocal to the axes b ,̂ bg in figure 7 (a). I f  

are the indices, treated as continuous variables, corresponding to b f , b |,  
then reciprocal lattice points with =  3% {n integral) are not affected by the 
faulting, bu t the remaining points {H^ = Z n ± l )  are drawn out into symmetrical 
streaks. The peaks of these streaks are displaced along b* by an amount ± 
depending on a, and the sign of the displacement corresponds to  the sign in 

=  3% ±  1.
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I n  t a b l e  2  t h e  o b s e r v e d  d i s p l a c e m e n t s  A H ^  a r e  g i v e n  f o r  d i f f e r e n t  v a l u e s  o f  a .  

T h e y  a r e  c o m p a r e d  w i t h  t h e  d i s p l a c e m e n t s  c a l c u l a t e d  f r o m  t h e  d i f f r a c t i o n  t h e o r y  

o f  P a t e r s o n  ( 1952 ) , w h i c h  g i v e s

=  -Jr — (1 /2 7 t) a r c  t a n  [ ^ 3  (1  — 2 a ) ] . (6 )

T h e  d i f f e r e n c e  b e t w e e n  o b s e r v e d  a n d  c a l c u l a t e d  v a l u e s  o f  | A H ^  | i s  e q u i v a l e n t  t o  a  

d i f f e r e n c e  m  a  o f  u p  t o  0  0 3 .  T h u s  f r o m  o b s e r v a t i o n s  o f  t h e  o p t i c a l  d i f f r a c t io n  

p a t t e r n  t h e  f a u l t m g  p a r a m e t e r  c a n  b e  e s t i m a t e d  t o  a b o u t  t h e  s a m e  a c c u r a c y  a s  

t h a t  n o t e d  p r e v i o u s l y  f o r  w o U a s t o n i t e - t y p e  f a u l t s .

3
FIGURE 11. Diagram indicating main features of reciprocal lattice 

for f.c.c. deformation faults on (111) planes.

T a b l e  2 . F a c e -c e n t r e d -c u b ic  d e f o r m a t i o n  f a u l t s  o n  o n e  s e t  o f  p l a n e s :

DISPLACEMENT OF PEAK OF DIFFRACTION STREAK FROM IDEAL RECIPROCAL 

LATTICE POINT
displacement |AHi|, expressed as 

percentage of I bf I
faultmg 

parameter, a
r

observed
--A . _ . .

calculated
0 0 0

0 1 1-7 16
0 2 8 7 8 9
0-3 6-8 ' 7 1
0-4 10 5 11 4
0-6 17 6 16 7

T h e  d i s p l a c e m e n t  o f  t h e  p e a k s  o f  t h e  d i f f r a c t io n  s t r e a k s  a n d  t h e  d e p e n d e n c e  o f  

t h i s  d i s p l a c e m e n t  o n  a  f o r m  t h e  b a s i s  o f  t h e  d e t e r m in a t i o n  b y  X - r a y  m e t h o d s  o f  

t h e  f a u l t i n g  p a r a m e t e r s  o f  h e a v i l y  c o ld - w o r k e d  f . c . c .  m e t a l s  a n d  a l l o y s  ( W a r r e n  &  

W a r e k o i s  1 9 5 5 ; C h r i s t ia n  & S p r e a d b o r o u g h  1956 ; S m a l l m a n  & W e s t m a c o t t  1957 ) . 

H o w e v e r ,  s e v e r e  c o ld - w o r k  p r o b a b l y  p r o d u c e s  f a u l t m g  o n  m o r e  t h a n  o n e  s e t  o f  

{ 1 1 1 }  p l a n e s ,  w h e r e a s  t h e  P a t e r s o n  a n a l y s i s  a p p l i e s  t o  d e f o r m a t i o n  f a u l t i n g  o n  o n e  

s e t  o n l y .  T h u s  t h e  p h y s i c a l  s ig n i f i c a n c e  o f  a ,  o b t a i n e d  b y  s u b s t i t u t i n g  t h e  m e a s u r e d  

d i s p l a c e m e n t s  i n t o  e q u a t i o n  (6 ) , i s  u n k n o w n .  W a r r e n  &  W a r e k o i s  ( 1955) 

s u g g e s t e d  t h a t  i t  m a y  b e  a  g o o d  e n o u g h  a p p r o x i m a t i o n  t o  c o n s id e r  t h i s  v a l u e  o f  a  

a s  t h e  s u m  o f  t h e  p r o b a b i l i t i e s  o f  f a u l t i n g  i n  t h e  d i f f e r e n t  s e t s  o f  a c t i v e  { 111}
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planes, but they gave no justification for this suggestion. We examine next the 
diffraction from gratings representing f.c.c. structures with deformation faults on 
two sets of close-packed planes, and show from the analysis of the results tha t 
W arren’s suggestion is in fact correct provided tha t a <  1.

(c) Face-centred-cubic deformation faults on (111) and (111) planes
Figure 7  (a) shows the atomic positions for a single stacking fault between close- 

packed (1 1 1 ) planes. Both sets of close-packed planes, (1 1 1 ) and (Til), are viewed 
on edge in this projection, so th a t a stacking fault between the (1 1 1 ) planes could 
equally well have been shown. The atomic arrangement in figure 1 2  corresponds to 
faults occurring simultaneously on both sets of planes. The distortion is severe 
where the faults cross (indeed, this is a source of hardening for slip), and there will 
be a re-adjustment of the atomic positions in this region. Nevertheless, a t least for 
relatively small faulting densities, figure 1 2  may be considered to be a good repre
sentation of the atomic positions for stacking faults on two sets of intersecting 
close-packed planes.

b,
F ig u r e  12. Projection normal to [Oil] of f.c.c. structure with a  single deformation fault on 

each of the (111) and (111) sets of planes. The open and closed circles represent atoms in 
different elevations.

The corresponding gratings were prepared in two stages : one row of the grating, 
representing a row of atoms along the direction (figure 1 2 ), was made first, and 
this row was then repeated in the bg direction to give the final grating of 1 0 0 0  x 1 0 0 0  

elements. The same faulting density a  was given to each set of faults, bu t different 
sequences of random numbers were used in ‘programming’ each set.

Figure 13, plate 8 , shows a photograph of the diffraction pattern for a  =  0'15, 
and figure 14 is a diagram based on this photograph and indicating the positions of 
the peaks of the reflexions. The points of intersection of the broken lines 

H 2 — integers) define the positions of the ideal reciprocal lattice points. The 
section of the reciprocal lattice shown repeats in the b]f b |  plane a t intervals 

* corresponding to multiples of 3 of and
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a = 0-1 t c t c ’i a =  0-3

1  r

H

H
i i

II

a =  0-5 
h = - 2  0 2 - 2 0

a = 0 - 
2

F iguke 3. Diffraction patterns from gratings representing wollastonite-type faulted struc
tures with different values of faulting parameter, a. Reflexions in the A,-odd columns are 
drawn out into streaks along c*.

t c *

H = - 3  0 3

F ig u b e  9. Diffraction pattern of grating representing growth-faulted hexagonal cobalt 
(a =  0-3), showing alternating strong and weak streaks in J ï=  3w ± 1 columns.

{Facing p . 192)
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t b î

a  =  0 'l

« = 0  3

(X — 0 5

J?2=  — 3 0 3
F ig u r e  10. Diffraction patterns of gratings representing f.c.c. structure with deformation

faults on one set of close-packed planes only. The peaks of the Hg =  3n ± I reflexions
are progressively displaced along b* as a increases.

b»

F ig u r e  13. Diffraction pattern of grating representing f.c.c. structure with random 
deformation faults on both (111) and (Til) planes.
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The reciprocal lattice in three dimensions is obtained by repeating the pattern 
in figure 14 in the planes ÆTg = 0, 2, 4 . . where is the index defined in equation 
(8 ) below. However, as we cannot distinguish in the gratmg representation between 
the two kinds of atoms in the projection on to the (OÎÎ) plane, the unit cell' of the 
grating is smaller than the true cell. By consequence, the pattern in figure 14 is 
also repeated in the planes Hg =  1, 3, 5 ..., but is displaced so tha t the origin of the 
pattern is a t  =  (f !)•

FIGURE 14. Diagram indicating main features of reciprocal lattice 
for f.c.c. deformation faults on both (111) and (Til) planes.

T a b l e  3 . Cl a s s i f i c a t i o n  o f  e e f l b x i o n s

Hi H , AHi
.4-type 3m 3 n ± l 0 ±P

3m ± 1 3n ±P 0
B-type 3m +1 3 n ± l ±P ±P
C-type 3m 3n 0 0

The reflexions can be classified into three types according to the kind of dis
placement from the ideal reciprocal lattice points : Jl-type displaced along either 
bj* or b f ; B -type  displaced along both b* and bf ; and (7-type undisplaced. I f  

AHg are the components of the displacement along bf, bf, the three types 
are characterized in the way indicated in table 3. For Hg odd the number f  must be 
added to each entry in the first two columns. In  this table m, n are integers and 

=  ± p  means a displacement of ± ^ b f, ±^>bf, the choice of sign corre
sponding to Hi, Hg = 3m ± 1.

Figure 15 shows the measured variation of p  with a. The broken line represents 
the peak displacement given by the Paterson equation (6 ); it is clear th a t p  
increases with a  a t a lower rate than for the one-dimensional case, but th a t the two 
curves coincide approximately for a  less than 0  1 2 . In  the following we use this 
result to calculate the relative displacements of Debye-Scherrer lines, as produced 
by weak deformation faulting (a-^ 1 ) in the (1 1 1 ) and (1 1 1 ) planes.
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The value of { = 2 sin 6/À) is given by

=  I b* + ̂ 2 b |  12 +  I H^bt | \  (7)

where b f b f b f are reciprocal to b  ̂ bg bg and are the corresponding in
dices. The axes bj, bg are m the (0 1 1 ) plane and bg normal to this plane; the three
axes are related to the cubic axes a^agSg by the equations

bi =  + Jag + Jag,

bg =  — Ja^ + Jag + Jag,

bg = Jag — Jag.

0-30-20 0-1

F igube 15. Peak displacements of two-dimensionaUy faulted gratmgs as a function of a. 
----------- , Paterson curve corresponding to equation (6).

Similar equations relate and the cubic W T iq indices

J^l + J^g+J^g,

^  + J^2 + J^3, ' (8 )
JAg— J^g.,^3 =

Putting |b* I = |bg I = ^3/a, |bg | =  ^2ja  in (7), where a is the lattice parameter 
of the f.c.c. cell, we get

=  i  (3flf + ZHl + 2 %  + 2 a t) .

Deformation faulting changes H^,H^ to + + and the corresponding
change in d* is Ad*, where

Ad*. d* = — [(3Z ^+ ^) A ^  + {Hi- f  3^4) AZ^].

B ut Ad*/d* = cot 6A6, so th a t the change of Bragg angle of the
component of a powder line is

— tan^ ( 3 ^ 4  -1- H,) A d 4  +  {Hi +  3 J/g ) A g g  

SHl + dHl + 2HiH, + 2Hl .
(9)
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Thus the value of is obtained by converting to indices using equation
(8 ), determining Ai^, AFg from table 3 and substituting in (9 ). The procedure is 
illustrated in table 4 for the {111} and {200} powder lines, as the relative displace
ments of these lines were measured in the experiments of Warren & Warekois 
(1 9 5 s) and Smallman & Westmacott (1 9 5 7 ).

T a b l e  4 . C h a n g e  i n  B r a g g  a n g l e  o f  c o m p o n e n t s  o f  { 1 1 1 }  a n d  { 2 0 0 }

cot 6 ù̂ d/q Ag AHi An,
111 100 0 p
T il 010 P 0
111 P - p
111 i l l P - p
200 110 - P p
020 i l l - P - p
002 U Ï - P - p

tP 
- P  
- P  
- p

According to figure 15, p  is equal to | A^41 hi equation (6 ), provided tha t a  < 0 -1 . 
I f  we further assume th a t a <41 then (6 ) simplifies to

p  =  -ŷ3 a/477-.
Table 4 therefore gives

<^^m)av. =V3atan0/87T  

and (A^aoo)av. = -^l^oc  tan  ^/47t,

so th a t finally we have <A((9m —̂ goo)>av. =  3^3 a  tan  O/Stt.

This is exactly twice the value given by Paterson’s theory applied to a faulting 
density a  on only one set of planes. The result has been derived by assuming th a t 
for a  1 the components of the displacements of the reflexions along the close- 
packed directions [1 1 1 ] and [Til] are given by equation (6 ). Using similar assump
tions it is easy to generalize this result to the case of faulting on aU four sets of 
close-packed planes; the conclusion is that, if the measured difference A(0 m  — ĝgo) 
is substituted in equation (9), then the resultant value of a  must be interpreted as 
the sum of the faulting densities for the different sets of active {1 1 1 } planes.

5 . C o n c l u s io n

I t  has been shown th a t the optical method can be used to determine the nature 
of the diffraction from layer structures with stacking faults on one or two sets 
of planes. The main limitation of the method lies in the restriction to the number 
of layers th a t can be represented in a single grating. In  the present work this 
number was 1000. Any large increase above this number is impracticable, not 
only because of the excessive time required to make a grating of, say, 1 0  ̂ lines, 
but also because such a grating would be unsuitable for examination in the diffrac
tometer in its present form. The effect of this limitation is to introduce intensity 
fluctuations in the observed intensity distribution, and these fluctuations can 
only be removed a t the cost of loss of resolution.
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I f  the number of lines in the grating is reduced to 300 or less, the intensity 
fluctuations become more pronounced and subsidiary maxima begin to appear 
along the diffraction streaks. I t  is possible th a t these are the origin of the weak 
diffuse maxima observed by Hirsch, Kelly & Menter (1 9 5 5 ) in the diffraction 
streaks of beaten gold foil, as the estimated number of layers in the stack of (III)  
layers producing these streaks was only 70. These authors interpreted the dis
placements of the diffuse maxima from the ideal reciprocal lattice points by means 
of Paterson’s theory, and obtained thereby very high values of a  (up to 0-6), 
but this interpretation is not valid if the diffuse maxima are simply intensity 
fluctuations in the sense described above.

The author wishes to  thank Dr H. M. Pinniston for his interest and encourage
ment, and Mr K. D. Rouse and Mr T. M. Valentine for experimental assistance.
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THE APPLICATION OF X-RAY DIFFRACTION TECHNIQUES TO 

IRRi\DIATI6N DAflAGE PROBLEMS

by

•B. T. M. VflLLIS

The X -ray d if f r a c t io n  p a ttern  o f  a c r y s ta l  can undergo th e  fo llo v d n g  changes 
as a r e s u lt  o f  ir r a d ia t io n :

("I ) D isplacem ent o f  th e Bragg r e l f e x io n s  to  low er 9 v a lu e s , in d ic a tin g  an . 
expansion o f  th e  l a t t i c e  •

( 2 ) R eduction o f th e in te g r a te d  i n t e n s i t i e s  o f  th e  Bragg r e f le x io n s .  .

( 3 ) Broadening o f  th e Bragg r e f le x io n s ,

( a) Appearance o f  " d iffu se  sca tter in g"  betv/een th e  Bragg peaks.

(fi) Appearance o f  low -angle s c a t te r in g .

In  t h i s  a r t i c l e  various models f o r  th e  damaged stru ctu re  are con sid ered . I t  •' 
i s  shown on th e  b a s is  o f th ese  models how th e  d if f r a c t io n  e f f e c t s  l i s t e d  above, can  
a r i s e ,  and what kind o f  in form ation  concerning th e  damage can be deduced from  
in te r p r e ta t io n s  u s in g  th e se  m odels. Experim ental r e s u l t s  to  date are b r ie f ly  d e s 
cr ib ed .

I so la te d  d e fe c ts  g iv in g  no l a t t i c e  d is to r t io n  (Model A)

The f i r s t  model we con sid er  i s  th a t  o f a c r y s ta l  con ta in in g  is o la te d  v a can cies  
and i n t e r s t i t i a l  atoms. The d e fe c ts  are randomly d is tr ib u te d  and o f  low concentra
t io n ,  and th ere  i s  no d is to r t io n  o f  th e  l a t t i c e  around them (f ig u r e  I ) .  A s in g le  
i n t e r s t i t i a l  s c a t te r s  X -rays a s  an is o la t e d  atom o f  th e  same s iz e  and number o f  
e le c tr o n s , and by B ab inet*s P r in c ip le  a vacancy s c a t te r s  s im ila r ly  (excep t a t  9 = 0 ) .  
Thus s c a t te r in g  ta k es  p la ce  fo r  a l l  va lu es o f  the s c a t te r in g  a n g le , 9 , and f a l l s  o f f  
w ith  9 in  accordance v/ith  th e f^  curve, where f  i s  th e corresponding atom ic 
s c a t te r in g  fa c to r  ( f ig u r e  2 ) .  For randomly d is tr ib u te d  d e fe c ts  there i s  no over
a l l  c o r r e la t io n  o f  phase between th e  s c a t te r in g  from d if f e r e n t  p a r t ic le s ,  and th e
t o t a l  in t e n s i t y  i s  th e  product o f  the number o f  d e fe c ts  and th e  s c a t te r in g  from
one d e fe c t .

. The e x is te n c e  o f t h is  type o f  d if fu s e  s c a t te r in g  has been ex p lo ited  by A n ta l ( I )  
to  determ ine th e  number o f  p o in t d e fe c ts  produced by neutron ir r a d ia t io n  o f  g ra p iiite .  
Neutron, ra th er  than  X -ray, s c a t te r in g  was employed, and th e  t o t a l  s c a tte r in g  was 
measured by observ ing  the a tte n u a tio n  o f  a d ir e c t  beam o f  neutrons p assin g  through  
a width t  o f  sam ple. I f  1q , 1q  are the in c id e n t and emergent in t e n s i t i e s ,  th en  fo r  
th e  u n irrad ia ted  sample .

: : /  d e  /  V u n l r r  =

3.1



where N i s  the number of .a tom s/c. c .  and o* i s  th e  s c a tte r in g  c r o s s - s e c t io n  fo r  
is o to p e , sp in  and in e l a s t i c  s c a t te r in g .  Neutron wavelengths g rea ter  than 2dĝ ĝ %, 
where dgi^  i s  th e  maximum grap h ite  spacing , were used , so th a t  cr does not in c lu d e  
Bragg s c a t te r in g . For th e  same sample a f t e r  ir r a d ia t io n

( l e  /  V i r r  “ exp (or + f<r^) H tJ . ( 2 )

Here i s  the c r o s s - s e c t io n  fo r  s c a t te r in g  by one d e fe c t ,  a q u a n tity  which i s  
knoTd a c cu ra te ly  from n u clear s c a t te r in g  d ata , and f  i s  th e  atom ic fr a c t io n  o f  
d e f e c t s .  f  i s  determ ined im m ediately from the d iv is io n  o f  ( 1 ) and ( 2 ) .

The f  value found fo r  grap h ite  was accurate to  + '\O fo i an im portant fa c to r  in  
t h is  error  was th e  n e g le c t  o f  l a t t i c e  d is to r t io n  in  th e sim ple model A.

I s o la te d  d e fe c ts  w ith  l a t t i c e  r e la x a t io n  Model B)

The t h e o r e t ic a l  problem o f  X-ra:y s c a t te r in g  from is o la t e d  d e fe c t s ,  ta k in g  in to  
account r e la x a t io n  o f the l a t t i c e  around th e  d e fe c t s ,  has been tr e a te d  by Huang and 
o th e r s ( 2 ) ,  For m etals such as copper th e  r a d ia l  d isp lacem ent Ar o f an atom a t a ■ 

stance r  from a d e fe c t  i s  taken as

i r  = o /r 2 V (3 )

where o i s  a  f a c to r  d eterm in in g .th e  degree o f  r e la x a t io n  around the d e fe c t  (see  
f ig u r e  3 ) .

J There are th ree  consequences o f t h i s  r e la x a t io n  from th e  p o in t o f view o f X-ray  
d if f r a c t io n .

1 (a ) O vera ll l a t t i c e  expansion  ' ......

' The l a t t i c e  param eter, a , in c r e a se s .o n  average by Aa. T yp ical
I v a lu es  o f  A a /a  are:

a /a  = 10 fo r  Mo a f t e r  a neutron ir r a d ia t io n  o f 2 .10  n v t. '

j: Î ' . 10"^ f o r  MgO . ' 'V. 5 . 1q2 °  n v t . •
I J ■■ ‘ o 2 0

';  ̂ , 10  f o r  diamond. " " . 3 . 1 0  n v t.

! . ( t )  D efect d if fu s e  s c a t te r in g

i ■ : The d isp lacem ents o f the atoms from t h e ir  id e a l p o s it io n s  can be described
[• .. by a F o u rier  s e r ie s  o f  v/ayes o f  d if f e r e n t  wave v ec to r s  k and v/ave am plitudes a^,
' •: L et u s co n sid er  one .of th e se  waves, say the wave o f  form a^ cos 27tkj, w ith  

w avelength 1 /k  and wave-normal d ir e c te d  a long th e  x - a x is .  This wave g iv e s  
r i s e  to  two s a t e l l i t e  r e f le x io n s  on e i th e r  s id e  o f  each p r in c ip a l, r e f le x io n .
The s a t e l l i t e s  l i e  a lon g  th e  x* . a x is  through th e main r e f le x io n  and are d i s 
p laced  from i t  by ± k ( f ig u r e  4)#  The in t e n s i t i e s  o f  th e s a t e l l i t e s  are 
p rop o rtio n a l to  C learly , th e  combined e f f e c t  o f  a l l  v/aves o f d if f e r e n t  .
k*.s i s  t o  b u ild  up a 3 -^ im en sion al d if fu s e  sc a tte r in g  re g io n  around each

3-2



" reciprocal^ l a t t i c e  poin t.' ' , _ ■ . .  , , * ,

The treatm en t fo r  d e fe c t  d if fu s e  s c a t te r in g  bears a strong form al resem
b lan ce w ith  th at fo r  therm al d if fu s e  s c a t te r in g . Both types o f s c a t te r in g  are 
p resen t in  a d e fe c t  stru ctu re  examined a t normal tem peratures, and t h i s  renders 
th e  experim ental problem o f  i s o la t in g  the d e fe c t  d if fu s e  s c a tte r in g  a m atter "of 
co n sid era b le  d i f f i c u l t y .  No con vin cing  dem onstration o f  t h is  type o f  s c a t t e r 
in g  in  ir r a d ia te d  m a ter ia ls  has y e t  been rep orted .

(c )  Reduction o f  in teg ra te d  in t e n s i t y  ' ' •

The e f f e c t  o f  therm al a g ita t io n  i s  to  g iv e  r i s e  to  d if fu s e  s c a t te r in g  a t  
th e  expense o f  Bragg s c a t te r in g  in to  th e  main r e f le x io n s .  In  th e same way we 
expect a red u ctio n  o f  in te g r a te d  in t e n s it y  o f  the main r e f le x io n s  a f t e r  ir r a d ia 
t io n .  The in t e n s i t y  in  th e  Bragg peak i s  reduced by the fa c to r  exp (-2M^) 
where M ’ i s  p rop ortion a l to  fc^  s in  G/A • I f  the constant c in  eq u ation  (3 )  
i s  known, th e  d e fe c t  co n cen tra tio n , f ,  can be found by.m easuring the red u ctio n  
o f  in teg ra te d  in t e n s i t y  produced by ir r a d ia t io n .  T his " a r t i f i c ia l  temperature"  
e f f e c t  has been observed, by Tucker and S en io \3 )  neutron ir r a d ia te d  Bj[̂ C, but 

' ■ a q u a n tita t iv e  a n a ly s is  o f  t h e ir  r e s u lt s  was not p o ss ib le  owing to  th e  complex 
nature o f  the i n i t i a l  s tr u c tu r e . " ' .

High d e n s ity  o f  d e fe c t s .  C lu ster in g  (Model C)

H ith erto  our d isc u ss io n  has been lim ite d  to  the case o f  low d e n s ity  o f  d e fe c t s ,
i . e .  f  << 1 . As th e  d e n s ity  in c r e a s e s ,  l i n e  broadening e f f e c t s  appear, in d ic a t in g  
th a t  th e  l a t t i c e  i s  b ein g  s tra in ed  and/or fragm ented in to  sm aller p a r t ic le s .  ,.The- 
in te g r a l  breadths due’ to  s t r a in  and p a r t ic le  s iz e  r e s p e c t iv e ly  can be w r itte n

. i'-' -... • p. . • =• 2 Ç tan' G'-, 3 , . _ - ' . = Xsec G/e . ’ (4)
s tr a in  p a r t ic le  s ize ., .

Ç i s  th e  mean s t r a in ,  G th e  Bragg angle,-. A - th e  w avelength and s  the "apparent" 
p a r t ic le  s i z e .  Assuming th a t th e t o t a l  breadth  P-tot th e  sum o f  th a t  due to  
s tr a in  and p a r t ic l e  : s iz e y  (4 )  g iv e s  : : t

= 2 S ta n  9 + , Xsec 9 /e

or ^ to t  - = 2 ^ s in  9/X + l / e .

A p lo t  o f  3 to t  (c o s  G A) a g a in s t  2 s in  9/X  i s  a  s tr a ig h t  l i n e  o f  slope ^ and 
in te r c e p t  l / e .

U sing t h is  a n a ly s is  Smallman and W il l is  (^) showed th a t  th e  l in e  broadening in  
neutron ir r a d ia te d  LiP i s  p r im a rily  due to  s t r a in .  On the o th er hand. Tucker13/ 
concluded th a t  g ra in  fragm entation  i s  resp o n sib le  f o r  th e  broadening in  neutron  
ir r a d ia te d  U^Oq.

Under co n d itio n s  o f  heavy ir r a d ia t io n  clumps o f  atom ic d e fe c ts  can form, and 
i f  th e  average e le c tr o n  d e n s ity  in  th e se  clumps i s  d if f e r e n t  from th a t o f  th e  m atrix

3:3



sm all-<inglc X -ray s c a t te r in g  appears(^^. T his s c a t te r in g  f a l l s  o f f  to  zero when
th e in te r fe r e n c e  co n d itio n  s in  0 = 0 = X/D i s  s a t i s f i e d .  An, estim ate o f the
average s iz e  D o f  the clumps can he found using t h i s  r e la t io n .
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/ f

T he P aterson  th eory  o f X -r a y  sca tter ing  from  a  face-cen tred  cubic structure w ith  deform ation fa u lts  
is ex ten d ed  to  include th e  case of a  f.c .c . a llo y , in  w h ich  segregation  of th e  a llo y  com ponents takes  
place a t  th e  fa u lts. T he principal e ffect o f segregation  is to  m ake th e  reflex ions asym m etrical. I t  is  
possib le  th a t  th is  a sy m m etry  cou ld  be d etected  in  th e  pow der lin es o f certain  cold-w orked a lloys.

1. Introduction
Suzuki (1952) has suggested a hardening mechanism 
for face-centred cubic alloys, involving a segregation 
of solute atoms at deformation stacking faults. Segre
gation can occur because the crystal structure is close- 
packed hexagonal in a layer two atoms thick at the 
stacking fault; the concentration of solute atoms at 
the fault win therefore differ from the average, when 
the faulted region is in thermodynamic equihbrium 
with the surrounding cubic phase. Using this idea 
Suzuki has explained certain mechanical properties of 
alloys (see also CottreU, 1954), but so far no direct 
evidence for segregation has been obtained. I t  is 
possible that such evidence could be provided by 
X-ray diffraction.

The purpose of this paper is to calculate the nature 
of the X-ray scattering from a deformation-faulted 
f.c.c. aUoy, in which the alloy composition at the 
faults differs from that in the cubic matrix. We thus 
require to extend the treatment of Paterson (1952), 
dealing with the diffraction from a homogeneous, 
faulted f.c.c. crystal, to include the case of segregation.

2. Intensity distribution in reciprocal space
{a) General formula

Fig. 1(a) illustrates the stacking sequence of the 
close-packed (1 1 1 ) layers, with the faulted positions 
denoted by E, and /j, A representing the scattering 
powers averaged over the atoms in the two kinds of 
layer. When several faults occur in succession, the

c.p.h. structure is developed only at the boundaries 
of the set, so that segregation takes place only at the 
kinks in the ‘stacking line’.

The theory developed in this section assumes that 
there is no change of layer spacing accompanying 
segregation. The extension of the theory to include 
both change of scattering power and of spacing is 
considered in the Appendix, but it is shown there 
that the simpler theory of this section is adequate 
for most cases.

We make the usual assumption that faulting is 
restricted to one set of (1 1 1 ) planes only: the limita
tions hnposed by this assumption have been considered 
by WiUis (1958).

At first, the treatment foUows very closely that 
given by Warren & Warekois (1955) for the problem 
of deformation-faulting without segregation.

I t  is convenient to choose hexagonal axes Aj, Ag, A3, 
with Aj, Ag in the (1 1 1 ) plane and A3 normal to this 
plane. If a ,̂ Ug, Ug are the cubic axes of the unfaulted 
structure, then

Aj -  -aJ2+ aJ2  
Ag =  , - a J 2 + a J 2
A3 =  aj/S-bag/S-t-Bg/S

(1)

Similar equations relate the corresponding hexagonal
H^, H^, and cubic hkl indices:

H^ =  -A /2 4 -& /2

Hg = -&/2+Z/2
=  hl3+klS+ll3

( l a )
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Number of layer: j  +  1'
A

B
(0)

N um ber of layer: y + m + l f  

j+m  f  
j+ m -U

/ \ r
J  ^  k  f 4 

y-i * 4 fc
Probability of sequence : a ^ a ( 1 - a )  « (1 -rt)

Number of layer; y +  2 f  ^

J + 1 /  \

(6)

; 4
y -i/

^^Probability of sequence: (1—«)^

I,

i{
rt(l-rt)̂  â (1-«) «(1-rt)̂  â (1-«)

(c)

r  /
y-1 ^

Probability of sequence: (1 —a)*

Number of layer: y+ m + 1 #

y+/77 4
y+m —.1 k

J

y-1 ^
Probability of sequence: rt(1—a)^

\ / \
<f(1 -  a) «(1 -  a)® a’(1 -  a)

id)

Fig. 1. (a) Diagram illustrating stacking sequence of (111) layers. Faulted positions are denoted F , and the average scat
tering powers of the atoms in the two kinds of layer are denoted A , /g. The ‘stacking line’ is the broken line A B . (6 ) D if
ferent types of sequence for three successive layers, (c) Different types of sequence for four successive layers, (d) D iffer
ent types of sequence for the six layers j —1, j ,  i + 1 , y-t-m—1 , j + m ,  j + m + l ,  where m >  2 .

In the presence of faulting Ag is not a repetition 
vector of the lattice, and so is not necessarily 
integral.

Let r be the position vector of the atom
m̂ mg in layer Wg, i.e.

=  m iA i+ m g A g + m g A g -f 5.«3 J (2)

where 6 ^ 3  is a vector which depends on Wg and gives 
the change in r due to the presence of faults. (6^*3 
can be written ^71,^3 (A^—Ag), where is an integer 
depending on mg.) The diffracted intensity I  is then

^ ~  fmimzmzfmi'mz'rnz'Ml Mg m3 Ml'Mg'M3'

X exp ^ (S Sq) • (r» îi 'M 3 'M 3 '  ^MiMgMg) > (^ )

where Sq, S are unit vectors along the incident and 
scattered directions, ^ the incident wavelength and 
Ig the scattered intensity per electron. Substituting
(2) into (3) gives:

^  ~  ^  fmimzmzfm\'mz'mz'Ml Mg M3 Ml'Mg'M3'

X exp (S-So)*[(mi'-mi)Ai-f (mg-mg)Ag

-j-(mg—mg)Ag-f-5 ,„3— • (4)

The average scattermg power of an atom depends on 
mg only and can be written/^jg. Further if we consider 
the unfaulted crystal to be in the form of a parallel
epiped, and neglect a small term corresponding to
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weak diffuse scattering and arising from the dis
ordered distribution of atoms in the (1 1 1 ) plane, 
(4) becomes:

sin":
I  = L

^(S -S o)-A iA i sm-̂ ^(S-SQ).^gAg

^ (S -S o ).A ■] sm^ n
J  (S — S q )  '  Ag

X ^  ^ f m z f m z ’ e ^ p ( “T“ (^ ~ ® o )  m3 m3' I A

•[(m3-m)A3-b5,„3—5,„3]| . (5)

Here are the number of atoms along the
Ap Ag directions. If the coefficient of the summation 
is denoted by 0^ and by A^, where j , j  +m
refer to the jth , y-bmth layers, then the summations 
can be separated and written as:

I  = 0^ Z  6Xp
tfi——N

X exp 271%(S-So)-mA3].

N  is the total number of layers and the number of 
layers with an mth neighbouring layer (i.e. =
A —lm|). (S —Sq)/A can be expressed in terms of the 
basis vectors B ,̂ Bg, Bg reciprocal to Aj, Ag, A3, using 

^2> ^3 continuous co-ordinates :

Putting
(S —Sq)/A = ÆjBj-l-AgBg-f-AgBg .

~Y (S —Sq). A,„ = Bm

we obtain the following general formula for the 
diffracted intensity:

I  = 0^ Z  exp iO„Xy. exp 27iimh^ . (6 )
m = —N

(b) Evaluation of (fjfj+m exp 70,„>av.
I t  remains to evaluate {fjfj+m exp 20m)aT.' This can 

be written in the form

(fifi+m exp idm\y. =  P iifl  (exp iBm}n
+ 2 P 12/ 1 /2  (exp i0 M>i2+-f*2 2 /2  (exp idm\ 2  > (7)

where Pp, P^g, Pgg are the probabilities that layers 
j, j+ m  have atoms of average scattering power 
fi  and / i , / i  and /g,/g and /g, and (exp iOm\i- • • are 
the corresponding values of (exp idm}a,v. fer aU such 
pairs of layers.

(i) m = 0

For TO = 0, dm = 0 and (exp iOm} — 1. Further, 
P]g = 0 , and Pp, Pjg are the probabilities that a 
given layer j  has scattermg power /j, /g respectively;

these probabilities can be readily found from Fig. 1 (6 ), 
showing four different sequences for the layers j —1 , j, 
j+1. The stacking line is shown as a broken line, and 
the jth  layer is j^-type in the first pair of sequences 
and/g-type in the last pair. Clearly, P^ = a^+{\—<x)̂  
and Pgg = 2 o i { \ — (x),  where (x is the faulting para
meter, i.e. the probability that an arbitrarily chosen 
layer is faulted.

Substituting these P  values into (7) gives :
{fjfj+m exp iOrf) = flil-2(x+2(x^)+fl{2(x-2oi^). (8) 

(Ü) TO = 1
Pji and Pgg are the probabilities that neighbouring 

layers j, j + 1  are both /i-type and both /g-type, and 
Pjg is the probability that j  is /j-type and j + 1  is 
/g-type. We must now consider the six sequences in 
Fig. 1(c). Pjj is the sum of the probabilities of the 
first pair of sequences, Pgg the sum of the next pair, 
and Pjg the sum of the last pair. Thus

Pji = \ —3oc+3(x ,̂ Pgg = Pjg = (x—o? . 

Further, (exp iBrn) can be written

(exp iB-nf) =  (1  —(x) exp 2ni ^

+(x' exp 2m g—j , (9)

where tx' is the probability of a fault between the 
jth , j+ l th  layers. From Fig. 1 (c) we see that

oc' = (x^l{l—3a+3x^), if layer j  is A-type and layer 
j + 1  is/i-type,

= 1—a, if layer j  is / 2-type and layer
j + 1  is/g-type,

= (X, if layer j  is /j-type and layer
j + 1  is/g-type.

(exp iBm)n> (exp $0 m)22, (exp iBm}i2 are then given by 
(9) using the appropriate value of a'.

There is appreciable intensity only for hi, Ag = 
integers P j, Pg (see equation (5), taldng P j, Pg >  1). 
For the reflexions having P^—Pg = 3ilf {M integral), 
(7) and (9) give

{fjfj+m exp iBm) = fl[l+4:a{l-(x)^+(x{l-(x)^^], (1 0 )

where = / 2/ /i—1 ; and for the reflexions having
P i - P g =  3M ±l

where
{fjfj+m exp iBm) =  - f l E  exp+ie ,

and
E  cos £ = |[l+ 4cc(l—cc)^+a(l—<x))5̂ ] 

P  sin £ = ^yS{l—2(x)[l—(x{l~(x)^^]

(11)

(1 1 a)

(iii) TO > 2
To evaluate the P ’s we must consider the twelve 

sequences in Fig. 1(d); P ^  is the sum of the prob-
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abilities of the first four, of the second four, and 
P j2 of the last four. Thus Pjj = (1—2«+2(x®)2, 
P 22 = a)2 and P^g = 2(%(1—<%)(!—2(%+2(%̂ ).

To determine {exp we write it as

<exp idn^ = (exp i0o-i> (exp »6i_g) (exp iOg-a) • • • >
(12)

where (exp i0o-i)> (exp iQx-ù • • • &ie the average 
values of exp between layers j  and j  + 1, j  +  1 and 
j + 2 . . . .  If oi” is the probability of a fault between 
any pair of neighbouring layers in the sequence j  to 
j+m , then for the pairs j , j + l  and j+ m —1, j+ m  
(see Fig. 1(d) or Fig. 1(6))

(x" = ci^l{l—2(x+2(x^), j  and j+ m  /j-type,
=  i ,  j  and j+ m  /g-type.

For aU other pairs a” = oc, independent of / ,
The individual averages on the r.h.s. of equation (12) 
can now be expressed by equation (9) with oc' replaced 
by the appropriate value of oc". Substituting the 
different values of (exp idni) and P into (7) finally 
gives for the BM reflexions:

(fjfj+m exp idm} =^fl[l+4oc{l-oc)^+4oc^{l-oc)^^^];
(13)

and for the 3AT+1 reflexions 

(/;/;+mexptô„,> = / f ( - Z  exp±iy)"*-^P exp±iô, (14) 

where
= l-Boc+Boc\

P  sin 6 =  iŸB{l~2oc)[l+2oc{l-oc)^].

12 (arbicrary units)

For m = —1, equations (10), (11) apply with ±  in 
(11) replaced by + ; similarly (13), (14) apply for 
m < —2 with ± in (14) replaced by +.

(c) Intensity of reflexions having H^—H^ = BM 
Substituting (8 ), (10), (13) into (6 ) gives

where

and

I  = I\+I%

h = f \ [ l + 4 o c { l - o c ) ^
N

+4oc^{\—aY^^'\ {N—\m\)ex-p2mmh^
m = —N

A = 2«(l-«)/iV ”
X [1 —2oc{ \ —(%) +  (1 —4oc+4oc^)  c o s  2 7 1 6 3 ] .

7i is a term equivalent to diffraction from a perfect 
crystal and gives sharp peaks at integral h .̂ is a 
term giving rise to diffuse intensity; its dependence on 
63 for different values of oc is shown in Fig. 2. The 
maximum integrated diffuse intensity occurs for 
oc = 0 5; Jg is then independent of 6 3 , apart from the 
form-factor dependence of the quantity ff^'^.

(d) Intensity of reflexions having = 3ilf±l
Substituting (8 ), (11), (14) into (6 ), and carrying 

out the summation, gives

with segregation

•without segregation

0*5

Fig. 2. Dependence of diffuse intensity on 63 for 
different values of oc.

Fig. 3. Curves showing shapes of 3ikf + 1  diffraction peaks.
 oc — 0*25, =  0 (faulting without segregation).
  oc =  0 25, =  1 0  (faulting w ith segregation).
Faulting without segregation displaces the peak and the 
centre of gravity from 0  to segregation displaces the 
peak further to Pg and the centre of gravity to O.
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a  =  0*5 a =  0*5

-0-15 -0*15

- 0*10 - 0*10

C£=0*3, 0*7 —

-0*05 - 0 ' 0&

—  0*2 0*2 - 0-2 0-2

0*2- 0-2

Fig. 4. (a) Peak displacement as a function of /S for different values of a . The displacement is expressed as a fraction of an 
order separation, (b) Centroid displacement as a function of /S for different values of a . The displacement is expressed 
as a fraction of an order separation, (c) Integral breadth g  as a function of /3 for different values of a . B  is defined as

\  I  4- Im ax . •

+ 2D cos (47r^3±0) +Zcos [2nh^±àTy) 
1+Z2+2Z cos (27t^3±y) (15)

where I{h^ ^  Ij{f\N 0^). In obtaining (15) the as
sumption has been made that iVm in (6) can be re
placed by N: this is a very close approximation 
provided oiN > 1 .  In this expression (15) for the 
dependence of the intensity on the co-ordinate Ag 
there are two independent parameters, oc and /?, which 
are related to the degrees of faulting and of segrega
tion respectively. The remaining symbols in (15) are 
defined in terms of oc and ^  by equations (11a) and

(14a). ^  — 0 corresponds to the Paterson case of no 
segregation, and according to Suzuld (1952) /S for 
most alloys will lie weU within the range

—0 2 < ^ < +0‘2.

For oc =  0 5, (15) simplifies to

H h)  =  i)5H3(l+|S+i/32)/(5+4cos27tA3).

This represents a symmetrical distribution with 
maximum intensity at half-integral values of Ag, just 
as for the case of no segregation.

If =j= 0 5, segregation gives rise to a change in the 
positions of the diffraction peaks, an asymmetry
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about these positions, and a change in the integral 
breadths of the diffraction streaks. These effects are 
illustrated in Fig. 3, which shows the shape of the 
reflexions for ex. =  0*25, ^ =  0 (faulting without segre
gation) and for a = 0 25, = 1-0 (faulting m th segre
gation). (The value = 1-0 is well outside the likely 
range of /?: it is chosen here to make the asymmetry 
of the diffraction peak in Fig. 3 immediately obvious). 
In the former case faulting displaces the peak from 
0 to P j and broadens the reflexion symmetrically, 
whereas segregation displaces the peak further (to Pg) 
and makes the reflexion asymmetrical, so that the 
centroid is at G, where OG > OPg.

With the aid of the Harwell Mercury computer the 
values of OP^ and OG (expressed as fractions of the 
order separation) and of the integral breadth B  were 
evaluated from (15) for different combinations oi ex, 
The results are given in Figs. 4(a), (6), (c) for the ranges 
0 < a  < I, —02 < < 0-2; the curves are the same
for oc,l — oc and for 3M+1, 3 Jf—1 reflexions, as in
dicated by (15) which is unchanged (except for the 
sign of Ag) when a is replaced by 1—a or ±  by T. 
These curves show that the position of the centroid 
of a reflexion is much more sensitive to a change in 
^  than the peak position or the integral breadth. 
Thus for a  =  0-1, ^  =  0 the centroid and peak posi
tion are equally displaced by a given amount; if now 
/S increases to 01 the peak displacement and integral 
breadth change by an additional 2%, whereas the 
centroid is displaced by a further 50%.

We conclude that as far as single crystal diffraction 
patterns are concerned the principal changes induced 
by segregation are the introduction of weak diffuse 
streaks between reflexions in the columns having 
P j —Pg= 3Jf, and of asymmetry in the remaining 
reflexions. These effects are shown schematically in 
Fig. 5 for the case ^  > 0; for ^  < 0 the asymmetry 
is reversed, the centroid displacement being less than 
the peak displacement.

3. Powder pattern
(a) General

The effect of combined faulting and segregation on 
the powder diffraction pattern can be determined in 
the way indicated by Paterson (1952). The value of 
P j —Pg for each component of an {hkï) line is found 
from equation (la); if P^—Pg = 3 if  this component 
is sharp and undisplaced, whereas if P^—Pg =  3 Jf± l 
the component is broadened asymmetrically and dis
placed to higher or lower Bragg angles, according to 
the sign ± . Fig. 6 shows diagrammatically the ap
pearance of the powder pattern up to {400}.

{311} is broadened symmetrically, as it contains an 
equal number of components of the types 3Æ -t-1 and 
ZM—l ; and for the same reason its change of integral 
breadth, as induced by segregation, is much greater 
than for the other Hnes.

The peak displacement (Zl20)p of the component of

3/V1 +  1 3M +2

(=3/M'-1) (=3M ')

Fig. 5. Schematic diagram showing principal changes in 
reciprocal lattice induced by segregation. In  the ZM columns 
of reflexions a diffuse intensity band appears, while the 
reflexions in the 3 M ± I  columns are broadened asym 
metrically.

F ig. 6 . E ffect of combined faulting and segregation on the  
profiles of powder diffraction lines up to {400}.

a powder hne is related to {Ah^)p by the equation 
(Warren & Warekois, 1955):

(A2d)p = 2 tan 6 cos  ̂ep{Ah^plh.  ̂, (16)

where 0 is the Bragg angle and ep the angle between 
the vectors Eg and P^B^-l-PgBg+PgBg. For a  < 1, 
the same form of equation applies to the centroid 
displacement :

(A26)(f =  2 tan 0 cos® (p{Ah^gfh^ (16a)

As {Ah^p is relatively insensitive to changes of ^  
(§ 2(d)), the faulting parameter, a, can be deduced 
from the observed [A20)p, using (16) and Fig. 4(a) and 
assuming ^  = 0. ^  can then be found from the ob
served {A2d)g, using (16a) and Fig. 4(6).

(6) Particular applications 
I t  is clear that in looking for segregation effects we 

must choose alloys with values of ^ as high as possible. 
^  increases with the difference in stacking fault 
energies and with the difference in atomic scattering 
factors of the alloy components, and it is preferable 
to choose an intermediate composition of an aUoy 
with a wide solid solution range (Suzuki, 1952). 
Stacking fault measurements by diffraction methods 
have been reported on 50/50 Ag-Au (Smallman & 
Westmacott, 1957) and on 50/50 Co-M (Christian & 
Spreadborough, 1957); from Suzuki’s theory and 
estimates of stacking fault energies by Thornton & 
Hirsch (1958) ^  would be about 0 03 for X-ray scat
tering from Ag-Au and about 0 1 for neutron scatter
ing from Co-Ni. I t  is possible that segregation could 
be detected in these cases by comparing the shapes 
of the three types of line (Fig. 6) represented by 
{111}, {200} and {311}.
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APPENDIX
The treatment in § 2 can be extended to allow for the 
change of layer spacing accompanying segregation. 
Let A^[1-{-sI27c), A ^ { \  + El7t) be the spacings be
tween layers with average scattering factors of and 
/j, / ,  and/a, /a and /g. It is easily shown that formula 
(15) for the intensity of the 3AT±1 reflexions is then 
modified, assuming e <  1 , to

1 (h^) = l-{-2oc(l—(x)^{^-{-2)—2 S  cos (27ih^-\-s) 

cos {4:7ih^+t)+P cos {27ih^+t-p)
+ 2  ■ 1 + P H 2 P  cos {2nh^+p) ’  ̂ ’

where

S c o s s  =  l  + l ( x { l—(x)^{4:+^)
di)/3(x(l—(%)(!—2oc)^{l+^)sh^,

S s i n s  =  ±il/3(l-2oc)(l-oc^Ha®/02)
+ oc (1—a) (1+^) (2-4-̂ )eAg ;

Q cos ^  =  1—2(X-l-2(X®q-j/3(x(l—<x)(l—2oi)eh^,
Q sin g =  ± )/3 ( l—2(x)-\-oc{l—(x)sh-y, 
jR cos r =  —lT^)/3(1 —2(x )eJi ,̂
B s i n r  =  — §gAg;
P  cos p  =  I,
P  sin p =  ±^|/3(1—2(x )-\-2o<,[\—(x )eTi '̂,
T  c o s t  =  Q® cos 2 g»—4oc(l—a)(l+/S)QP cos (g-fr) 

-t-4a®(l-a)®(l 4 -^)W  cos 2r,
T  s i n t  = Ç® sin 2g—4 a (l—a)(l+/5)ÇP sin (ĝ -fr) 

-l-4a®(l-a)®(l+i3)2P®sin 2r.

For a given alloy, with finite values of a ,  /5 and e , 
the profiles of the ZM-\-l and 3ilf—1 reflexions are 
no longer equivalent; moreover, these profiles are 
different for the successive peaks occurring with 
increasing 7ig. Evaluation of (17) with the aid of the 
Mercury computer for the case e = 0 02 showed that 
the values of the points on the curves in Figs. 4(a) and 
4(6) (corresponding to e = 0) were changed by about 
7 % for the first order peak and 22 % for the second 
order peak. For many alloys, in particular those such as 
Ag-Au and Co-Ni with a wide range of sohd solution, 
E is practically zero and the simpler theory of S^, is 
then adequate.

Thanks are due to Mr T. M. Valentine and Mr 
T. Vann for handling the bulk of the calculations.
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POSITIONS O F THE O X Y G E N  ATOMS 
' IN U02.13

By B. T. M. WILLIS
M etallurgy D ivision, A tom ic Energy Research Establishm ent, 

H arwell

Ur a n iu m  dioxide, UO^, can dissolve oxygen at high 
temperatures to form the single phase JJO2+X, 

where x  assumes any value in the range 0 ^  a: ^  0 25. 
For UO2.10 the temperature must exceed 600° C and for 
UOg.go the minimum temperature is about 1,050° C 
(ref. 1). '

Neutron. diffraction investigations have been made on 
a single-crystal of composition UOg.xs with the aim of 
determining the positions of the oxygen atoms. The 
ratio of the slow neutron coherent scattering amplitudes 
of uranium and oxygen is 1 47, so that, unlike for X-rays, 
an appreciable proportion of the scattered intensity comes 
from oxygen. However, we must distinguish between 
oxygen atoms present in the UOg crystal before oxidation 
and ‘extra’ oxygen atoms ; as the former predominate, 
the location of the extra atoms is analogous to a light- 
atom determination with X-rays. In these circumstances 
very accurate neutron structure-factors are required, and 
it is necessary to correct the observed intensities for 
extinction (affecting the strong reflexions) and double- 
Bragg scattering (mainly affecting the weak reflexions).

All non-equivalent hkk planes with an interplanar 
spacing greater than 0 53 A were measured at 800° C, 
inside the single-phase region of the phase diagram. No 
reflexions were observed other than those with h, k both 
odd or both even, and so it was assmned in the analysis 
by least-squares and Fomier methods that the space- 
group is Fm3m, as for UOg. ' “

Table 1 summarizes the results of the least-squares 
analysis, which was carried out using a Mercury computer 
programme specially written for this work by Dr. J. S. 
Rollett. The oxygen atoms in UOg.ig occupy three 
different kinds of crystallographic site, arid, as there are 
more equivalent positions for each site than oxygens to  
fill them, the oxygens are distributed at random among 
these positions. The programme allowed as adjustable 
parameters the probability of occupation of each atomic 
site, as well as the atomic co-ordinates and temperature 
factors. Altogether 11 parameters were obtained from 33 
independent data, and the final . ‘discrepancy factor’
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F ig . 2. F o u rie r  p ro jec tion  along [110] w ith  con tribu tions from  u ran ium  
a n d  oxygen a tom s 0  rem oved. In te rv a l betw een con tours is  one-six th  
o f  th a t  in  F ig . 1. P eak s  a t  a, b rep resen t oxygen atom s O ' a t  0 5 0 -4 

0  4 . . .  an d  peaks  a t  c, d  oxygen a tom s O" a t  0 4 0 4 0 4 . . .

where O, O', O" refer to oxygen'atoms in the three kinds 
of site. ^

(2 ) The uranium atoms occupy the face-centred posi
tions 000 , ^^0 , ^0-|, OJJ, and all these sites are filled, 
as in UO2.

(3) The O atoms at uuu . . . are close to  the fluorite 
positions . . . , but are shifted slightly along < 111 > 
towards the interstitial holes at . . .  (the ^00 , 
0^0 , OOJ positions are the largest holes in the UOg 
lattice). The O atoms represent approximately nine 
out of ten of the original oxygens in UO2 before oxidation 
to  UOa-isJ the remaining one-tenth are transferred during 
oxidation to O' or O" positions.
' (4) The interstitial atoms O' and O" do not occupy the 
large interstitial holes at . .  . ,  but positions about 1 Â 
away. '

Fourier analysis confirms the least-squares results.



I'lible 1. C r y s t a l  S t r u c t u r e  o p  iTOj

A tom

U ranium  
O xygen O 
O xygen O ' 
O xygen O '

U n it coll 
co -on linates

0 0 0 . ..  M M « . . .
0-5 « V...

W W W . . ,

C on tribu tion  to  
form ula u n itUwOrt

,«= 1 (10 (0 01) 
(0 02)

1(0 05) 
(0  11)

) «  =  I  MHIfl-82 I 
H =  ■< 0 OS i

lo  28

T em pera tu re  
fac to r B

(A ')

1 IS  (0 00)
1 45 (0 08)
1 8 ( 1  6)
7 5 (2 7)

(« = 0 -2 6 7  (0-001), « = 0 -3 0  (0-01), w = 0 -3 8  (0 01). Space g roup F m S m . 
S tan d a rd  d ev ia tions  o f  pa ram ete rs  in  b racke ts .)

(Sll^’obsl -  locale 11 -4- Sifobsl) was' 2-2 per cent, which 
is close to the estimated accuracy of the individual data. 

The principal conclusions from Table 1 are as follows:
(1) The composition determined from the scattering 

results is UOg.is in agi’eement with that found chemically. 
A more complete expression for the formula imit is :

T Ji-o o O l-S sC ) O'OsO 0-2S
[110]

p ig . 1. F o u rie r  p ro jec tion  along [110] o f  nuc lea r d en sity  o f  U O ,.i , a t  
NOi).. Y: -Peaks a t  A  rep resen t the m-anium atom s a t  000 . .  . an d  peaks

F ou rie r p ro jec tion along [110] o f nuclear
P eak s  a t-  A represen t the m-anium atom s a t  

a t  B  th e  oxygen a tom s 0  a t  0-27 0 -27 0-27 . .  . T he in te rs tit ia l holes 
a re  a t  C. Zero con tours d o tted



Fig. 1 is a Fourier projection, based on a Fourier series 
with the F o b s  data as coefficients, showing the uranium 
and oxygen O atoms. Fig. 2 is a difference Fourier pro
jection, using Fobs — Fuo as coefficients, where Fuo is 
calculated for the luanium and O atoms only. The 
contox.u’s in Fig. 2, which are on a much finer scale than 
in Fig. 1, show peaks representing the O' atoms at 0 5 
vv . . . and O" atoms at www . . . .

The least-squares and Foiu'ier results, based on an 
analysis of the coherent Bragg reflexions only, give the 
contents and atomic co-ordinates of the average vmit 
cell of the disordered compound: they do not define 
the local atomic arrangement. However, a plausible 
interpretation in terms of the local relaxation around an 
isolated interstitial atom is as follows. This interstitial 
atom enters the lattice at the O' position 0 5 0 4 0 4; to  
maintain charge balance the two nearest U^+ ions at 
^^0 and ^OJ are converted to U®+, and the polarizing 
influence of these U®+ ions prevents the interstitial atom  
occupying the hole at • The two nearest oxygens at 
i i i  and are then displaced along < 111 > to O" 
positions and oxygens further out relax a much shorter 
distance along < 1 1 1 > to O sites at uuu . . . .  The large 
‘temperature factor’ of 7 5 for the O" atoms is to be 
ascribed to the disorder accompanying the relaxation of 
the nearest-neighbour oxygens.
'  R o b erts , L . E . J . ,  Quart. Rev., Land. Chem. Soc., 15, 442 (1961).

Printed in Great Britain by Fisher, Knight & Co., Ltd., St. Albans.
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2.—Point Defects in Uranium Oxides

By B. T .  M .  W il l is

Metallurgy Division, Atomic Energy Research Establishment, Harwell

ABSTRACT
Neutron diffraction measurements on single crystals o f uranium 

oxides, with compositions in the range UO2-00 to UOx-zsy ha\e led to 
an identification o f the types ofpoint defects arising from the departure 
from stoicheiometry. Interstitial oxygen atoms enter the UO2 lattice 
at two kinds o f site, which are displaced by about 1Â along <110> 
and along <  111 >  from the holes at the }00, 0^0, 00^ positions. 
The solution o f oxygen is accompanied by the formation o f vacancies 
in the normal oxygen sites, but the uranium sublattice remains un
disturbed. It is probable that the oxygen interstitials and vacancies 
are associated together as defect complexes; at the limiting composi
tion o f UO2.25 these complexes are ordered to form a cubic phase 
based on the fluorite arrangement but with an enlarged unit cell.

1. INTRODUCTION
Uranium dioxide exists as the single-phase, stoicheiometric oxide 

at all temperatures up to 1800°C. Above 1800°C it transforms to 
the sub-stoicheiometric phase U0 2 _x,̂  whereas at lower temperatures 
it dissolves oxygen and changes into the super-stoicheiometric phase 
UOz+a: This paper is concerned with UO2+X and, in particular,
with the identification of the type, and the determination of the 
concentration, of the point defects arising from the departure from 
the stoicheiometric composition UO2 .00. The neutron diffraction 
method has been used, and a brief preliminary account of work on 
UO2 1 3  has already been published.^

To study point defects by examining their influence on the 
magnitude of the coherent Bragg reflexions requires unusually high 
accuracy in measuring the integrated intensities and, in general, this 
accuracy is achieved more readily with neutrons than with X-rays. 
For uranium oxide, however, the X-ray method is ruled out on two 
other grounds : the dominating scattering power of uranium, which 
masks the scattering from the oxygen atoms, and the very high X-ray 
absorption cross-section of the oxide, which is four or five orders 
of magnitude higher than for neutrons.

9 1
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The intensities of the coherent neutron reflections of UO2.12 and 
UO2 1 3  have been measured at 800°C, within the single-phase region 
of the equilibrium diagram (Figure 1). Single crystals quenched

UO;

500

2 0 21 2 2  
Com position O/U

■'9-ÿ

Figure 1.—Portion of the equilibrium diagram of uranium-oxygen system 5.
The squares ( ■ ) indicate the compositions examined by neutron diffraction.

from high temperature decomposed into a mixture of UO2 and 
U4O9 , showing the characteristic superlattice reflexions of U^Oç,,  ̂
and so it was necessary to carry out all measurements at high tem
perature.

2. EXPERIMENTAL
2.1 Preparation of Samples

Single crystals of UO2 were available, grown from the melt, from 
solution or from the vapour. Solution-grown crystals were too small 
and too perfect for the present work: highly perfect crystals, con
taining relatively few dislocations, gave data which were subject to 
extinction and multiple scattering errors.^ More satisfactory results 
were obtained with melt-grown and vapour-grown crystals, and the 
bulk of the measurements reported here were taken on melt-grown 
samples.

Non-stoicheiometric oxides were prepared by heating UO2 crystals 
in association with powdered UgOg in an evacuated silica tube, the 
oxygen being transferred via the vapour phase. After heating for 
several weeks at 1100°C, followed by annealing at the same tempera
ture in the absence of UgOg, the oxide content of the crystal was 
determined electrolytically.^ The crystal was then ground into a 
cylindrical pillar, 1 to 2 mm. in diameter and 5 mm. long, with the 
long axis along [iTO]. Two-dimensional structure factor measure
ments were taken on a crystal of composition U0 2 .i3 ,̂  and three- 
dimensional measurements on a crystal of UO2 .12.
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2.2 Measurement of Bragg Intensities

Figure 2 is a schematic diagram of the apparatus for measuring 
three-dimensional neutron scattering data at 800°C. The crystal was 
mounted in an evacuated silica tube surrounded by a cylindrical

^ -c irc le

/Evacuated silica tube 
[with thermocouple 
and crysta l]

S c a tte re d
neutrons
Incident
neutron*

Cylindrical
furnace

Diffractometer
I table 

it)-c irc le

F ig u r e  2.—Apparatus for measuring hkl reflections at 800°C.

heating element, consisting of a thin coating of platinum on an 
alumina tube. The whole furnace was mounted on a pair of gonio
meter arcs, which were adjusted initially to bring the [1Î0 ] axis 
coincident with the vertical axis (m) of the diffractometer table. 
hhl data were measured by rotating the furnace assembly about the 
cu-axis, and full three-dimensional hkl data by rotation about both 
the vertical co-axis and the horizontal 9 -axis.

Careful checks were made for the presence of extinction and 
double Bragg scattering by repeating the measurements at different 
azimuthal settings of the reflecting planes.^ All data showing any 
indication of these errors were rejected. The rocking curves, giving 
the reflected intensity as the crystal was scanned across the Bragg 
reflecting position, were wider for the non-stoicheiometric crystals 
than for the initial starting material of UO2. This shows that the 
incorporation of oxygen increases the mosaic spread of the crystal 
and, therefore, tends to reduce the extinction and double scattering 
errors.

3. ANALYSIS OF DIFFRACTION DATA
3.1 Least-squares Method

The observed structure-factors for UO2.12 at 800°C are shown in 
Figure 3 plotted against h^+k^+l^. The broken curves represent

2
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h+k + l = 4n

h + k t l = 4 n i l

h+ktl=4n +2

20  4 0  60 80 
h*+kSl*

F i g u r e  3.—U O 2 1 2 : observed structure factors as a function o f h ' ^ + k ^ + l k  
Broken curves given by fluorite model. Short vertical lines connect points 

such as 600 and 442 with the same h ^ + k ^ + l ^ .

the best least-squares fit to the experimental points for the stoicheio
metric fluorite model with isotropic temperature factors ^  (=  TIÂ  ̂
for uranium and l-SA  ̂for oxygen). The data are divided into three 
groups with h+k + I=An, 4n±l,4n+ 2, where n is an integer. The de
parture of the points from the smooth fluorite curves is due to the 
influence of the interstitial oxygen atoms and forms the basis on 
which the whole of the following analysis is derived.

The measurements were analysed by the crystallographic least- 
squares procedure. This requires minimization of the function

where Whki is the weight of each individual F^ki, Flu is the observed 
Fhki and the calculated Fhki- The calculated structure factor is 
given by the expression :
F‘"hkl = Mr br exp I ttï {hXf +  ky^ +  Izl) exp {—Br sin^^/X^). . . (1) 
in which

overall scale factor 
wîr= occupation number 1
6,.=coherent scattering amplitude I _
x,y,z,=positional co-ordinates /"  atom
5;.=isotropic temperature factor J 
2 ^ = scattering angle 

and X=wavelength.
In the case of UO2-1-;, the number of atoms (r) is four: uranium, 
normal (fluorite-type) oxygen and two types of interstitial oxygens 2,
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O' and O .* The 6 / s  are accurately known from previous work,'  ̂
leaving as unknowns to be determined by the refinement procedure 
the single scale factor and the occupation number, position and 
temperature factor of each atom. The occupation number nir 
refers to the proportion of equivalent sites occupied by the atom; 
for perfect structures it is unity for each atom, but for a disordered 
structure some of the available atomic sites are only partially (stat
istically) occupied and is then less than unity. It must be emp
hasized that for a defect structure such as UO2+X the 'structure 
factor expression ( 1) refers to the statistical unit cell, obtained by 
averaging over all the U 0 2 -type cells in the crystal. The contents 
of the individual cells of UO2 .0  ^re no longer identical when oxy
gen is taken up to form the non-stoicheiometric oxide.

Table 1 summarizes the results obtained by analysing thirty eight 
independent data of U 0 2 .i2 - The least-squares calculations

Table 1
Structure of UO 2 .12Î Least-squares Results

Atom
Co-ordinates in 
sta tis tica l cell 

X y  z

Contribution to 
form ula unit 

UrnOn

Temperature 
fa c to r  
B (Â2)

Uranium 0 0 0 m = 1  0 0 ( 0  0 1 ) 1 •18(002)

Oxygen O .. u u u '1  •87(003) 1-45(0 04)

Oxygen O ' .. 0 5 V V « =  ■< 0 08(0 04) 1 - 8  (14)

Oxygen O " . . . w w w .016(0-06) 2  0  (16)

w=0 267(0 001), v=0-38(0 01), w=0-41(0 01)
Space group Fm3m. Standard deviations of parameters in brackets.

were carried out on the IBM 7090 computer using the B u s in g -L e v y  ® 
programme. The space group, defining the symmetry properties 
of the statistical unit cell, was taken as Fm3m, as for UO2 . Table 2 
compares the observed structure factors with the structure factors 
calculated from the parameters listed in Table 1. The values 
are on a relative scale only, so that the figures include an 
arbitrary scale factor (5 ), derived from the refinement procedure. 
The agreement between F"** and is good, as indicated by the 
low value of 3-5% for the conventional discrepancy factor,

i? =  S I
hki\

* The single and double primes are used to label the two different kinds o
sites, and do not refer to the state of ionization of these atoms.
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Table 2 
Structure Factors of UO 2.12

h k l fo b s pcalc h k l pobs pcalc

002 57 49 246 335 329
004 538 543 331 257 254
006 21 1 333 257 256
008 291 296 335 193 200

0010 65 71 337 178 176
026 410 397 339 110 108
048 238 232 357 135 124
111 284 296 442 28 20
113 293 285 444 364 369
115 251 251 446 61 45
117 195 203 448 189 189
119 130 139 551 185 171
135 229 222 553 204 201
137 175 170 555 122 143
157 158 151 557 132 145
222 32 40 06O 272 270
224 499 504 662 49 54
226 33 23 664 209 209
228 257 260 771 115 113

This R factor is higher than that given by the two-dimensional 
hkl data of UO^. 13 reported earlier.^ However, the standard deviations 
of the atoniic parameters for UO2 1 2  (Table 1) are less than for 
UO2 1 3  (Table 1 in reference 2), and this is due to the inclusion of 
three-dimensional measurements. For this reason, and because of 
the similarity of the two sets of results, the results for UO2.12 only 
will be discussed below.

3.2 Atomic Positions: Identification of Defects
The fluorite structure of UO2 contains holes at the jOO, 0^0, 

OOi sites of the unit cell. These holes are large enough to accommo
date atoms up to 1-1 k diam., and it has been widely assumed  ̂ by 
previous workers that the disordered U0 2 +;c structure consists of the 
fluorite arrangement with random occupation of the holes by inter
stitial oxygens (Figure 4).

The neutron results show that this is not correct for UO2.12 and,, 
in fact, no least-squares refinement of the data was possible using 
this model. The interstitial oxygens occupy two kinds of site which are 
located about lA along the < 1 1 0 >  and the < 1 1 1 >  directions from 
the centres of the large holes. The O' atoms, displaced along <  110>, 
are approximately half way from the hole to the centre of the line
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F ig u r e  4.—Structure o f UOz+x- old model. The squares ( ■) indicate holes 
occupied at random by interstitial oxygen atoms.

joining two adjacent normal oxygen (fluorite-type) sites; the O" 
atoms, displaced along <111>, are half way from the hole to the 
nearest normal oxygen site. These displacements do not affect the 
uranium sub-lattice but cause the ejection of some of the normal 
oxygens from their fluorite positions.

The atomic positions for U02+jc are shown schematically in 
Figure 5. In this figure the three types of oxygen defect—normal

o □ o o o o
» « «

o o o o o o o
•  œ •  •

o o o o o o o

Key: O Oxygen a t  Z = 0
• Uranium a t  Z = a^
□  Vacancy In oxygen sub-lattice 
æ Interstitial O' atom a t 
® Interstitial O' otom a t  Z «% ao

F i g u r e  5.—Schematic diagram of U02+%: new model. The three kinds of  
oxygen defect are distributed at random in this diagram, but it is more 

likely that they associate to form defect complexes.

oxygen vacancy, interstitial oxygens O' and O"—are distributed at 
random throughout the structure, but such an arrangement brings 
several oxygens too close together and it is more reasonable to



16 WILLIS :

suppose that the different kinds of oxygen defect are associated 
together. Figure 6  illustrates a possible mechanism for the formation 
of a defect complex involving one O' atom, two O" atoms and two 
normal oxygen vacancies.

F i g u r e  6 .—Local lattice distortion around interstitial atom O ' at A. The 
nearest oxygens E , F  are displaced along <111 > (see arrows) to interstitial 
sites, O", and the surrounding oxygens G, H . . .  also relax along 

<111 > . The uranium sub-lattice is unchanged.

o  t  d
□ •  D •

. °
o o o

D •  O •

K«y: •  Uranium a t  Z = ki a^
□  Hole a t  Z= k  oq

( f )  Normal oxygen o t Z = 0  and Z=hag 
^  In te rstitia l oxygen a t  Z = ki a^

Oxygens a t  Z = 0  and Vj ao before 
transfer to  O" s ite s

Neutron diffraction work on U 4 O9 has shown that the oxygen
sites in U 4 O9  are closely related to those listed in Table 1, although
the space group symmetry (I43d) is different.  ̂ This shows that the 
transition from UOa+̂ c to U 4 O9 involves long-range ordering of 
the defect complexes, leading to a change in the symmetry relating 
the relative positions of the complexes, without producing any 
atomic re-arrangement within these complexes. In one sense, 
therefore, micro-domains of U 4 O9 already exist in U 0 2 +jc at high 
temperature.

3.3 Occupation Parameters: Concentration of Defects
The composition of the UO2 .1 2  sample is given directly (Table 1)

as
U l - 00± 0-0 l O l - 87± 0-03 0 'o .o 8±0*04 0 "o .16±o-06*
The ±  figures represent standard deviations, as derived from the 
inversion of the least-squares matrix. The concentrations of the 
interstitial atoms O', O" are not known precisely, and better diffraction 
data are required to fix the composition to closer limits. The 
occupation parameter of the normal oxygen atom O corresponds to 
a concentration of six or seven per cent of vacancies in the normal 
oxygen sub-lattice.
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It appears that the defects are confined to the oxygen sub-lattice. 
The evidence for this is derived from both density and neutron 
diffraction measurements. The density of the UO2 .1 2  sample at 
room temperature was higher than that of UO2 ; this increase can 
only occur if the uranium sub-lattice remains substantially intact on 
oxidation. A similar conclusion arose from the comparison of 
UO2 .1 2  and UO2 diffraction data at 800°C, giving a direct measure
ment of the scaling factor s. This estimate was close to that given by 
the least-squares analysis, assuming complete occupation of the 
uranium sub-lattice.

The O / U  ratio determines the relative proportion of the two 
phases, UO2 and U 4 O 9 , into which U 0 2 +Ar disproportionates on 
cooling, and can be determined from diffraction measurements at 
room temperature. U 4 O9 is a structure based on UO2  but with 
long-range ordering of the interstitial oxygen atoms; this ordering 
gives rise to superlattice reflexions, which index on a cell four times 
the size of the UO2 cell.  ̂ From the ratio of the intensity of a super
lattice reflexion to that of a fundamental reflexion it is possible to 
measure the oxygen content %. The superlattice reflexion is contri
buted by the U 4 O 9  structure alone and the fundamental reflexion, 
occurring at the same Bragg angle for both phases, by both UO2  

and U 4 O 9 . Figure 7  shows the ratio of the 10, I ,  1 superlattice and

f;

s ' "

- 0  5 

O

•  Experiment 

— Theory

const Ï—
« 1-3%

o'—

F ig u r e  7.—Ratio of 10, 1 , 1 superlattice to 800  fundamental intensities plotted 
against the oxygen concentration x . Broken line is theoretical curve, calcu
lated assuming complete conversion of UOz+x to UO2 and U4 O9 [(U0 2 +x= 

(1—4x) UO2 +  XU4 O9 )]. All measurements at room temperature.

the 800 fundamental intensities (both indices related to the 4a„ cell 
of U 4 O 9 )  as a function of the concentration %. The broken curve is 
the theoretical curve, suitably scaled to pass through the experi
mental points obtained for different samples of U 4 O 9 . The measure
ments for three quenched samples, UO2 .0 4 , UO2 .1 2 , UOz-is» 
reasonably near the theoretical curve, and this shows that quenching
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failed to prevent the complete disproportionation into UO2 and 
U 4 O 9 .

3.4 Thermal Vibration Parameters
The temperature parameter, Bu, of uranium is related to the mean 

square displacement in any direction by Bu=^Trhis^\ this dis
placement arises from both the thermal motion of the uranium atom 
and its random displacement, due to disorder, from the 000. . . 
sites. The similarity of the By  value (ITÂ^) with that for UO2 at 
800°C® indicates that the dominant contribution is from thermal 
motion, and that little, if any, disturbance occurs in the positions of 
the uranium atoms as interstitial oxygens are added.

On the other hand, the high Bq value for the interstitial O' and O" 
atoms reflects the influence of disorder. The O' atoms are located 
at the 0-5vv . .  . sites and the O " atoms at the www . . .  sites of the 
Fm3m space-group. The values of v and w probably change slightly 
from one interstitial oxygen to the next, and these changes are 
partially allowed for in the least-squares analysis by keeping v and w 
constant and increasing Bq.

A similar interaction occurs between the positional and thermal 
parameters of the normal oxygen atoms. In this case, however, the 
Bo value can be lowered by allowing the atoms to relax along the 
four <111 >  directions, which join the fluorite-type site with the adja
cent holes surrounding the site tetrahedrally. The oxygen positions 
refine as 1/4+S, 1/4-fS, 1/4+S . . . etc. where 8=0 020j:0.002. 
Exactly the same behaviour occurs in UO2 at 800°C, and its inter
pretation has been discussed in terms of either disorder between 
the normal oxygen positions or as a breakdown in the harmonic 
approximation for the thermal vibrations of the oxygen atoms.®

4. CONCLUSIONS
The neutron diffraction measurements on non-stoicheiometric 

UO2 +X give the contents of the statistical unit cell, obtained by 
averaging over all the fluorite-type cells of the crystal as a whole. 
The positions of the atoms in the statistical cell of UO2 .12, and 
also their concentrations and thermal vibration parameters, are 
summarized in Table 1.

The figures in brackets in this Table represent standard deviations, 
a. The 95 % confidence range, such that there is a 95 % probability 
that the corresponding parameter hes in this range, is ±2cr. Thus, 
assuming that no systematic errors are present in the intensity data, 
the positions of the interstitial atoms are known reasonably well, 
whereas their concentrations are only very roughly defined.
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To specify the atomic parameters more precisely it will be necessary 

to improve the accuracy of the intensity measurements (e.g. by using 
spherical crystals and by counting for longer periods) and to extend 
the work to other compositions and temperatures.
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HEUTROU DIEPRACTIOHr STUDIES OP NOH-STCICHIOMETEIC COMPOUNDS 

B. T. M. W illis

Atomio Energy Research. E stablishm ent,
Harwell, B erk s., England.

1 . INTRODUCTION

The technique o f  neutron d if f r a c t io n  p rovides a d ir e c t  approach to  the study o f  
the c r y s ta l s tru ctu res  o f  non-s t o i  ch i otne t r i e  compounds. From measurements o f  the 
in t e n s i t i e s  o f  the Bragg r e f le x io n s  i t  i s  p o s s ib le  not only to  deduce whether the 
d e fe c ts  are vacan cies or i n t e r s t i t i a l s ,  but a lso  to  determine the kinds o f  c r y s ta l
lograp h ic  s i t e  they occupy. Because o f  the r e la t iv e ly  sm all in flu e n c e  o f  the 
d e fe c ts  on the Bragg in t e n s i t i e s ,  con trib uted  mainly by atoms in  undisturbed  
p o s it io n s ,  i t  i s  on ly  p ra c tic a b le  to  examine c r y s ta ls  showing gross departures from 
the sto ic h io m e tr ic  com position, e . g . ,  Fe 0, UO ,̂, , Ti a ss’ Oj-w • Where the 
s to ich io m etr ic  d e v ia tio n  i s  very sm all, as in  PbS,.,.^ or a lk a l i  h a lid es  con ta in ing  
F -cen tres , the d if f r a c t io n  method i s  not s u f f ic ie n t ly  s e n s i t iv e .

The p r in c ip le s  in vo lved  in  in te r p r e tin g  the neutron data are ex a c t ly  the same as 
in  X-ray d if f r a c t io n , but neutron s tu d ie s  have a number o f  im portant advantages over
X -rays. The dominance o f  s c a tte r in g  over true ab sorption  a llow s the neutron
in t e n s i t i e s  to  be p laced  r e a d ily  on an ab so lu te  s c a le ,  so  th a t the fr a c t io n a l  
occupancy o f  each cr y sta llo g r a p h ic  s i t e  can be estim ated . Highly accurate data are 
e s s e n t ia l  and, because o f  the sm all ab sorption , accuracy i s  achieved more r e a d ily  
w ith  n eu trons. F in a lly , the departure from stoichiom etrjy in  the o x id es, carbides  
and hydrides o f  the t r a n s it io n  m etals (th e most in te n s iv e ly  stu d ied  non
e t  o i chiom etrio compounds) i s  o fte n  due to  d e fe c ts  in  the anion s u b - la t t ic e ,  and 
neutrons are requ ired  to  d is t in g u ish  the anions from the r e la t iv e ly  heavy m etal 
atoms.

E a r lie r  neutron work has been carried  out on n on-st o i ch iom etrie metal hydrides^ ̂  
and on ferrou s oxide , u sin g  poly c r y s ta l l in e  sam ples. The work on Fe,_^ 0 was
e s p e c ia l ly  in te r e s t in g  in  th a t i t  demonstrated the e x is te n c e  o f  both vacan cies and
i n t e r s t i t i a l s  in  the m etal s u b - la t t i c e .  These p o s it io n a l d e fe c ts , to g eth er  w ith  
e le c tr o n ic  d e fe c ts ,  a s so c ia te  in  a d e fe c t  complex, and the co -ord in a tion  o f  the 
atoms w ith in  the complex i s  the same as in  the next h igher ox id e, FejO^,. I t  i s  not 
correct to  d escrib e the d e fe c t  stru ctu re  o f  n on -sto ich iom etr ie  ferrou s oxide as the 
sodium -chloride arrangement w ith  is o la te d  ca tio n  v a ca n cies , but powder data alone  
axe in s u f f ic ie n t  to  a llow  a determ ination  o f  a l l  the unknown s tr u c tu r a l param eters.

C learly , i t  i s  d es ir a b le  to examine n on-st o i ch iom etrie compounds in  the form o f  
s in g le  c r y s t a ls .  S in g le -c r y s ta l  neutron data are a v a ila b le  fo r  uranium d ioxid e  
UÛ24X* *8 s h a ll  d escrib e b r ie f ly  the procedure fo r  an a lysin g  th ese data b efore  
d iscu ss in g  the r e s u l t s .

2 . ANALYSIS OF SINGLE-CRYSTAL DATA

I I 2
^hkl * where

^hkl " ® ^  “j 2%i (hXj + kyj + Iz^) T̂  . . .  (l)

In  t h is  equation  Xj yj Zj are the co -ord in a tes o f the atom in  the p se u d o -c e ll,  
expressed  as fr a c tio n s  o f  the c e l l  edges, bj i s  the neutron sc a tte r in g  am plitude 
o f  the atom, and mj i t s  fr a c tio n a l occupancy o f  the Xj y -  z j  s i t e .  For a  
d isord ered , non-st o i ch iom etrie compound we must r e fe r  to  a p se u d o -c e ll, which i s  
eq u iva len t to  a true u n it  c e l l  a t  the s to ich io m etr ic  com position, s  i s  a s c a le
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fa c to r , found by comparing the observed in t e n s i t i e s  w ith  th ose o f  a standard  
c r y s t a l ,  and Tj i s  the tem perature co r re c tio n  fa c to r .

In  the gen eral case o f  a n iso tro p ic  v ib r a tio n  o f  the atom, i t  i s  customary in
X-ray and neutron work to  w rite  Tj as

Tj -  exp [-(b^^ h^ + b^2 hk + b^^ h i + b^g + b^^ k l + b^^ 1^ ) ] .  . . .  ( 2 )

The a n iso tro p ic  thermal motion i s  represen ted  by an e l l ip s o id  o f  v ib r a tio n  in  
re c ip r o c a l space, and s ix  temperature fa c to r s  b„ , b „  . . . .  fo r  each atom d efin e  the  
le n g th s  and d ir e c t io n  co s in e s  o f  the th ree p r in c ip a l axes o f  the e l l ip s o id .  These 
tem perature fa c to r s  are tre a te d  as ad ju stab le  parameters in  the le a st-sq u a r e s  
comparison o f  the observed and ca lc u la te d  i n t e n s i t i e s .  I t  i s  im portant to  r e a l iz e ,
however, th a t eq u ation  ( 2 ) i s  v a lid  on ly  w ith in  the l im it s  o f  the "harmonic
approxim ation". This approximation im p lies  th a t , in  expanding the p o te n t ia l energy 
o f  the c r y s ta l in  powers o f the am plitudes o f  the thermal v ib r a tio n s , a l l  terms 
beyond those which are quadratic in  the am plitudes are n eg le c ted . Anharmonic 
co n tr ib u tio n s to  the Debye-W aller fa c to r , g iv in g  fu r th er  terms in  equation  ( 2 ) ,  may 
be e s p e c ia l ly  im portant in  the study o f  non-s t o i  ch i ome t r i  o compounds, because 
anharmonic e f f e c t s  are more prominent a t the h igher tem peratures where th ese  
compounds are s t a b le .  I f  the e f f e c t s  are n eg lected , errors w i l l  occur in  the 
estim ated  s i t e  occupancy o f  each atom m ̂ , which c o r r e la te s  s tro n g ly  w ith  Tj in  the 
le a s t-sq u a r e s  refinem ent. The anh^monic co n tr ib u tio n  to  Tj has been d iscu ssed  
elsew here fo r  UOjj and fo r  CaP̂  t fo r  the h igh-angle r e f le x io n s  o f  CaPj, 
in te n s i ty  changes o f  up to  twenty per cent a r ise  from the anharmonio co n tr ib u tio n  
alone a t 20°C, and a t 500°C the changes can be three tim es h igh er. For atoms 
ly in g  a t  cen tres o f  symmetry, the cubic term in  the p o te n t ia l energy expansion i s  
id e n t ic a l ly  zero and there i s  no measurable anharmonic co n tr ib u tio n  to  the Debye- 
W aller fa c to r .

There i s  no se r io u s  "phase problem" in  the study o f  non-st o i ch i ome t r i  c compounds. 
An adequate f i r s t  approxim ation to  the phase o f  each r e f le x io n  i s  the phase g iven  by 
the undisturbed atomic arrangement w ith  no d e fe c ts .

The presence o f  d e fe c ts  g iv e s  r i s e  to  weak non-Bragg d if fu s e  sc a tte r in g , which 
could  be in te rp re te d  in  terms o f  a model o f  the stru ctu re  with randomly 
d is tr ib u te d , is o la te d  d e fe c ts .  However, t h is  i s  not a r e a l i s t i c  model fo r  the  
uranium-oxygen system , and a lso  because o f  the experim ental d i f f i c u l t y  o f sep aratin g  
the d e fe c t  d if fu s e  s c a tte r in g  from other sources o f  d if fu s e  sc a tte r in g , we have not 
attem pted to  in te r p r e t  measurements other than those r e la t in g  to  the coherent Bragg 
r e f le x io n s .

3 . UHANIUM-OXTGEir SYSTEM

Non-st o i ch iom etrie uranium d io x id e , has a wide reg ion  o f  s o l id  s o lu t io n
extend ing  to  x  « 0 .15  a t  800°C and to  i  « 0 .25  a t 1120°C. At low tem peratures 
d isp ro p o rtio n a tio n  occurs in to  UOj, and H^O ,̂ and i t  i s  d i f f i c u l t  to  r e ta in  the  
11024* phase by quenching. X-ray and thermodynamic s tu d ie s  in d ic a te  th a t a l l  three  
p hases, UOj, U024x  and Ur̂ Ô , are based on the f lu o r it e  arrangement, and th a t non- 
sto ich iom etry  in  UO24.X a r is e s  by the in corp oration  o f  ex tr a  oxygen atoms in  the 
f lu o r it e  stru ctu re  o f  UO2, w ith  th ese  ex tra  atoms undergoing long-range order in  

to  form a very la r g e  cubic s u p e r la t t ic e .

Neutron in t e n s i t i e s  have been measured up to  h  ̂ + k*" + 1* -  100 fo r  U0 2 .,% and 
U02,,3 a t 800°C. L east-sq uares refinem ent u sin g  equation  ( 1) fo r  the c a lcu la ted  
in t e n s i t i e s ,  in c lu d in g  anharmonio con tr ib u tion s to Tj fo r  the te tra h ed ra lly  
co-ord in ated  oxygen atoms, gave the parameters fo r  n02 .,% l i s t e d  in  Table 1 . The 
r e s u lt s  from the a n a ly s is  o f  the UO2.13 s in g le  c r y s ta l were e s s e n t ia l ly  the same as 
fo r  UOj.jj and are not quoted. The f ig u r e s  in  brackets are standard d e v ia t io n s ,  
d erived  from the in v er s io n  o f  the le a s t-sq u a r e s  m atrix . There i s  a la rg e  
u n certa in ty  in  the fr a c t io n a l s i t e  occupancies (which are d ir e c t ly  p rop ortion a l to
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the com position f ig u r e s  g iven  in  the second column o f  the T ab le), even though the 
f in a l  R -ind ei was as low as 3 - 5  per ce n t. This again  em phasises the need to  obtain  
accurate data and to analyze them w ith  an adequate model. The o v e r a ll com position  
determined from the m. ' s  i s  approxim ately co r re c t , but th is  agreement could  be 
fo r tu ito u s . J

The most natural p lace to  accommodate the ex tra  oxygens in  i s  a t th e large
h o les  w ith ^^ço-ordinates -J- ■§■ 4’ • • • •  i i i  the TJÔ  c e l l .  Oxygen atoms a t th ese  s i t e s  are 
la b e lle d  0 in  Table 1 . However, the occupancy number fo r  o'" r e f in e s  a t a 
n egative value c lo se  to zero, and t h is ,  togeth er  w ith  the d i f f i c u l t y  o f  r e f in in g  the 
temperature fa c to r , d iscou n ts the p o s s ib i l i t y  o f  th ese  s i t e s  b ein g occupied.

Table 1 . C rystal stru ctu re  of at 800°G

Atom C ontribution to  m in  
formula u n it  HÔ

C o-ordinates in  pseudo—c e l l  
X y  z

uranium 
oxygen 0 
oxygen O' 
oxygen 0"

oxygen 0

1 . 87( 0 . 03) ]  
0 . 08( 0 . 04) I m = 2.11 
0 . 16( 0 . 06) J

- 0 . 02( 0 . 02)

0 0 0

4 4 t
i  0.38(0.01) 0.38(0.01) 

0 . 41( 0 . 01) 0 . 41( 0 . 01) 0 . 41( 0 . 01)

?  & 'k

Table 1 shows th a t there are three d if fe r e n t  types o f  d e fe c t  in  the anion sub- , 
l a t t i c e ;  i n t e r s t i t i a l  oxygens a t s i t e s  la b e lle d  0 ’ and 0" and vacan cies in  the 
normal oxygen s i t e s  0 . These d e fec ts  must a s so c ia te  togeth er in to  com plexes, but, 
because o f  the u n certa in ty  in  the estim ated  n ij's , the exact proportion  o f  the 
various d e fe c ts  i s  unknown. I f  we assume the p roportion  o f  two vacan cies to  one O' 
i n t e r s t i t i a l  to  two 0" i n t e r s t i t i a l s ,  the complex con ta ins a t le a s t  twenty uranium 
and oxygen atoms w ith  co -ord in ation s d if fe r e n t  from the atoms in  UO .̂

Table 2 . C rystal stru ctu re  o f  a t 20° C

Atom C ontribution to  m in  
formula u n it  110̂

C o-ordinates in  pseudo—c e l l  
X y z

uranium 
oxygen 0 
oxygen O' 
oxygen 0"

1.77(0.02)] 
0.29(0.05) ' m = 2.25 
0.19(0.04)J

0 0 0 
T 4 4
i  0.37(0.01) 0.37(0.01) 

0.39(0.01) 0.39(0.01) 0.39(0.01)

Turning to  Table 2 fo r  Û Ocj we see  th at the oxygen s i t e s  are the same type as in  
The r e s u lts  in  th is  Table were derived  by an alyzin g  the neutron in t e n s i t i e s  

o f the fundamental r e f le x io n s  on ly, and so r e la te  to a p seu d o -ce ll fo r  Û Ô  o f  the 
same s iz e  as the ° e l l .  (A very large number o f weak su p e r la t t ic e  r e f le x io n s
occur, but th ese  were not included in  the a n a ly s is ) .  Again, we conclude th a t the 
ex tra  oxygen atoms segregate  in to  com plexes, separated  by TJO^-type re g io n s . The 
complexes are now ordered to  g iv e  a su p erstru ctu re, which i s  based on the cubic

I N T E R N A T I O N A L  C O N F E R E N C E  ON E L E C T R O N  D I F F R A C T I O N  AN D C R Y S T A L  D E F E C T S ,  M E L B O U R N E ,  1 9 6 5
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(y;
sp ace—group I43cL and has a repeat d ista n ce  four tim es th a t in  UO .̂

4 .  CONCLUSIONS

D efect com plexes, con ta in in g  oxygen atoms in  se v er a l d if fe r e n t  types o f  
cr y sta llo g r a p h ic  s i t e ,  occur in  n o n -sto ich io m etr ie  UO24* * The complexes are randomly 
d is tr ib u te d  and separated  by reg ion s w ith  the undisturbed UÔ  stru c tu r e , but they  
alread y con ta in  the atomic arrangement which, re g u la r ly  repeated , c o n s t itu te s  the 
s ta b le  stru ctu re  o f  the next h igher ordered phase, U^Oq. Further neutron work at  
oth er com positions and tem peratures in  the s o l id - s o lu t io n  reg ion  i s  d es ir a b le  to  
e s ta b lis h  the gen eral v a l id i t y  o f  th is  s tr u c tu r a l model fo r  UÔ ** .
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FOREWORD

Because of the growing importance of thermodynamics to nuclear tech
nology, the International Atom ic Energy Agency has initiated a project to 
a ss is t  in a ssessin g  and dissem inating data on important nuclear m ateria ls. 
As a beginning, it organized a Symposium on the Thermodynamics of Nuclear 
M aterials which was held "in Vienna in May 1962. This was followed by 
a Panel on the Thermodynamic P roperties of the Uranium-Carbon and 

lyPlutonium-Carbon System s, held in Vienna in October 1962. The present 
Report is  the resu lt of a further P a n el in th is s e r ie s ,  convened from  
1 6 - 2 0  March 1964 to a s s e s s  the thermodynamic and transport properties 
of the uranium dioxide phase and related uranium oxide phases. This Panel 
made a critical evaluation of the available data, bearing in mind the practical 
a sp ects of the use of uranium dioxide as a nuclear fu e l. The findings of 
the P anel are presented  by the Agency in th is  is su e  of the T ech n ica l R e
ports S eries in the belief that they w ill prove to be of value for nuclear  
technology.

The Report was compiled and edited by Dr. Charles Holley of the Division 
of Research and Laboratories.
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I. INTRODUCTION

The high m elting point of uranium dioxide and its  stab ility  under i r 
radiation have led to its  use as a fuel in a variety of types of nuclear reac
to rs . A wide range of chem ical and physical studies has been stim ulated  
by this circum stance and by the complex nature of the uranium dioxide phase 
itse lf. The .boundaries of this phase widen as the temperature is  increased; 
at 2000°K a single, homogeneous phase ex ists from U 2 . 2 7  to a hypostoichio- 
m etric (U0 2 -x) com position, depending on the oxygen potential of the sur-  

■ roundings. Since there is  often an incentive to operate a reactor at the maxi
mum practicable heat rating and, therefore, maximum therm al gradient in  
the fuel, the determ ination of the physical properties of the U0 2 ±xphase 
becom es a matter of great technological importance. In addition a complex 
sequence of U-O phases may be form ed during the preparation of powder 
feed m aterial or during the sintering process; these affect the m icrostruc- 
ture and p roperties of the final product and have a lso  rece iv ed  much  

' attention.
Uranium dioxide, therefore,, provides an important example of a com 

pound that ex ists as a single non-stoichiom etric phase at high temperatures 
and becom es unstable as the tem perature is  reduced, disproportionating  
into phases of nearly ideal stoich iom etry involving m ore or le s s  com plex  
ordered structures. Ideally, the thermodynamic stability and physical pro
perties of UOj 'ix should be related to the sam e atomic and electronic model, 
and its study should provide an opportunity for the correlation of a number 
of different properties. .

The International Atomic Energy Agency (IAEA) therefore c ^ e d  a panel 
m eeting to d iscu ss  the therm odynam ic and transport properties of the non- 
stoichiom etric uranium dioxide phase, and this Report presents a summary 
of the data placed before the Panel and of the conclusions reached. A con
siderable amount of data on the main features of the phase diagram and on 
the com position lim its  of the various phases ex ists  and X -ray  and neutron 
diffraction evidence indicate som e p ossib le  structural m odels. Chem ical 

. thermodynamic values are known with some precision for m ost of the region 
concerned. Specific d iscu ssion s w ere held on (i) the in terrelation  of v i
brational constants deduced from  structural work and heat capacity data; 
(ii) the correlation of therm al conductivity with e lectr ica l conductivity and 

 ̂optical data; and (iii) the calculation of entropy values by the statistical treat
ment of sim ple m odels that are consistent with the structural, optical, and 
electrica l properties. The outline of a generalized theory that should allow 
better correlation of transport and thermodynamic properties in the future 
was presented. The im portance of making a ll m easurem ents of physical 
properties on sam ples of accurately known com position, which are struc
turally w ell-ch aracterized , was em phasized.



II. STRUCTURAL WORK

1. STABLE PHASES IN THE U-O SYSTEM " ;

There are as many as 16 w ell-ch a ra cter ized  uranium oxide p h ases, 
and the ex istence of a dozen m ore has been claim ed. A survey of work on 
the uranium-oxygen phase diagram up to 1961 has been made by ROBERTS [1]. 
Figure 1 is  a reproduction of h is phase diagram . The work described in

eoo

uo
“  1000

500 ♦UO,
uo,

2.0 2.2

• COMPOSITION. 0/U
24 2.55

. • • , _ , • Fig.l . .
Portion o f  U -O  phase diagram . Circles denote X-Ray results.

■(Reproduced by courtesy o f  L. E.J. Roberu p .])

this chapter is  restr ic ted  to UOg, U O U ^ O g  and the tetragonal phases 
with com positions in the rcingfe UOg 3 to UO2.4 . The structures of these  
phases are based on the fluorite arrangem ent, with the additional oxygen 
atoms distributed either at random on the fluorite lattice or in an ordered 
fashion, forming a cubic or tetragonal superlattice.

\ 2. UO2 (ROOM TEMPERATURE)

2.1, L a tt ic e  p a r a m e te r  d e n s ity

The sto ich ion ietric  oxide UO2 has a cubic structure. The generally  
accepted value for the lattice parameter is ag = 5.470 A (see Table I), which 
corresponds to a th eoretica l density, assum ing four UO2 units in the unit 
cell of 10.952 g /cm 3 . This theoretical value is  c lose  to the density of 
10.950 i  0.005 recently measured on a single crystal of vapour-gro\mUO2 [2).

2.2, A xomic p o s i tio n s . T em pera  tu re . fa c to rs  ’

The crysta l structure of UO2 was fir s t  determined by GOLDSCHMIDT 
and THOMASSEN [8] , The atom ic positions are those for the fluorite ar
rangement (Fig. 2). Interatom ic d istances are [9], •



U - 12U = 3.868Â,
O - 6 0  = 2.735Â .
U -  8 0  = 2.369Â.

The radius ratio (cation/anion) is  0.73; according to PAULING [10] 0.73 is  
the cr itica l ratio, below which the fluorite structure is  le s s  stable than the 
tetragonal rutile structure. ■ '

TABLE I

LATTICE PARAMETER OF UGo

Parameter
(A)

Reference

*5.4690 i  0.0001 [3]

5.4704 ± 0. 0008 ' [4]

5.4703 ± 0. 0002 [53

.5.4698 ± 0. 0008 [6]

5.4720 ± 0. 0005 [7]

5 .4698 i  0. 0002 [75]

T his structure has been confirm ed by neutron diffraction [11] . The 
coherent nuclear scattering cross-sectioh  of oxygen is  about one half of that 
for uranium; consequently the oxygen atoms can contribute appreciably to 
the observed neutron in tensities and can be located directly  with neutrons. 
M oreover, the absorption cross-section .o f UOg for slow neutrons is at least 
four orders of magnitude le s s  than for X -ra y s , so  that m ore accurate 
measurements of the integrated intensities are possible by neutron diffraction.

The neutron m easurem ents give the following values for the isotropic  
atom ic tem perature factors. By and Bq [11]; ' . ' ' “ ‘ .

Bu= 0.25 ±  0.04 A2, B q = 0 .43± 0.05 A 2 . ‘

The B ' s  are the quantities appearing in  the Debye - W aller factor  
exp (-2W) =. exp{-2B (sin6/X )2} where 6 is  the Bragg angle and-X the wave 
length. The "R factor", giving the discrepancy between calculated and ob
served  structure factors, is  le s s  than 2%. From  W illis 's  study [11] it  is  
seen  that, to a v e r y  c lo se  approxim ation, the structure of UOg at room  
temperature is  described by the fluorite arrangement with isotropic thermal 
motion of the uranium and oxygen atoms.

; The tem perature factor B is  related to the m ean-square displacem ent 
of the atom in  any d irection  from  its  m ean p osition  by the equation

B = 85t2 U;
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F ig .2

Unit c e ll o f  uranium dioxide. Open circles are oxygen, shaded circles are uranium,
. and open squares are holes in th e  fluorite structure.

Broken lines connect oxygen atoms which form a cubic array around the central hole.

(Thé total m ean -sq uare d isp lacem ent i s  3 ), Inserting  the va lu es quoted
above g iv es rm s d isp lacem ents

U? = 0.056 A for uranium 

= 0.074 A for oxygen.

3. UOg (HIGH TEMPERATURE)

3.1 . V ariation  o f  la t t ic e  p a r a m e te r  with te m p era tu re

BAKER and BALrDOCK [12] have ob served  a sm ooth  variation  of la ttice  pa
ram eter with tem perature up to 2300°C, the highest tem perature of m easure
m en t. T able II g iv e s  the lin e a r  exp an sion  co e ffic ie n t  deduced  by s e v e r a l

TABLE II'

LINEAR EXPANSION COEFFICIENT (X-RAYS) OF UO2

Temperature range

r c )

Expansion coefficient Reference

. 20 -  2000 9 .4 x lO -* /* C [12]

20 -  950 10. 8 X 10-* / 'C . [4] , ,

• . 20 -  800 9 .9 x lO - ‘ /*C [7]

20 -  1000 10 .5  X 10-* /*C [13]



' authors from  m easurem ents of the la ttice  param eter in the tem perature  
range indicated. The X-ray expansion coefficient is  in reasonable agreement 
with the expansion coefficient obtained by dilatometry [9], •

3 .2 .. T e m p e ra tu re  fa c to r s . C h a r a c te r is t ic  te m p e r a tu r e s . B reakdow n  o f
h a rm o n ic  a p p ro x im a tio n  ’

It is  possible to relate the temperature factors B at different tem pera- , 
tures with the ch aracteristic  tem peratures of vibration of the so lid . The 
Debye m odel can be used for representing  the v ibrations of the uranium  
atoms and the E instein  m odel for the lighter oxygen atom s. The r e su lts , 
d iscussed  in Section III.2. (Lattice dynam ics) are

■ 8  Debye- = 1 8 2 » K

= 542»K.
Einstem >

As the tem perature of .UO 2 in c r e a se s , the in ten sities  of the neutron  
reflections depart progressively from those calculated for the fluorite model 
assum ing isotropic therm al motion of the individual atom s. The effect is  
shown in the differences in in tensities of reflections occurring at the s s ^ e  
Bragg angle [14]. These differences can be accounted, for in a phenomeno
logical manner by displacing the oxygen atoms along the four ( 111)> directions 
towards the adjacent holes in the structure (Fig. 3).

This displacem ent can be interpreted in one of two ways: either the 
oxygen atoms are displaced at random along the ^111^ directions to give 

' a disordered structure, or the oxygen atoms undergo anisotropic vibrations 
across the ideal fluorite position (Fig. 4). The general occurrence of the 
effect in UOg and ThOg [14] and in CaFg [15], and its moderate dependence 
on temperature, favour the second interpretation. MARADUDIN and FLINN 
[16] have shown that-the anisotropic vibration of atoms in positions with cubic 
point sym m etry a rises from enharmonic contributions to the Debye-Wéiller 
factor; it is  clear that the harmonic approximation cannot 6e used to inter
pret the temperature factors of UO2 at high temperature.

The neutron diffraction resu lts for UOg can be summarized as follows:
(i) The uranium atoms occupy fluorite-type positions and execute iso 

tropic thermal motion with a,me an-square amplitude increasing with tempera
ture. At low  tem peratures zero-p oin t m otion lead s to- a departure from  
linearity, but above 400®C Up is  proportional to the absolute temperature T 
and is  given by ' . .

Up (uranium) = 1.33 10”® T (Â^).

At the highest tem perature of observation, 1100“C, there is  no evidence  
of anisotropic vibration.

(ii) The oxygen atom s occupy fluorite-type positions but vibrate iso -  
tropically at low tem peratures only. The shape of the "vibrating surface"  
can be described roughly in term s of four spheres (Fig. 3). At room  
tem perature th ese spheres are superim posed, but at 100°C they begin to 
separate along the four <111 > d irections joining the oxygen atom with its



Fig. 3

Vibrational surface o f oxygen atom .
Above 100*C the oxygen atom is displaced along the four [111] directions as shown.

The large cross-hatched c ircle  is the oxygen atom with the displacement along [111] shown (tippled. 
The sm all shaded circles are uraniums and the open squares are holes.

(a) (b)

Fig. 4

Two m odels for vibration o f  oxygen atoms in UO j. Looking down [111];
(a) Oxygen atoms located statistically  at'displaced positions with each atom vibrating isotropicaliy;and
(b) Anharmonic vibration causing asym m etrical displacem ent o f each atom across the normal position.

surrounding tetrahedron of h oles. At 1000"C each sphere is  displaced by 
as much as 0.15 A from  the ideal position [14] . •

4. UO 2 +x REGION

4 .1 . V aria tion  o f  la t t i c e  p a r a m e te r  and -d en sity  w ith  co m p o s itio n

GRpNVOLD [4] using high tem perature X -ra y  techniques has shown 
that oxygen dissolves in a homogeneous U0 2 *x phase above 400®C, the UOg+x 
domain extending to UOĝ ?̂ at 95G®C (Fig. 1).

This section deals with the structure of this UOg** homogeneous phase.
X -ray m easurem ents on quenched sam ples show that the unit ce ll con

tracts with increasing oxygen concentration [3, 6 , 1 7 , 1 8 , 1 9 ,  20] . There is
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Variation of la ttice  parameter with U /0  ratio.

r e la t iv e ly  good agreem en t betw een d ifferen t X -r a y  stu d ies of com p osition s  
up to UO2. 12, but not for higher O /U  ra tio s  (F ig . 5). LYNDS et a l. [20] fa iled  
to  o b serv e  the U O 2 + X stru ctu re  b etw een  UO2.13 and U O 2.17 when quenching  
from  1100°C, w hereas BELBEOCH et a l. [6] succeeded  in quenching the UO2+X 
phase from  a lo w er  tem p eratu re. T h is d iscrep a n cy  m ay be due to a m ore  
•com plex p hase d iagram  than is  g en er a lly  recogn ized ; B e lb eo ch  su g g ested  
that for co m p o sitio n s h igher than UO2.13 the sy s te m  m ay b ecom e d ip h asic  
again above 1000°C [6], or that there is  a sh ift of the phase boundary between  
m onophasic and diphasic reg ion s towards low er O /U ratios (cf. F ig . 1)[6,20].

The quenching exp erim en ts m ay be v itia ted  by the extrem ely 'rap id  s e lf 
d iffusion  of oxygen , and it  i s  n e c e ssa r y  to r e - in v e s t ig a te  the UO2. 10-U O 2. 2.*5 
re g io n  above 950“C w ith  h ig h -tem p era tu re  X -r a y  tec h n iq u es . E v en  then  
the X -r a y  m ethod, u sing  s i l ic a  c a p illa r ie s , is  com plicated  by the rea ctiv ity  
of SiOg with uranium  oxide at high tem perature.

It i s  g en e r a lly  a greed  that e x c e s s  oxygen  en ter s  in te r s t it ia l  p o sit io n s  
in  the UOg la t t ic e ,  ca u sin g  a co n tra ctio n  o f  the la t t ic e  sp a c in g , and that 
the U 4O 9 stru ctu re i s  an ord ered -stru ctu re . In p rin cip le , th is m odel could  
be v er if ied  exactly  by com paring the in c r e a se  in  d en sity  actu ally  m easu red  
with the in c r e a se  calcu lated  from  the in te r stit ia l m odel and the c e ll  dim en
sio n s . In p ractice , the exact com parison is  difficult for two reason s, nam e
ly  , (a) the UO2+X stru ctu re  i s  not e a s ily  q uen ch ed -in , so  that sa m p le s  
at room  tem p eratu re tend to be m ix tu res  of UOg and a p o o r ly -c r y s ta llin e  
U4 O9, and (b) m any U O 2 p rep aration s have d e n s it ie s  m uch low er-th an  the  
ca lcu la ted  va lu e  o f 10.96 g /c m ^ , due to m ic r o s tr u c tu r e  fa u lts , and th e se  
tend to a lter during oxidation. F urtherm ore,' the den sities of powders which 
have been exposed to a ir  are low er than th eoretica l due to the chem isorption  
of oxygen on the su rface .

Som e o f the m o st com p lete  s e t s  o f d en sity  m ea su rem en ts  rep o r ted  to  
date a re  the.fo llow in g:

(i) The densities of samples of composition UQj.o26to UO2.234 which had 
been prepared by oxidation at temperatures below 1 6 5 “C were determined

8



at the Atomic Energy R esearch Establishm ent (AERE), Harwell. The den
sity  increased  regularly  with com position from 10.89’to 11.21 g/cm 3; the 
density of an annealed specim en of U4O9 (UO2, 240 ) was 11.18 g /cm 3, giving 
a density in crea se  of 0.29 g /cm 3 from  UO2.026 to U O 2.240 , as com pared  
with a calcu lated  v ^ u e  of 0.28 g /cm 3 [181],. •

(ii) GRpNVOLD [4] m easured a regular density in crease  on sam ples  
that had been heated to high tem peratures and cooled, but these w ere cer 
tainly mixtures of UOg and U4O9. The measured density difference, between 
UO2 and U4O9 was 0.376 g/cm 3.

(iii) The densities of sam ples of UO2+X which had been quenched from  
1000°C were m easured by LYNDS et al. [20] . According to their X -ray  
m easu rem en ts, the quench w as su c c e ss fu l. ' The density  in crea sed  with  
oxidation, but quantitative com parison with theory was im possib le because  
of the low density  of the starting m ateria l, ind icative of c lo sed  porosity .

(iv) D ensity m easurem ents on oxidized sam ples of (U^Th^.^ )Og solid  
solutions, which are stable at room  .tem perature, always indicated an in 
crease on oxidation, but quantitative comparison is  agi an vitiated b y  m icro
structure faults [72] .

The evidence favours a model in which an O2 m olecule dissolves in UO2 
to give a net gain of exactly  two in terstitia l O atom s, but the quantitative 
evidence is  not very  good except in the case of U4O9 where d = 11.2 g / c m 3  

[ 2 , 4 , 20 , 23 ] .

4.2 . C r y s ta l  s tr u c tu r e

When UO2 is  oxidized to UO2+X no extra lines appear on the X-ray photo
graphs. Examination of single crystals by neutron diffraction confirms that 
no additional reflections appear, thus the space group of UO2+X is  the same 
(Fm3m) as for UO 2. The term  "space group" now refers to the sym m etry  

•properties of the "statistical cell" obtained by superimposing all the original 
fluorite-type c e l ls .  Provided the extra atom s are distributed random ly, 
the space groups of the UO2 unit ce ll and the UO2 statistica l ce ll must be 
equivalent. Short range ordering between sm all groups of interstitia l oxy
gens can occur, but any long range ordering, giving a different space group, 
is  precluded.

' 4.2.1. Atomic positions in sta tistica l ce ll. Occupation numbers.
Temperature factors

W illis has studied sin gle  cry sta ls  of com positions UO2.12 and UO2.13 
at 800°C by neutron diffraction [21] . Two-dim ensional F̂ jĵ  data were co l- ’ 
lected on UO 2.13 and three dim ensional Fjij  ̂ data on U 0 2, i 2 - The analysis 
of both se ts  of data gave sim ilar  resu lts , but because the U02 _i2 <̂ ata were 
more com plete only these w ill be d iscussed  below.

The general expression  for the structure factor of the hkl neutron r e 
flection can be written

Fjjki = )  m jb, exp(2 jri) (hx, + ky, + Iz,) exp(-B jSin^ô/\2)

r = i

(1)
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where

n i s  the num ber of atom s in the s ta tis t ic a l c e ll ,
mr is' the occupation  num ber of the r *  atom ,
bp i s  the coh eren t sc a tter in g  am plitude of the r *  atom ,

XpYpZp are the p osition a l co -o rd in a tes  o f  the r ‘h atom ,
Br i s  the iso tp p ic  tem p eratu re factor of the r *  atom ,
0 i s  the B ragg an g le, and
X is  the w ave-len g th .

The unknowns in  th is ex p ressio n  are the number of atom s n in the (sta
t is t ic a l)  c e l l ,  the p osition a l cO -ordinates xyz of each  atom , their tem pera
ture factor B , and the r e la tiv e  proportions m of each atom in the c e ll .  A ll 
.these p aram eters can be d erived  by a le a s t-sq u a r e s  treatm ent in  which the 
calcu lated  and ob served  F 's  (38 independent h k l's in  all) are matched together.

The le a s t-sq u a r e s  r e su lts  are su m m arized  in  Table III. T h ese re su lts  
w ill be d iscu sse d  in  turn for each  kind of atom .

TABLE III ,

UOg 12* LEAST-SQUARES RESULTS FOR STATISTICAL CELL

. ‘Atom
Co-ordinates in 

statistical ce ll
Contribution 

m to formula UO^

Temperature
factor
(Â*)

X y z

Uranium 0 • 0 0 - - ' 1 .18  1 0. 02

Oxygen 0 u u u m = 1. 87 ± 0. 03 1 .45 i  0 .04

Oxygen 0* 0 .5 V V 0 .08  1 0. 04 1.'8 ± 1 .4  .

Oxygen 0 " w w w 0 .16  i  0. 06 2 .0  ± 1 .6

Oxygen O'" 0 .5 0 .5 0 .5 -0 . 02 i  0. 02 2.0  (fixed)

u = 0.267 ± 0. 001, V = 0. 38 i  0 .01 , w = 0 .41  ± 0 .0 1 , and the "discrepancy factor"»R = 3.5%,

(a) Uranium . The uranium atom s rem ain fixed at the equivalent positions: 
000, i i o ,  iO i, 0%%. A ll attem pts at refinem ent with the uranium s displaced  
from  these positions w ere unsu ccessfu l. The occupation number for uranium  
w as fixed  at 1 .0 0 , in  accordance w ith the la ttice  p aram eter and d en sity  r e 
su lts; if  th is assum ption  is  wrong the figu res in  the third colum n of Table III 
m u st be ad ju sted  ap p rop r ia te ly . The tem p eratu re  factor  B = 1.18 is  
s lig h tly  h igh er than that (0 .90 A^) for UO2 at the sa m e  tem p eratu re.- The  
d ifferen ce  can  be a sc r ib e d  to a random  r m s  d isp la cem en t o f the uranium  
atom s from  th e ir  n orm al p o s it io n s  o f about 1/10 A.
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(b) N orm al oxygen . T he oxygen  atom s occupying flu o r ite-ty p e  s ite s  are  
labelled O in Table III. A s in the ca se  of UOg at 800“C, there is  an apparent 
displacem ent from  : î ^ ^ . . . t o ^  + ô + 6 + 6 . . .  where 6 = 0.017, and this
d isp lacem en t can  be a sc r ib e d  to anharm onic v ib ra tion , w hich p au ses the 
oxygens to v ib rate a sy m m etr ica lly  a cr o ss  the norm al position. The magnir 
tude of this effec t i s  s lig h tly  grea ter  than in UOg. . . ■

The m o st im p ortan t change in  O co n cern s i t s  occupation  num ber. 
W hereas a ll the . . . .  p o sitio n s are f ille d  in  UOg.oo an appreciable pro
portion are em pty in  UO2 .12 • U nfortunately, the standard deviations of the 
occupation num bers in  T able III are high, but the proportion of em pty s ite s  
probably l ie s  betw een  five arid eight per cent. ■

•(c) In terstitia l oxygen . The m o st natural p lace to accom m odate the extra  
oxygens i s  at the h o le s  . . . .  O xygen at th e se  s i t e s  are la b e lled  O '"  
in Table III. H ow ever, the occupation number for O!" refin es at a negative 
value c lo s e  to z e r o , and th is ,  to g eth er  w ith  th e-d ifficu lty  o f re fin in g  the 
tem perature factor (kept fixed in Table HI), discounts the p ossib ility  of these 
positions being occupied.

In actu al fa ct the e x tr a  oxygen s occup y two kinds of s i t e ,  la b e lled  
O' and O" in  T ab le  H I. T h e s e  are show n in  the s ta t is t ic a l  ceH  in  F ig . 6 ; 
the O' s i t e s  a re  ap p rox im ate ly  h a lf w ay from  the h ole to the ceritre of the 
line joining two. n o rm a l oxygen  a to m s, and the O'.' s i t e s  half way from  the 
hole to the n e a r e s t  n o rm a l o xygen . T h e  d isp la ce m e n t o f the in te r s t it ia l  
atom s from  the n e a r e s t  h o le  i s  ro u g h ly  1 Â .

a) b)

F ig .6  , ' •

S tatistical c e l l  o f UO %+% showing interstitial oxygen a to n s in; .

(a) O’ sites;
‘ (b) 0" sites.

Open circles are oxygens in  fluorite-type sites, solid circles are interstitial oxygens, 
and open squares are holes a t i i i . . .  .

In UO2+X» t h e r e fo r e , . th ere are th ree types of defect in  the oxygen sub
la ttice  a sso c ia te d  w ith  the d ep artu re from  s to ich io m etry , n am ely , in te r 
stitia l oxygens àt O' s ite s  and O" s ite s ,  and norm al oxygen vacancies. These 
three d efects cannot be d istrib uted  at random , as th is inevitably brings s e 
veral oxygen atom s too c lo se  togeth er, and it  is  m ore reasonable to suppose, 
that the d efects a sso c ia te  together into com p lexes or zon es.
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4.2 .2 . Interpretation  of r e su lts  for s ta tis tica l c e ll

It i s  tem pting to in terp re t the r e su lts  in  T able III in  term s of the lo ca l 
atom ic configuration  in  . The num ber of stru ctu res com patible with-
th is T able i s  u n lim ited , but can be redu ced  to a m anageable num ber if  we 
a ssu m e (a) the form ation  of d efect zon es ra th er than iso la ted  d e fec ts , and 
(b) that each  zone con tains r e la t iv e ly  few  d e fec ts .

The r a t io s  o f the con centration s . .

n orm al O v a ca n c ies  : O' atom s : O" atom s

are given in  Table III as 13' ; 8 : 16. The m odel to be d iscu ssed  f ir s t  is  one 
in which th ese  ra tio s  a re  id ea lized  as 2 : 1 : 2 .  Ideal ra tios su ggest that an 
in te r s t it ia l atom  e n te r s  the la t t ic e  at an O' s i t e ,  and th ereb y  c a u se s  two  
norm al oxygens to be ejected  to two O" s i t e s .  This situation se em s reason
able, as an O' atom  can be com fortably  p laced  in sid e a UO2.00 la ttic e , pro
vided the two n ea re st  oxygens at 1.7 A are rem oved  (F ig. 7).

o  o  o

o o

. o o o
F ig .7 -

O' atom at A ejects the two nearest oxygens at B, C.
B, C in turn are displaced along [111] towards the adjacent 0" sites.

•  -  uranium at Z =  1 a , ; □ -  hole at Z = i  a,; O -  normal oxygen at Z = 0 , i  a,; @ -  O' oxygen at Z = i  a.

A p o ss ib le  2 : 1: 2 s tru ctu r e  b ased  on th is  con cept i s  show n in  F ig . 8 . 
The dotted lin e s  in  th is  d i a g r ^  outline four cu b es of s id e  ia g ,  and th e se  
a re  la b e lled  from  the top le ft-h a n d  co rn er  a s I, II, III andIV. In the UO2.00 
a rran gem en t, oxygen  atom s a re  lo ca ted  at the co r n e r s  o f each  o f the ^a^ 
cu b es. In U O 2 + Xan extra  oxygen atom en ters the la ttice  at the position  
m arked E , w here E i s  ap p rox im ately  1Â  along the [110] d irectio n  from  
the cen tre  o f cube II. The two oxygens at A and B are d isp laced  along the 
d irectio n  [111] to  p o sit io n s  C , D on the body d iagon als o f cu b es I , IV  
r e s p e c t iv e ly . "
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U sing the p a ra m eters  quoted in T able HI the p osition s of the atom s in  
F ig . 8 are as foU ow s. T he c o -o r d in a te s  a re  g iv en  in  units o f aQ, and the 
uranium atom  G i s  ch o se n  as the o r ig in  o f c o -o r d in a te s .

U at - 0. 50.. 0 0 .5 0

0 - 0 .5 0  0 .5 0

0 .5 0  - 0 .5 0  1 .0 0

• ■ • 0 0 1.00 .
0 .5 0  - 0 .5 0  0

0 0 . 0 

■ O a t - 0 .2 5  - 0 .2 5  0 .2 5

0 .2 5  0 .2 5  0 .2 5

0. 25 0 .2 5 ,  0. 75

.......................e tc .

O' a t. 0 .1 2  - 0 .1 2  . 0 .5 0
' . • -

. 0 " a t  0 .0 9  ' - 0 .4 1  0 .9 1
■

0 .4 1  • - 0 .0 9  0 .0 9

I • - .

The bond d ista n ces are: .

O' -  2U =
(A). 
2. 18

O' -  20" = 2 .7 5

O' -  4 0  = 2 .5 4

0 " - 3U = 2. 35

0 " -  O' = 2 . 75

0 " -  3 0  = 2 . 24

0 " - 3 0  = 2 . 78

A d iff ic u lty  w ith  the 2 : 1 : 2  m od el i s  that, although the r e la t iv e  con 
centration s o f d efec ts  are  in  approxim ate agreem en t w ith ob servation , the 
ab solu te co n ce n tr a tio n s  a re  p red ic ted  in c o r r e c t ly . F o r  UOg j2 fhe p r e 
dicted fo r m u la is  UO1.76 O'o'. 1 2  O" 0. 2 4 ,  w hereas the observed form ula (Table 
HI) is  UOj. 87 O' 0.08 O" 0. 16- The standard deviations of the occupation num
b ers a re  h igh  (th ese  standard  d ev ia tion s a re  ca lcu la ted  fro m  the in v e r s e  
le a s t - s q u a r e ,m a tr ix  and r e f le c t  the d isa g r e e m e n t b etw een  o b se r v e d  and 
calcu lated  in te n s itie s ) , but th is stiH  fa ils  to account for the d iscrep ancy be
tw een 1.76 and 1.87 for  the num ber of norm al oxygen s in  the form u la  unit. 
The d ifficu lty  m ay  be r e s o lv e d  a s in d ica ted  in  F ig . 8. An ex tr a  O' atom  
can be in ser te d  in  cube HI at the p osition  F , w here E and F  are equivalent

. 13



o

' F ig .8  ; •

Model for UO2+X structure. The normal oxygens, at A and B in  UO2. 00. 
are replaced by interstitial atoms 0" at C , D and O' atoms at £ (2 : 1 : 2 structure), 

or at E and F (2 : 2 : ,2 structure).
•  Uranium atoms.
O Normal oxygen atom s. . . '
O Interstitial oxygen atoms 0*.
9  Interstitial oxygen atoms 0".

sites related by 180“ rotation about the line AB. This leads to an alternative 
-model for UO2+X, in which the numbers of O' and O" atoms and normal oxy
gen v acan cies in  the cen tra l defect com plex are  2, 2, 2, F or th is 2 : 2 : 2  
structure.the predicted form ula, UOi.ss O' 0. 1 2 0 "o. 12 is  in good agreem ent 
with the observed form ula, g? qg O'o.o8 ±o.04 O "o.i6 ±o.06- 
The bond lengths in the 2 : 2 : 2  structure are:

(A) •
O' - 2U = 2. 18 

• O' - O' = 2 . 0 1

O' -  20"= 2.75  

. O' -  4 0  = 2.54 

O" -  3U = 2.35 

' O" -  20'  = 2i75 '

O" -  3 0  = 2.24

O" -  3 0  = 2.78 .
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The O' - O' d istance (E -F  F ig . 8 ) i s  sh o rt (2.01 A), but a chan ge.of only one 
standard deviation in  the v p aram eter (Table III) of O' changes this d istances  
to 2.16 A..

5. U4O9

5.1. Variation o f  la t t ic e  p a r a m e te r  \vith com position  and tem p era tu re

The hom ogeneity range of U 4O9 i s  not w ell known. PERIC [3] and 
GRpNVOLD [4] co n sid ered  that the com p osition  is  c lo se  to UO2.25 from  20 
to 600“C and that th e re  i s  a s m a ll  sp rea d  on the oxygen  d efic ien t s id e  for  
higher tem peratures. On the other hand, SCHANER [18] found a wide range 
of hypostoichiom etry; UO2 .22 nt 20“C and UO2. 20^f 900“C.

In the v ic in ity  of UO2.25 two types of d iffraction  pattern, with or without 
superlattice l in e s ,  have b een  o b serv ed  [6 ]. It ap pears that th ere  a re  two  
structures; n a m ely , "U^Og^.y", w ith  su p e r la tt ic e  l in e s  and ex tra  oxygen s  
ordered on a 4ag cubic c e ll ,  and "UOg 25-y ", with a unit ce ll of about5.445 A. 
A hom ogeneity ran ge o f  0 .03 in  O /U  w as o b serv ed  in  the U^Og st ruct ure  
by BELBEOCH et a l . [6 ] .  The UO 2. 2 5 - y  stru ctu re i s  d isord ered , or is  o r 
dered in  a d ifferen t w ay than in  U4 O 9, w ithout s ig n if ica n t d isp la c e m e n ts '  
of the uranium  a to m s. It i s  d iff ic u lt  to deduce the co m p o sitio n  fro m  the  
ag value in the U0 2 .2S-yregion, b ecause of the dependence of th is param eter  
on both com p osition  and quenching tem perature.

The therm al expansion of U-^Og has been studied lay GRPNVOLD [4] and 
by FERGUSON and ST R E E T  [22] . T he a g reem en t b etw een  th e se  r e s u lt s  
is  excellen t. T h ere i s  a sm a ll contraction  of the la ttice  param eter between  
20 and 100“C, and th erea fter  the la t t ic e  p aram eter expands u n iform ly  with  
tem perature.

5.2, S tru c tu re  , . . '

5.2.1. X -r a y  stu d ies

For U^Og^y superlattice lin es  have been observed on X -ray  [4, 23] ,  e lec 
tron [24 , 183] and n eu tron  d iffra c tio n  p a ttern s [25, 11].. S in ce th e su p e r 
lattice lin e s  are prom inent at high angles on X -ray  photographs, the u r ^ u m  
atoms m ust be d isplaced  from  the positions they norm ally occupy in the fluo
rite stru cture.

X -r a y  stu d ies  of s in g le  c r y s ta ls ,  obtained by ox id izin g  UO2 with UaOg 
Under the eq u ilib riu m  p r e s s u r e  ô f the m ix tu re  U^Og + UOg.g [23], show ed  
that the unit c e l l  i s  cubic w ith a = 4ag = 21 .7?  A. The ob served  extin ction s  
for the hkl r e f le c t io n s  in d ica te  the I '43d sp a ce  group. A m od el has b een  
proposed by B E L B E O C H , PIEK A RSK I and P E  RIO [23]. The 64 in te r s t it ia l • 
oxygen atom s are ordered within the large 4ao c e ll  which contains 832 atom s. 
The id eal p ositions are given in  T sble IV.

The e x tr a  oxygen s in  th is  id e a l a rran gem en t a re  d istr ib u ted  v e r y  
heterogeneously  (F ig . 9). T here are tw elve tetrahedra, each with four extra  
oxygens as n e a r e s t  n e ig h b o u rs, and the rem a in in g  s ix te e n  ex tra  o x y g en s' 
are eq u id istan t from  th ree  o f the tw e lve  tetrah ed ra . The com p lete  d e ter 
m ination of the stru ctu re would requ ire the knowledge of 49 positional para-
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F ig .9

(a) UO2 unit c e l l (the origin is at a normal bxygen atom ).
(b) The 4  interstitial sites are described with the 4% repetition-law .

(c) Equivalent drawing to (b ). Atoms on the sam e Z le v e l l ie  .on the sam e diagonal.

•  Interstitial site  
O Normal oxygçn atom ,
X Uranium atom

(d) Distribution o f  the 64 extra oxygen atoms at the idea l positions 4 8 (e ) and 16 (<^. ’

m e te r s  w hich  d eterm in e  the d isp la ce m e n ts  o f 808 a tom s from  th e ir  id ea l  
p o sit io n s .

F or U02.25-jr no su perlattice lin es have been detected. When the compo
s ition  UO 2.25 i s  reach ed  sh ort range order m ay take p lace am ong the in ter
s t it ia l  oxygen  a tom s [31]. T h ese  ord ered  zon es Would p erm it one to d is 
tin gu ish  b etw een  th e U 0 2 ,25-y p hase and the U O 2 +X p h ase .

From  sym m etry  considerations based on 4 a 0 c e lls  with su ccessiv e  occu
pancy of the four equivalent in te r s t it ia l s it e s  sev en  types of zon es are p os
s ib le  [31]. T hey belong to the follow ing sp ace groups (one of them  is  I %3d, 
d escrib ed  for U4 O 9):

Cubic T etragonal Onthorhombic

I 43d  

12^3
I 4

I 4 2d

Cmc

0 222

0 2 2 2 .

5 .2 .2 . N eutron stu d ies

Neutron diffraction in tensity  m easurem ents have been made on two U 4O 9 
c r y s ta ls  [26]. F o r  both c r y s ta ls  on ly  fundam ental ( i . e .  n o n -su p er la ttice )  
re flec tio n s  w ere  m ea su re d . T h e r e s tr ic t io n  to  fundam ental re fle c tio n s  
m eans that the r e s u lts  apply to the " com p osite  ce ll"  obtained by su p erim 
posing the 64 U 0 2 -ty p e  s u b -c e l ls  in  the 21 .8  A unit C ell. S im ila r  r e s u lts  
w ere obtained b y  a n a ly sin g  both s e t s  o f  data . ' . ‘
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TABLE V

U4 Og: LEAST-SQUARES RESULTS FOR COMPOSITE CELL

Atom
Co-ordinates in 
com posite c e l l

Contribution 
m to formula UO ^

Temperature
factor
( P )

X y z

Uranium 0 0 • 0 - 0 .5 6  ± 0. 04

Oxygen 0 0. 25 Ô. 25 0 .2 5 1 .7 7  ± 0 .0 2  • 1 .57  ± 0. 08 • •

Oxygen 0,' 0.5 V V 0..29 ± 0 .0 5  . 1. 25 ± 0. 70 ’

Oxygen 0 " w w w 0 .1 9  ± 0 .0 4 1. 60 ± 0. 90

V = 0 .3 7 2  ± 0 .0 0 5 , w = 0. 378 ± 0. 005, R= 3.7%.

.T he d eta ils  of the a n a ly sis  are d escrib ed  by ROUSE, VALENTINE and 
WILLIS [26] and the r e su lts  are su m m arized  below in Table V. The oxygen  
atom s in  the co m p o site  c e l l  occup y e x a c tly  the sa m e k inds o f p o sit io n  as  
the oxygen s in  the s ta t is t ic a l  c e l l  o f UO.2 + X (Table III).

T he fo llow in g  two p oints can  be m ade con cern in g  T ab le V:
(a) The 2 : 2 : 2  stru ctu re assu m ed  for the com p osite  c e ll  g iv e s  a for

m u la  UO j 75 O' 0 25 O"o 25 , in  ap p rox im ate a g re em en t w ith  UO1.77 O' 0.29 
O " o.i9 g iven  by the third colum n. Thus the tran sition  from  UO2 +X to U4 O 9 
probably  in v o lv e s  lo n g -r a n g e  ord erin g  o f the oxygen  zo n es or co m p lex e s , 
w ith  the con figu ration  w ithin  each  zone rem a in in g  unchanged. It ap pears  
that zones of the U 4O9 stru ctu res are a lready p resen t in the d isord ered  
iiOg+x p hase.

(b) The data w ere  reco rd ed  at room  tem perature and th ere i s  no e v i
d en ce of anharm onic con trib u tion s to the D eb y e-W a lle r  fa c to r s . T h is  i s  
s im ila r  to the behaviour of UO2 at room  tem p eratu re, but the tem perature  
fa c to r s  of both uran ium  and oxygen  are h igher than in  U O 2. E a ch  s it e  in  
the com p osite  c e ll  i s  occupied  by 64 atom s, each  of which m ust be s lig h tly  ' 
d isp laced  in  d ifferent d irection s from  the id ea l position. Since the tem pera
ture factors are related  to the m ean-square displacem ent of the atoms from their  
average p osition s, it  is  not su rp risin g  that they are higher in  U4O9.

A s a f ir s t  approxim ation WILLIS [26] assu m ed  that the uranium  atom s 
a re  not d isp la ced  from  the flu o r ite -ty p e  p o s it io n s , although the e x is te n c e  
of su p erla ttice lin es  in X -ray  photographs indicates that there m ust be sm all 
uranium  d isp lacem en ts. It is  lik e ly  that d isp lacem ents of both uranium  and 
oxygen atom s occur and that the m agnitude of th ese 'd isp lacem en ts can only 
be found by the in terp retation  of neutron su p erla ttice  data.

Both X -r a y  and neutron stu d ies  agree that the unit c e l l  i s  4ao and the . 
sp a ce  group i s  I"? 3 d;
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6. TETR A G O N A L PHASES

. A number of tetragonal phases have been described in the range UOg 3 
to UO2 4 [1]. '

The a  -U 3O7 phase occurs in the early  stages of oxidation of UOg at 
temperatures below 135°C. There is  disagreem ent whether c /a  is le ss  than 
or greater than unity; published values are 0,99 [3, 27, 28] and 1.01 [29,] . 
It is possible that the intensities are reversed, indicating c /a  < 1 , bv a small 
quantity of UOg superim posed on the tetragonal phase with c /a  > 1. The 
O/U ratio of 0f-U3O7 is  certainly le s s  than 2.33 and probably le s s  than 2.30.

At 180°C, for O/U > 2.3,  there is  a transition  to the 7 i (or ^ . U3O7) 
phase. The conversion  is  com plete for O/U = 2.33.  The 7 % phase (c /a  = 
1.033, c = 5.556 Â) can be p reserved  indefin itely  below 350°C, but above 
this tem perature it  tran sform s to 73 + UOg. g:

 ̂ ... UOgg. (2)

The 72  phase probably ex ists  .over a range of com positions, with c /a  
varying from 1.017 at 350°C to 1.010 at 650‘’Cv According to Eq. (2), y, has 
a higher oxygen content than 7 g.
The probable com positions are:

• UO2.33 for 7 i , ■ . . .

UO230 fo r 7g at 350°C.

UO.Ç2.30 for 72 at 650“C.

Above 600“C reaction (3) occurs:

yz~* ^ 4^ 9 "̂  ^ ^ 2.6 *

The rev ersib ility  of reactions (2) and (3) has not been confirm ed, and 
the thermodynamic stability of the tetragonal phases has not yet been deter- * 
mined; it is  not even known whether these phases are stable or metastable.

 ̂There is  good agreem ent concerning the 7 ., and 7 g phases in recent studies 
[22,27] on the basis of X -ray  diffraction studies. •

WESTRUM and GRPNVOLD [28] have reported the'existence of an oxide 
UO2.37 having a structure of low er than tetragonal sym m etry, w hereas 
BELBEOCH et a l. [29] have interpreted the ch aracteristic  features of the 
diffraction lin es  as due to a strained tetragonal structure.

A brief sum m ary of the various observations on the tetragonal oxides 
is  given in  Table VI> using the pseudo-fluorite  c e ll  as the b a sis  for  
description .

The tetragonal phases are ordered structures based on the fluorite ar
rangem ent. ANDRE SEN' [25] has pointed out the s im ila r ity  in the neutron 
diffraction patterns of U^Og and 0 -U 3O7. The neutron diffraction pattern 
of 7 i  shows superlattice peaks [30] and the X -ray  diffraction pattern of 72 
show s,num erous superlattice lin e s , but they are too clo&e to be reso lved  
into their components p i ] .  The true unit ce lls  of the tetragonal phases are
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TABLE VI .

T E T R A G O N A L  O XIDES

C oll edge c /a Composition
O/U

Stability  
range •

. (U 0% ). 5.470 1 2.00 -

a -U | 0  j 6 .4 6 0. 99 or 1. 01 2 ,2 6 <250*C

Ï I a = 5. 371 -  5 .384 1. 030 -  1. 033 2 .33 <460*C

• 7 t a = 5. 394 -  5 .408 1. 010 -  1. 017 • < 2 .3 0  . < 6 0 0 \:

at le a s t  as la r g e  as that of U4 O 9. No stru cture determ ination  has y e t been  
published of any of the tetragonal p h ases. '

7. CONCLUSIONS

In UO2+X and the ordered  phases based on the fluorite stru cture the ex 
c e s s  oxygen occu p ies in te rstit ia l p ositions in the la ttice .

In the UO2 +X dom ain the la tt ic e  con traction  with in c r e a s in g  O /U  ra tio  
has been  d eterm in ed  by d ifferen t w ork ers and the a greem en t i s  fa ir ly  
re a so n a b le .

At le a s t  up to 900"C there is  gen era l agreem ent on the p osition s of the 
phase b oun daries. It i s  only at laigher tem p eratu res that the re ce n t X -r a y  
work [6 ] i s  at varian ce with the therm odynam ic data.

T h ere  i s  a g reem en t betw een  X -r a y s  «md neutron  r e s u lt s  co n cern in g  
the space group and the 4a(, cubic ce ll of Û ^Og . A model of the U4O9 super
c e ll  has been proposed wliich g ives the "ideal positions" of uranium and oxy
gen atom s.

N eutron d iffraction  w ork has b een  confined to the p h ases UOg, UOg+* 
and U 4O 9. Two m ain conclusions have em erged from  these stu d ies, namely:

(a) At room  tem perature the "vibration surface" of both uranium and oxygen  
atom s i s  sp h e r ic a l, but at h igher tem p eratu res th is sta tem en t i s  true only  
for u rap ium . F o r  bxygen  the sp h ere b eco m es d isto rted  at r e la t iv e ly  low  
tem p e ra tu r es  (100°C)‘ to a m ore com p lex  su rfa ce  of the type show n in  
F ig s . 3 and 4 . .  T h is d istortion  a r ise s  from  anharm onic contributions to the 
D eb ye-W aller factor. .

(b) U Og i s  ox id ized  to UO2+X by the form ation of d efect zon es ra th er than 
iso la te d  point d e fe c ts . E ach  zone con ta ins oxygen  a tom s at tw o d ifferen t  
kinds of in te r s t it ia l s i t e ,  la b e lled  O' and O ". The uram um  su b -la tt ic e  i s  
unaffected by the p resen ce  of th ese zon es, but va ca n cies  appear in  the sub
la ttice  of n orm al (flu orite-typ e) oxygens. The m ost lik e ly  configuration of 
atom s in  the zone i s  d escrib ed  by the 2 : 2 : 2  structure (Fig. 8 ) with two each  
of normed oxygen v a ca n cies , in terstitia l O' and in terstitia l O" atom s. This 
zone p e r s is t s  in  the o rd ered  Ü4 0 g s tr u c tu r e , and the tr a n s it io n  to  U 4 O 9
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involves sim p ly  an ordered  linking together of th ese  zon es. Further specu
lation  about the U 4 O 9 s tru c tu r e  m u st aw ait the in te rp re ta tio n  o f neutron  
su p erla ttice  data.

Major p rob lem s, requ iring further in vestigation  by diffraction m ethods,
are:

(i) D eterm in a tio n  o f the h om ogen eity  ran ge of U 4O 9, p a r ticu la r ly  at. 
low tem p e ra tu r es , and the in v estig a tio n  of UOg.gs-y stru c tu r es;

(ii) E xam ination  of UOo,,^ sibove 900°C to r e so lv e  the doubts ra ised  by 
b e l b e o c h  et a l . [6 ] about the v a lid ity  o f the p hase d iagram  shown in  F ig . 1 .

( iii)  D eterm in ation  o f the cr y sta l stru ctu res of a ll the ordered  p hases  
with la r g e  unit c e l ls .
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n

A  tr e a tm e n t  is  g iv e n  o f th e  a n g u la r  d e p e n d e n c e  o f  c e r ta in  in te n s ity  fu n c t io n s  w h ic h  are  im p o r ta n t  in  
s p e c tr o m e te r  d e s ig n . I t  p r o v id e s  a  b a s is  for  t h e  c h o ic e  o f  v a r io u s  p a r a m e te r s , in c lu d in g , in  p a r t ic u la r ,  
t h e  B r a g g  a n g le  o f t h e  c r y s ta l  m o n o c h r o m a to r .

1. Introduction
The structures of many single crystals have been 
examined by neutron diffraction : the instrument nor
mally used is the double-crystal spectrometer, whose 
main features are sketched in Big. 1. Slits Si and 8 2 , 
representing the collimator, transmit a neutron beam 
with a divergence in the horizontal plane of about 
+ ^°. The, beam is reflected by the crystal mono
chromator A  to the crystal B  under investigation, and 
thence is reflected again into the counter C. The 
‘parallel’ arrangement, with the incident and twice- 
reflected beams on opposite sides of the once-reflected 
beam, is used because of its well-known focusing 
property (Compton & Allison, 1935).

In §§ 2-4 the following features of the spectrometer 
are examined theoretically;

(а) The intensity of the beam reflected in a given 
direction by the monochromator A as a function 
of the angular setting of A. (‘Rocking curve’ of 
monochromator).

(б) The intensity of the beam reflected by the crystal 
R as a function of the angular setting of B. 
(‘Double-reflexion curve’.)

(c) The divergence of the beam reflected by B.

 ̂ The solution of (6) leads to the best choice of the 
•parameters governing the properties of the collimator 
and monocliromator. The treatment of (a) suggests a 
convenient method of measuring the mosaic spread of 
the monochromator, and (c) determines the minimum 
aperture which the counter must have to receive the 
whole of the beam reflected by the crystal.

Related problems have been examined theoretically 
by Sailor et al. (1956) and by Caglioti et al. (1958).

Sailor studied the angular dependence of the intensity 
of the neutron beam reflected by the monochromator, 
with Soller slits restricting the horizontal divergence 
of incident and reflected beams to a few minutes of arc. 
Caglioti calculated the intensity of the beam, reflected 
by the monochromator and then by a powder sample, 
as a function of the angular position of the counter ; 
again the incident, once- and twice-reflected beams 
were limited by Soller slits.

1 /r

“ 0

Fig. 1. Sketch of projection of spectrometer 
in horizontal plane.

Fig. 2. Angular dependence of intensity of neutron beam  
striking monochromator.

In the absence of Soller slits the angular distribution 
of intensity of the incident neutron beam is ap
proximately of the form shown in Fig. 2. The number 
of neutrons, I{oc)doc, with a horizontal divergence 
between oc and a-pdtx is constant for |a | less than ao, 
and decreases uniformly to zero as |al increases from 
ao to am- The formulae derived below refer to the 
special case ao=am, corresponding to a rectangular 
angular distribution of intensity. The general formulae 
for ao=f=(XTO are quoted elsewhere (Willis, 1959): they 
are cumbersorne and introduce no modifications to 
the general conclusions given in § 5. .

If crystal B  is set at the Bragg angle dhu, the 
change in glancing angle arising from a vertical 
divergence y is tan dhki- Observations in neutron 
diffraction rarely extend beyond 0ftfti =  6O°, and so 
this change can be neglected compared with that 
arising from the horizontal divergence. For this 
reason it is only necessary to consider the projection 
of the neutron beam in the horizontal plane.
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I t is assumed that each crystal consists of mosaic 
blocks with a Gaussian distribution of orientation. 
Thus the fraction of mosaic blocks in A  having their 
normals in the angular range A, A-\-dA (as measured 
from the mean orientation) is W(zl)dzl, where

W{A) = - ^ e x p  { — A^lrf) .rjyn ( 1 )

?y/)/2 is the standard deviation of the distribution and 
is a measure of the mosaic spread of A. A similar 
equation can be written for crystal B :

W'(A') = ~ e x i p ( - A '^ l r j 'n .  (W  |/jr

where the primed quantities have the same meanings 
as the unprimed quantities but now refer to B. 
(Corresponding quantities for A  and B  will always 
be denoted by the same symbol with a prime to 
distinguish the symbol for B.) As rj, rj' < 1, (1) and 
(la) also give the angular distributions of the projec
tions of the normals in the horizontal plane.

2. Rocking curve of monochromator
The rocking curve of the monochromator is defined 
as the curve giving the intensity, I{^), reflected by 
A in a fixed direction as a function of the angular 
setting, /S, of A. A fixed direction is stipulated, as the 
incident beam has a white spectrum and the mono
chromator can reflect any wavelength in this spec
trum, depending on the glancing angle of the neutrons 
incident on it. To measure the rocking curve experi
mentally crystal B  must be removed and the counter 
moved round to the ‘straight-through’ position C  
(Fig. 1); it is also necessary to define the fixed direc
tion for reflexion by slits, restricting the horizontal 
divergence of the reflected beam to a value which is 
small compared with the mosaic spread, rj.

Let 20b be the angle between the axis of the 
collimator and the fixed direction for reflexion. Neu
trons with an initial divergence of a. are reflected in

-0"5

1-0- 1-0

Fig. 3. Rocking curves of monochromator for different values 
of collimation angle, a m , P and am are expressed in units 
of rj, the mosaic spread of the monochromator.

this direction by the mosaic blocks whose orientation 
is A, where

A = - { ^  + loc). (2)

The signs of oc, /0, A are such that the glancing angle 
on A increases with these angles. /0 = O is defined as 
the angular position of the monochromator, when 
neutrons passing along the axis of the collimator are 
reflected at the angle 0 b  by the mosaic blocks of mean 
orientation.

Ignoring the crystal reflectivity, which varies rela
tively slowly with angle, the number of neutrons, 
of initial divergence oc, reflected in the fixed direction 
is I{oc)docW{A), where

I{oc) = I q, |(x1 < oco 
— 0, I (XI >  OCq } (3)

The total number reflected for all values of oc is
(KXm

7(^) =  ̂ I{oc)W{A)da,

which from (1), (2) and (3) becomes 

In
I{^) =  —— \ e^ -ç{-{^ -\-\o c fjif '\d o c

V t)-Om

= lo (i)7] J \  7]

Here erf x is the tabulated error function, defined by 

22 (•erf X = -J- \ exp ( — ^^)d^ 
J o

I(^) has been calculated as a function of from (4), 
and the results for ocm  =  0 ,  7 j, 2 7 j  are presented in 
Fig. 3. Provided ocm > 27], the half-width at half-height.
Hi, of the rocking curve is within 10% of 0-95?y. 
Extinction will tend to make H 1I7) larger, but not 
unduly so. Thus an approximate value of rj can be 
found by measuring Hi and using HiItj % 1, unless 
the value obtained is less than ôcm', in the latter case 
7] is found by fitting the rocking curve to the equa-^K 
tion (4).

3. Double-reflexion curve
This curve gives the intensity, I{^'), of the hkl Bragg 
reflexion of crystal B as a function of the angular 
position, j0', of B. The area under this curve is propor
tional to Fl^i cosec 2 dhki- The dependence of the shape 
of this curve on the mosaic spreads and Bragg angles 
of the two crystals and on the collimation angle is 
investigated below.

A beam of neutrons of initial divergence oc is re
flected at a fixed wavelength by the mosaic blocks in A 
with a given orientation A ; this wavelength can then 
be reflected again only by the mosaic blocks in B, 
whose orientation. A', satisfies Bragg’s law. This value 
of A ' is readily shown to be

A —{k — l)ix -|- (A; — 2) A — (5)
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where fc = tan GAAz/tan 0b. The sign of /3' is chosen so 
that the glancing angle on B  increases with /S', and 
the angular position /S' =  0 is defined as that for which 
a neutron of no initial divergence is reflected by the 
mosaic blocks in A  and B  of mean orientation.

The number of neutrons reflected into the counter 
for fixed a, A is proportional to I{(x)W{A)W'{A'). 
/(/S') is obtained by integrating over oc and A:

(100
\ I{oc)W{A)W'{A')docdA ,

—̂771 —OÛ ^
which from (1), (la) and (3) becomes

TlTjri
xexp { — A'^lr}'^)docdA . (6) 

Substituting for A' from (5) and using the identity

^  J exp (—.4/12 — 2 J5zl -  (7) dzl =  e x p ^ ^ - c j  ,

the second integral in (6) can be written

Ÿ71 exp [—(&(%—<% —/S')2/fi2],

Thus

Z(/8')
Tn

= , ■ \ exp [ —(A:a—a —/S')2/e2]d(X

lo f ~(B'-\-^OCm—OCm\ . //S' — TcoCmA OCn\
=  I 3 Ï  { - — ; -----------)  -  ( ---------- â--------- j .  •

(7)
For the special case k = l ,  when the incident and 

twice-reflected beams are parallel, (7) simplifies to

W  = - ^ T 7 7 5 ^ e x p f -
Ÿ71 +

— n ' = ‘n  
—  1]' = 0

2«;

The half-width at half-height, /Ta, of the double
reflexion curve is then

/f2= /(In  2(?^2+^'2)) ^

and is independent of the collimation angle, ocm-
For all other values of h, H2 depends on and 

on r] and rj'. The nature of this dependence is illus
trated by Fig. 4, where Hz, calculated from equation
(7), is plotted as a function of h. The different pairs 
of curves refer to ocm = 0, r], 2rj, 3rj, the unbroken 
curve in each pair corresponding to rj' = rj and the 
broken curve to rj' = 0. Hz passes through a minimum 
between k = l and k = 2 and is approximately propor
tional to OCm ioT k> 3.

I t  is clearly desirable that the Bragg angle, 6b , 
of the monochromator should be chosen to make Hz 
approximately the same at either end of the range of 
dhki under investigation. This implies that, for a range 
of 0-60° in dhki, 6b will be about 40°.

4. Angular divergence of twice-reflected beam
We shall consider only the case when crystal B  is set 
exactly at the Bragg angle dhku The condition that 
neutrons are reflected by the mosaic blocks in A  of 
orientation A and then by the blocks in B  of orienta
tion J '  is given by equation (5) with /3' =  0:

A '=  {k — l)i%-{-(& — 2)zl . (8 )

Let 99' denote the angular position of these twice- 
reflected neutrons, where the sign of 9?' is chosen to 
make the glancing angle on B  increase with 99', and 
the position 99'=  0  is defined as that corresponding 
to neutrons of no initial divergence reflected by the 
mosaic blocks in A  and B  of mean orientation. Then 
99' is given by

cp’ = oc + 2A+2A', (9)

and (8 ) and (9) together define the orientations A, A' 
of the mosaic blocks in 4L, .B, which change the 
angular position of the neutrons from the incident 
value of oc to the doubly-reflected value of 99'. Solving
(8 ) and (9), these orientations are

J  =

A' =

1
2 (fc-l)

1
2 ( ^ - 1)

(9)' — 2koc +  oc') 

{k<p' — 2<p'-\-koc) .
( 10)

Fig. 4. Half-width of double-reflexion curve as a function of 
k ( =  tan 9b ). and «m are expressed in units of rj,
the mosaic spread of the monochromator.

The total intensity of neutrons reflected for all 
values of oc into the direction 99' is where

/(y ') =  ̂ I{oc)W{A)W'{A')doc

and A, A ' are given by (1 0 ). Using equations (1), 
(la) and (3), I{(p') can be finally manipulated into 
the form
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I{(p') =  c exp 

X ( e r f

A;2?y2_l_(2A;-I)2̂ '2

] / { a ) { a m - \ r h l a )  ^

where

a =

h =

] / { a ) { o i m - h j a )

2 {h- l )

1-2À: k^-2 k
+

V
and c is a constant.

The curves in Fig. 5 have been plotted from this 
expression for the special case rj' = 7j: they give the 
variation with k of H 3, the half-width at half-height 
of the I{(p') versus cp' distribution. H3 is a measure 
of the divergence of the twice-reflected beam ; it varies 
appreciably with k and attains a maximum value 
between ^=1 and k = 3, according to the value of ocm- 
For rj' < rj, H3 is reduced approximately in the ratio 
rj'irj.

The choice of 0s is particularly important, because 
of its influence on the widths of the Bragg reflexions 
of the second crystal. The curves in Fig. 4 show that, 
as 6 b  increases, the reflexions become narrower over 
the whole range of Ohki of the crystal. This effect is 
to be ascribed primarily to the reduction in width of 
the wavelength band reflected by the monochromator. 
At the focusing position the whole of this band is 
reflected simultaneously by the mosaic blocks set at 
the Bragg angle Ohki, and the width of the reflexion 
is determined only by the mosaic spread. However, 
away from the focusing position simultaneousreflexion 
does not occur. As the crystal turns, each mosaic 
block reflects a sharp wavelength, which gradually 
sweeps across the wavelength band, and under these 
conditions the width of the reflexion is determined 
mainly by the width of the incident wavelength band.

C ount rate

Background
level

Low High 6 3

A

Fig. 5. Curves showing the dependence of the divergence of 
the twice-reflected beam on Æ ( =  tan ô^^j/tan 0 b)- -£ 3̂ and 
ocjn are expressed in units of r], th e  mosaic spread of the 
monochromator.

As a typical case, ocm = SO', r] = 20' and rj' = 10', 
giving a maximum value of H3 of 30'. More than 99% 
of the beam lies within the angular range \(p'\<2 -5 H3, 
and so the aperture of the counter must be large enough 
to receive a beam diverging from the crystal at an 
angle of ± 1 25°.

5. Conclusions
The analysis above provides a basis for the choice of 
various parameters appearing in spectrometer design. 
Using § 2 the mosaic spread of the monochromator 
can be determined from the experimental rocking 
curve; the best choice of collimation angle and Bragg 
angle, Ob , of the monochromator then follows from § 3. 
Finally, the minimum counter aperture can be deter
mined from § 4.

Fig. 6 . Diagram illustrating advantage of using a relatively 
high value of to  observe weak high-order reflexions.

By using relatively high values of 0g('-' 45°) the . 
hkl reflexions are made particularly narrow at high 
angles, where the integrated reflexions are reduced by 
the Lorentz (cosec 20) and Debye-Waller

(exp [ - 2 B  sin2 6 /À̂ ])

factors. Frequently the peak intensities of the high- 
angle reflexions are only fractionally higher than the 
background intensity (produced, for example, by in
coherent scattering from hydrogen atoms in th e ^ ^  
sample), and there is clearly much advantage in in- ' 
creasing 6 b  (see Fig. 6). The fall-off with O b  of the 
reflectivity of the monochromator can be partly off-set 
by relaxmg the degree of collimation, but, in any case, 
measurements with several copper crystal mono
chromators have indicated that the reflectivity falls 
by a factor of only 2 or 3, as 6 b  is increased from 10° 
to 45°.
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Use of a two-circle device to obtain three-dimensional neutron diffraction data. By B. T. M. 
W i l l i s ,  Atomic Energy Research Establishmctit, Harwell, Didcot, Berks,, England

{Received 23 February I960) '

I t  hns been customary in noutyon diffraction work to 
use a pillar-shaped crystal to obtain two-dimensional. 
data, the long axis of the crystal corresponding to the 
zone axis of the reflexions to bo examined (Bacon & 
Pease, 1953; Atoji &■ Rundlo, 1958). As this long axis is 
normal to the piano containing the incident and reflected 
beams, a maximum counting rate is achieved while the 
possibility of extinction errors is minimized. The purpose 
of this note is to %)oint out that, by mounting the crystal 
on a two-circle device placed on the central table of the 
spectrometer, three-dimensional data (or two-dimen
sional data about an arbitrary zone axis) can be obtained 
from a pillar-shaped crystal with approximately the same 
accuracy as for the conventional two-dimensional ar
rangement, The method has been used successfully in this 
laboratory for several months. •

B y  appropriate adjustments of the three circles, the 
noi*mal to any {hkl) plane is brought into the Bragg 
reflecting position in the equatorial plane, - and the 
integrated intensity is then measured in the normal way 
by moving the counter round to the 20hki position. The 
stereogram in Fig. 2 illustrates the adjustments required. 
OP represents the {hkl) normal initially, RO the incident 
neutron beam and the %-axis, set at an arbitrary 
angle to ROi it  is required to move the pole. P  to P ', 
where OP' is in the equatorial plane and at an angle 
jr/2 —0/jfci to RO. Initially, the ^-circle is moved.round  
the %-cii"cle to make the y-axis vertical. The y-axis is 
then rotated through the angle PQ, moving P  to Q', 
where Q is the point of intersection of the two small 
circles of centre 0 , radius OP and centre radius %'P'. 
Finally, the %-axis is rotated through the angle Q P \

% -clrde

-circle

Incident bean>

tw-circle

Fig. 1. Diagram of the q>-, %- and-o)-circles.
•

The device constitutes the y- and %-circles of a three' 
circle diffractometer (Furnas & Harker, 1955). % is a  
vertical circle and tp a circle which rotates os a whole 
about the horizontal %-axis (Fig. 1). The %-circle and 
counter move independently roimd the third /ôircle, co, 
which is the large horizontal circle of the diffractometer. 
The crystal, mounted jin  a goniometer head attached t o . 
the y-circle, is located at the common point of inter
section of the y-; %- and co-axes.

Fig. 2. Stereogram illustrating the rotations about the q>- and 
%-axes necessary to bring the {hkl) normal, OP, to the 
reflecting position, OP', in the equatorial plane. BQ is the 
incident beam direction, %£?%' is the %-axis and the y-axis 
is initially vertical. ’ •

moving Q to P '. Clearly, the circle settings are not unique 
but depend on the arbitrary to setting of the %-circle. 
B y mounting the crystal with, its long direction along 
the çi-axis and by choosing the %-axis perpendicular to 
the (hkl) noimal in its reflecting position, OP', the path 
length of the beam inside the crj'stal is a minimum  
(Fig. 3). The co setting is then dhkh and the <p and % 
settings are given by . ,

and
tan y  i 

sin%.

Ü
abc

k/b —I cos oi/c
h sin* a j a + k  (cos a  cos 5̂—cos y ) j b + l  (cos y cos x —cos P)/o 

’IdhkllC. ' ' . : . ; . ,
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Reflected

norma

Plane 6f 
r''■circle

' Incident 
beam .

Fig. 3. Dingrnm showing the path of tho beam inside the 
• • crystal. The cross-hatched region represents the crystal at 

% = 0  with its long axis vertical ; tho vertically shaded region 
represents the crystal after it has been moved round the 
%-circle to bring the {hkl) normal into the horizontal plane.

V is tho volume of thô unit coll and it is assumed 
that tho c-nxis of tho crystal is along tho y-axis, that 
y = 0 . corresponds to tho a*-axis in the piano of tho 
%-circlo and' that % r= 0  corresponds to tho y-nxis vertical. 

• Thus by attaching.a two-circlo device, representing thp 
%- and y-circlcs, to tho existing oj-circlo of a neutron 
diffraction spectrometer, it is possible to extend collection 
of P* data to throo dimensions. In essence, tho method 
depends on tho principle that a thrco-circlo instrument 
not only allows any {hkl) plane to bo brought into tho 
reflecting position, but also allows rotation of tho crystal 
about the normal tp  this plane to-make tho path length 
a minimum. '
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Crystallographic data for certain amidinium carboxylates. By O l g a  K e n n a r d  and J a m e s  W a l k e r ,  
• National Institute for Medical Research, M ill H ill, London, England • . . .

{Received 9 M ay  1960)

During an investigation of the mechanism of salt forma
tion between carboxylic acids and substances containing 
an unsubstituted amidinium group the crystallographic 
constants of a number of these salts were determined 
(Kennard & Walker, 1964). Unit-cell dimensions wore 
obtainod from oscillation and Weissenberg photographs 
(A = 1*5418 A), except for the last two compounds listed 
below, where the 0 method (Weisz, Cochran & Cole, 1948) 
was used. Densities were determined with an accuracy 
of ± 0  5% by centrifuging the crystals in a continuous- 

■^adient density column (Low & Richards, 195,2). The. 
whree-dimensional structure analysis of S-methylthiuro- 
nium p-chlorobenzoate is being reported elsewhere (Ken
nard & Walker, 1961).

• B enzam id in e benzoate  
CftHs. C(: N H ). NHg, C^Hg. CO3 H]

Benzamidine benzoate was prepared from benzamidine 
hydrochloride and sodium benzoate in aqueous solution 
{c f .  Pinner, 1892). It crystallized from -water as flat plates 
elongated along [0 0 1 ], with marked striations in this 
direction. The striations were traces of an excellent 
cleavage plane.

The refractive index for white light was 1*680 ±5  with 
the electric vector vibrating in the direction of elongation 
of the plates, and 1*630 ± ' 6  at right angles to this direc
tion. .

OrÛiorhombie
a = 28*9(4), 6 = 35*8(6), c = 9*9(5) A, 17 = 10326 A*,

Dm = 1*26 g.om.-*, Z = 32, D» = 1*26 g.cm.”*.

Space group Gcc2. with additional non-space-group 
absences. Absent.spectra: hkl when h+k odd, but very, 
few weak reflexions of the type h-fZ‘odd or t-f-Z'odd 
were observed. The hkO reflexions were with a few 
exceptions absent unless /& + !;= 4n. The Okl reflexions 
were absent unless k = 4n, I — 2n, and the hQl reflexions 
if h = 4 n-k 1  or Z = 2 n.-t-I.

3,5-D ibrom obenzam idine benzoate 
CgHgBrj. C(: NH) . NHg, CgHg. GO^H

3,6-Dibromobenzamidine benzoate was prepared from
3.5-dibromobenzamidine hydrochloride and sodium ben
zoate; it was recrystallized from water and had m.p. 
228-229° (decomp.). (Found: C, 42.0; H, 2*9; N, 6  8. 
C^HgBrgNg, CjHflOa requires C, 42 0; H, 3 0; N, 7*0%).. 
The crystals were needle-shaped with diagonal extinc- 

■ tion ; they had faint striations and imperfect cleavage 
parallel to the needle axis.

Tridinic • *
, a = 15*21, 6  = 9 64, 0  =  12*34 A ,

« =  110, / 8  = 110, y =  100*7°,
CT= 1501 A®, Dm = 1*765, Z =  4, D* = 1*77 g.cm.-».

Space group P I or P Î. No absences.

. 3,5-Dibrom obenzam idine 3,5-dibrom obenzoate ;
■ CgHgBra. C(: N H ). NH^, G A B r g . CO3 H

3.6-Dibromobenzamidine 3,6-dibromobenzoate was ob
tained from 3,5-dibromobenzamidine hydrochloride and .
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Single-crystal neutron diffraction equipment at the 
DIDO reactor

B. T. M. WILLIS
Metallurgy Division, Atomic Energy Research Establishment, Harwell, Berks.
M S. received 20th July 1962

A description is given of the single-crystal equipment which has been in continuous 
operation at the d i d o  reactor for the past two years. Two diffractometers are used on 
the same reactor hole and each employs a copper monochromator reflecting neutrons of 
wavelength 1 -04 Â through 90°. The advantages of this high reflecting angle are discussed.

1. Introduction
Since 1958 neutron diffraction work on both powder and 
single-crystal samples has been carried out at the d i d o  
reactor. A description of the powder and single-crystal 
diffractometers, together with their associated collimators, 
monochromators and shielding, has already been given by 
Bacon and Dyer (1959). In 1960 a new single-crystal 
assembly was installed, allowing two diffractometers to be 
operated in place of the original one.

A diagram showing a plan view of the new assembly is 
given in figure 1. The neutron beam issuing from the reactor

monochromator housing enabling the diffractometers to be 
withdrawn to a position clear of the powder instrument on 
the beam hole above. Figure 2 is a schematic diagram of 
the assembly showing, in particular, the paths of the neutron

Reactor face
' / / / / / / / ,

Figure 1. Plan view of the new single-crystal assembly. A, 
neutron source; BC, collimating channel; D, flight-tube with 
water shielding; E, monochromators; F and G, lead and 
compressed wood shielding; H, diffractometers; J, single

crystal samples.

source at A is collimated by the stainless-steel channel BC 
before striking two single-crystals of copper E, which act as 
neutron monochromators. Most of the radiation passes 
through the monochromators to be absorbed in the shielding 
of lead and tungsten alloy F and compressed wood G, but 
a small proportion of the slow neutron beam is reflected at 
a wavelength of 1 -04 Â to the two single-crystal diffractometers
H. D  is a flight-tube between the reactor face and the

Figure 2. A schematic diagram of the new assembly, showing, 
in particular, the relative positions of the monochromators 
and diffractometers. The heavy lines show the paths of the 

neutron beams.

beams and the relative positions of the monochromators and 
diffractometers in the horizontal plane.

This paper outlines the features of the new assembly 
which are different from those described earlier for the 
original assembly, and compares the performance of a 
diffractometer, both as regards the resolution and the 
intensity of the Bragg reflections, with the two assemblies. -

2. Neutron collimator
The original collimator consisted of a channel, 5 ft long, 

lined with stainless steel ; its aperture was 1 i  in. across and 
1 in. deep at the inner end, tapering to i  in. x  i  in. near the 
reactor face. An eccentrically mounted lead plug, 15 in. 
long, served as a stopper for the y-beam : with this rotated 
to the closed position and the collimating channel flooded 
with water the radiation was switched off. The new collimator 
is o f similar design, but different dimensions have been 
adopted for the collimating channel. The length of the 
channel is 5 ft and its cross section, H  in. across x  2^ in. 
deep, is uniform along this length.

The wider aperture of the channel increases the divergence
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of the beam striking the monochromator and enhances the 
intensity at the sample. The vertical divergence only has 
been increased and this has little effect on the resolution of 
the different Bragg reflections from the sample. If the 
vertical divergence is cf) the variation in Bragg angle 0^ at 
the monochromator for neutrons in the vertical plane is 

tan (Compton and Allison 1935). 0^ is 45°, so that 
the angular variation is which is much less than the 
change of Bragg angle (~1°), and consequently of reflected 
wavelength, arising from divergence in the horizontal plane. 
Because of possible overlapping of reflections in adjacent 
layer lines, the angle ^ fixes the maximum unit-cell size of 
the sample at about 30 Â.

3. Flight-tube
The flight-tube is 6 ft long and consists of a steel-lined 

channel, terminated at both ends by aluminium windows, 
each 0 • 020 in. thick. It is surrounded by a large tank of 
water acting as a biological shield. Provision is available 
for evacuating the flight-tube, but experience has shown that 
this is only of marginal advantage. Evacuation removes air- 
scattering of the slow neutron beam in the 6 ft path length, 
leading to an increase of about 1 2 % in the beam intensity, 
but this increase must be off-set against the extra absorption 
of the aluminium windows.

4. Monochromators
The two monochromating crystals are placed in the upper 

and lower halves of the direct beam emerging from the open 
collimating channel, and reflect mono-energetic slow neutrons 
to two single-crystal diffractometers on opposite sides of the 
monochromator housing (see figure 2). A scattering angle 
26^  o f 90°, as compared with the previous value of 22° 
(Bacon and Dyer 1959), was chosen to give improved 
resolution of reflections at high Bragg angles 0/,̂ / of the 
sample. There are two reasons for this gain in resolution 
at high angles (Willis 1960): the ‘focusing position’, where 
the direct and doubly-scattered beams are parallel, occurs at 
dhki =  ^M, and the width AA of the band of wavelengths 
reflected by each mosaic block of the monochromator is 
proportional to cot 0m and is therefore reduced five-fold as 
0M is increased from 11° to 45°.

A number of single-crystals were tested as neutron mono
chromators, including lead, copper and magnesium oxide. 
The intensity and uniformity of the beam reflected by each 
crystal were determined both photographically, using the 
technique recently developed by Smith (1962), and with a 
BF-? counter; in the latter case the counter on the arm of the 
diffractometer was moved to the ‘straight-through’ position, 
corresponding to dhki =  0 , and the uniformity measured by 
scanning the beam with a fe  in. hole pierced in a cadmium 
sheet. The wavelength distribution, determined in part by 
the mosaic-block distribution of the monochromator, was 
examined by plotting the ‘rocking curve’, giving the counter 
reading in the straight-through position as a function of the 
angular setting of the monochromator. The most satis
factory overall results were obtained with copper. In one 
case the (422) plane of a copper crystal, measuring 
2 in. X 1 in. X I  in., gave a smooth rocking curve with a 
full width at half-height of 20  minutes of arc; the peak 
count rate was 2  x  10  ̂sec~^ cm~^ at A =  1 -04 Â and the 
intensity was uniform to ±5%  over an area of i  in. x   ̂in. 
at the position of the sample. With the original equipment.

using the (111) plane of a lead crystal, the intensity of the 
monochromatic beam was only 4 x  10‘̂ sec“ * cm“ ,̂ although 
a wider wavelength band was selected by working at 0m =  11 
This poor intensity was probably due to excessive tapering 
of the collimating channel.

Apart from the improved resolution of high-order dif
fraction peaks there are other important advantages in 
using a monochromator angle 0m of 45°. For elastic 
scattering measurements, of the type involved in crystal 
structure investigations, the useful working range of wave
lengths is approximately 0-8 to 1 • 5 Â. Below this range the 
neutron intensity is too weak, unless the peak of the 
Maxwellian spectrum is displaced to lower wavelengths by 
using a hot source block at the inner end of the collimating 
channel, and above 1 • 5 Â severe difficulties arise from 
extinction and from second-order contamination of the 
neutron beam. Now for 0m =  45° the reflecting planes of 
the monochromator are of relatively high order and more 
planes are available for reflection in the range 0  8 to 1 • 5 A 
than for 0m =  11°. This point is illustrated by the table, 
which lists the different wavelengths obtained by reflecting

Neutron wavelengths reflected by (Jikk) planes of copper and lead 
Copper at 0m =  45° Copper Lead at 

at 0M =  11°
0 M = 1 1 °

Plane (244) (044) (511) (422) (400) (111) (002) (111)
Wavelength 0-85 0 91 0 99 1 04 1 28 0 80 0 94 1 08 

(A)

from the (hkk) planes of copper and lead at 0m =  45° and 
11°. For copper at 45° any one of five wavelengths can be 
selected by rotating the crystal about [110], whereas only 
one wavelength is available at 11°. A continuously variable 
neutron wavelength can be obtained by continuous variation 
of 0M but this also changes the conditions for resolution; 
the construction of the monochromator housing is much 
simplified if a fixed 0m is used, as in the present case, and a 
set of several discrete wavelengths is adequate for crystal 
structure work.

Second-order contamination of the monochromatic beam 
is also reduced by using high-order reflecting planes of the 
monochromator. For the (422) plane of copper reflecting 
at 1 04 A, contamination with the 0 52 A wavelength arises 
from simultaneous reflection at the (844) plane. In the new 
single-crystal assembly the 0 52 A neutrons represented less 
than 0  2 % of the total number of neutrons reflected by the 
monochromator, and this small proportion was partly due 
to the influence of the temperature factor in reducing 
the reflectivity of the (844) plane.

5. Resolution of Bragg reflections
The profiles of the diffraction peaks from a single-crystal 

of ThO^ are shown in figure 3: (a) refers to reflections 
recorded with the original assembly and (6) with the new. 
The area under each peak is a measure of the integrated 
reflection phki, which is related to the structure factor Fhki 
by the equation

Phki =  Fhu cosec 2dhki.
Apart from a constant scale factor the area under each peak 
is therefore unchanged between figure 3(a) and 3(6). The 
widths of the reflections in (a) increase rapidly with scattering 
angle and the peak heights fall in proportion, so that at high 
values of dj,ki it is difficult to measure the integrated reflections
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accurately. By contrast, there is only a small variation of increasing the beam intensity at the sample and by operating
width with scattering angle in (b). In both cases the minimum two diffractometers in place of the original one. Increasing
width occurs, as expected, near d k̂i =  (see figure 4). the Bragg angle at the monochromator to 45° has improved

200
0M=

100

^  600

755300

132° 136°56° 60'16° 20'

Figure 3. Profiles of a group of Bragg reflections from a 
single-crystal of ThOz. {a) Reflections recorded with the 
original assembly using a lead monochromator at 0m =  11°; 
(6) reflections obtained with the new assembly using a copper 

monochromator at 0m =  45°.

6. Conclusions
W ith the new single-crystal assembly greater efficiency in 

collecting neutron diffraction data has been achieved by

120'

Figure 4. Half-width at half-height of Bragg reflections from 
ThOz plotted against scattering angle; A, with original 
assembly; B, with new: in each case the minimum width 

occurs near dhki =  ®m.
the resolution of the diffraction peaks, particularly those 
occurring at high scattering angles, and has given a greater 
choice of wavelengths from the monochromator.
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Use of a three-circle goniometer for diffraction 
measurements

B. T. M. WILLIS
Metallurgy Division, Atomic Energy Research Establishment, Harwell, Berks.
MS. received 20th July 1962

The principles governing the use of a three-circle goniometer for diffraction measurements 
are discussed. The vertical circle of the goniometer can be set at any arbitrary angle to 
the incident beam and this angle determines both the number of accessible hkl reflections 
and the azimuth of the (Jtkl) plane in the reflecting position.

1. Introduction
An increasing number of workers are using the three-circle 
goniometer to collect three-dimensional x-ray and neutron 
diffraction data. The present paper is concerned with the 
principles governing the use of the goniometer, bearing in 
mind (i) the range of reciprocal space to be explored, 
(ii) the necessity of measuring a reflection at different 
azimuthal settings of the reflecting plane. The importance 
of (ii) is that, in principle, diffraction measurements can be 
corrected for secondary extinction (Willis 1962) and for double 
Bragg scattering by determining the azimuthal dependence of 
the integrated intensity. Both these errors are particularly 
troublesome in neutron diffraction, but must also be con
sidered in x-ray diffraction where accurate integrated 
intensities are required.

The three circles of the goniometer are usually labelled (f>, 
X, w, but it is more convenient to use capital letters O, X, 
O for the circles and cf), %, œ for the angles through which 
they turn. The detector moves around a fourth circle 2 0  
concentric with O. A diagram of the four circles is given in 
figure 1. Normally X  is a complete circle lying in the vertical

A rcs
-Sample

Figure 1. Diagram of the three goniometer circles 0 , X, Cl 
and the counter circle 2 0 .

plane and the goniometer head supporting the sample is 
off-set from the X-plane to allow ancillary equipment 
(e.g. a cryostat or furnace) to be placed around the sample. 
To measure a reflection with Bragg angle the three circles 
of the goniometer are turned to bring the (hkl) normal to 
the Bragg reflecting position in the horizontal plane and the 
detector moved to an angle 20 ;̂̂ ./ from the incident beam. 
The correct orientation of the crystal can be achieved with 
only two angular movements; by using three circles the 
X-plane can be set at an arbitrary angle to the incident beam.

and this arbitrariness can be exploited in considering points
(i) and (ii) above. .

2. Symmetrical orientation of vertical circle
2.1. Scattering vector in X-plane (A setting)

When the scattering vector* is in the X-plane (‘A setting’) 
or at right angles to the X-plane (‘B setting’), the vertical 
circle is symmetrically related to the incident and scattered 
beams. The A  setting is used in the ‘cone diffractometer’ 
scheme of data collection described by Furnas and Harker 
(1955) and is illustrated by the diagram in figure 2(a). At

(a )

incident
Scattering vector 

Q Reflected 
beam

X -c irc le

Figure 2. (a) symmetrical A setting, sfiowing the X-circle in 
projection in the horizontal (equatorial) plane; (b) stereogram 
showing angular rotations (j>, %, to required to bring hkl normal 

at P to reflecting position at Q.

the reflecting position the scattering vector is parallel to the 
line of intersection of the vertical X-plane and the horizontal 
equatorial plane. The stereographic projection in figure 2(b) 
shows the angular rotations (j>, %, a> required to bring the 
(hkf) normal at an arbitrary point P to the reflecting position 
Q; these angles are measured from a standard position at 
which the 0-axis is vertical and the X-axis is parallel to the 
incident beam. If P coincides with the centre of the stereo
gram at O, the (hkl) plane is normal to the 0-axis and 
rotation about the 0 -axis provides continuous variation of 
the azimuth i/j about the scattering vector.

As o)(=6;,i^i) approaches 90° the X-plane obstructs the 
incident and reflected beams and this sets an upper limit to 

For the B setting there is no such obstruction to the 
high-angle reflections.

* The scattering vector K is defined by K =  k — ko, where k, 
ko are the wave vectors of the scattered and incident beams 
respectively.
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2.2. Scattering vector normal to X-plane {B setting) stereogram in figure 5. Here CED is a great circle repre-
Figure 3(a) shows the orientation of the X-plane with renting the {hkl) plane after rotation by ÿ  and R is the

respect to the incident and scattered beams and figure 3(6) corresponding (hkl) normal. The x  rotation displaces R to

Scattering
vector

ReflectedIncident

beambeam,
X -p la n e

Figure 3. (a) symmetrical B setting; (b) stereogram showing 
angular rotations <6, co required to bring hkl normal at P to 

reflecting position at Q.

is a stereogram illustrating the angular rotations required 
to bring P to the reflecting position Q. P must lie in the 
equatorial plane, so that two-dimensional data only can be 
collected. However, for each reflection rotation about the 
X axis, which in the reflecting position is parallel to the 
scattering vector, provides a 360° variation of azimuth.

3. Arbitrary orientation of vertical circle
In the general case the X-plane is at an arbitrary angle |  

to the scattering vector (figure 4(a)). To bring P to the

Incident

beam

COS p
(1)

This equation shows that P can be brought to the reflecting 
position provided 0 <  |  <  p. For ^ =  0 there is no 
restriction on p and the number of accessible planes is only 
limited by the wavelength and, at high scattering angles, by 
the size of the vertical circle (A setting). If ^ =  90°, p is 
also 90° and the only accessible planes are those in the zone 
normal to the 0-axis (B setting).

The azimuth i/r for each reflection hkl varies continuously 
as ^ moves in the permitted range from 0 to The
relation between iJj and i  is readily worked out from the

Figure 5. Stereogram showing the relation between the 
azimuth ifi and the angle I between the scattering vector and 

the X-circle; AB is the X axis.

Q and C to G along small circles normal to the X  axis. 
The inclination of the vector OC to the horizontal plane is 
unaffected by the rotation around the 0 -circle and similarly 
the vector GO is unaffected by the ^-rotation, so that the 
change of inclination OC to OG can be equated to i/j. Thus 
in the spherical triangle AEG, FG =  i/j, AF =  | ,  FAG =  % 
and tan ^ =  sin |  tan %. Substituting for % from (1) gives

tan i/j
sin ^ cos p

(cos^ ^ — cos^ p)̂ /̂ ' (2)

Equation (2) shows that for a given reflection (characterized 
by a fixed angle p̂ ŷ /) the azimuth is 0 or 180° for  ̂ =  0 and 
is 90° for I  =  p. For intermediate values of |  in the per
mitted range 0  <   ̂<  p the dependence of ^ on  ̂ is shown 
by the curves in figure 6 , each curve corresponding to a fixed

Figure 4. (a) unsymmetrical setting of X-circle; (6) stereo
gram showing angular rotations cf), %, cu required to bring P 

to reflecting position Q ; AB is the X-axis.

reflecting position Q (figure 4(6)) the 0-circle is turned 
through (/} — PÔR, where R lies at the intersection of two 
small circles, one through P and normal to the vertical axis 
and the other through Q and normal to the X axis, AB. 
Rotation through % then moves R to Q.

Let p be the angle OP between the (hkl) normal and 
the 0-axis. In the spherical triangle ARS, SAR =  %, 
AR : 90° — I, RS =  90° — p, so that

180'

120'

=90'

Figure 6 . Dependence of azimuth of reflecting plane on the 
angles f  and phki-

value of p. For p =  0 or 180° the azimuth can take any 
value; for all other values of p the azimuth varies continu
ously with but as |  changes so do the angles </>, %, w 
specifying the angular rotations necessary to maintain the 
reflecting condition. The formulae giving w in terms 
of ^ and the indices hkl are derived elsewhere (B. T. M. 
W M s \9 6 \, A.E.R.E. Report m m ) .
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Use of a three-circle goniometer for diffraction 
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The principles governing the use of a three-circle goniometer for diffraction measurements 
are discussed. The vertical circle o f the goniometer can be set at any arbitrary angle to 
the incident beam and this angle determines both the number of accessible hkl reflections 
and the azimuth of the (Jikl) plane in the reflecting position.

1. Introduction
An increasing number of workers are using the three-circle 
goniometer to collect three-dimensional x-ray and neutron 
diffraction data. The present paper is concerned with the 
principles governing the use of the goniometer, bearing in 
mind (i) the range of reciprocal space to be explored, 
(ii) the necessity of measuring a reflection at different 
azimuthal settings of the reflecting plane. The importance 
of (ii) is that, in principle, diffraction measurements can be 
corrected for secondary extinction (Willis 1962) and for double 
Bragg scattering by determining the azimuthal dependence of 
the integrated intensity. Both these errors are particularly 
troublesome in neutron diffraction, but must also be con
sidered in x-ray diffraction where accurate integrated 
intensities are required.

The three circles of the goniometer are usually labelled <j), 
X, o),  but it is more convenient to use capital letters 0 ,  X, 
Ù  for the circles and cj), %, œ for the angles through which 
they turn. The detector moves around a fourth circle 2 0  
concentric with Q. A diagram of the four circles is given in 
figure 1. Normally X is a complete circle lying in the vertical

A rcs
-Sample

Figure 1. Diagram of the three goniometer circles 0 , X, Q 
and the counter circle 2 0 .

plane and the goniometer head supporting the sample is 
off-set from the X-plane to allow ancillary equipment 
(e.g. a cryostat or furnace) to be placed around the sample. 
To measure a reflection with Bragg angle df,̂ i the three circles 
of the goniometer are turned to bring the (hkl) normal to 
the Bragg reflecting position in the horizontal plane and the 
detector moved to an angle 20 /̂ ;̂ ./ from the incident beam. 
The correct orientation of the crystal can be achieved with 
only two angular movements; by using three circles the 
X-plane can be set at an arbitrary angle to the incident beam.

and this arbitrariness can be exploited in considering points 
(i) and (ii) above. • . ■

2. Symmetrical orientation of vertical circle 
2.1. Scattering vector in X-plane (A setting)

When the scattering vector* is in the X-plane (‘A setting’) 
or at right angles to the X-plane (‘B setting’), the vertical 
circle is symmetrically related to the incident and scattered 
beams. The A setting is used in the ‘cone diffractometer’ 
scheme of data collection described by Furnas and Harker 
(1955) and is illustrated by the diagram in figure 2(d). At

(a )

Scattering vector
Q Reflected, Ti-W ^

beam
Incident

X -c irc le

Figure 2. (a) symmetrical A setting, showing the X-circle in 
projection in the horizontal (equatorial) plane; (b) stereogram 
showing angular rotations if>, %, co required to bring hkl normal 

at P to reflecting position at Q.

the reflecting position the scattering vector is parallel to the 
line of intersection of the vertical X-plane and the horizontal 
equatorial plane. The stereographic projection in figure 2(b) 
shows the angular rotations <f), %, co required to bring the 
(hkl) normal at an arbitrary point P to the reflecting position 
Q; these angles are measured from a standard position at 
which the 0-axis is vertical and the X-axis is parallel to the 
incident beam. If P coincides with the centre of the stereo
gram at O, the (hkl) plane is normal to the 0-axis and 
rotation about the 0 -axis provides continuous variation of 
the azimuth i/j about the scattering vector.

As oj(^6f,^i) approaches 90° the X-plane obstructs the 
incident and reflected beams and this sets an upper limit to 
6;,,̂ ,. For the B setting there is no such obstruction to the 
high-angle reflections.

* The scattering vector K is defined by K =  k — ko, where k, 
ko are the wave vectors of the scattered and incident beams 
respectively.



USE OF A T H R E E - C I R C L E  G O N I O M E T E R  F O R  D I F F R A C T I O N  M E A S U R E M E N T S

2.2. Scattering vector normal to yi-plane {B setting) stereogram in figure 5. Here CED is a great circle repre-
Figure 3(o) shows the orientation of the X-plane with renting the (/?/c/) plane after rotation by ^ and R is the

respect to the incident and scattered beams and figure 3(6) corresponding (Jikl) normal. The % rotation displaces R to

Scatterinq
vector

Reflectedincident

beambeam,
X -p la n e

Figure 3. (a) symmetrical B setting; (6) stereogram showing 
angular rotations ÿ, co required to bring hkl normal at P to 

reflecting position at Q.

is a stereogram illustrating the angular rotations required 
to bring P to the reflecting position Q. P must he in the 
equatorial plane, so that two-dimensional data only can be 
coUected. However, for each reflection rotation about the 
X axis, which in the reflecting position is parallel to the 
scattering vector, provides a 360° variation of azimuth.

3. Arbitrary orientation of vertical circle
In the general case the X-plane is at an arbitrary angle i  

to the scattering vector (figure 4(n)). To bring P to the

Incident

smx =
cos p
COS f (1)

This equation shows that P can be brought to the reflecting 
position provided 0 <  f  <  p. For i  =  0 there is no 
restriction on p and the number of accessible planes is only 
limited by the wavelength and, at high scattering angles, by 
the size of the vertical circle (A setting). If ^ =  90°, p is 
also 90° and the only accessible planes are those in the zone 
normal to the 0-axis (B setting).

The azimuth i/j for each reflection hkl varies continuously 
as f  moves in the permitted range from 0 to The
relation between ^ and ^ is readily worked out from the

Figure 5. Stereogram showing the relation between the 
azimuth i/j and the angle |  between the scattering vector and 

the X-circle; AB is the X axis.

Q and C to G along small circles normal to the X  axis. 
The inclination of the vector OC to the horizontal plane is 
unaffected by the rotation around the 0 -circle and similarly 
the vector OG is unaffected by the O-rotation, so that the 
change of inchnation OC to OG can be equated to ifj. Thus 
in the spherical triangle AFG, FG =  i/j, AF =  FAG =  % 
and tan i/» =  sin |  tan %. Substituting for % from (1) gives

tan i/j =
sin I  cos p

(cos^ f  — cos^ p)̂ /̂ " (2)

Equation (2) shows that for a given reflection (characterized 
by a fixed angle p̂ ŷ /) the azimuth is 0 or 180° for ^ =  0 and 
is 90° for  ̂ =  p. For intermediate values of  ̂ in the per
mitted range 0  <   ̂<  p the dependence of ^ on  ̂ is shown 
by the curves in figure 6 , each curve corresponding to a fixed

Figure 4. (a) unsymmetrical setting of X-circle; (b) stereo
gram showing angiflar rotations (j), %, co required to bring P 

to reflecting position Q; AB is the X-axis.

reflecting position Q (figure 4(6)) the 0-circle is turned 
through c/) =  POR, where R lies at the intersection of two 
small circles, one through P and normal to the vertical axis 
and the other through Q and normal to the X axis, AB. 
Rotation through % then moves R to Q.

Let p be the angle OP between the (hkl) normal and 
the 0-axis. In the spherical triangle ARS, SAR =  %, 
AR =  90° -  RS =  90° -  p, so that

180'

120'

=90'Y

Figure 6. Dependence of azimuth of reflecting plane on the 
angles f  and phkl-

value of p. For p =  0 or 180° the azimuth can take any 
value; for all other values of p the azimuth varies continu
ously with but as f  changes so do the angles </>, %, co 
specifying the angular rotations necessary to maintain the 
reflecting condition. The formulae giving w in terms 
of I  and the indices hkl are derived elsewhere (B. T. M. 
Willis 1961, A.E.R.E. Report R3773). .
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The two methods of setting a crystal on a three-circle 
goniometer described recently by Wooster and Wooster 
(1962) are special cases of the general case discussed here. 
The first case, with % =  90° — p, corresponds to |  =  0 
(equation 1) and the second, with % =  90°, to |  =  p. They 
therefore correspond to the two settings of ^ at the extreme 
ends of its permitted range.

A convenient way of estimating the reliability of intensity 
data is to repeat the measurements at two different values 
of f . The azimuth of the reflecting plane is altered by 
changing so that systematic errors arising from double 
Bragg scattering or secondary extinction can be detected and 
then eliminated by carrying out further measurements with 
the B setting.

4. Conclusions
The symmetrical A  setting allows maximum exploration of 

reciprocal space, whereas only one plane in reciprocal space 
can be investigated with the symmetrical B setting. On the 
other hand, the B setting is useful for studying the dependence 
o f the integrated reflection on the azimuth of the reflecting 
plane. If the vertical circle is set at an arbitrary angle  ̂
to the incident beam, the number of accessible planes lies 
between these two extremes.
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This fully automatic single-crystal diffractometer employs the Eulerian hoop geometry. It is under punched- 
tape control and the three independent shafts are set simultaneously for each reflection to an accuracy of 0.03® 
using a moiré fringe positioning system. The reflection is then measured by moving the crystal in steps across the 
reflecting position. The time on each step is variable, being determined by a monitoring counter, and the number 
of steps is under program control. Results are both printed in plain language and punched on a paper tape, ready 
for direct processing in a computer. •

I. INTRODUCTION The techniques of single-crystal neutron diffractometry

T h e  collection of neutron diffraction data from a . are derived from the older methods of x-ray counter
single crystal is a costly and lengthy process, and diffractometry.^-® A wide variety of geometrical arrange-

it is highly desirable to use the neutron beam continuously ments have been employed in single-crystal diffractome-
during the running time of the reactor. This means that nv. Cochran, Acta Cryst. 3,268 (1950).
the process of data collection must be made automatic. ® H. T. Evans, Rev. Sci. Instr. 24, 156 (1953).
----------------  ® U. W. Amdt and D . C. Phillips, Acta Cryst. 14, 807 (1961).

* Work performed under the auspices of the U.K.A.E.A. Research * J. Clastre, Acta Cryst. 13, 986 (I960).
Group, Harwell. ® T. C. Furnas and D . Harker, Rev. Sci. Instr. 26, 449 (1955).
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T able  I. Some geometrical arrangements for single-crystal diffractometers.

Method Crystal axes Detector axes References
1. Normal beam « (goniometer head axis, normal to 

incident beam)® .
T (coincident with w axis) 
V (normal to T axis) b

2. Equi-inclination w (goniometer head axis at anglen = —v 
to incident beam) .

M (inclination axis)
As for method 1 \ c,d,e

3. Three-circle cone method: 
symmetrical A setting

4> (goniometer head axis normal to X) 
X (normal to 0 axis and to scattering 

vector)
n (normal to incident beam)

20 (coincident with 0: turns through 
twice the angle of the $-X assembly) f,g,h

4. Three-circle method :
unsymmetrical C setting

As for 3, except X axis at arbitrary angle 
to scattering vector. As for method 3 i

• T h e  sym bols for m ethods 1 and  2 correspond to  those used  by  M . J .  Buerger, Crystal Structure A na lys is  (John  W iley & Sons, Inc., N ew  Y ork , 1960), p . 118, a n d  
fo r m ethods 3 an d  4 to  those recom m ended by  U . W . A rn d t an d  D . C . Phillips, A cta  C ryst. 11, 509 (1958) an d  by  B . T . M . W illis, see foo tno te  i.

See reference 1. ,
• See reference 2,
<• See reference 3. - ,
• See reference 4 . 
t See reference 5,
• W . A. W ooster and  A. M . W ooster, J .  Sci. In s tr . 39, 103 (1962).
h H . A .  L evy  an d  W . R . Busing. 1962 (p riva te  com m unication), /
1 B, T . M . W illis, U .K .A .E .A . R epo rt R.3773 (1961),

ters, but in nearly all such instruments two separate 
functions must be provided for the setting of the crystal 
and detector for a particular Bragg reflection, and the 
measurement of the integrated intensity of that reflection. 
In the course of a single structure determination some 
thousands of reflections may have to be measured.

The crystal and detector require at least three degrees 
of rotational freedom, which may be shared between them 
in a variety of ways (Table I). In methods 2, 3, and 4 of 
Table I four axes are used but only three necessarily are 
independent.

The measurement of a reflection consists of moving the 
crystal through the reflecting range while a detector 
records the integrated intensity. Separate measurements 
must be made of the background intensity in the neighbor
hood of each reflection. The shielded BF3 counters used 

) as detectors in neutron work are heavy and bulky and it 
is, therefore, preferable to employ the three-circle arrange
ment in which the detector travels in one plane. An 
additional advantage of methods 3 and 4 is that both the 
Lorentz factor and the width of a Bragg reflection vary 
with the Bragg angle only.

n . THE DIFFRACTOMETER

The three-circle geometry is illustrated schematically 
in Fig. 1. The three circles are designated 4>, X, Q and the 
single crystal is mounted on a goniometer head attached

Fig. 1. Schematic diagram of crj'stal 
circles X, fi and detector circle 20.

X DcUcior  

Crytiaf

to the small circle 4>. The 4» circle rotates about the 
horizontal X axis, which is normal to the 4> axis, and the 
4>-X assembly rotates about the vertical Ü axis coincident 
with the detector axis 20. Figure 2 is a general view of the 
diffractometer and Fig. 3 shows the 4>-X assembly.

The diffractometer was designed to be used in either 
method 3 or method 4 of Table I. In method 3, the normal 
to the reflecting plane is brought into the X plane by using 
the 4> circle and into the horizontal plane by rotation about 
the X axis. The whole 4>-X assembly is rotated an amount • 
o) =  Okki, where 0 is the Bragg angle, from the position where- 
the X plane is perpendicular to the incident beam while 
the detector arm is rotated through Idhki from the 
“straight-through” position. The X plane always bisects 
the angle between the incident and reflected beams ; this 
“cone method” is also known as the symmetrical A setting.® '

F ig . 2. General view of diffractometer. The console behind contains 
the input tape-reader and shaft setting circuits.

® See Table I, footnote I.
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F ig . 3. View of 0-X assem bly showing the circular g ratings and  m otors. 
T h e  pickup head of the  ^  circle only is visible.

In the unsymmetrical C setting® (method 4) the X plane 
is at an arbitrary angle  ̂ to the normal of the reflecting 
plane. This angle  ̂ enters into the expressions used for 
computing the setting angles 0 , %, w and determines the 
azimuthal orientation 0 of the reflecting plane about its 
normal. A full 360® variation in 0 can be achieved by 
changing this azimuthal variation is important in 
correcting for systematic errors due to absorption, sec
ondary extinction, and double Bragg scattering. The 0 
and 20  axes of the Mark I diffractometer are normally 
geared together so that the detector moves through twice 
the angle turned through by the shaft; but for initial 
adjustments during the aligning procedure and for setting 
 ̂ the 0 shaft can be rotated independently of the detector 

arm.

T a b l e  II. Sequence for automatic operation.

Start

>Read in setting information

Set X, O, 2 0  shafts simultaneously

Measure reflection

-Have all reflections been measured? 

yes

Stop

The positions of all four shafts can be read visually;
and X are equipped with angle scales and verniers and 

Ü and 20  with optical scales. In addition, circular moiré 
fringe gratings and photoelectric pickup heads are pro
vided for 0, X, and Ü for automatic setting. The gratings 
for 0  and X and the pickup head for 4> can be seen in Fig. 
3 ; the Ü grating and its pickup head are mounted inside 
the main base of the instrument.

The circles are motor-driven via worms and worm wheels 
at speeds of about 2°/sec. Backlash in the gear trains is 
reduced to less than one unit increment by spring-loading 
the final gears. All circles are protected against over-travel 
by suitable limit switches.

For correct functioning of the machine it is essential, 
with the detector assembly (weighing up to 100 lb) in 
position, that the axes intersect at a point and remain 
perpendicular to one another.-The manufacturing toler
ances are such as to ensure that the axes intersect to 
within 0.1 mm and are perpendicular to within ± 1' of arc. 
Plain bearings are used to produce the necessary rigidity.

In the A setting the maximum Bragg angle attainable 
is the semiangle subtended at the crystal by the inside of 
the X circle. This is 55° in the present design. A higher 
limit could have been achieved by mounting the $  shaft 
in the center plane of the X circle, but this would have 
made it more difficult to mount a furnace or cryostat 
around the sample. The maximum Bragg angle available 
in the symmetrical B setting® (for which the circles cannot 
obstruct the neutron beams) is 75°. Full 360° rotation is 
possible on both and X shafts.

During the initial setting up of the sample its crystal
lographic axes must be aligned with respect to the X and 
Ü circles. This can be done by using the arcs’ of the goni
ometer head on which it is mounted. The crystal (4>) shaft, 
which has an axial adjustment of has a fitting suitable 
for a goniometer head as laid down by the Apparatus 
Commission of the International Union of Crystal
lography.'  ̂ The angular position of the goniometer head 
axis with respect to the zero mark of the $  circle must be 
adjustable ; for this reason the worm for the $  circle can 
be disengaged and the circle rotated by hand. The final 
adjustment can be made by setting the datum of the 
positioning circuits (see below).

in. AUTOMATIC OPERATION

The flow sheet in Table II illustrates the sequence 
followed in the automatic collection of intensity data. In 
the following subsections the various steps in this sequence 
are described in detail. We shall have occasion to refer to 
the various components of the apparatus, and these, 
together with their interconnections, are shown in block 
schematic form in Fig. 4.

’ Specification in Acta Cryst. 9, 376 (1956).
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F ig . 4. Block schem atic d ia
gram  of com plete assem bly.

| e HT  U n lt |

BF3 C o u n te r | >  [ H cod AmplHlcr |  M oin AmplHicr [ -> —['

- | R o U - m c tc r  

M tosu ring  S R e p e r fo ra to r

Com m ond

"[-»—[ H ead  A m plllicr[—»—| Moin AmpllfieTj—) — ^ M onitoring S 

- [ p o te -m e te r "I e h t

s tepp ing  M cchaniim

nm .e Storc~[ !■ —
C o n tro l

T o p e  R ead e r

Monuol C o n tro l ^

X - G r a t in g

Ï - M o to r

Ï - C ra t in g

S H A F T -S E T T IN G  UNIT

The three crystal shafts 4», X, 0 must be set individually 
to an accuracy of about 2'. The most convenient auto
matic shaft setting system which allows this precision to 
be achieved directly (i.e., without having to rely on the 
accuracy of a gear train) is based on the use of circular 
moiré fringe gratings. It is particularly advantageous that 
the moving part of the grating can be a ring with a hollow 
center. The setting circuits, which were constructed by 
Ferranti Ltd., are a modification of their standard machine- 
tool setting system.®

A. Read-In Sequence
The settings of the three shafts are worked out on a 

Ferranti Mercury computer, which is programmed to 
punch out the angles in the form shown in Table III. 
The tape also includes, for each reflection, a single-decimal 
digit number N which determines the number of times 
the reflection is to be measured, and a two-decimal digit 
number R which defines the scanning range.

This 5-hole punched tape in Ferranti Pegasus/Mercury 
code is read into the setting circuit on a Creed model 92 
tape reader and copied on a Creed model 75 teleprinter, 
which has a parallel input and is fitted with a reperforating 
attachment. The characters are read in and action is 
taken on recognition of the following code combinations :

“n” is the initiating symbol of the block of 24 characters 
containing the setting information for one reflection. Any 
code characters preceding “n” are simply copied from the 
input tape onto the output teleprinter ; the input tape can

thus contain the indices of the reflection and any other 
information needed in the subsequent processing of the 
output tape. During read-in a format check is applied.

X (letter-shift). Any information following this symbol 
is disregarded until the next figure-shift symbol has been 
read in.

—> (arrow). If this character appears after the character 
“n” the read-in sequence is halted and can only be re
started manually.

The next five characters, numbers 3-7 in Table III, are 
the five-decimal digit number, starting with the most 
significant digit, representing the absolute setting of the 
Ü shaft in multiples of 2'. These digits are decoded and 
stored on miniature uniselectors. Similarly the X and 0 
settings are read in and stored, checks being applied that 
“space” appears in the correct positions. The auxiliary 
digits N, Ri, R2 are also stored and used during the meas
uring sequence.

T a b l e  III. Setting information for one reflection.

* D . T . N . Williamson, Progr. in Automation 1, 127 (1960).

. Character
number Character Meaning

1 n Initiating symbol
2 space

3-7 (Oi Ci)2 W3 0)4 (Oi Absolute position of 0  shaft
8 space

Absolute position of X shaft9-13 Xl X2 XI X4 X5
14 space

Absolute position of $  shaft15-19 <I>1 <l>2 (pi ^4 <t>6
20 space
21 N Number of measuring cycles

22-23 RiRî
CR (carriage return)

Scanning range
24
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B. Shaft Setting

When all the setting information for one reflection is 
read in, the input tape is arrested and the output tele
printer is switched to the output of the measuring scaler. 
Analog circuitry, associated with the absolute position 
registers for the three shafts, now senses the direction of 
rotation required for each shaft to turn it from its existing 
to the desired position and the motors commence to drive 
simultaneously. Stationary photoelectric pickup heads 
associated with each shaft generate pulses as the moiré 
fringes pass them, one pulse being added to or subtracted 
from the five-decade reversible ring counter (absolute 
position register) for every 2'. For each shaft, when 
coincidence is detected between the number set up on the 
appropriate uniselector store and the current contents of 
the ring counter, the corresponding motor is arrested: a 
single-overshoot slow return system then brings the circle 
to the correct position within one unit increment of 2'. 
A ternary check system in the reversible ring counters 
ensures their correct functioning; in the case of a fault 
the sequence is interrupted, a fault light is lit, and the 
operator’s intervention is required to restart the equip
ment. All four shafts are thus set simultaneously, 2:1

Intensity

> Angk
C ry sta l s ta t io n a ry  during

I ___________ I2n[) R monitor counts
^  "  * Crystal moves I2R steps in positive

direction , each step corresponding 
to  n ,  m onitor counts

C ry s ta l s ta t io n a ry  during
. . .   I2nb R m onitor counts

^  C rystal moves I2R steps In negative 
d ire c tio n , each s tep  corresponding 

to  n* monitor countsPrint %2

Integrated Intensity -  ^

Data processing checks;  CO I* bjoibj ?
CO I» »l " »2 ?

(a)

Intensity

C rystal moves 3R steps in p o s itiv e \ 
d irec tio n ,e ac h  step corresponding

Prin t b i  to  n , monitor counts
C rystal moves 6R steps In positive 
d irec tio n ,e ac h  step  corresponding

to  n ,  monitor counts
Crystal moves 3R steps In positive 
d irec tion ,each  step corresponding

Print bo   i to  n ,  monitor coun ts /
'  Crystal moves I2R steps In negative 

d irec tion ,each  step corresponding 
j  to  Ok monitor counts

■Angle

Integrated Intensity =  ( s -  ^ |  + b;^).

Data processing checks : ( l )  I s  b |  Mbg ?

Cz) I s  s '-n b /n s - [s  + b |+ b 2} ?

(b )

Fig. 5. (a) Measurement of one reflection in mode A. (b) Meas
urement of one reflection in mode B.

T a b l e  IV. Flow sheet when stationary on background (mode A). 

Start

i .  . .Y --------------> Read in and store setting information

1
Set shafts simultaneously

Z --------------> Open gates of measuring and monitoring scalers

I  12nbR pulses into monitor 

Close gates of scalers

Print out first background (bi)

Reset scalers

i
Open gates of scalers 

1
 » Advance ratchet of Î2 shaft one step in positive direction

j  n, pulses into monitor
 Has ratchet advanced 12R steps?

jy e s  ■ ;
Close gates of scalers

1 ,
Print out results of first scan (si)

1 .
Reset scalers . :

i
Open gates of scalers

I  12nbR pulses into monitor 

Close gates of scalers

i
Print out second background (b%)

Reset scalers

I
Open gates of scalers

! . . .  .
  ̂ Advance ratchet of 0  shaft one step in negative direction

. j  n, pulses into monitor
Has ratchet advanced 12R steps?

i
Close gates of scalers

i
Print out results of second scan (s%) 

Reset scalers

i
Has reflection been measured N  times?

I  yes I  no ■ 

go to Y  go to Z



229 N E U T R O N  D I F F R A C T O M E T E R

gearing between the 0 shaft and the detector arm having 
positioned the 20 shaft correctly.

During the aligmnent procedure the zero point of each 
circle is determined by locating the peaks of one or more 
suitable reference reflections and then returning the circles 
to their zero points by rotating them through calculated 
angles. At this stage the ring counters are used simply as 
dilTerence indicators. When the datum points have been 
reached the ring counters are reset by pressing the appro
priate “Set Datum” push buttons. From then on the 
counters register the absolute positions of their circles 
relative to these datum points. If the equipment is switched 
off, the zero points are lost and have to be redetermined 
before proceeding with automatic operation.

C. Measuring Sequence
The reflection is now measured under the control of the 

measuring sequence controller. Figures 5(a) and 5(b) 
illustrate the two modes in which this can be done. In 
mode A the background is measured with the crystal 
stationary, as illustrated by Fig. 5(a) and the flow sheet 
of Table IV, and in mode B the background is measured 
with the crystal moving, as shown in Fig. 5(b). The 
appropriate mode for the problem in hand is selected by 
means of a key switch on the measuring sequence con
troller. The integrated intensity of the reflection, defined 
as the area under the curve relating diffracted intensity 
and crystal angle w, is shown shaded in Fig. 5, duly 
corrected for background.

In practice, since , the incident neutron intensity may 
vary, the direct beam is monitored by a low-efficiency 
fission chamber and the crystal is moved through the 
reflecting position in a number of steps. The crystal 
remains stationary between steps for a period determined 
by the accumulation of a preset number of counts in the

monitoring scaler. The stepping is effected by means of a 
solenoid-operated bidirectional ratchet mechanism.

The total number of steps across the reflection is under 
program control and is determined by the number R; its 
value is computed from an analytical expression giving 
the approximate width of the reflection as a function of its 
Bragg angle.®

The scaling ratios of the monitoring scaler can be 
altered between the measurement of the background and 
of the peak. They are determined by the values of Um and 
c (see Table V), which are set by means of decade hand- 
switches on the measuring sequence controller. In general, 
the value of Um will be chosen from considerations of the 
total time which it is desired to spend on each reflection 
and the value of c from the expected peak-to-background 
ratio. The various parameters under program or manual 
control are summarized in Table VI.

The operation of the measuring sequence control circuit 
is normally initiated by a contact closure in the shaft 

■ setting circuit which signals that all three shafts have been 
set. In this case the quantities N, R for each reflection are 
specified on the input tape. Alternatively, the sequence 
can be started manually when measuring a single reflection ;. 
N and R are then selected by means of decade hand- 
switches. The circuit of the measuring sequence controller 
provides the necessary gating, print-out, resetting, and 
synchronizing signals to the scalers ; in addition, by means 
of uniselector counters and relays, it times the different 
steps in the measuring sequence. During the measuring 
cycles the teleprinter is switched to the output of the 
measuring scaler so as to record the intensities of the peak 
and background. At the end of the specified number of 
cycles N, the teleprinter is switched back to the input 
channel and a contact closure restarts the input tape, 
reader.

T a b l e  V. Setting and measuring parameters.

Parameter Form Meaning Units
On punched 

tape? Under manual control

w 5 decimal digits Absolute position of Û circle 2 ' yes Decade switches on 
shaft-setting console .

X 5 decimal digits Absolute position of X circle T yes Decade switches on 
shaft-setting console

5 decimal digits Absolute position of $  circle 2' yes Decade switches on 
shaft-setting console

N 1 decimal digit Number of measuring cycles yes Hand switch on 
measuring sequence controller

R 2  decimal digits Stepping range & yes Hand switch on 
measuring sequence controller

Urn 2  decimal digits'] Hm and c determine scaling 
rate of monitoring scaler:

6 ' no Decade switch on 
monitoring scaler

c 1 decimal digit [ on background n s=  lOnm 
and on peak n,=clOnm.

no Decade switch on 
monitoring scaler

’ B. T . M. Willis, Acta Cryst. 13, 763 (1960).
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T a b l e  VI. l'ormat of printout of measured intensities.

230

CR LK six dibits SP
(background on left of peak) (scan from left to right) -(backgrounTon right of peak) (scan ta ra  right'to left)

SP six digits SP SP six digits SP SP six digits

D. Monitoring Scaler
A block diagram of the monitoring scaler is shown in 

Fig. 6. The input stage consists of four hard-valve flip- 
flops with feedback to produce a scale of ten; subsequent 
stages are 4-kc Dckatron selector tubes driven by double- 
triode pulse-shaping circuits.

E. Measuring Scaler
The solid-state measuring scaler is a standard digital 

microsecond chronometer/counter (Venner type TSA 
3336), together with a modified reperforator unit (Venner 
type TSA 101). The latter translates the binary-coded 
decimal input from the counter decades into 5-bit Ferranti 
Pegasus/Mercury code and presents this in serial form, 
together with lay-out symbols, to the 5-wire input tele
printer, to produce the format shown in Table VI. The 
solid-state sampling ring circuit is synchronized at 11| 
characters/sec by timing contacts on the teleprinter.

The measuring scaler is reset automatically after each, 
print out, but for test purposes the displayed count can be 
held until manually canceled. Appropriate synchronizing 
signals are supplied by the reperforator control unit to 
the measuring sequence controller, so that the latter can 
initiate a new count only after the previous one has been 
printed out.

Rc»ct Line

From F lu lon - 
CtMRibcr Chain Sclccl

Digit.

Btloy

Input Decode 
(2 0 0  kc/i)

Thyrolron Firei

On* Pull* After On* Puli* Aftdf
nb Count# n* Count#

I >  To M tciurlng <------ (
Seguenc* Controller

Fig, 6. Block schematic diagram of monitoring scaler.

.F. Counting Chains

The remaining circuits in both measuring and monitoring 
counting chains are conventional A.E.R.E. 1000 series 
units.

The detector in the measuring chain is a BFa counter 
and in the monitoring chain a fission chamber.

The diffractometer described in this paper is the fore
runner of a more versatile instrument at present under 
development. by Ferranti Ltd. in collaboration with 
U.K.A.E.A. The principal changes introduced in the new 
design are :

(1) Provision of an “order code,” covering the complete 
range of operations used in any scattering experiment. 
These Operations are programmed as instructions or orders 
on the input data tape. Any conceivable elastic or inelastic 
scattering measurements can thus be programmed for 
automatic control.

(2) Q and 20 shafts are set independently.
(3) The shaft-setting is carried out sequentially by 

means of a common control unit. This same unit can be 
used to control several diffractometers.
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The principal feature in the design of this installation is the 
provision of an order code allowing a large range of scattering _ 
experiments to be carried out under automatic control. I t is 
possible to set up to sixteen shafts, which are shared between

a number of independent instruments. The standard instru
m ent is a four-circle diffractometer, whose main features are 
briefly described..

1. Introduction
The techniques used for the collection of three- 

dimensional structure-factor data have been dis
cussed earlier^). I t  was shown that a convenient' 
way of collecting data automatically is by means of 
a three-circle diffractometer, which permits rota
tion of the crystal about the three Eulerian axes 
X  and Q] the detector rotates about the 20 axis, 
geared to move through twice the angle of the 
^2-axis. Such an instruihent has to carry out two 
distinct functions : the setting of the three crystal 
axes and of the coupled detector axis to pre
computed positions for each reflexion, and the 
actual measurement of tha t reflexion. The meas
urement involves the determination of the back
ground on each side of the Bragg peak and the total 
intensity across the peak, recorded by stepping the 
crystal through the reflecting range.

This automatic instrument (described in ref.^) 
and known as the Mark I diffractometer) allows the 
collection of three-dimensional data with much 
greater speed and convenience than a manually 
operated diffractometer, but there is a need for a 
more flexible system, designed to permit a  variety 
of scattering experiments, including routine struc
ture-factor measurements, to be carried out under 
automatic control. Such a system (Mark II) is

* Work performed under the auspices of the UKAEA. 
Research Group, Harwell.

described in this paper. The installation will not be 
fully operational until late 1963 but a description of 
its principal design features 'at this stage m ay be of 
interest.

2. Special Design Considerations
2.1. MEASUREMENT OF HIGH-ANGLE REFLEXIO N S  

In  the cone-method^) of setting, the maximum
Bragg angle a t which a reflexion can be measured is 
the semi-angle subtended by the inside of the X -  
circle a t the crystal. To measure reflexions a t 
higher angles the unsymmetrical C-setting^*'^) must 
be used in which the plane of the A-circle no longer 
bisects the angle between the incident and diffrac
ted beams. In  this method the Ü and 20-axes must 
not be geared together, as in the earlier instrument, 
bu t must be capable of being set independently 
under programme control.

2.2. CORRECTION FOR ABSORPTION, EXTINCTION  
AND DOUBLE BRAGG SCATTERING

. Bragg's law allows the crystal at the reflecting 
position to have one degree of freedom, tha t of rota- 
tioii^ about the scattering vector. The intensity

1) U. W. Arndt'and B. T. M. W illis, Rev. Sci. Instr. 34 (1963) 
224. ;

T. C. Furnas and D. Harker, Rev. Sci. Instr. 26 (1955) 449. 
») B. T. M. Willis, Brit. J. Appl. Phys. 13 (1962) 548.
*) W. A. W ooster and A. M. Wooster, J. Sci. Instr. 39 (1962) 

103.

1 55
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diffracted by a non-absorbing, ideally imperfect 
cr}^tal is independent of this azimuthal angle. How
ever, in the presence of absorption or extinction or 
both, rotation of a nbn-spherical crystal varies the 
path-length of radiation through the crystal and 
causes a variation in intensity. A study of this va
riation with azimuthal angle permits an experi
mental correction for absorption and extinction^).
■ Double Bragg scattering can occur whenever a 
• second reciprocal lattice point lies on the sphere of 
reflexion®) ; rotation of the crystal about the scat
tering vector allows the first reciprocal lattice point 
to remain on the surface of the sphere while all 
other points may ‘pass through this surface. The 
presence of double Bragg scattering pray often in
troduce unknown errors into intensity measure
ments, especially in neutron diffraction where the 
wavelength spread and depth of penetration of the 
incident beam are larger than for X-rays’̂ ). This 
phenomenon also can be studied by varying the 
azimuthal angle, and can be readily distinguished 
from absorption or extinction effects which give 
only a slow variation of intensity with azimuth.

The rotation about the scattering vector can be 
resolved into component rotations about the 0, 
X  and 0-axes. The search for systematic errors is 
thus greatly facilitated by automatic registration 
of the diffracted intensity after programmed rota
tions about the three crystal axes. Again this re
quires that the Q- and 20-axes are set Inde-, 
pendently.

cided to design .the new diffractometer for operation 
both with and without goniometer arcs by incor
porating an axial adjustm ent of one inch on the 0  

-shaft. In  principle, the initial setting of a crystal 
can be made completely automatic if the rotation 
of the crystal shafts is controlled by a computer- 
capable of receiving current, information of the 
scattered intensity.

2.4. USE OF ANALYSING CRYSTAL

In neutron diffraction it is often advantageous to 
place an analysing crystal between the sample and 
detector. I t  is then possible .to separate the elastic 
and inelastic components of scattering; thus the 
Bragg réflexions can be measured in the absence of 
phonon scattering, which can cause errors of 20%. 
or more in the measured intensities®), or alterna
tively the frequency/wavelength relationship of the 
normal modes of vibration can be investigated®) by

ARCS

an aly serSAMPLE

— e
INCIDENT^
BEAM /

Fig. 1 . Sketch of six  circles: three for the sample, two for the  
analyser and one for the detector.

2.3. MOUNTING OF CRYSTAL W ITHOUT GONIOMETER 
HEAD

The normal method of mounting a crystal on a 
goniometer head, consisting of two arcs a t right- 
angles and a pair of cross-slides, is convenient in 
tha t it allows an aligned crystal to be transferred 
from one instrument to another, e.g. from an opti
cal goniometer to a diffractometer. On the other 
hand, the  goniometer head necessarily offers some 
obstruction to the incident and diffracted beams 
and complicates the mounting of a furnace or 
cryostat around the specimen. (The three crystal 
shafts of the diffractometer already offer complete 
rotational freedom of the crystal and the goniometer 
arcs are strictly unnecessary.) I t  was therefore de

examining the neutrons scattered inelastically. For 
experiments of this type it is necessary under auto
matic operation to have the rotation of the analy
sing crystal and detector brought under programme 
control. Fig. 1 is a diagram of six possible axes to 
be controlled; three for the sample [0 , X , Q), two 
for the analyser and analyser arm (A, B) and one 
for the detector arm (20). '

B. T. M. Willis, Proceedings of Conference on "Pile 
Neutron Research in Physics” (International Atomic Energy 
Agency, Vienna 1962), p. 455.

®) M. Renninger, Z. phys. 106(193 7) 141. 
q B. T. M. Willis, UKAEA Report R3959 (1962).
®) N . Nilsson, Arkiv. for Fysik 12 (1957) 247.
®) B. N. Brockhouse, Proceedings of Conference on "In

elastic scattering in solids and liquids” (International Atomic 
Energy Agency, Vienna, 1962).
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2.5. PROVISION OF SPECIAL FACILITIES

In some scattering experiments it may be ncces^ 
saiy  to carry but measurements, over a range of 
temperatures, in others in the presence or absence 
of magnetic fields. For completely automatic opera
tion the temperature of the sample, the strength 
and orientation of a magnetic field etc., will be 
unjder programme control.

2.6. ON-LINE CONTROL B Y  A COMPUTER

The operation of the earlier instrument^) is 
necessarily of the open-loop type. A punched paper 
tape is prepared on an external digital computer, 
which computes, for instance, the crystal settings 

^from the cell dimensions of the crystal. The diffrac
tometer then carries out its programme of measure
ments under the control of this setting tape and 
records its output both in printed form and on a 
second output punched tape. When all the meas
urements have been made they are analysed by an 
external computer. From the results of this analysis 
a new setting tape can be prepared which, for 
example, may instruct the diffractometer to repeat 
the measurement of weak reflexions using longer 
counting times.

Clearly the complete process of measuring re
flexions ■ to a given statistical accuracy can be 
carried out more rapidly if the output of the diffrac
tometer is coupled directly into the input of a digital 
computer. The computer can make, any necessary 
decisions as to remeasurement under, different con
ditions or correcting the crystal setting before 

''moving to the next reflexion. W ith modern com
puters the time to make such decisions is very small 
compared with the time necessary to accumulate 
statistically significant neutron counts on which to 
base such decisions. I t  thus seems desirable that the 
computer control of a diffractometer should be 
carried out by a time-sharing computer, only one of 
whose tasks is the control of one particular instxu- 
•ment.' While the actual computing time spent on 
problems of control would be very short, a con
siderable amount of storage capacity would be used 
in storing the sub-routines for dealing with the 
various operational contingencies. For on-line 
control a small or medium-size ■ computer would 
therefore be uneconomical. Only a large time

sharing computer possesses the organisation in its 
differing access-time stores to make th is approach • 
attractive, and à pilot investigation into the on-line 
control of an automatic X-ray diffractometer is at 
present in progress at Manchester University using 
the MUSE computer, the prototype of the Ferranti 
ATLAS computer^®).

During the design of the present installation it 
was felt th a t experience was insufficient to warrant 
exclusive on-line operation ah initio using the 
Harwell ATLAS computer. I t  must be remembered 
that neutron scattering experiments normally re
quire much longer tim es. than do corresponding 
X-ray investigations, so th a t longer periods of con
tinuous trbuble-free operation of the computer 
would be needed. However, the possibility of on
line control of the installation at a later date was 
borne in mind.

2.7. MULTI-CHANNEL OPERATION

The collimator system for the installation provi
des either two or four monochromatic neutron 
beams originating from a single horizontal hole of 
the PLUTO reactor. [The arrangement is the same, 
in principle, as that already desdribed^^), for the 
DIDO reactor.] Experimental space near the reac
tor is very restricted and so the pleasuring and 
control circuits must be as compact as possible. 
Saving in both space and cost can be effected by 
time-sharing some of the control circuits between 
the various diffractometer channels. This sharing is 
all the more feasible in tha t for any one diffracto
meter the time taken to read in  and decode the 
setting tape and to set the crystal and detector is 
small compared with the measuring time.'

2.8. fl ex ib il it y

Neutron crystallography is an expanding field, 
and it is difficult to foresee all the types of measure
ment which will be needed. There is only the cer
ta in ty  that they will entail the setting of a crystal 
and ' detector and the actual process of counting, 
possibly accompanied by slow movement of one or 
more shafts. The ideal installation must be flexible, 
to allow for future developments and demands.

K. Bowden, D. Edwards and O. S.* Mills, private 
communication (1962).

11) B. T. M. Willis, J. Soi. Instr. 39 (1962) 590.
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2.9. PRINCIPAL DESIGN FEATURES

The principal requirements of thé installation can 
now be given :

(i) Provision for setting, under programme tape 
control a number of independent axes, up to six per 
instrument.

(ii) Provision for energising, under programme 
control, a number of-solenoids for the performance 
of special functions.

(iii) Possibility of either off-line or on-line opera
tion in conjunction with a digital computer.

(iv) Provision for controlling simultaneously 
several diffractometers. i

(v) Maximum flexibility in the choice of sub
routines and the subsequent possibility of con
trolling instruments of different mechanical design 
from the four-circle diffractometer described in the 
next section.

3. The Four-Circle Diffractometer
This has been designed to allow rotation of the 

crystal about the three Eulerian axes X  and Ü 
and of the detector about the vertical 20  axis, 
concentric with Q. All four axes are independent 
and the crystal is normally, but not necessarily, 
mounted on a standard goniometer head. The de
tector arm is in two parts so tha t the detector 
bracket alone can be readily interchanged with a 
second bracket supporting both an analysing crystal 
and detector. The appearance and dimensions of 
this instrument are very similar to those in the 
earlier instrument^). The main differences are as 
follows :

(i) There is no 2:1 gearing between 20  and Q.
(ii) All four shafts are fitted with dc motors, each 

with its own tachogenerator. The circles are pro
vided with moiré fringe gratings and photo-electric 
pick-up heads for positioning. Each circular grating 
contains 3600 lines so that, with a unit of increment 
of one-tenth of a fringe, the accuracy of setting is 
yfo® on each circle.’ A datum  reference mark must 
be fitted on each circle, as the positioning system is 
incremental rather than absolute (§4). The datum 
mark of the (P-circle can be adjusted to coincide 
with a chosen crystal axis. The positions of the 
datum  marks are sensed by means of a second pick
up head on each circle.

(iii) The setting motors themselves can be used to 
provide stepwise rotation of the shafts ; thus, in 
particular, there is no special stepping mechanism 
on the i2-shaft.

(iv) A very strong main bearing incorporating 
tapered roller races is provided on the 2 0  shaft to 
permit the attachm ent of a detector arm carrying 
an analysing crystal.

Fig. 2. Perspective view

1. Main pickup head on 20- 
circle.

2 . 2 0 -grating.
3. Spring to eliminate backlash 

in 2 0 -drive.
4. Motor and tachogenerator 

on 20 -circle.
5. 20-worm wheel.
6 . Hollow 20-shaft for detector 

arm.
7. Bracket for detector arm.

of base of diffractometer.

8 . 12-hand wheel.
9 .12-grating.

10. Reference pick-up head on 
2 0 -circle.

11. Main pick-up head on 
12-circle.

1 2 . 2 0 -hand wheel. -
13. Removable front panel 

carrying control switches 
and sockets,

14. Clamping ring for 0 / X  
assembly.

Perspective views of the base of the instrument 
and of the 0  — X  assembly are shown in figs. 2 and
3. The most im portant parts are labelled.

4. Circuits
The overall arrangement of the circuits is shown 

in fig. 4. The main components of this block 
schematic diagram are briefly described in this 
section. *
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Fig. 3. The (PjX  assembly.

1 . Counterbalance of 0 -  
assembly.

2. Motor and tachogenerator 
on AT-circle.

3. Main pick-up head on ' * 
%-circlc.

4. %-grating.
5. X  spur gear wheel.
6 . AT-micrometer head.
7. Lim it switches on %-circle.
8 . Reference pick-up head on 

%-circle.
9. Specimen. ,

10. Goniometer head.
1 1 . Main pick-up head on 

(Z>-circle.
1 2 . 0 -grating.
13. Motor and tachogenerator 

on 0 -circle.
14. 0  worm wheel.
15. Reference pick-up head on 

0 -circle.
16. 0  hand wheel.
17. Radial adjustm ent of 
pick-up head.

TA-PE-
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T A P E -
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d
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PR IN TE R

T A P E - T EL E 
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2 2

T A P E - TELE
READE R P R IN T E R

3 3  .

d
T E L E 

P R I N T E R4-

\

_ r
R E A D - O U T

SCALER2
COUN TING

CH AIN

MEASURING 
SEQ UENCE  

CCT. 3

lO® VARIABLE 
RATIO SCALER

r READ- OUT  
S C A L ER

COUNTING
CHAIN

3

MEASURING 
SEQUENCE  

CCT. 4.

lO® VARIABLE 
RATIO SCALER

RE A D - O U T
S C A L E R4.

COUNTING
CHAIN

2 0  SPECIAL  
FUNCTION  
RELAYS

o r d e r -  d e c o d e r  
C O N T R O L  CCT.

INCREMENTAL 
SHAFT-SETTING 

CCT. 

CONTROLLING 
UP TO 16 

SHAFTS  

SEQUENTIALLY

MEASURING lO* VARIABLE MONITORING
SEQUENCE RATIO SCALER COUNTING 

CHAIN 2CCT. 2
^  1 .

MEASURING 
SEQUENCE 

CCT. I

r
lO® VARIABLE 
RATIO SCALER

RE A D -O U T
SCALER

COUNTING
C H A I N

J

MONITORING 
COUNTING  

CHAIN I

m o n i t o r i n g
COUNTING  

CHAIN  3

MONITORING  
COUNTING 
CHAIN A

16 S H A F T S  
WITH 

G R A T I N G S  

AND 
PICK -  UP  

H E A D S

FI SSI O N  
CHAMBER I

DETECTOR I

FISSIO N  
CHAMBER 2

DETEC TOR 2

F I S S I O N  
c h a m b e r  3

DETECTOR 3

FI SSIO N  
CHAMBER A

DETECTOR 4

Fig. 4. Block schematic diagram of complete installation. Each counting chain consists of a pre-amplifier mounted 
adjacent to the detector, a main amplifier, a discriminator, a high-tension supply and a rate-meter.
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4.L IN PU T CIRCUIT

The standard input circuit for each channel 
consists of a tape-reader reading 5-hole tape in the 
Ferranti PEGASUS/MERCURY code. Its output is 
read into a teleprinter arranged for five-wire pa
rallel input and fitted with a  reperforating attach
ment, keyboard and transm itting contacts. The 
output from the transm itting contacts is fed into a 
solid-state decoding circuit. All input information, 
therefore, is monitored by the teleprinter; during 
the initial setting-up procedure, and for testing 
purposes, the keyboard of the teleprinter can be 
used as an alternative input device.

The clock pulses for the, solid-state routing 
circuits, which distribute the decoded signals to 
appropriate staticizers, are taken from the syn
chronising contacts of the teleprinter. These 
circuits, ‘however, will function at a much higher 
clock frequency than the sjmchronous speed of 11^ 
characters per second of the teleprinter, so that 
faster tape-readers can be substituted a t will.

4.2. M EASURING SCALER

The scattered neutrons in  each channel are de
tected by a neutron detector, whose output pulses 
are counted by a solid-state six-decade ring scaler. 
The output from the scaler is recorded sequentially, 
most significant digit first, by  the teleprinter ap
propriate to tha t channel, and here, too, a faster 
output device m ay be substituted. The scaler is 

• gated by signals from the main control circuit; 
closing of the counting gate initiates a print-out 
followed by re-setting of the scaler.

4.3. MONITORING SCALER

Clock pulses for the timing of individual counts 
and of steps during the scan across a reflexion are 
derived from a monitoring fission chamber via a 
scaler with a  scaling ratio of up to 10^. The scaling 
ratio is under programme control and is specified in 
the measuring orders (§5).

In  certain problems it is desirable to time a pre
set number of counts instead of counting for a 
pre-set time. For such cases the variable-ratio 
scaler is connected in the measuring chain and the 
read-out scaler in the monitoring chain.

4.4. OTHER COUNTING CIRCUITS

The ■ remaining, circuits in the ‘ measuring and 
monitoring chains are conventional AERE 2000 
series circuits. I t  is hoped to replace these at a later 
date by compact fully transistorised units.

4.5. POSITIONING CIRCUITS

Tn the earlier instrument^)' these consist of three 
absolute positioning circuits, one for each in
dependent axis, capable of setting the diffracto
meter shafts simultaneously.- The absolute position 
of each shaft is continuously stored on its own 
reversible decimal counter, and the setting infor
mation, read-in from punched tape, is the absolute 
position to which the shaft must move. Each new 
setting is stored on uniselectors and analogue cir
cuitry derives an "error signal”, as regards both 
sign and magnitude, from a* comparison of the 
existing and the new absolute positions ; the motor 
then turns the shaft in the appropriate direction 
until the error signal is zero.

This method ceases to be economical when a 
larger number of shafts has to be set, especially 

■ when the shafts are not all necessarily used in 
different experiments. I t  is then preferable to use 
an incremental system of setting, where the signed 
increment for the new setting is specified for each 
shaft in  tu rn  and the arrival a t the correct position 
is determined by a count-down to zero. The in
cremental system has been adopted in tfie present 
installation. Advantage is taken of the high speeds 
obtainable with moiré fringe method by having a 
setting speed of 10° per second on 0 , X  and Q and 
20° per second on 20 . These are reduced to creep 
speed when the circles are within 1° of the desired 
position.

Sequential setting requires the clamping of each 
circle after setting. This is achieved by providing 
registers with a capacity of five digits (correspond
ing to 0.05 degrees of arc), which remain coupled to 
dheir setting motor servo-circuits during the,d is
engagement of these circuits from the main in
cremental register.. A small departure of a shaft 
from its desired position through vibration or 
gravity is thus corrected by its own live servo- 
circuit.

Another consequence of the adoption of an in
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cremental system of setting is the need for an ab
solute datum  point for each shaft. After a numbef 
of settings for one shaft have been carried out the 
shaft is returned to this datum  point for checking 
purposes and to prevent the cumulative effects of 
small errors which individually can amount 
to 0.01°. Such a return to datum is readily 
acoomplished by means of the x 05 order (see 
below).

5. The Order Code
W ith the incremental setting method.it is logical 

to ,supply the setting instruction for a particular 
shaft in the form of an order having the following 
four parts : •

(i) Initiating symbol, indicating th a t the code 
groups immediately following represent, a setting 
instruction.

(ii) Address of the shaft to be set.
Table 1 

The order code

Order Function Address Contents,

xOI set shaft position any one of 16 shafts • ±  5 decimal digit number of units
,

X 02 set 13-shaft and 20 shaft simultane
ously at twice the speed of 13 any one of four 13-shafts ±  5 decimal digit number of units

X 03 set special function relay any one of 20 relays .

X 04 reset special function relay any one of 20 relays

X 05 set shaft by specified amount to bring 
it back to datum; print error (±);  
set fault register if error exceeds ±  

disengage channel after two 
faults unless fault count override key 
is on

any one of 16 shafts 5 decimal digit number of units

X 06 disengage . any one of 4 channels

x07 . return to starting point of scan speci
fied in preceding x 11, x 12, x 21 or 
X 22 order

any one of 16 shafts

X 11 

x l2  ,

carry out measuring scan with one 
shaft moving in steps, each step timed • 
by output of monitoring scaler; at 
end of scan print ■ out and reset 
measuring scaler

As for X 11 but with 20 moving 
through steps of twice size as for 13

any one of 16 shafts 

any one of four 13-shafts

±  or *; 2 digits (plus necessary number 
of significant zeros) specifying monitor 
counter ratio; 3 digits specifying num
ber of steps; 1 digit p  specifying the 
step size 2î»/100°, where p =  0 to 6. 
The direction of the scan is specified by 
the sign ±  ; if the sign digit Is * (in 
5-hole code), measurement- is made 
without movement 
as for X 11

. •

X 21 as for X 11 but with print-out and 
scaler reset after each step

as for X 11 as for X 11

• X 22 as for X 21 but with 20 moving 
through steps of twice the size as for 
Q  ,

any one of four ^-shafts as for X 11

L c lte r  s f ii/i: After this character is read all succeeding characters are ignored until the n ext,''figure-shift" is received. If "letter- 
shift” occurs in the middle of an order the preceding codes are erased. (This is used in correcting orders set up on the keyboard.)

;> character : If a limit-switch on any circle is operated during the programme, the tape is searched until the riext %> character 
is found. This character normally precedes x  05, the order for returning to datum, and appears with x  05 at regular intervals 
in the programme tape.

-> character \ This provides a conditional disengage signal when the stop/run key is set at stop. I t  is used in programme testing.
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(iii) Signed increment representing the new 
setting.

(iv) Terminating symbol.
The form of this instruction was extended 

' into an order code to cover all the possible 
operations carried out during an experiment, 
including measurement instructions in addition 
to those for shaft-setting. This order code is listed 
in table 1.
. I t  will be noticed that the initiating symbol has 
been expanded into three code groups ; the first code 
is always the symbol x which is the initiating sym
bol proper and the next two symbols indicate the 
type of instruction following.

The fourth and fifth symbols indicate the address. 
This can be any of the shafts or special function 
switching relays referred to in §2.5.

The installation has provision for setting up to 
sixteen shafts, any of which can be allocated to one 
of four diffractometers by suitable plugging of an 
internal patchboard. The tw enty special function 
relays can be similarly allocated. Each instrument 
has its own input channel and interlocking prevents 
the faulty addressing of a particular shaft no tallo- 
cated to a  given channel. The form of the patch
board is such that a relative method of addressing is 
possible. Thus in a given experiment an x 01 
order addressed to shaft number 01 via input 
channel number one m ay result in the setting of the 
^2-shaft of the first diffractometer. The same order 
read-in .on the second input channel will set the 
f2-shaft of the second diffractometer. For another 
experiments six shafts, together with their motor 
servo-circuits and pulse inputs from the pick-up 
heads, may be allocated to the first channel by 
suitable plugging; an X 01 order addressed via 
channel 1 to shaft number 05 will now utilise the 
same circuits as were energised by the x 01 01 
order on channel 2 in the first experiment. The 
patchboards thus make possible the running of a 
given programme tape on any channel without 
having to prepare a new tape which has a different 
set of addresses.
. The contents of the orders are sufficiently ex
plained in the Table. Each order is terminated by a 
character which m ay be either "comma* or "full- 
stop” . These two characters permit a certain degree

of priority to be assigned in the time-sharing during 
multi-channel operation.

After an order term inating in "comma” the next 
order is taken from the same input channel, but 
after an order term inating in "full-stop” the other 
input channels are scanned in turn to find the next 
channel waiting for a new order. Orders for shaft- 
setting, which are obeyed quickly, are normally 

, term inated by "comma** whereas measuring-se- 
■ quence orders are term inated by "full-stop**.

In  addition to the main orders a few special 
characters are employed which are also explained 
in table 1. .

6. Execution of Orders
The orders in the order code fall into two classes. 

In  the first class orders are executed instantaneous
ly (energising of the special-fuhction solenoids) or 
in only a few seconds (setting of a shaft). The second 
class includes the measuring instructions • which 
m ay take 10 min or more to execute. The two types 
of order are dealt with in different ways so as to 

. permit maximum speed of operation in a multi
channel installation. After the first kind of order is 
read-in on a particular input channel, no further 
order can be read-in on any of the^ other input 
channels until the signal, signifying execution of the 
instruction has been received. On the other hand, a 
measuring order does not make use of the input 
decoder or of the main increment- store, so that 
after the order-has been initiated the corresponding 
channel is disengaged and the main control unit is 
free to read-in another order on one of the other 
input channels. '

When an order referring to a particular channel 
has been executed an interrupt relay is set for that 
channel; A further order is then read-in as soon as 
that channel is reached in the scanning of the inputs 
which follows disengagement of the input circuitry.

Any channel can be disengaged either by a special 
^^ 06 order, or by a fault occurring in that channel, 
or by reaching the end of the input tape. After 
disengagement of an input channel it is omitted 
from the scan of the input channels determining the 
provenance of the next order; re-engagement is 
then only possible by  the manual intervention of 
the operator.
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7. A Programme Example
As an illustration we will assume that all four 

channels of the installation are occupied by identi
cal four-circle diffractometers and that these are all 

■ making measurements according to the flow-sheet 
of table 2.

T a b l e  2 .
Flow-sheet for one diffractiometer

set 13-shaft 
:  ■ 

set 2 0 -shaft

set A'-shaft 
■  ̂

set 0 -shaft 

> • :' measure background on one side of Bragg reflexion
4-

measure intensity across the peak using 13-scan
• i  ■

measure background on other side of reflexion 

proceed to next reflexion

The part of the programme dealing with this 
sequence will be identical for all four channels.

8. Manual Setting
For alignment purposes variable speed manual 

controls are provided for dll diffractometer shafts. 
These can be operated only when a particular in
strum ent is disengaged. Counting-rdte meters are 
provided for observing the diffracted intensity 
during manual setting. The 0-shaft alone can be un
dam ped and rapidly spun by hand during align
ment, and the absolute positions of each shaft can 
be read visually on scalers or dials engraved in both 
senses of rotation.

9. On-Line Control
The execution of an  order is signalled to the 

input circuit which, if not otherwise engaged, 
accepts the next order before further action is pos
sible. This is in contrast with the earlier instru
ment^) where completion of the setting operation 
automatically leads to the initiation of a measuring 
routine. The present method of operation greatly 
facilitates closed-loop operation in which the 
diffractometer communicates with the digital 
computer through the following connexions only:

T a b l e  3
Sequence of order execution

Channel 1 2 3 4

X 0101 . . . .
1

X 01 02 . . . ,

X 01 03 . . . .

xOl 04 . . . ,
:

X 11 01* . . .  . —

X 01 01 . . . ,
4

xOl 02 . . . .
4’

xOl 03 . . . .
4

X 0104 . . . .
4

X 11 0 1 * . . . .  —

->■
xOl 01 . . . ,

4
X  01 02 . . . .

4
X  01 03 . . . ,

4
X  01 04 . . . .

4
X 11 01*______

xOl 01
4

xOl 02
4

xOl 03
4

X  01 04
4

x l l  01*

X  1 1 01 . . . . — >• X  1 1 01 - j -  .  . . . —— >  X  11 01 “I- . . .  . —- > x  11 01 -I-
1

■
X  11 01* . . . . — >• X  11 01* : . . .  ■ > X  11 01* . . . . — > x  11 0 1 *

1
• i

X 01  01  . . .  , etc.

assuming tha t the patchboard has been plugged (i) Five-wire line from the computer output to the 
appropriately for allocating the shaft addresses, 'diffractometer input, used for conveying orders to  
The sequence in which the orders will probably be the diffractometer. •
obeyed is indicated in table 3. . (ii) Five-wire line from the diffractometer output
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to the computer input, used for transm itting nume
rical results to the computer.

(iii) Single-wire line from the diffractometer to 
the computer, used for signalling to the computer 
the execution of an order and readiness to accept 
further instructions. This signal can be used to set 
an interrupt in a controlling com puter, which 
operates in a time-sharing fashion.

The design described here make provision for a 
wide range of scattering experiments. The same 
control and measuring circuitry can be used with 
different instruments, although only one kind of 
instrument, à four circle diffractometer, has been 
designed so far. For other instrum ents it is only 
necessary th a t they "look like” combinations of 
rotating shafts, solenoids with back contacts, and 
digital counters. The control of tem perature or 
magnetic field measurements is not excluded if 
suitable transducers and analogue-to-digital con
verters are employed.
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P in o a poco tempo f a  q u a s i t u t t e  l e  d e te r m in a z io n i d i  s t r u t -  

tu r e  c r i s t a l l i n e  con  i  r a g g i X fu ron o  com piute usando m etodi f o t o -  

g r a f i c i .  Sebbene l a  m aggior p a r te  d e l l e  s t r u t t u r e  c r i s t a l l i n e  s i a  

an cora  r i s o l t a  usando d a t i  f o t o g r a f i c i ,  q u e s t i  u l t im i  an n i sono  

s t a t i  t e s t im o n i d i  p ro fo n d i cam biam enti d e l l e  t e c n ic h e  sp er im e n ta -  

l i  in  s e g u it o  a l l ' in t r o d u z io n e  d i d i f f r a t t o m e t r i  a c r i s t a l l o  s i n -  

g o lo  e a l l ' autom azione d e l  lo r o  c o n t r o l l o .  Q u esti cam biam enti, i n -  

s i  eme con  i  p r o g r e s s i  n e l i e  t e c n ic h e  d i c a l c o lo  c r i s t a l l o g r a f i c o , 

p reannunciano un n e t to  aumento s i a  q u e m tita t iv o  ch e q u a l i t a t iv e  d e l  

fu tu r e  la v o r o  c r i s t a l l o g r a f i c o .

In  q u e sta  c o n fer en za  v e r r à  t r a t t e g g ia t o  lo  sv ilu p p o  d e l l e  t e c 

n ic h e  u s a te  p er misu ra re  l e  in t e n s i t à  d i f f r a t t e  e  v e r r à  d a te  un bre

ve sguardo g e n e r a le  a l  campo d e l la  d i f f r a t t o m e t r ia  con  c r i s t a l l o  

s in g o lo .  M o lti p u n t i ,  in t r o d o t t i  o ra , verran no s p ie g a t i  p iù  com p le- 

tam ente in  co n fe r e n z e  s u c c e s s iv e .

1 . Breve s t o r ia  d e l l e  t e c n ic h e  u s a te  n e l la  d i f f r a z io n e  d e i r a g g i X 

per la  m isura d e l l e  in t e n s i t à  d e l l e  r i f l e s s i o n i  d i Bragg.

La prima f ig u r a  d i  d i f f r a z io n e  o t te n u ta  da un c r i s t a l l o ,  i l  

s o l f a t o  d i rame, fu  r e g i s t r a t a  su  l a s t r a  f o t o g r a f i c a  (F r ie d r ic h ,  

S n ip p in g  e Laue, 1 9 1 2 ) . Poco dopo lo  sp e ttr o m e tro  a io n iz z a z io n e  

( Bragg e  B r a g g ,1913) fu  u s a to  s i a  p er m isu rare l e  lu n gh ezze  d 'onda  

n e g l i  s p e t t r i  d e i r a g g i X ch e p er  d eterm in are l e  s t r u t t u r e  c r i s t a l 

l i n e .  Per esam in are i l  f a s c i o  d i  r a g g i X r i f l e s s o ,  i l  c r i s t a l l o  v e -  

n iv a  opportunam ente o r ie n ta t o  e  1 ' in t e n s i t à  d e l  f a s c io  r i f l e s s o  era  

m isu ra ta  con  una camera a io n iz z a z io n e .  A cau sa  d e l la  d i f f i c o l t à  d i  

m isu rare c o r r e n t i  d i  io n iz z a z io n e  m olto  p ic c o le  l o  sp e ttr o m e tro  a 

io n iz z a z io n e  non er a  in  r e a l t à  a d a tto  p er I'eseune d e l l e  s t r u t t u r e
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d i c r i s t a l l i  p i c c o l i  o per r a c c o g l ie r e  una gran q u a n tità  d i d a t i  d i 

in t e n s i t à ,  p e r c iô  n e l  su c c è s s iv o  d ecenn io  q u esto  strum ento cadde g ra -  

dualm ente in  d is u s e  n e l la  r ic e r c a  s t r u t t u r a le .  I I  1920 v id e  1 ' a c c e t -  

ta z io n e  g en er a le  d e i m etodi f o t o g r a f i c i ,  prom ossi sp ec ia lm en te  d a l-  

1 ’a p p lic a z io n e  d e l la  t e o r ia  d e l r e t i c o l o  r e c ip r o c o  e d e l la  s f e r a  d i  

r i f l e s s i o n e  d i E v a ld .(1921) a l l ' in te r p r e ta z io n e  d e i fotogramm i d i 

r o ta z io n e  d i c r i s t a l l o  s in g o lo  (B ern a l, 1 9 26 ), e d a l l ' in v en z io n e  

d e l la  camera a p e l l i c o l a  m obile  (W eissenberg, 1 9 2 4 ).

I I  v a n ta g g io  p r in c ip a le  d e l la  p e l l i c o l a  fo to g r e if ic a  s u i  r i v e l a -  - 

t o r i  a c o n ta to r e  s t a  n e l la  p o s s i b i l i t à  d i  r e g is t r a r e  un gran numéro 

d i r i f l e s s i o n i  s u l la  s t e s s a  p e l l i c o la ;  i l  p r in c ip a le  in co n v en ien te  

s t a  in v e c e  n e l la  d i f f i c o l t à  d i m ettere  in  r e la z io n e  1 ' annerim ento  

s u l la  p e l l i c o l a  con 1 ' in t e n s i t à  d e l f a s c io  d i f f r a t t o  che lo  produce.

Per m olto tempo la  m isura d e l l ' in t e n s i t à  d e i r a g g i X fu  com piuta con -

fron tan do v isu a lm en te  1 *annerim ento d e l l e  m acchie s u l la  p e l l i c o l a  

f o to g r a f ic a  con una s e r ie  d i m acchie d i r ife r im e n to  d i in t e n s i t à  

grad u ate . L 'in tro d u z io n e  d e l la  camera d i p r e c e s s io n e  ( B uerger, 1942, 

1944), fornendo una rap p resen ta z io n e  in d is t o r t a  d e l r e t i c o lo  r e c i 

proco s t im o lô  un p iù  ampio u so d e l lu  m icr o d e n sito m etr ia . Anche ora  

t u t ta v ia  sembra che non v i  s i a  strum ento capace d i m isurare automa- 

ticam en te  l ' in t e n s i t à  d i c ia scu n a  m acchia su un fotogreimma d i p reces

s io n e  per non d ir e  d e l l e  m acchie su  un fotogramma d i W eissenberg che

g ia c c io n o  lungo l in e e  d i cu rvatu re non u n iform e.

Fin  d a l 1945 la  camera a p e l l i c o l a  m obile d i W eissenberg e q u e l

l e  d i p r e c e s s io n e  d i Buerger sono s t a t i  g l i  stru m en ti d i uso  co r re n te  

per lavoro  s t r u t t u r a le .  Me durante id  s t e s s o  p eriod o  ha r ip r e s o  v i t a  

1 ' in t é r e s s é  per i  m etodi b a s a t i  su  1 'uso d i c o n ta to r i;  I I  co n ta to r e  

d i G eiger , e p iù  tcirdi q u e llo  p ro p o rzio n a le  e a s c i n t i l l a z i o n e ,  sono
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s t a t i  p e r f e z io n a t i  corne r i v e l a t o r i  a t t e n d ib i l i  ed heumo so p p ia n ta to  

la  camera d i io n iz z a z io n e  u sa ta  n e l lo  sp ettrom etro  d i Bragg. E ss i  

sono d e i r i v e l a t o r i  q u ein tic i ca p a c i d i  co n ta re  i  s in g o l i  q u an ti d i  

r a g g i X e  d i m isurare 1*in t e n s i t à  d i f f r a t t a  p iù  d ire tta m en te  e p iù  

accuratam ente d é l ia  p e l l i c o l a  f o to g r a f ic a .  E* s t a t o  f a t t o  un ampio 

uso d i q u e s t i  r i v e la t o r i  per la  r e g is t r a z io n e  d ir e t t a  d e i diagrêim- 

mi d i d if f r a z io n e  a i  r a g g i X d i p o lv e r i  ed i  d if f r a t t o m e tr i  per p o l-  

v e r i  sono in  commercio g ià  da m olto tempo. Lonsdale (1948) e Cochran 

(1950) furono f r a  c o lo r o  che per prim i u t i l iz z a r o n o  i  m etodi a con

t a t o r i  q u a n tic i n e ll'e sa m in a r e  i  c r i s t a l l i  s in g o l i  e m o lti r i c e r c a -  

t o r i  su ccessiv a m en te  hanno im p iegato  d if f r a t t o m e tr i  per c r i s t a l l o  

s in g o lo  corne supplem ento o in  s o s t i t u z io n e  n e l la  r a c c o lta  d e i d a t i  

d i d if f r a z io n e  m ediante C c u n e re  a r a g g i X. In  q u e s t i  u lt im i anni v i  è 

s t a t a ,  sp eciciim ente in  I n g h ilte r r a  e n e g l i  S t a t i  U n it i ,  una in te n s a  

a t t i v i t à  d ed ic a ta  a l l o  sv ilu p p o  d e i d if f r a t t o m e tr i  a u to m a tic i per c r i-  

s t a l l o  s in g o lo  ed a ttu a lm en te è in  commercio un c e r to  numéro d i que

s t i  stru m en ti d i d iv e r se  s p e c ie .

S i n o t i  che i l  term ine " d iffra tto m etro "  fu  a d o t ta to  n e l 1952 

d a l la  "Apparatus Commission o f  In te r n a tio n a l Union o f  C ry sta llo g r a 

phy" c o l l ' e s t e n d e r s i  d e l l 'u s o  d e i c o n ta to r i q u a n tic i:  e s so  s i  r i f e — 

r i s c e  a stru m en ti im p ie g a ti per la  m isura d i ra g g i X o d i n eu tron i 

d i f f r a t t i ,  m ediante r i v e la t o r i  a c o n ta to r e . I I  term ine "spettrom etro"  

è r is e r v a to  a q u e g li stru m en ti la  c u i fu n zio n e  p r in c ip a le  è lo  s tu d io  

d e l l e  lu ngh ezze d'onda (o  d e l l ' e n e r g ia )  d e g l i  s p e t t r i  d e i ra g g i X 

(o  d e i n e u tr o n i) .  C osi g l i  stru m en ti u s a t i  n e l l ' e in a l i s i  per f lu o r e -  

scen za  in  r a g g i X o lo  strum ento a t r e  a s s i  (Brockhouse, 1961) pro- 

g e t t a to  per misureire i l  tra sfer im en to  d i en er g ia  d i n eu tron i d i f f u -  

s i ,  sono sp e ttr o m e tr i, mentre lo  sp ettrom etro  a io n iz z a z io n e  d i Bragg, 

u sa to  per la voro  s t r u t t u r a le ,  dovrebbe ora e s s e r e  chieunato d i f f r a t t o 

m etro.
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2 . Breve s t o r ia  d e l l e  t e c n ic h e  u sa te  n e l la  d i f f r a z io n e  d i n eu tro n i 

per m isurare l e  in t e n s i t à  d e l l e  r i f l e s s i o n i  d i Bragg.

La n atu ra o n d u la to r ia  d e l n eu trone fu  d im ostra ta  per l a  prima 

v o lt a  da M itc h e ll e  Povers (1 9 3 6 ), che provocarono la  d if f r a z io n e  

d i un f a s c io  d i n eu tro n i m ediante s e d ic i  g r o s s i  c r i s t a l l i  s in g o l i  d i  

o s s id o  d i m agnesio d i s t r i b u i t i  lungo una c ir c o n fe r e n z a  d i un c i l in d r o .  

In q u esto  la v o ro  d 'a n teg u erra  r a d io - b e r i l l i o  fu  u sa to  come so r g en te  

d i n eu tro n i te r m ic i ,  ma non fu  che con I 'a w e n t o  d e i r e a t t o r i  nu- 

c l e a r i ,  i  q u a li danno n eu tro n i d i  s u f f i c i e n t e  in t e n s i t à  da permet

t e r e  s i a  la  c o ilim a z io n e  in  un f a s c io  nettam en te d e f in i t o  che la  mo- 

n ocrom atizzazion e  in  una banda r i s t r e t t a  d i lu n gh ezze d 'onda, che fu 

rono p o s s i b i l i  s tu d i d i r i l i e v o  m ediante la  d if f r a z io n e  d i n e u tr o n i.

I n eu tr o n i non hanno un e f f e t t o  d ir e t t o  s u l l e  em u lsio n i fo to g r a -  

f ic h e  p e r c iô  i l  d if fr a t to m e tr o  è r im asto  lo  strum ento base per l a  mi

sura d e l l e  in t e n s i t à  d e l l e  r i f l e s s i o n i  d i Bragg n e l la  c r i s t a l lo g r a f i a  

n eu tr o n ic a . I I  primo d iffr a tto m e tr o  a n eu tro n i p r o g e tta to  per lavoro  

con p o lv e r i  fu  c o s t r u it o  a l l ' "Argonne N a tio n a l Laboratory" n e g l i  S ta

t i  U n it i  n e l  1945 (Z inn, 1947) e durante i l  p eriod o  s u c c e s s iv o  d i ap- 

prossim ativcim ente d o d ic i cinni furono d i s p o n ib i l i  r e a t t o r i  n u c le a r i d i  

f lu s s o  e le v a to  per s tu d i d i d if f r a z io n e  so ltem to  in  p och i a l t r i  ce n -  

t r i :  Oak Ridge (W ollan e S h u ll,  1948 ), Brookhaven (C o r lis s  e H a stin g s , 

1953), Chalk R iver (H urst e t  a l ,  1950) e H arwell ( Bacon e t  a l ,  1950). 

M olti a l t r i  r e a t t o r i  per r ic e r c a  sono s t a t i  c o s t r u i t i  f i n  d a l la  metà 

d e l 1950 e d if f r a t t o m e tr i  a n eu tro n i sono ora o p era n ti in  numérosi  cen- 

t r i  d i r ic e r c h e  n u c le a r i in  t u t t o  i l  mondo. I  p r in c ip a l i  c e n tr i  d i r i -  

cerch e sono r ip o r t a t i  n e l la  t a b e l la  1 in siem e con l e  c i t a z io n i  b ib l io -  

g r a f ic h e  in  c u i sono d e s c r i t t i  i  d i f f r a t to m e tr i  a n eu tro n i per c r i -  

s t a l l o  s in g o lo  fu n z io n a n ti in  t a l i  la b o r a to r i .
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T a b e lla  1. C en tr i d i r ic e r c h e  s u l la  d if f r a z io n e  d i n eu tro n i

L o c a lità C ita z io n i B ib lio g r a f ic h e

U.S.A: Argonne N ation a l
Laboratory

Brookhaven N ation a l 
Laboratory

MIT

Oak Ridge

W estinghouse

Livermore

Los Alamos

W ashington S ta te  
U n iv e r s ity

Canada: Chalk R iver

M^Master U n iv e r s ity

Europe: H arw ell, England

A lderm aston, England 

S aclay , France 

Munich

M ueller e t  a l .  1962 
A to j i  1964

Langdon and Frazer 1959

P rin ce and Abraheims 1959 

Sh u ll  1960 

Wollcin e t  a l .  I960  

Takei e t  a l .  1960 

Mead emd Sparks I960

Hurst e t  a l .  1950 

Petch e t  a l .  I960  

Arndt and W il l i s  1963 a ,b  

Bacon and Dyer 1959 

Bacon 1962 

Larabe e t  a l .  1961 

W ill is  1962

A llend en  and Winkworth 1963 

Breton e t  a l .  1957 

Dachs 1961
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L o c a lità C ita z io n i B ib lio g r a f ic h e

Munich

R ossend orf, Dresden

Budapest 

Isp ra , I t a ly  

P ette n , N etherlands  

K j e l le r ,  Norway

Warsaw

Prague

USSR

In d ia: Trombay

Japan

China

A u str a lia

Lutz 1960

B e tz l and K le in s tûck 1961 

K le in stü ck  1961 

Szabo e t  a l .  1963 

C a g lio t i  e t  a l .  1962 

Loopstr a  1962 

Barstad and Andresen 1957 

Goedkoop "and Loops tr a  1959 

0 'Connor emd Bonkowski 1959 

Buras 1964

K rasn ick i e t  a l .  1962 

Z iv a d in o v ic  e t  a l .  1961 

Bykov e t  a l .  1957 

Ozerov e t  a l .  I960  

Yamzin 1959

Yamzin e t  a l .  1962, 1963 

Iyengar 1963 

Hagihara e t  a l .  1962 

K unitoni e t  a l .  1962 

Miyake e t  a l .  1962 

Ang e t  a l .  1961 

Sabine 1962
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3. C onfronto fr a  l e  te c n ic h e  a ra g g i X e a n e u tr o n i.

Citiauno ora a lcu n e im p ortan ti d if f e r e n z e  fr a  l e  due t e c n i

ch e .

La prima d if f e r e n z a  sorge d a l f a t t o  che è d iv e r sa  la  s o r -  

g en te  d i r a d ia z io n e  prim airia. N e lla  c r i s t a l lo g r a f i a  in  ra g g i X è 

im p iegata  la  r a d ia z io n e  c a r a t t e r i s t i c a  d i un a n tic a to d o : questa

ha la  forma d i r ig h e  d i em iss io n e  n e t te  che a 'in n a lza n o  rapidam ente 

da un fondo d i r a d ia z io n e  "bianca" o "contin ua", ( f i g .  1 ( a ) . La r a -  

d ia z ib n e  b ian ca  che provoca e r r o r i n e l v a lu ta r e  i l  c o n tr ib u te  d e l la  

r a d ia z io n e  c a r a t t e r i s t i c a  a l i a  r i f l e s s i o n e  d i Bragg, puô e s s e r e  e l i 

m inate con un monocromatore a c r i s t a l l o  s in g o lo .  T u tta v ia  questo  

p orta  ad u l t e r i o r !  d i f f i c o l t à  com prendenti la  d im inuzione d*in t e n s i 

tà  d e l f a s c io  primeurio e pud e s s e r e  m eglio  u sare f i l t r i  b i la n c ia t i  

o p iu t t o s t o  se m p lic i f i l t r i  b e ta .D 'a lt r o  la t o  a p a rte  1 'uso d i s o r -  

g e n t i  d i n eu tro n i ad im p u lsi con a n a l i s i  d i lunghezza d'onda compiu

t e  a l l ' i s teinte (Buras e L e c ie je v c z , 1964), non v i  è in  r e a l t à  a l t r a  

a l t e r n a t iv e  a l l ' u s o  d i raonocromatori n e l la  d if f r a z io n e  d i n eu tr o n i.  

Lo s p e t tr o  d i n eu tro n i l e n t !  p ro v en !en ti da un r e a t to r e  n u c lea r e , 

c o n s is t e  d i un'am pia d is t r ib u z io n e  d i lunghezze d'onda: non v i  è u -  

na lunghezza d'onda n ettam ente d e f in i t e  ( f i g .  1 (b ) , e r a d ia z io n i d i  

lu n gh ezze d'onda s in g o le  vengono o tte n u te  con un monocromatore.

La seconda d if fe r e n z a  riguarda l e  d im ension! d e ll'a p p a r e c c h ia -  

tu r a . Con i  r e a t t o r i  d i p iù  e le v a to  f lu s s o  d is p o n ib i l i  a ttu a lm en te , 

i l  f lu s s o  d i n eu tro n i s u l  campione, m isurato in  n eu tr o n i/cm ^ sec ., è 

dà 100 a 1000 v o l t e  minore d e l f l u s s o , i n  q u a n ti/cm ^ sec ., d i ra g g i X 

p r o v en !en ti da un tubo d e l commercio. Questa d iffe r e n z a  d i f lu s s o  

p orta  a l l ' im piego d i campion! p iù  grandi n e l la  d if f r a z io n e  d i neu

t r o n i .  I n o lt r e  una p esan te  scherm atura con tro  n eu tron i v e lo c i  deve



R aggi X
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L u n ghezza  d'onda ( a )

(a)

N e u t r o n i

20

10 2 0

Lunghezza d 'onda ( a )

(b)

Figura 1 . Curve d ' in t e n s i tà :  (a ) per i  ra g g i X da un a n tic a to d o  

d i m olibdeno che dà r ig h e  in te n s e  d i ra d ia z io n e  K "ca

r a t t e r i s t i c a "  ; (b) per un f a s c io  d i n eu tro n i em ergenti 

da un r e a t to r e  (da Bacon 1962 ).

e s s e r e  d is p o s ta  a tto rn o  a l  monocromatore e a l  r iv e la t o r e  cosicfchè  

i  d i f f r a t to m e tr i  a n eu tro n i vengono ad e s se r e 'm o lto  p iù  ingombran

t i  d e l l e  ap p arecch ia tu re a r a g g i X.

Vi è sempre s t a t o  un f o r t e  in c e n t iv e  a c o s tr u ir e  d iffr a tto m e 

t r i  a n eu tro n i i l  p iù  a u to m a tic i p o s s ib i l e .  La so rg en te  d i n eu tron i 

è m olto p iù  d isp en d io sa  d i un gen era tore a ra g g i X e la  sp esa  d i un 

d iffr a tto m e tr o  che perm ette I 'u t i l i z z a z io n e  d i una so rg en te  d i neu-
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tr o n i per 24 h a l  g iorn o  è g i u s t i f i c a t a  p iù  fa c ilm e n te  su b a si e -  

conom iche. Lo sv ilu p p o  d e i d i f f r a t to m e tr i  a u to m a tic i a ra g g i X ha 

b é n é fic iâ t©  m olto  d e l p reced en te  im piego d e ll'a u to m a z io n e  n e l cam

po d e i n e u tr o n i.

4 . D if fr a t to m e tr i  au tom atic i

La f ig u r a  2 i l l u s t r a  lo  schema d e l la  su c c e s s io n e  d i op era-  

z io n i  in  un s is te m a  a d iffr a tto m e tr o  au tom atico . Le in form ezio n i  

in  e n tr a ta  c o n s is to n o  n e lJ e 'is tru z io 'n i per d isp o r re  i l  c r i s t a l l o  r i 

v e la to r e  in  modo da r ic e v e r e  c ia scu n a  r i f l e s s i o n e  d i Bragg e per 

m isurare 1 ' in t e n s i t à  d e l la  r i f l e s s i o n e  quando 1 comandi s ia n o  m essi 

a p o s to . T u tte  l e  r i f l e s s i o n i  sono m isu rate  sequ en zia lm ente ed i  

d a t i  in  u s c i t a ,  che c o n s is to n o  d e l  numéro d i q u an ti d i ra g g i X o d e l  

numéro d i n eu tro n i r a c c o l t i  esp lorand o la  r i f l e s s i o n e  sono d i s o l i -  

to  p r e s e n ta t i  in  forma a d a tta  per l a  d ir e t t a  e la b o r a z io n e  da p a rte  

d i un c a lc o la t o r e  e le t t r o n ic o  (per e s .  su  banda p e r fo r a ta ) . Nel s i 

stem a " fu o r i lin ea "  q u esta  e la b o r a z io n e  p orta  d ire tta m en te  ad una 

s e r ie  d i "aunpiezze d i s tr u ttu r a " . Nel metodo "in  lin ea "  i l  c a lc o la 

to r e  è le g a to  s i a  d a l l 'u s c i t a  d e l d iffr a t to m e tr o  che a l  suo c o n tr o l

lo ;  m ediante opportune progreiramazione è p o s s ib i l e  c o n tr o lla r e  c o n t i -  

nuamente i  d a t i  sp e r im e n ta li e , s e  una m isura non so d d is fa  c e r t i  c r i -  

t e r i  prograunmati, vengono d a te  l e  opportune c o r r e z io n i compresa la  

r e g o la z io n e  au tom atica  d e i c o n t r o l l i  f in o  a che q u e s t i  c r i t e r i  non 

sono s o d d i s f a t t i .  I I  s is te m a  " in  lin ea "  è in d ic a te  d a lla  l in e a  t r a t -  

te g g ia ta  n e l la  f i g .  2.
Come v i  sono due d i f f e r e n t i  t i p i  d i c a l c o la t o r i ,  g l i  a n a lo g ic i  

e i  numeri c i , c o s i  v i  è una s im ile  s c e l t a  d i strum enti a n a lo g ic i  o 

n um erici in  d if f r a t t o m e tr ia .  N eg li stru m enti a n a lo g ic i  l e  r e la z io n i
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in form azion i in  e n tra ta

m isura d e l l e  r i f l e s s i o n i

c o n tr o l lo  d e l l e  p o s iz io n i  a n g o la r i

s e r ie  f i n a l i  d e l l e  am piezze d i s tr u ttu r a

ela b o r a z io n e  da p a rte  d e l c a lc o la to r e  
d e l l e  in form azion i avute

F igura 2. S u ccessio n e  d i o p era z io n i in  un s is tem a  a d iffr a tto m e 

tr o  au tom atico . Per I 'o p e r a z io n e  "in  lin ea "  I 'in fo rm a -  

z io n e  d 'e n tr a ta  v ie n e  d ire tta m en te  d a l c a lc o la to r e  co

me è in d ic a te  d a l la  l in e a  tr a tte g g ia ta .^

fr a  a n g o li d i p o s iz io n e  sono o t te n u te  per mezzo d i co lleg a m en ti mec- 

c a n ic i  e g l i  a n g o li d i p o s iz io n e  c o r r e t t i  sono g e n e r a ti m ediante sem

p l i c i  movimenti d e i co lleg a m en ti:  non v i  è b isogno d i c a lc o la r e  i l  

v a lo r e  d e g l i  a n g o li d i p o s iz io n e  e l e  in form azion i in  e n tra ta  c o n s i

ston o  n e i param etri r è t i c o l a r i  precedentem ente misu ra t i  e  v a r ie  c o -
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s t a n t i  s trx u n e n ta li. I I  t ip o  d i co llegam en to  déterm ina la  s p e c ie  d i 

o p e r a z io n i che sono p o s s i b i l i  s o t to  c o n tr o l lo  autom atico e una d i f 

f é r e n te  s e r i e  d i o p era z io n i r ic h ie d e  m aggiori m o d if ic a z io n i n e l la  

p r o g e tta z io n e  m eccan ica. Per q u esta  ra g io n e  i l  metodo a n a lo g ico  d i 

c o n t r o l lo  è meno f l e s s i b i l e  d i q u e llo  num erico.

N el metodo d i c o n tr o l lo  n u m erico ,d ei c o d i f ic a t o r i  convertono l e  

p o s iz io n i  angoleori d e i comandi d e l d iffr a tto m e tr o  in  forma num erica. 

E' p o s s ib i l e  programmare s i a  l e  p o s iz io n i  d e i comandi che la  m isura  

d e l l e  r i f l e s s i o n i  prepeirando d e l l e  i s t r u z io n i  in  en tr a ta  che c o n s i

sto n o  in  numeri rap p resen tau iti in  su c c e ss io n e  i  d e s id e r a t i  movimenti 

a n g o la r i d e i  comandi ed i l  t ip o  d i e sp lo r a z io n e  per la  m isura d e l la  

in t e n s i t à .  Q ueste i s t r u z io n i  in  en tr a ta  sono d i s o l i t o  fo r n i t e  da 

un c a lc o la t o r e  perché l e  form ule per i l  c a lc o lo  d e g l i  a n g o li d i po

s iz io n e  sono troppo co m p lica te  per e s s e r e  c a lc o la t e  d ire tta m en te  

per ogn i r i f l e s s i o n e .  C osi senza  un pronto a c c e s so  ad un c a lc o la t o 

r e  puô e s s e r e  p r e f e r ib i l e  us cire un metodo a n a lo g ic o .

Nei d if f r a t t o m e tr i  a u to m a tic i (ed  in  ogn i d if fr a tto m e tr o )  v i  è 

u n 'u lt e r io r e  s c e l t a  rigu ard an te i l  t ip o  d i geom etria  d i d if f r a z io n e  

a d o tta ta  per i l  funzioneimento m eccanico d e l lo  strum ento. N e lla  geo

m etria  a "raggio  normale éq u a to r ia le"  i l  r a g g io  in c id e n te  è p erpendi- 

c o la r e  a l l ' a s s e  d i o s c i l la z io n e  d e l c r i s t a l l o  ed i l  r iv e la t o r e  s i  

muove su  una c ir c o n fe r e n z a  n e l p iano é q u a to r ia le  ( c io è  i l  p iano che 

c o n tie n e  i l  r a g g io  in c id e n te  e normalmente a q u esto  l ' a s s e  d i o s c i l 

la z io n e ) .  L 'o r ie n ta z io n e  d e l c r i s t a l l o  è determ inata d ai tr e  a n g o li  

d i Eulero -  ,^ ,C d  -  e q u e s t i a n g o li devono e s s e r e  continuam ente

r e g o la t i  f r a  una m isura e 1 ' a l t r a  d e l l e  s in g o le  r i f l e s s i o n i .  Questa 

geom etria  è p a rtico la rm en te  u t i l e  n e l la  d if f r a z io n e  d i n eu tro n i dove 

i l  moto d e l r iv e la t o r e ,  con i l  suo ingombrante schermo per n eu tron i
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v e l o c i ,  è r i s t r e t t o  ad un s in g o lo  piano o r iz z o n ta le .  Nel t ip o  d i  

geom etria  a " in c lin a z io n e  gen erale"  s i a  i l  f a s c io  in c id e n te  che q u e l

lo  d i f f r a t t o  sono i n c l i n a t i  con un angolo v a r ia b ile  r i s p e t t o  a l l ' a s 

se  d i o s c i l l a z io n e  ed i l  r iv e la t o r e  deve ru o ta re  a tto rn o  a due a s s i  

in d ip e n d e n ti per r ic e v e r e  i l  r a g g io  d i f f r a t t o .  Per g l i  stru m enti ad 

e q u i- in c l in a z io n e  è n e c e s s a r io  s o lta n to  v a r ia r e  uno d i q u e s t i  a s s i  

ed un a s s e  d e l c r i s t a l l o  per m isurare t u t t e  l e  r i f l e s s i o n i  in  un da- 

to  l i v e l l o  d e l r e t i c o lo  r e c ip r o c o ; d i s o l i t o  s i  c o n tr o llo n o  automa- 

tica m en te  s o lo  q u e s t i  due a s s i  e s i  rego lan o  a mano i  rim an en ti a s s i  

f r a  una m isura e 1 ' a l t r a  d e i d i f f e r e n t i  l i v e l l i .

Con i l  c r i s t a l l o  e i l  r iv e la t o r e  r e g o la t i  opportunamente per r e 

g is t r a r e  una d a t a . r i f l e s s i o n e , è  im piegato  per determ inare 1 ' in t e n s i t à  

in te g r a t e  uno d e i t r e  s e g u e n t i t i p i  d i c i c l i  d i m isura. I l  primo t i 

po d i  c i c l o  m isura l ' in t e n s i t à  d e l p icc o  e d e l fondo su entram bi i  l a -  

t i  d é l ia  r i f l e s s i o n e  con i l  c r i s t a l l o  e i l  r iv e la t o r e  entram bi s t a z io -  

n a r i (metodo d e l c r i s t a l l o  e d e l r iv e la t o r e  s t a z io n a r i ) .  La d if f e r e n 

za tr a  1 ' in t e n s i t à  d e l p ic c o  e 1 ' in t e n s i t à  media d e l fondo è propor

z io n a le  a i l ' i n t e n s i t à  in te g r a t e ,  p osto  che i l  f a s c io  in c id e n te  conver

ge fortem en te  s u l la  p o s iz io n e  d e l campione ed abbia u n 'uniform e d i -  

pendenza an go lare  d e l l ' i n t e n s i t à .  Queste co n d iz io n i sono d i f f i c i l i  da 

so d d is fa r e  in  p r a t ic a  e c o s i ,  nonostante la  sua se m p lic ità , i l  meto

do " c r i s t a l lo  e r iv e la t o r e  s ta z io n a r i"  è raram ente u sa to . Per g l i  a l 

t r i  due t i p i  d i c i c l i  i l  c r i s t a l l o  s i  muove lentam ente a ttr a v e r so  la  

p o s iz io n e  in  c u i s i  ha r i f l e s s i o n e  quemdo è r e g is t r a t o  i l  ra g g io  r i 

f l e s s o :  i l  c r i s t a l l o  s o lo  s i  muove n e l metodo a c r i s t a l l o  m obile e 

r iv e la t o r e  s ta z io n a r io  ( s c a n s io n e w )  e i l  r iv e la t o r e  s i  muove ad una 

v e lo c i t à  an go lare  doppia d i q u e lla  d e l c r i s t a l l o  n e l metodo a c r i s t a l -  

lo  e r iv e la t o r e  entreimbi m o b ili (scainsione W /2 0 ) .  In q u e s ti due c i -
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c l i  è m isu rato  un p r o f i lo  com pleto d e l la  r i f l e s s i o n e  e l a  s o la  r e -  

s t r iz io n e  s u l  ra g g io  in c id e n te  è che e s so  s ia  uniform e in  in t e n s i 

tà  lungo la  p o rzio n e  d e l la  sua se z io n e  normale in t e r c e t t a t a  d a l cam

p io n e .

5 . A ccu ratezza  d e i m etodi a co n ta to r e

Anche m isure re la tiv a m en te  poco accu ra te  d ' in t e n s i t à  p o sso -  

no p o r ta re  a l i a  so lu z io n e  d i una s t m t t u r a  c r i s t a l l i n a  ed a l i a  d e-  

term in azion e d i d is ta n z e  d i legeime con d e v ia z io n i standard m inori d i
O

0.1  A. T u tta v ia  l e  a t t u a l i  e s ig e n z e  sono per d e v ia z io n i standard mol

to  r a ig lio r i  d i  q u e ste  e per m isurare lu nghezze d i legame accu ra te  a
.O

0.01 A sono r i c h i e s t i  d a t i  d ' in t e n s i t à  a c c u r a ti a 1 'uno o i l  due per  

c e n to . Per lo  s tu d io  d e ll'a m p ie z z a  d e l l e  v ib r a z io n i term iche o la  d i

s tr ib u z io n e  p a r t ic o la r e g g ia ta  d e l la  d e n s ità  e le t t r o n ic a  sono e s s e n z ia -  

l i  d a t i  a c c u r a t i .  E' q u esta  r ic e r c a  d i maggior accu ra tezza  che ha f a t 

to  torneure a i  m etodi a co n ta to r e  per r iv e la r e  i  ra g g i X in  c r i s t a l l o 

g r a f ia .  I moderni c o n ta to r i a s c in t i l l a z io n e  e  p ro p o rz io n a li sono d i  

gran lu nga s u p e r io r i a l l e  v e c c h ie  ceunere d i io n iz z a z io n e ;  è ora pos

s i b i l e  co n ta re  c ia sc u n  quanto d i ra g g i X r ic e v u to  d a l r iv e la t o r e  e 

r e g is t r a r e  d irettcim ente 1 ' in t e n s i t à  d i c ia scu n  r a g g io  d i f f r a t t o  come 

numéro d i q u an ti r i c e v u t i  per secondo.

La p roduzione d i ra g g i X da un tubo a ra g g i X o d i n eu tron i t e r 

m ic i da un r e a t to r e  n u c lea re  sono p r o c e s s i s t a t i s t i c i  e quindi so g g e t-  

t i  a f lu t t u a z io n i  s t a t i s t i c h e  c a s u a li i  Se i l  r iv e la t o r e  r e g is t r a  un 

numéro t o t a l e  N d i c o lp i  in  un dato tempo, la  d ev ia z io n e  stcindard d i 

m isure r ip e tu te  d i q uesto  numéro è e la  d ev ia z io n e  standard f r a -  

z io n a r ia  è N  ̂ Questo s ig n i f i c a  che devono e s s e r e  r e g i s t r a t i  almeno 

d ie c im ila  c o lp i  per o tte n e r e  una d ev ia z io n e  standard fr a z io n a r ia  che
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non su p er! 1 'uno per c e n to .

S i deduce che 1 'a c cu ra tez za  f in a l e  d e i d a t i  sp er im e n ta li è p iù  

sp e s so  l im it a t a  da e r r o r i  s is t e m a t ic i  che da e r r o r i c a s u a l! .  E rrori 

s i s t e m a t ic i  ch e sorgono da f a t t o r i  f i s i c i  come 1 'assorb im ento , I ' e -  

s t in z io n e  e  la  d i f f u s io n e  d i fon on i (che c o lp isco n o  n e l la  s t e s s a  po

s iz io n e  d e l la  r i f l e s s i o n e  d i Bragg e  causano e r r o r i n e l la  v a lu ta z io -  

ne d e l l i v e l l o  d i fondo d e l la  r i f l e s s i o n e )  sono estrem amente d i f f i c i 

l i  da c a lc o la r e  o co rreg g ere  sperim enta lm en te. Puô e s s e r e  p o s s ib i le  

co r re g g er e  a lc u n i e r r o r i s i s t e m a t ic i  r ip e ten d o  o stendendo l e  misu

re  a d i f f e r e n t i  c o n d iz io n i (p er esem pio usando una lunghezza d'onda  

d if f é r e n t e  o d i f f e r e n t i  o r ie n ta z io n i a z im u ta li d e l p iano r i f l e t t e n t e ) , 

ma è n ece ssc ir io  un lavoro  m olto accurato  e f a t ic o s o  per raggiun gere  

una a c c u r a tezz a  f in a l e  d e l l 'un per cen to  per l e  am piezze d i s t r u t tu 

ra  r e l a t i v e .

6 . R a p id ité  d e i m etodi a co n ta to r e

Quasi t u t t i  i  d i f f r a t to m e tr i  a ra g g i X misurano i  p ic c h i d i d i f 

fr a z io n e  in  s u c c e s s io n e , m entre i  m etodi f o t o g r a f ic i  possono r e g is t r a 

r e  un l i v e l l o  com pleto d e l r e t i c o lo  re c ip r o co  s u l la  s t e s s a  p e l l i c o l a .  

In compense i  d if f r a t t o m e tr i  possono e s se r e  a d a t ta t i  fa c ilm e n te  a me

to d i a u to m a tic ! d i c o n t r o l lo :  i  d if fr a t to m e tr i  au tom atic i sono cap aci

d i op erare con v e l o c i t à  ed accu ra tezza  e le v a te  (sebbene q u este  due ca

r a t  t e r i s t i c h e  tendano ad e s c lu d e r s i  mutualmente) ed elim inano m olta  

peirte d e l  la v o ro  n o io so  r i c h ie s t o  dal: metodo fo to g r a f ic o .

Possiam o co n fro n t are l e  v e lo c i t à  r e la t iv e  d e i m etodi f o t o g r a f ic i  

e a c o n ta to r e  con sid erand o la  m isura d i una s e r ie  t ip i c a  d i 1000 r i 

f l e s s i o n i  in d ip e n d en ti da un c r i s t a l l o  s in g o lo .  Se l e  in t e n s i t à  sono 

d eterm in ate  fo to g r a fica m en te  m ediante la  te c n ic a  d e l f i lm  m u lt ip le ,s o 

no n e c e s s a r ie  c ir c a  100 r e g is t r a z io n i  fo to g r a f ic h e . Per fa r e  100 fo —
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togra im n iesp osti co rretta m en te  o ccorre un mese d i lavoro  d i un ope

r a to r s  e s p e r to .  La d e n s ità  d e l l e  m acchie su q u este  p e l l i c o l e  deve 

e s s e r e  v a lu ta t a  m ediante un m icrodensitom etro e messa in  r e la z io n e  

con 1 ' in t e n s i t à  d e l ra g g io  d i f f r a t t o  corr isp on d en te , assumendo una 

con oscen za  d e l la  curva d e n s ità -e s p o s iz io n e  per q u e lla  p e l l i c o la .

Con i  m ig l io r i  p roced im en ti f o t o g r a f i c i  è d i f f i c i l e  superare 1 'accu

r a te z z a  d e l 10% per 1 ' in t e n s i t à  d e l l e  m acchie. Correlcindo l ’in t e n s i tà  

d e l l e  s t e s s e  r i f l e s s i o n i  su  d i f f e r e n t i  fotogrammi t u t t i  i  v a lo r i  sono  

p o s t !  su  d i una s c a la  r e la t iv a  comune e m ediati per dcire un u n ico  

e le n c o  d i  .1000 d a t i  d ' in t e n s i t à .  L 'operazione d i fo to m etr ia , d i r i s c a -  

laimento e d i media r ich ied o n o  un a lt r o  mese d i lavoro  con tinu o dando

un to .ta le  d i c i r c a  due m esi d i tempo per o tte n e r e  i  d a ti d ' in t e n s i t à

con una a cc u r a tezz a  d e l 10%.

Con un d iffr a t to m e tr o  autom atico la  presenza d i un o sse rv a to re  

è r i c h ie s t a  s o lo  occasionalraente- per c o n tr o lla r e  i l  comportaraento d e l lo  

stru m ento . 1000 in t e n s i t à  possono e s s e r e  m isurate fa c ilm e n te  con 1 'ac

c u ra te zza  d e l 10% in  24 h; la  v e lo c i t à  d i r a c c o lta  d i 3000 in te n s i tà

per g iorn o  è s t a t a  ra g g iu n ta  recentem ente dà P h i l l ip s  (1964) usando

una a p p arecch ia tu ra  a p iù  c o n ta to r i .  L 'u sc ita  d e i d a ti da un d i f f r a t 

tom etro au tom atico  è in  forma a d a tta  per la  d ir e t t a  e lab orazion e da 

p a rte  d i un c a lc o la t o r e  e le t t r o n ic o ;  i l  c a lc o la to r e  r ica v a  l e  in t e n s i 

tà  in te g r a te  da q u e s t i  d a t i  e q uindi a p p lica  i  f a t t o r i  d i co rrez io n e  

s i s t e m a t ic i  per fo r n ir e  una s e r ie  f in a le  d i ampiezze d i s tru ttu ra .C o n -  

seguentem en te, una v o l t a  che i l  c r i s t a l l o  è s ta to  sisteraato  su l d i f 

fra tto m etro  e i l  programma d e l c a lc o la to r e  è s t a to  s c r i t t o  s ia  per pro- 

durre l e  i s t r u z io n i  in  e n tr a ta  che per elaboreire i  d a t i in  u s c i t a ,  lo  

in te r o  p ro ce sso  d i r a c c ô lta  d i una s e r ie  d i f a t t o r i  d i s tr u ttu r a  puô 

e s s e r e  com piuto p iù  convenièntem ente ed in  ana fr a z io n e  d e l tempo r i 

c h ie s to  con i l  metodo f o to g r a f ic o .
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PREFA C E

T h e determination of a crystal structure normally proceeds in three 
distinct stages. The first is the measurement of the intensities of 
the Bragg reflexions and the calculation from them of amplitudes, 
reduced to a common scale and corrected for various geometrical 
and physical factors. These amplitudes are known as ‘observed 
structure amplitudes’ or ‘observed structure factors’. The second 
stage is the solution of the phase problem: the phases of the 
reflexions cannot be measured directly, and yet they must be 
derived in some way before the structure can be solved by Fourier 
methods. Because of uncertainties in the amplitudes and phases, 
this first structure is only approximately correct. The third stage in 
the structure determination consists of refining the approximate 
atomic positions so as to obtain the best possible agreement between 
the observed structure factors and the ‘ calculated structure 
factors’, that is, those calculated from the approximate atomic 
positions of the successive stages of refinement.

T his book describes counter methods of obtaining the set of 
observed structure factors of a single crystal, and so is concerned 
with the first stage only. The rapidly developing interest in auto
matic methods of collecting structure-factor data, and in measuring 
intensities to a high level of accuracy, have stimulated the develop
ment of counter methods. Photographic methods are still widely 
used in X-ray crystallography, but in neutron diffraction the single 
crystal diffractometer has remained the basic instrument for 
measuring neutron structure amplitudes since systematic studies 
began in the early 1950’s. We shall cover, therefore, the fields of 
both X-ray and neutron diffractometry: there are remarkably few  
points where the two fields diverge and we discuss only one 
subject—the production of the primary beam—in separate chapters 
for X-rays and for neutrons. Comparisons between X-ray and 
neutron diffractometry are both interesting and illuminating, and 
many examples of such comparisons are given in the text.

W e assume that the reader has a general acquaintance with the 
properties of the radiations with which we are concerned : these
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properties are described adequately in X -rays in Theory and 
Experiment by A. H. Compton and S. K. Allison, and in Pile 
Neutron Research by D . J. Hughes or Neutron Diffraction by G. E. 
Bacon. A  familiarity with M . J. Buerger’s X -ray Crystallography, 
a book which charted our own first steps in reciprocal space, and 
with F. C. Phillips’s A n Introduction to Crystallography would be 
very helpful.

Advances in single crystal diffractometry have been very rapid 
during the past few years, and some subjects which we discuss in 
this monograph are certain of further development. W e anticipate, 
for instance, a better understanding of the various systematic errors 
occurring in the measurement of structure-factor data : the recent 
publication of the proceedings of a symposium of the American 
Crystallographic Association on ‘Accuracy in X-ray Intensity 
Measurements’ [Transactions of American Crystallographic Asso
ciation, volume 1 ,1965] testifies to the lively interest in this subject. 
We do not expect radically different geometrical or mechanical 
designs in diffractometers of the near future, but the on-line con
trol of these instruments will become more common as cheaper 
small computers become available. In X-ray crystallography, 
diffractometers will have to compete in cost and simplicity of 
operation with computer-linked microdensitometers, and so there 
may be renewed interest in photographic methods. The eventual 
development of co-ordinate detectors, in both X-ray and neutron 
crystallography, could lead to a much more efficient data-collection 
procedure than any at present in use. For many years to come, 
however, it seems reasonably certain that automatic X-ray and 
neutron diffractometers will become standard instruments in an 
increasing number of laboratories.

We acknowledge the assistance generously given by many 
colleagues. Professor J. M. Ziman has made many editorial sugges
tions for improving the text. Individual chapters have been read 
by Drs D . M. Blow, E. Sandor and H. C. Watson, by Professor S. 
Ramaseshan, and by Mr J. F. Mallet, and many of their comments 
have been incorporated. W e are especially indebted to Professor 
R. A. Young of Georgia State University, who has given us access 
to his extensive and unpublished writings on single crystal dif
fractometry. We are grateful to Valerie Arndt who prepared the
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index. We wish to thank the authors, publishers, and learned 
societies who have allowed us to reproduce published diagrams 
and photographs; the sources of these are given in the text. 
Finally, we should like to express our thanks to the publishers for 
their co-operation and patience.

U .W .A .
B .T .M .W .
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I N T R O D U C T I O N

Until recently, nearly all crystal-structure determinations with 
X-rays were carried out using photographic methods. Although 
the majority of crystal structures are still solved using photographic 
data, the past few years have witnessed profound changes in experi
mental techniques with the introduction of single crystal diffracto
meters and with the application of automation procedures to their 
control. These changes, together with advances in crystallographic 
computing techniques, portend a sharp increase in both the 
quantity and quality of future crystallographic work.

In this chapter we shall sketch first the development of photo
graphic and counter methods of measuring the set o f X-ray 
intensities diffracted by a single crystal. This is followed by a 
survey of single crystal techniques in neutron diffraction and by a 
comparison of these techniques with X-ray methods. The chapter 
finishes with a discussion of automatic diffractometers and of the 
accuracy, speed and cost of counter methods. Our main aim in this 
chapter is to introduce briefly many points which are explained 
more fully later in the book.

i . i .  X-ray techniques for measuring Bragg reflexions
T he first diffraction pattern from a crystal, copper sulphate, was 

recorded on a photographic plate (Friedrich, Knipping & von 
Laue, 1912). Shortly afterwards, the ionization spectrometer 
(Bragg & Bragg, 1913) was developed and used both for the 
measurement o f the wavelengths of X-ray spectra and for the 
determination of crystal structures. In order to examine the 
reflected X-ray beam with the spectrometer the crystal was suitably 
oriented and the intensity measured with an ionization chamber; 
however, because of the difficulty of measuring the very small 
ionization currents from an ionization chamber, the Bragg spectro
meter was not really suited to the examination of the structures of 
small crystals or the collection o f  a large amount of intensity data.
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and during the 1920’s the instrument was gradually superseded in 
structural work by the X-ray camera. The general acceptance of 
photographic methods was promoted especially by the application 
of the theory of the reciprocal lattice and the Ewald sphere of 
reflexion (Ewald, 1921) to the interpretation of single crystal 
rotation photographs (Bernal, 1926), and by the invention of the 
moving-fllm camera (Weissenberg, 1924) ; the Weissenberg camera 
permitted the measurement of the X-ray reflexions in a systematic 
way, covering one layer of reciprocal space at a time.

T he principal advantage of photographic film over a counter 
detector is the possibility of recording a large number o f reflexions 
on the same film; the principal drawback is the difficulty of 
relating the blackness of the film to the intensity of the diffracted 
beam producing it. For a long time the measurement of X-ray 
intensities was carried out by comparing visually the blackening of 
spots on the photographic film with a series of reference spots of 
graded intensity. The introduction of the precession camera 
(Buerger, 1942, 1944, 1964), giving an undistorted representation 
of the reciprocal lattice, encouraged the wider use of microdensito- 
metrjL Even now, however, there are very few microdensitometers 
in use which are capable of measuring automatically the integrated 
intensity of every spot on a precession photograph, let alone the 
intensities of spots on a Weissenberg photograph which lie along 
lines of non-uniform curvature.

Since 1945 the Weissenberg moving-film and the Buerger pre
cession cameras have been the standard instruments for structural 
work, but during the same period interest has revived in counter 
methods. The Geiger counter and, later, the proportional and 
scintillation counters have been developed as reliable detectors, 
which supersede the ionization chamber used in the Bragg ioniza
tion spectrometer. These counters are quantum detectors, capable 
of counting individual X-ray quanta and of giving a more direct 
and accurate estimate of the diffracted intensity than photographic 
film. Extensive use has been made of these detectors for the direct 
recording of X-ray powder diffraction diagrams. Lonsdale (1948) 
and Cochran (1950) were amongst the first to exploit quantum 
counter methods in the examination of single crystals, and many 
later workers have acquired single crystal diffractometers to
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supplement or supplant the collection of diffraction data by X-ray 
cameras. In recent years there has been intense activity, especially 
in Europe and the U.S.A., devoted to developing automatic 
single crystal diffractometers, and a number of different kinds of 
these instruments is now available commercially.

W e note here that, with the widespread use of quantum counters 
in diffraction work, the word ‘diffractometer’ was adopted in 1952 
by the Apparatus Commission of the International Union of 
Crystallography to describe instruments for measuring diffracted 
X-rays (neutrons, electrons) by means of counter detectors. The  
word ‘spectrometer’ is reserved for instruments whose principal 
function is the investigation of X-ray wavelength (or neutron 
energy) spectra. Thus instruments used for X-ray fluorescence 
analysis, or the triple-axis instrument (Brockhouse, 1961) used 
to measure the energy transfer of neutrons scattered inelastically 
by crystals, are spectrometers. The Bragg ionization instrument 
would now be termed a diffractometer if used for structural 
work and a spectrometer for examining X-ray wavelength 
spectra.

1.2. N eutron techniques for m easuring Bragg reflexions: 
com parison w ith  X-ray techniques

Neutrons do not have a direct effect on photographic emulsions, 
and the diffractometer (using a proportional BF^ counter as 
detector) has remained the basic instrument for measuring neutron 
structure factors. T he first manual diffractometer designed for 
neutron work was built at the Argonne National Laboratory in the 
U.S.A. in 1945 (Zinn, 1947). During the following period of 
approximately twelve years nuclear research reactors were avail
able for diffraction studies at only a few major centres; Oak Ridge 
(Wollan & Shull, 1948), Brookhaven (Corliss, Hastings & Brock
man, 1953), Chalk River (Hurst, Pressessky & Tunnicliffe, 1950) 
and Harwell (Bacon, Smith & Yfliitehead, 1950). Many more 
research reactors have been constructed since the m id-i95o’s, and 
neutron diffractometers are now in operation at numerous nuclear 
research centres throughout the world.

In this book we are concerned mainly with those neutron 
techniques which have a counterpart in X-ray diffraction. For this
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reason, inelastic scattering methods, using either the triple-axis 
spectrometer or time-of-flight techniques, are largely ignored.

In the Appendix at the end of the book we list a number of 
differences between neutron and X-ray diffractometry: here we 
shall mention only two of the more obvious differences. The first 
arises from the nature of the source of the primary radiation. In 
X-ray crystallography, characteristic radiation of the target element 
is employed: this is in the form of sharp emission lines, rising

IntensityIntensity

CmK/1 C aK a

10 20

Band selected 
by monochromator

Wavelength (A)

w

10  20  
Wavelength (Â)

(5)
Fig. I .  Intensity curves: (a) for X-rays from a copper target which gives intense 
lines of characteristic K  radiation; (Z») for the slow neutron beam emerging from 
a reactor (after Bacon, 1962).

steeply from a background of ‘white’ or continuous radiation 
(Fig. I a). The presence o f white radiation can cause errors in 
estimating the contribution of the characteristic radiation to the 
Bragg reflexion. The white radiation can be removed with a single 
crystal monochromator, but this may lead to further difficulties, 
and frequently balanced filters or simple beta filters are used 
instead of crystal monochromators. In neutron diffraction, on the 
other hand, apart from a radically new technique which uses a 
pulsed neutron source and time-of-flight wavelength analysis (see 
p. 217), there is no real alternative to using a monochromator. The  
slow neutron spectrum from a nuclear reactor consists of a broad
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distribution of wavelengths: there is no sharply defined wavelength 
(Fig. I b), and radiation from a narrow band of wavelengths is 
selected with a monochromator.

The second difference concerns the scale of the apparatus. With 
the highest flux reactors available at present the neutron flux at the 
sample, measured in neutrons/cm^/s, is always very much less 
than the flux, in X-ray quanta/cm^/s, from an X-ray tube. This 
flux difference requires the employment of larger samples in 
neutron diffraction. Moreover, materials for shielding against fast 
neutrons must be placed around the monochromator assembly and 
around the detector; fast neutron shielding is necessarily bulky and 
so neutron diffractometer assemblies tend to be larger than 
corresponding X-ray equipment.

1.3. A utom atic diffractom eters
There has always been a strong incentive to making neutron 

diffractometers as fully automatic as possible. The neutron source 
is much more expensive than an X-ray generator, and expenditure 
on a neutron diffractometer allowing utilization of the neutron 
source for 24 h/day is justified more readily on economic grounds. 
The development of automatic X-ray diffractometers has benefited 
much from the early application of automatic methods in the 
neutron field.

The setting of the crystal and detector shafts of a diffractometer, 
and the measurement of each Bragg reflexion, involve repetitive 
procedures which are extremely tedious to carry out by hand. 
Fig. 2 illustrates a simplified flow of operations in a system designed 
to undertake these procedures automatically. The input informa
tion consists of instructions for setting the crystal and the detector 
for each Bragg reflexion, and of instructions for measuring the 
intensity of the reflexion once the shafts are correctly set. Normally 
all reflexions are measured sequentially. The output data, con
sisting of the number of X-ray quanta or slow neutrons which are 
recorded in scanning across the reflexions, are presented in a form 
(for instance, punched paper tape) suitable for direct processing by 
a computer. In the ‘off-line’ system this processing leads directly 
to a set of structure amplitudes. In the ‘on-line’ method the 
computer is linked both to the diffractometer output and to its
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controls; by suitable prograjnming, it is possible to scrutinize the 
experimental data as they are recorded and, if a measurement fails 
to satisfy certain programmed criteria, remedial action can be 
taken, consisting of automatic adjustment of the measuring

Measnrement of reflexions

Control of angular positions

Data processing of output 
information by computer

Final set of structure 
amplitudes

Input information

Fig. z. Flow of operations in an automatic diffractometer system. For ‘on-line’ 
operation there is feedback from the processed data to the input via the computer, 
as indicated by the broken line.

conditions until these criteria are satisfied. The data are then 
reduced to a set of structutre amplitudes as in the off-line system. 
The on-line system is indicated by the broken line in Fig. 2.

Just as there are two different classes of computers, analogue and 
digital, so is there a similar choice of analogue or digital instruments 
in diffractometry. In analogue instruments the relationships be
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tween the setting angles are reconstructed by means of mechanical 
linkages, and the correct setting angles are generated by simple 
movements of the linkages: there is no need to compute the 
magnitudes of the setting • angles, and the input information 
consists of the lattice parameters only, apart from various instru
mental constants. The type of linkage governs the mode of opera
tion, such as the sequence in which the reflexions are measured. 
A different mode requires changes in the mechanical design, and 
for this reason the analogue method of control is less flexible than 
digital control.

In the digital method of control, angle encoders convert angular 
positions of the diffractometer shafts into digital form. The setting 
of the shafts and the measuring of the reflexions are programmed 
according to previously prepared input instructions. These input 
instructions are usually supplied by a computer, as the formulae 
for the setting angles are too cumbersome for manual computation 
of any but a very small number of reflexions. Thus, without ready 
access to a computer, it may be preferable to use the analogue 
method of setting.

As regards the design of diffractometers, automatic or otherwise, 
there is a further choice concerning the type of diffraction geo
metry used. In the ‘ normal-beam equatorial’ geometry (Fig. 3) the 
incident beam lies in the same plane (the equatorial plane) as that 
in which the detector moves, and one of the axes about which the 
crystal rotates (the w-axis) is normal to the equatorial plane. This 
w-axis is used as the oscillation axis in scanning across the reflexion. 
The crystal orientation is determined by the three Eulerian angles—  
<j), X, w— and these angles must be reset between measurements of 
separate reflexions. This geometry is particularly useful in neutron 
diffraction, where the motion of the detector, with its bulky fast- 
neutron shielding, is best restricted to a single, horizontal plane. 
In the ‘ inclination’ (Fig. 4) type of geometry both the incident and 
diffracted beams are inclined at variable angles, 90°—/i and go° — p 
respectively, to the crystal oscillation axis, which, in contrast with 
the equatorial geometry, coincides with the goniometer-head axis 
(j>. The crystal is rotated about the single axis (j> to bring each 
reflecting plane to the measuring position and the detector is 
rotated about two independent axes, v and T, to receive the
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diffracted beam. With inclination instruments used in one of the 
special settings (equi-inclination, normal-beam, flat-cone) dis
cussed in Chapter 2, it is only necessary to alter one detector axis 
and one crj'̂ stal axis in order to measure all the reflexions in a given 
reciprocal lattice level ; for automatic operation it is usual to control 
these two axes automatically and to adjust the remaining axis by 
hand between the measurement of different levels. "

Goniometer-head 
axis ^

Detector

CD- Reflected 

 ̂ b eam "
Equatorial
plane%-circIe

Crystal

Incident
beam

,  '•Oscillation axis w

1

Fig. 3, Normal-beam equatorial geometry. T he crystal is mounted on a gonio
meter-head attached to the ç5-axis; the ^-circle moves round the vertical 
%-circle, and the ÿ-% assembly rotates as a whole about the vertical w-axis. T he 
detector moves in the horizontal, equatorial plane and the incident beam is normal 
to the crystal oscillation axis'w.

Once the crystal and detector are set correctly to record a given 
reflexion, one of three measuring procedures may be initiated to 
determine the magnitude of the integrated intensity. In the first 
{stationary-crystal-stationary-detector method) the peak intensity 
and the background in the vicinity of the reflexion are measured 
with the crystal and detector both stationary. The difference 
between the peak intensity and the background intensity is pro
portional to the integrated intensity, provided the incident beam 
has a wide and uniform angular distribution of intensity at the
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specimen. These two conditions are difficult to satisfy simulta
neously, and so, in spite of its speed and simplicity, the stationary- 
crystal-stationary-detector method is rarely used. In the other two 
measuring procedures, the crystal moves slowly through the 
reflecting position as the reflected beam is recorded: the crystal 
alone moves in the moving-crystal-stationary-detector method; the

Oscillation axis =
goniometer-head

Detector

Reflected
beam

Crystal

Incident

^  '^beam

Fig. 4. Inclination geometry. T he crystal is mounted on a goniometer-head 
attached to a single shaft ÿ. The detector moves around a cone with variable 
semi-angle, 90°—»', and the incident beam likewise makes a variable angle, 
90°—fi, with the crystal oscillation axis 4>.

detector moves at twice the angular velocity of the crystal in the 
moving-crystal-moving-detector method. In these two scans a 
complete profile of the reflexion is measured and the area of this 
profile above the background is the required integrated intensity.

1.4. A ccuracy o f  counter m ethods

One of the objects of crystal-structure determinations is often 
the derivation of bond lengths between neighbouring atoms. To  
measure bond lengths to an accuracy of o-oi A  requires extremely
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good experimental data, and for the study of thermal vibration 
amplitudes or electron density, distributions even higher quality 
may be necessary. This search for accuracy has contributed to the 
swing back to counter methods of detection in X-ray crystallo
graphy. Modern scintillation and proportional counters are far 
superior to the earlier ionization chambers: it is now possible to 
count the individual X-ray quanta received by the detector and to 
record directly the intensity of each diffracted beam in terms of the 
number of quanta received per second. In the photographic method 
a direct determination of intensity is not possible. The blackness of 
a spot on a photographic film must be related to the intensity of the 
beam producing it, and, even in the most careful work, this intro
duces errors of perhaps lo  per cent in the estimated intensities. The  
photographic determination of X-ray intensities is fully described ■ 
in the book Crystal-Structure Analysis by M. J. Buerger (i960).

The production of X-rays in an X-ray tube, or of thermal 
neutrons in a nuclear reactor, is a statistical process and is subject 
to random statistical fluctuations. If the detector records a total of 
N  counts in a given time, the standard deviation of repeated 
measurements of this number is N^, and the fractional standard 
deviation is N~^. This means that at least 10,000 counts must be 

■ recorded to achieve a percentage standard deviation not exceeding 
I  per cent.

The final accuracy of the experimental data obtained with a 
diffractometer is very often limited by systematic errors rather than 
by the random statistical error. Systematic errors arising from such 
factors as absorption, extinction, simultaneous reflexions or thermal 
diffuse scattering (which peaks at the same position as the Bragg 
reflexion and causes errors in estimating the background level under 
the reflexion) are difficult to calculate or to correct for experi
mentally. It may be possible to correct some of the systematic 
errors by repeating or extending the measurements under different 
experimental conditions (for instance, by using a different wave
length or by changing the azimuthal orientation of the reflecting 
planes), but very careful and painstaking work is necessary to 
reduce the relative errors of the structure factors to the region of 
I  per cent. In later chapters we shall discuss the questions of 
random and systematic errors, and analyse the results of intensity
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measurements carried out on standard crystals with known 
structures.

1.5. Speed of counter methods
. Nearly all X-ray diffractometers measure the diffraction peaks 
in succession, whereas photographic methods are capable of re
cording a complete reciprocal lattice level on the same film. On the 
other hand, diffractometers can be adapted readily to automatic 
methods of control: automatic diffractometers are capable of high 
speed and accuracy (although these two features tend to be 
mutually exclusive), and they eliminate much of the tedium and 
labour demanded by photographic work.

It is probably in the study of large biological molecules that the 
high speed of diffractometer methods is of greatest importance. 
The determination of the structure of even a relatively small 
protein requires the measurement of perhaps 250,000 reflexions: 
a data collection task of this magnitude could not readily be under
taken without an automatic diffractometer. An example from this 
field (H. C. Watson, private communication, 1965) illustrates the 
advantages of diffractometry in a particularly striking way.

The protein, glyceraldehyde 3-phosphate dehydrogenase, has a 
molecular weight of 140,000 and four molecules are contained in 
the unit cell of approximate dimensions a =  150 A, è =  140 A and 
c =  80 A. There are approximately 3,500 independent reflexions 
from planes with spacings greater than 6 5 A. These reflexions 
were measured first using two Buerger precession cameras operat
ing simultaneously on two crystals. The resulting films were 
measured bn a recording microdensitometer, the chart records 
analysed by experienced assistants, and the intensities punched on 
cards. The scaling of the measurements on different films and on 
different crystals, and the correction for Lorentz and polarization 
factors, were carried out by computer. (The data were not cor
rected for absorption.) Three, months of full-time work by one 
scientist and one assistant were required to produce a list of 3,500 
structure factors: this corresponds to an average output of about 
50 reflexions/day. A total of 36 different crystals were used in this 
investigation since each crystal could withstand only 72 h in the 
X-ray beam.
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The same reflexions were then measured on one crystal using a 
paper-tape-cpntrolled three-circle diffractometer. The time taken—  
by one scientist—was 3 days, and the data were then already on 
paper tape, ready for further processing. Because a distant com
puter was used, an additional day was needed for this processing. 
This data collection rate of 1,000 reflexions/day can be enhanced 
by factors of three or five when employing multiple counter 
techniques (Phillips, 1964; Arndt, North & Phillips, 1964), without 
any increase in X-ray exposure to the specimen.

1.6. Cost of counter methods
In spite of the high capital costs of automatic-diffractometer 

installations, their use for data collection may give rise to real 
economic advantages. This is shown by analysing the data- 
collection problem discussed above.

(a) Photographic data collection [X-rays)
C apital cost of X -ray  tube , ts\’o precession cam eras, 

densitom eter, darkroom  equ ipm ent £3 i5°o
A nnual costs

In te res t on  capital a t 5 %  p.a. £ i 7S
D epreciation (assum ing w riting-off the  equ ipm ent in  

10 years) ^ 35°
M aterials, spares, servicing £200
Scientist’s salary £2 ,000
F u ll-tim e technician £800

£3,525 p a.
N u m b e r o f reflexions m easured in  one year a t 3,500 

reflexions in  3 m onths =  14,000 
H ence cost p e r 1,000 reflexions =  £250

[h) Diffractometer data collection [X-rays)
C apital cost o f diffractom eter. X -ray  tube , electronic test 

equ ipm ent , £20,000
A nnual costs

In te re s t  o n  cap ita l a t  5  %  p .a . £ 1 , 0 0 0
D e p re c ia tio n  (a ssu m in g  w r itin g -o ff  th e  e q u ip m e n t in  £2,667 

yea rs)
M aterials, spares, servicing £ °o o
Scientist’s salary £2,000
Part-tim e electronics technician £ ?oo
P art-tim e assistant £500

£7,667 p .a.
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N um ber o f reflexions m easured per year a t 5,000 p e r 
week for 48 weeks =  240,000 

H ence cost p e r 1,000 reflexions =  £32

It must be emphasized that economies of this magnitude are 
realized only if the diffractometer is fully employed: this in turn 
implies that the laboratory in which it is installed has data-collec
tion problems of an adequate magnitude, and that the instrument 
is sufficiently reliable to function for a high fraction of the working 
year. These two conditions as yet apply simultaneously in very few 
laboratories.

Diffractometer data collection [neutrons)
The cost of providing a monochromatic neutron beam varies 

from reactor to reactor and is very difficult to determine: however, 
for a 20 MW reactor a figure of j[io ,000-^15,000 p.a. per diffracto
meter is perhaps appropriate. The costs of the remaining items in 
the diffractometer installation are essentially the same as for X-rays, 
and so we can estimate a total annual cost of about £20,000 per 
diffractometer. Assuming that 500 reflexions are measured in one 
week, the net cost per 1,000 reflexions is £1,000. This is a very 
crude overall figure but it does serve to emphasize that neutrons 
must only be used for those crystallographic problems—for instance, 
the determination of magnetic structures, and the location of light 
atoms in compounds containing heavy elements—which could not 
be tackled with X-rays.
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CHAPTER 2

D I F F R A C T I O N  G E O M E T R Y

We have referred already (see p. 7) to the two principal methods of 
measuring a set of Bragg reflexions. Thd first is the inclination 
method, which is related to the photographic Weissenberg tech
nique. The second, Ûïq itormal-heam equatorial method, has no 
counterpart in photographic work. In this chapter we shall describe 
the diffraction geometry associated with these two methods and 
derive formulae for the setting angles of the crystal and detector, 
both in a general form and in various simplified forms for special 
settings and particular crystal symmetries. We shall then compare 
the two geometries and show how the special settings which are 
used in either method are related to one another. Finally, we shall 
discuss the problem of measuring several reflexions at the same 
time with a diffractometer.

It is necessary to describe first the geometrical requirements for 
setting the crystal and detector and for measuring the reflexion. 
Bragg's law imposes certain geometrical conditions on the posi
tions of the crystal and the detector, and these conditions must be 
satisfied before the measurement begins.. Once the crystal and 
detector are correctly set, the reflexion is measured by counting the 
number of diffracted X-ray quanta or slow neutrons received by 
the detector as the crystal rotates uniformly through the Bragg 
reflecting region. These geometrical considerations are best de
scribed in terms of the reciprocal lattice and the Ewald sphere of 
reflexion.

2.1. General considerations  

The reciprocal lattice 
The unit cell of the direct lattice is the parallelepiped with 

edges a, b, c. The magnitudes of these vectors are a, b, c and their 
interaxial angles are a, /?, 7 , where a  is the angle between b  and c, 

that between c and a and 7  that between a and b.
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The vectors a*, b*, c*  defining the unit cell of the reeiprocal 

lattice are derived from a, b, c in the following way. T he vector a* 
is normal to the plane containing b  and c, and its magnitude a* is 
proportional to the reciprocal of the spacing of the (xoo) family of 
planes in the direct lattice. Thus

a * .b  =  a * .c  =  o,"

where the dot indicates a scalar product, and

|a*| =  a* == KjdiQQ,

where iC is a constant. Unit cells in the direct and reciprocal
lattices are shown in Fig. 5.

In considering the reciprocal lattice in relation to the diffraction
process, it is convenient to choose K  =  À, the wavelength of the
incident radiation. This choice will be used throughout this book.
We have then * -x ja* =  A/dioo.

Similarly, b* is defined as a vector normal to the ca-plane and of 

magnitude _  A/d...,

and c* as normal to the ab-plane and of magnitude

c* =  ^l^oov '

The relations between the cell edges in the direct lattice and those 
in the reciprocal lattice are:

a * .a  =  A, a * .b  =  o, a * .c  — o,

b * .a  =  o, b * .b  =  A, b * .c  =  0,

c * .a  =  o, c * .b  =  o, c * ,c  =  A,

and the explicit expressions for a*, b*, c* in terms of a, b, c  are

a* =  A(bAc/PQ,'j

b* =  A(cAa/F), i (2.1)

c*  =  A(aAb/F).J

Here bAC denotes the vector product of b  and c and V  is the 
volume of the unit cell in the direct lattice, that is, V  =  a .b  AC.

The reciprocal lattice has two properties which are particularly 
useful in considering diffraction problems. These properties,



The same equations hold when the starred and unstarred 
quantities are interchanged.

Geometrical conditions for observing Bragg reflexion. The Ewald 
sphere

Bragg's law , ( ,.6 )

expresses the condition that radiation of wavelength A is diffracted 
at glancing angle 0 by the planes of the direct lattice of spacing d. 
The law can be interpreted geometrically in terms of the reciprocal 
lattice and the Ewald sphere of reflexion. This interpretation is 
particularly convenient in calculating the setting angles of the 
crystal and detector for observing the Bragg reflexion, and it will 
be used extensively throughout this book.

T he Ewald sphere is defined with reference to the unit vector 
Sq, which lies in the direction of the incident beam. If s@ terminates 
at the origin O  of the reciprocal lattice and has its starting point at 
C, then the Ewald sphere is the sphere with centre C and radius
1 r.l.u.

Suppose that the reciprocal lattice point P  with co-ordinates hkl 
lies on the surface of the Ewald sphere (Fig. 6). O P  is normal to 
the family of planes (hkl) in the direct lattice and so the angle 
between the incident beam and OP  is go° — 0', where 0' is the 
glancing angle of incidence. The length of the diameter OA  is
2 r.l.u. and of O P  is A/d, so that in the right-angled triangle A P O

cos (90° —0 ') =  A/ad. -• (2.7)

Comparison of (2.6) and (2.7) shows that the glancing angle 6' is 
equivalent to the Bragg angle 0. This is only true if P  lies on the 
surface of the sphere.

Thus the condition for the family of planes (M /) to diffract 
radiation of wavelength A is equivalent to the requirement that the 
hkl point of the reciprocal lattice lies on the surface of the Ewald 
sphere of reflexion. We cari represent the crystal by a collection of 
reciprocal lattice points, each point corresponding to a different 
family of planes in the direct lattice. As the reciprocal lattice 
rotates it sweeps through the Ewald sphere, and a reflexion occurs 
each time a reciprocal lattice point cuts the sphere.
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In the idealized situation described above the reciprocal lattice 
points are geometrical points. In practice, the incident beam con
tains a range of directions and wavelengths and the crystal is of 
finite extent with reflecting planes that are not exactly parallel: 
these facts can be accommodated in our geometrical picture by 
regarding the reciprocal lattice ‘points’ as small regions of finite 
size in reciprocal space. Radiation is then diffracted when any part 
of the small regions lie on the surface of the sphere.

d*

Fig. 6. Ewald sphere of reflexion. O is the origin of reciprocal space, Sq and s 
are unit vectors along the incident and reflected beams, and P  is a point with 
co-ordinates hkl with respect to the axes of the reciprocal lattice. • •

The diffracted beam lies along a direction which is at an angle 2 0  

to the incident beam and lies in a plane containing the incident 
beam and the reflecting normal. Fig. 6 shows that this direction is 
along the line CP, joining the centre of the Ewald sphere to the hkl 
reciprocal lattice point. T o receive the diffracted radiation the 
detector must be placed along CP, where C is taken as the position 
of the crystal. In discussing angular relationships with the aid of 
the Ewald construction, we are at liberty to draw the diffracted 
beam as originating either at C, the crystal position, or at O, the



origin of the reciprocal lattice. The former practice is generally 
more convenient, but there are cases where it is preferable to draw 
the diffracted beam along 0 0 ,  parallel to CP (see Fig. 6),

If s is a unit vector in the direction of the diffracted beam, the 
relation

d* =  s-Sg (2 .8)

holds at the reflecting position for the {hid) plane, where

d*. = Jia* + kh* + lc*.

The ‘scattering vector' S is defined -as s-Sg, so that the Bragg 
condition (2 .6) is equivalent to bringing the vectors S and d* into 
coincidence.

Geometrical conditions for measuring Bragg reflexion 
The integrated intensity of a reflexion, also known as the inte

grated reflexion, is proportional to the total energy reflected by the 
crystal as it passes with uniform angular velocity through the 
Bragg reflecting position. (A more complete definition is given on 
P- 2 3 4 .) The integrated intensity is measured by recording the 
number of quanta entering the detector as the crystal rotates 
through a small angular range 2A about the Bragg position. During 
this movement of the crystal the detector can be either kept 
stationary or given a small movement related to that of the crystal. 
Accordingly, there are two principal moving-crystal measuring 
procedures. In the moving-crystal-stationary-detector procedure 
(the o)-scan in the normal-beam equatorial geometry) the detector 
remains fixed at an angle 2 0  to the incident beam during the 
rotation of the crystal. In the alternative moving-crystal-moving- 
detector procedure (the (o[20-scan or'zO-scan in the normal-beam 
equatorial geometry) the detector shaft is coupled to the crystal 
shaft by a 2 : 1 linkage or gear train, so that the crystal rotates from 
0 —A to 0-4 A while the detector moves from 2 0 —2A to 2 0 4 -2A. 
The detector window widths, while different in these two scans, 
must be sufficient in both cases to accept the full angular spread of 
the diffracted beam.

The crystal rotation through 2A can take place about any axis 
not coincident with the normal to the reflecting plane. In the 
normal-beam equatorial method the crystal rotates about an axis
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lying in the reflecting plane, and the velocity with which the reci
procal lattice point passes through the Ewald sphere is a function 
of 0 only. A valuable feature of this method is that the view of the 
source is the same for all reflexions (Lang, 1954). In the general 
inclination method, on the other hand, the crystal rotates about the 
goniometer-head axis, which is inclined at a variable angle to the 
reflecting plane, and the magnitude of this angle depends on the 
particular reflexion and on the special inclination setting adopted for 
measuring it. The Lorentz factor, expressing the time spent by the 
reciprocal lattice point in passing through the Ewald sphere, has 
a more complicated form than in the normal-beam equatorial 
method (see p. 278). Moreover, reciprocal lattice points lying on 
or very close to the goniometer-head axis cannot cut across the 
Ewald sphere, and so these points are not accessible to measure
ment without re-orientating the crystal.

A third procedure for measuring the integrated intensity is to 
keep the crystal stationary at the Bragg position and to use a 
strongly convergent incident beam: the recorded intensity in this 
stationary-crystal-stationary-detector technique is then equivalent 
to that for a parallel beam and oscillating crystal (see Fig. 7 ). In 
X-ray work the effective source is a foreshortened view of a line 
focus, and the convergent beam can be produced merely by viewing 
the focus with a wide take-off angle.

The stationary-crystal, stationary-detector technique requires 
a uniform emission of X-rays from a substantial length of the line 
focus. This condition is difficult to meet in practice, and X-ray 
ineasurements made with an oscillating crystal technique tend to 
be better than those obtained with the stationary-crystal procedure. 
In neutron diffraction, where the incident beam is reflected by a 
plane-crystal monochromator, the divergence of the beam is con
siderably less than that required to give flat-topped diffraction 
peaks; the divergence can be increased by bending the mono
chromator but this is likely to give a non-uniform angular distri
bution of neutron flux. For these reasons the stationary-crystal 
technique is rarely used in either X-ray or neutron diffraction, in 
spite of the greater speed and simplicity it offers in data collection.

In all three measuring procedures, in addition to obtaining the 
diffracted intensity, we must measure the background intensity



(see Chapter 8) in the immediate neighbourhood of the Bragg 
position. The difference between the intensities of the peak and of 
the background then gives the true integrated intensity.

Intensity

Peak

Background
Angle

Fig. 7. Principle of stationary-crystal, stationary-detector procedure. T he 
individual profiles of the reflexion in (a), each contributed by a different portion 
of the convergent incident beam, are summed in (6) to give a flat-topped peak. 
The integrated intensity is proportional to the peak level minus the background 
level in (6) (after Buerger, i960).

2.2. Cylindrical polar co-ordinates in  reciprocal space

We. can now consider the problem of applying the Ewald con
struction to the determination of the setting angles for the crystal 
and detector. General formulae for these setting angles are derived 
in §§2.3 and 2.4, but to apply these formulae we need first to 
convert the co-ordinates hkl in reciprocal space to cylindrical polar 
co-ordinates, taking the ‘goniometer-head axis’ as the polar axis of 
cylindrical co-ordinates. T his is the axis of the diffractometer on 
which the goniometer-head carrying the crystal is directly mounted, 
and we shall always denote the axis by the symbol ÿ.

The cylindrical co-ordinates are g, g, t, where g is the radial 
co-ordinate, ^ the axial co-ordinate and t  the angular co-ordinate

—  1 7 1 1  r  A u  1 1 u i V  I j  J I U I V l  J 1 1  K  Ï  2 3

(see Fig. 8). These symbols are used by Waser (1951) and others; 
in chapter 4 of the Internaiional Tables, volume ir, the symbol <j> 
is used instead of r .  For our purpose, it is more convenient to 
adopt Waser’s notation and to reserve (j> for rotation about the

Goniomcter-hcad axis

d*

Fig. 8. View of reciprocal-lattice point hkl above a*b* plane.

goniometer-head axis in both the inclination and the normal-beam 
equatorial methods. The angle t  is measured in a  clockwise 
direction, looking along the positive direction of the polar axis, 
with zero r coinciding with the projection of the incident beam on 
the plane normal to the polar axis.

We shall assume that the goniometer-head axis is parallel to 
the c-axis of the crystal arid that for t  — o  the a*-axis is along the 
trace of the incident beam. Thus the ÿ-axis is normal to the plane 
a*b* of the reciprocal lattice. In using the inclination geometry to 
measure a  set of Bragg reflexions it . is customary to aline the 
crystal with the ^-axis normal to a  reciprocal-lattice plane: this 
type of alinement is not necessary with the normal-beam equatorial 
geometry and, in fact, it may be preferable to avoid it and to place 
the crystal at an arbitrary orientation on the goniometer head.



However, in comparing the two kinds of geometry it is convenient 
to consider an identical orientation of the crystal in the two geo
metries. In a later section (p. 51) we discuss the general case in 
which the crystal assumes an arbitrary orientation in the equatorial 
geometry. -

T he expression for in terms of h kl and the lattice parameters 
of a triclinic crystal can be derived from Figs. 8 and 9. Fig. 8 is a 
perspective view looking onto the a*b*-plane. Fig. ga  is a projec
tion on the a*b*-plane and Fig. 96 is a stereogram giving the 
angular relationships between p  and q, where p  is the angle 
between a* and the projection of c* on the a*b*-plane and q  is 
the angle between c and c*. From the Napierian triangle A B C  in 
Fig. 96, bounded by go° — q, p  and

and

sm q c o sp  

singsinj) 

cos g

cosy?*,

— cosasiny?*, 

sinasiny?*.

(2.9) 

(2.10) 

(2. I I )

The C co-ordinate is the magnitude of the vector Ic*, projected 
on the goniometer-head axis. Thus

' C — lc*cosq,

=  /c*sinasiny5*, (2.12)

from equation (2.11). Ç can be positive or negative, depending on 
the sign of I.

The  ̂co-ordinate can now be derived from the relation 

|d*|: =

Substituting for jd*]®. from equation (2.3) and for from (2.12) 
gives .

I  =  [h^a*^+k^b*  ̂+ Pc*^(i—sm^asm^J3*) + zhka*b*cos'y*
+  2klb*c*coscx.* +  zlh c*a*cosfi* ]i.  (2.13)

^ must be positive, and so the positive root is taken in (2.13).
The third co-ordinate t  follows from Fig. 9 a  using the relation

tanr 1 P 'N  k b * sin y *  +  lc * sm q sm p  
O N  h a * + k b * c o sy *  +  lc* s in q co 5 p ’
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Substituting for singcosjp from (2.9) and for sinqs’m p  from (2.10)
gives;

tanr =
sinr kb*sln'Y* — lc*cosasm /i*

(2.14)
COST h a * + k b * c o s y *  +  lc* co s^ * '

r  lies in the range 0-360°. The correct quadrant follows by giving 
sinr the sign of the numerator in (2.14) and c o s t  the sign of the 
denominator. . . '

90°

90°- p

•/c* sin q

(6)

Fig. 9. (a) Vectors in a*b*-plane; (6) stereogram projected on to a*b*-plane.

Equations (2.13), (2.12) and (2.14) are the required expressions 
for the cylindrical co-ordinates g, Ç, t  in terms of hkl and the lattice 
parameters. T o obtain formulae related to the parameters of the 
reciprocal cell only, the angle a  is replaced by 

, /cosyS^cosy* —cosa*\
\  rin^g'Imÿ* j" :



The resultant expressions are cumbersome, but considerable 
simplification Occurs for crystal systems of higher symmetry than 
triclinic.

Table I gives expressions for g, r  for the different crystal 
systems. The table includes expressions for both the first and 
second settings of tire monoclinic system. In both settings the 
unique diad axis is along the goniometer-head axis, but is labelled 
c in the first setting (with r measured from the a* axis as zero) and 
b  in the second setting (with zero t  along c*). A similar table has 
been constructed by Prewitt (i960).

2 .3 . Inclination method
This is the counter diffractometer version of the photographic 

Weissenberg method, which is very fully described by Buerger 
(1942). The Bragg reflexions are measured by rotating the crystal 
with uniform angular velocity about the goniometer-head axis, ÿ. 
The incident beam is inclined at an angle go°—/i  to the ÿ-axis and 
the Bragg reflexion occurs in a direction at 90° — p to this axis.

I f  the crystal is mounted with a zone axis, say [001] or the 
c-axis, along the goniometer-head axis, the reciprocal lattice layers 
or levels at /  =  o, i , 2, ... arc normal to the ^-axis. As the crystal 
rotates, these levels intersect the Ewald sphere in circles (‘ reflecting 
circles’) and give reflexions lying in cones of semi-angles go° — v, 
where each level is associated with a particular value of v. T o pick 
up a reflexion in a given level the detector is set at the correct angle 
90° —f  to the ÿ-axis and is then moved through an angle Y about 
an axis concentric with the' ^-axis. By measuring the reflexions 
level-by-level, /t and v can be kept fixed and only t\vo angles, (5 
for the crystal and Y for the detector, need be varied within each 
level (see Fig. 4  on p. 9). , .

If the crystal is mounted in an arbitrary orientation on the 
goniometer head, so that the ÿ-axis does not coincide with a zone- 
axis, it is still possible to measure the reflexions, varying three 
angles (j>, u and Y between measurements, n  can have a fixed value. 
However, this procedure would be inconvenient as it requires a 
variation of all three angles, even within a given level. We shall 
discuss only that orientation o f the crystal in which a zone axis is 
along the p-axis. , ' .
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General setting aftgles of crystal and detector 
We wish to derive formulae giving the setting angles v, Y in 

terms of the inclination angle and the cylindrical co-ordinates 
£Çr of the hkl point. In the general inclination geometry ft can take 
an arbitrary value.

The reference orientation o f the crystal is chosen with the c-axis 
along the goniometer-head axis, +  c upwards in Fig. 4, and the 
a*-axis along the projection of the incident beam in the plane normal 
to the goniometer-head axis. ^  is the angle of rotation from this 
standard orientation, measured in a clockwise manner looking along 
the positive c direction. Y is the angle which the detector moves 
round from the ‘ straight through ’ position : positive Y corresponds 
to clockwise rotation of the detector arm looking along c, or counter
clockwise rotation as seen looking down from'above in Fig. 4. Thus Y 
lies between o and 180° for instruments with counter-clockwise zd  
motion and between o and —180° for instruments with clockwise 
20 motion. By defining Y in this way we can derive formulae which 
apply to both left-handed and right-handed instruments.

Fig; lo a  is a perspective drawing of the Ewald sphere, showing 
the reciprocal lattice point P  ( =  hkl) at the standard orientation of 
the crystal and the same point S  after rotation through ÿ  to bring 
it to the surface of the sphere. 5  lies in the /-level of the reciprocal 
lattice, normal to the rotation axis. The figure also shows the zero 
level, passing through the origin O of the reciprocal lattice, and the 
equatorial level which is norrnal to the rotation axis and passes 
through the centre C  of the Ewald sphere. The setting angles v, Y 
of the detector are given by - ,

sin y =  sin/i, .

_  C Œ -h C /lf-O M *
ï c g T c » — ;

_  [i — (g-f sin/<)^3 +  cos*/( —

(2-15)

and

cos Y

z [ i  — (^+sin/^)2]^cos/« 
2 cos'/t—2Ç sin / t —£2 _  ̂ 2

(2.16)
2 cos/{(cosV — zC sin/( — '

The inclination angles ji, v are restricted to the first quadrant, 
0-90°, and the positive root is taken in the denominator of (2.16).
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/-level

■ Zero level

Projection of 
incident beam Equatorial (^) 

level

90“-w .Projection of \  
diffracted beam \  
in equatorial plane

Projection o f 

incident beam

ha*

&b*i

Projection 
of /c*

(Q-

Fig. to . (o) Ewald sphere w ith  crystal in general inclination setting. T h e  crystal 
is m ounted  w ith its c-axis along the goniom eter-head axis <j>- S  is the  reciprocal- 
lattice po in t hJil in  the reflecting position, and P  in  the  reference position. 
{b) Zero level in  general inclination setting. P '  is the projection o f th e  h k l po in t 
in the reference position of the crystal and  S '  the projection o f h k l in  the  
reflecting position. (j> is the angle betw een O P ' and  O S '.

The correct quadrant of Y is determined by the sense of the 2 0  

motion, clockwise or anti-clockwise (see above).
The crystal setting angle (j) is derived from Fig. lob , which is a 

projection of Fig. 10 a on the zero level. The points P  and S  project 
as P' and S'. The Cartesian axes x yz  are laboratory axes with the 
2-axis parallel to c and the x-axis initially along à*. (j> is related to



the angle Og between the y-axis and. O S' in Fig. lo b  by the 

equation ^ ^ i8o°-T-(90°-W o). (2.17)
From Fig. lo a  •

. '

_  ^  + cos'/f T ( t — —sin^/r—2^sin/r)
2gcOS/f

' ( - » )

Combining (3.17) and (2.18):

(S -  i8o”- r - c o s - i ( £ t | l ^ p ) . (,.19)

T he last term of (2.19) lies in the first quadrant for counter
clockwise 20  motion and .in the fourth quadrant for clockwise 
motion.

T he setting angles for a crystal of any symmetry, examined in 
the general inclination setting, are readily derived by combining 
(2.15), (2.16) and (2.19) with the formulae for in Table I.

W e have derived the formulae for the setting angles without 
placing any restriction on the inclination angle jti. Thus /i  can be 
assigned an arbitrary value before each hkl reflexion is measured. 
However, if we alter/i, the whole diffractometer assembly tilts with 
respect to the incident beam, and so it is mechanically desirable to 
carry out the intensity measurements at a’minimum number of /i 

■ settings. Moreover, with /n fixed, the inclination angle v of the 
detector is also fixed, in accordance with equation (2.15), for a 
given reciprocal lattice level which is normal to the goniometer- 
head axis (Ç — constant). For these reasons it is customary to 
assign ji  a particular value for each level, measuring the hkl 
reflexions level by level and varying only the angles 56 (for the 
crystal) and T  (for the detector) within each level. The particular 
value chosen for /t gives rise to the normal-beam, equi-inclination, 
anti-equi-inclination and flat-cone settings.

Normal-beam setting [ji =  o). The normal-beam setting is so- 
called, because the incident beam strikes the crystal at 90° to the
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axis of rotation. Putting /i =  o in (2.15), (2.16) and (2.19) gives the 
following expressions for the three setting angles:

'v =  sin-^C,

=  T 8 o °-T -C O S -l^ ^ ^ ^ ^ .

(2.20)

For the zero level, Ç =  o, the detector angle T  is equal to 20. An 
instrument used in the normal-beam setting can be considered 
equally well as the diffractometer version of the photographic 
Weissenberg normal-beam method or the photographic rotating- 
crystal method.

A fundamental weakness of the normal-beam method is that the 
zero level only can be fully explored. A  high proportion of the 
reflexions on upper levels lie in blind regions: they can be measured 
only by remounting the crystal in a new orientation. These blind 
regions are shown in Fig. 11. The small sphere in this figure 
represents the Ewald sphere of reflexion and the large sphere is the 
limiting sphere, of radius 2 r.l.u. and centre at the origin of the 
reciprocal lattice. The limiting sphere includes all hkl points up to 
the maximum Bragg angle of 90°. For Ç 4= o there is an annular 
blind region around the rim of the reflecting circle at high Bragg 
angles, and an inner blind region at the centre of this circle of 
radius T — (  I  — ^ )i.

Equi-inclination setting (/t ——v). The incident and diffracted 
beams are equally inclined to the positive direction of the rotation 
axis. The setting angles in (2.15), (2.16) and (2.19) reduce to •

sin F =

T =  2 s in - i(—
\ 2 C 0 S / f /

6  — i8 o °—T—cos~^(—- —  \2 cos flj

(2.21)

The angles Y and f  are independent of so that there is a resem
blance between the different levels, which in photographic work 
leads to simplifications in interpreting photographs of the various 
levels (Buerger, 1942). . ' %



There are no blind regions within the limiting sphere, because 
the axis of rotation ÿ  passes through the reflecting circle of the 
/-level (Fig. 12). However, reciprocal lattice points close to the 
rotation axis have a large Lorentz factor and cannot be measured 
accurately. The equi-inclination setting is also liable to give 
intensity errors arising from simultaneous reflexions (see p. 251).

Blind regions
Reflecting circle 
, /  o f /-level

'/-level

Incident
'beam

Zero level

Evvald
sphere

Limiting
sphere

Fig. I I .  N orm al-beam  setting, showing zero level and /-level. T h e  /-level in ter
sects th e  Ew ald sphere in  the cross-hatched region ; as this region rotates the 
shaded area is scanned, leaving blind  regions inside lim iting sphere.

Such errors occur if at.least two reciprocal lattice points lie 
simultaneously on the sphere of reflexion. This condition is auto
matically satisfied if the crystal is mounted in the equi-inclination 
setting with c* (which coincides with c for orthogonal crystals) 
along the axis of rotation (Yakel & Fankuchen, 1962). In measuring 
the reflexions in the /-level the,00/ point will then always lie on 
the surface of the Ewald sphere, and when lüd is in the reflecting
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position the hko point is on the Ewald sphere too, as shown in 
Fig. 12. The simultaneous presence of hkl, hko and 00/ on the 
Ewald sphere can lead to serious errors in measuring hkl alone. 
A similar difficulty also occurs in the normal-beam setting; if c* is 
along the axis of rotation, hkl and hkl lie on the Ewald sphere 
simultaneously.

Anti-cqui-
inclination

Zero
level. 000

Flat-cone|/-level

E q u i - in c l in a t io ^ ^ I n c id e n t  
 — '—  /  beam/-level

hkl

Fig. 13. Ew ald sphere show ing equi-inclination, flat-cone and  
anti-equi-inclination  levels.

Anti-equi-indination setting {ji =  p). From equation (2.15), 
C =  o if /t =  V. Consequently, this setting can only be used for 
reflexions in the zero level and is limited to the collection of two- 
dimensional data. The incident and diffracted beams are on opposite 
sides of the equatorial level, and are equally inclined to the rotation 
axis. The setting angles (equations 2.16 and 2.19) reduce to

(2.22)
\ 2 C 0 S / t /  '

\2  c o s / i/ ’

which are the same expressions as for the equi-inclination setting,

Y =  2sin~^
\2 C 0 S /<

=  i8 o °—T —cos~^l



X \ j i r r c .  1 K  ï

Flat-coiie setting (i/ =  o). If the incident beam makes an angle 
of 90° —[I with the rotation axis, where [i is given by

sin/i = (2 2 3 )

then from equation (2.15) the inclination angle v of the diffracted 
beam is zero. Thus for each level the diffracted beam is normal to 
the rotation axis and lies in a 'flat cone’. The /-level defined by
(2.23) coincides with the plane passing through the centre of the 
Ewald sphere, normal to the goniometer-head axis, and the 
detector moves in this plane. The angular position of the detector is

and the setting angle of the crystal is given by

(2.24)

=  180°—T —COS'
\ 2 ^ C O S / i / ’ (2 2 5 )

where sin/t =  —
Blind regions occur, as in the normal-beam setting, in measuring 

upper levels. The radius of the circular blind region at the centre 
of the /-level is i  —(i — whi ch is the same magnitude as for 
the normal-beam setting.

Fig. 12 is a perspective drawing of the sphere of reflexion, 
showing the equi-inclination, flat-cone and anti-equi-inclination 
settings. Whenever a general /-level is measured in the equi- 
inclination setting, the zero level will be in, the anti-equi-inclination 
setting. This is a special case of the situation which arises whenever 
two levels are located symmetrically on either side of the flat-cone 
level, and gives rise to the possibility of measuring reflexions 
simultaneously in pairs (see §2.6).

The orientations of the incident and diffracted beams with 
respect to the rotation axis of the crystal in the normal-beam, 
equi-inclination and flat-cone settings are illustrated in Fig. 13; 
this figure is drawn for the measurement of the I — 2 level, and so 
does not include the anti-equi-inclination setting which can only 
be used for the zero level, I =  o. .

Table II summarizes the formulae for the setting angles derived 
in this section. The first column gives the inclination angle / i  of
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Detector
Detector

1 = 2
Incident
beam

Incident

beam
ICrysW

/ =  - 2

Incident beam

Detector

Fig. 1 3 . M easurem ent of / =  a level in  (a) norm al-beam , (b) equi-inclination, 
and (c) flat-cone settings. T h e  diffraction cones for o the r levels are also shown.

the incident beam, which assumes a particular value for the normal- 
beam, equi-inclination and flat-cone settings. The remaining 
columns give the setting angles in terms of and the polar co
ordinates ggr of the hkl reciprocal lattice point. Combining Tables I 
and II leads to formulae for the setting angles in terms of hkl and 
the lattice parameters of the sample. • ,
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2.4. N orm al-beam  equatorial m ethod

We now come to the second general class of diffraction geometry. 
Instruments using this kind of geometry are variously known as 
goniostats, single crystal orienters, three-circle or four-circle 
diffractometers. We shall use the term ' three-circle diffractometer’ 
to denote an instrument in which the detector shaft is geared to one 
of the crystal shafts, and the term ‘four-circle diffractometer’ for 
an instrument with four independently driven shafts. During the 
measurement of each reflexion, carried out by oscillating the

Equatorial 
plane ^

Ewald
sphere

'rdrclc

Fig. 1 4 . T h e  Ew ald sphere, and the  sphere through  the reciprocal lattice po in t P  
w ith cen tre  a t the origin of the reciprocal lattice. In  the  sym m etrical-.^ setting  
the <j> rotation m oves P*to Q , the ^ -ro ta tion  m oves 0  to  P  and  the w -rotation 
moves R  to  th e  reflecting position S .

crystal through the Bragg reflecting position, both the incident and 
diffracted beams are normal to the oscillation axis. Thus the 
incident and diffracted beams lie in the equatorial plane, which is 
the plane normal to the crystal oscillation axis and passing through 
the centre of the sphere of reflexion. We shall call this type of 
diffraction geometry Normal-Beam Equatorial Geometry (Fig. 3).

Fig. 14 shows the Ewald sphere of reflexion. The oscillation axis 
is denoted by w: in contrast with the situation in the inclination 
method, this axis must be distinguished from the goniometer-head



axis, which we denote again by (j). The detector rotates about the 
2/9-axis, coineident with the w-axis; its movement is restrieted to 
the equatorial plane and a rotation through an angle zO  from the 
incident beam brings the detector to the correct position for 
receiving the diffracted beam. T o bring the crystal to the reflecting 
position for the hhl plane, the corresponding reciprocal lattice 
point P  must move to S , where O S  is in the equatorial plane and 
at 90° — 0 to the incident beam. .

Conventiom for setting angles
In a four-circle diffractometer the crystal has three rotational 

degrees of freedom. Three rotations are sufficient to give any 
vector, referred to axes in the crystal, any arbitrary orientation in 
laboratory space. The three circles (see Fig. 15) are the w-circle, 
the %-circle which is carried on the w-circle and whose axis is 
normal to the oi-axis, and the ^-circle which is mounted on the 
%-circle and carries the goniometer head supporting the crystal.

Before deriving expressions for tire setting angles of the crystal 
we must adopt certain conventions for defining the setting angles 
and the standard orientation of the diffractometer with respect to 
the laboratory axes x, y ,  z .  T he «-axis is defined as the direction of 
the incident beam, outwards from the source, and is assumed to be 
horizontal. T he ar-axis is vertically upwards and the y-axis com
pletes a right-handed system, w is the angle of rotation of the 
%-circle about a vertical diameter and % is the angle made by the 
ÿ-axis with this diameter. We define the zero positions of o> and % 
when the ^-axis is along z  and below the crystal and the plane of 
the %-circle is normal to x (Fig. 15). The zero value of the angle 
of rotation about the goniometer-head axis, is arbitrary in the sense 
that it depends on the orientation of the crystal on the goniometer 
head. As in §2.3, we shall assume that the crystal is mounted with 
its c-axis along the goniometer-head axis and that <j> — o when the 
a*-axis is along the positive x  direction. The positive direction of 
the goniometer-head axis is defined as along +2  ̂ in Fig. 15.

We must also give conventions for the positive senses of rotation 
of the setting angles. When % =  o, w and f  increasing represent 
clockwise rotation looking along the positive 2-axis. When w =  o, 
% increasing represents a clockwise rotation looking along the
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positive «-axis. These conventions are in accordance with the 
right-handed screw rule, previously used in defining the cylindrical 
co-ordinate r  and the inclination setting angles f  and T. The  
detector angle is measured as a clockwise rotation through zd  about 
the positive 2-axis ; thus zO is positive for counter-clockwise move
ment of the detector as viewed from above the instrument, and 
negative for clockwise rotation. By allowing for both positive and 
negative values of 0 we can use the formulae derived below for 
both left-handed and right-handed diffractometers.

-Single crystal
Detector

Incident
beam

y

Fig. 15. Positive senses of rotation of %, 0 , 2O in equatorial method. T he 
positive direction of the goniometer-head axis is along + z .

We note here that the orientation of the crystal, corresponding 
to the angles w, %, f  as defined above, is identical to that corre
sponding to &»+180°, —%, ç5+ 180°.

Azimuthal orientation of reflecting plane
In the most commonly used setting, which we shall call the 

symmetrical-^ setting or cone setting (Furnas & Harker, 1955), 
the %-plane bisects the incident and diffracted beams at the 
measuring position. T o bring the reciprocal lattice point P,



Fig. 14, to this position, the crystal is rotated through an angle ^ 
so that P  coincides with O  in the plane of the %-circle, through an 
angle % to move O to R along the vertical %-circle, and through an 
angle co to move R to the surface of the sphere of reflexion at S. 
In general, however, it is not necessary that the hkl normal lies in 
the %-plane at the measuring position. Within certain limits, to be 
determined below, the hkl normal can make any arbitrary angle e 
with the %-plane. This degree of freedom arises because the 
reflecting condition still holds if the crystal rotates about an axis 
normal to the reflecting plane; the choice of e determines the 
azimuthal orientation tjr of the plane, measured as the angle of 
rotation about its normal. W e shall take e as positive when the 
%-plane lies between the scattering vector and the incident 
beam (see Fig. i6 a ), so that the sense of increasing e is the same as 
that for 6 and w.

T o determine the permissible range of e we refer to the stereo
gram in Fig. 16b, showing the crystal,rotations w, %, ^ which are 
necessary to bring the reciprocal lattice vector OP  to the reflecting 
position O S  lying along the scattering vector S =  s —Sq in 
Fig. i6 « . The {5-rotation moves the reciprocal lattice point P  to Q, 
where Q  lies at the point of intersection of two small circles, one 
through P  and normal to the vertical z-axis and the other through 
R and normal to the %-axis. T he %-rotation moves Q to R, and the 
w-rotation moves R to the reflecting position S  at go° — 6 to the 
incident beam. (Fig. 24 on p. 54 is a perspective drawing showing 
the %-plane and the ÿ-, w-axcs at the reflecting position.)

Let p  be the fixed angle between the reciprocal lattice vector O P  
and the positive direction of the goniometer-head axis, p  is related 
to the cylindrical co-ordinates g, ^ by the equation

tan/) =  %  (2.26)

and we will assume for the present that it lies in the range 

o <  p <  90°.

In the Napierian triangle BQT  of Fig. 166

QT -  90°—p, QBT =  -%, BQ =  90°—e.

so that sin%

= - % ,

cosp 
cose ■ (2.27)

D IF F R A C T IO N  G E O M E T R Y  

%-plane

4 1

- Û Incident

beamDiffracted
beam

%-plane
initially

Incident
beamX

Fig. 1 6 . N orm al-beam  equatorial m ethod in  general setting : (a) definition of 
off-set angle e, w hich is positive w hen the %-pIane lies betw een the scattering 
vector S  and  the incident beam ; {b) stcreographic projection onto  equatorial 
plane, showing relations betw een e and th e  angles la, 4> (after W illis, 1 9 6 2  a) . .

Thus the reciprocal lattice vector, which is characterized by th e’ 
angle p, can be brought into the reflecting position provided that e 
lies in the range p >  e >  — p. Any value of e can be chosen in this 
range, and the particular value selected determines the azimuthal 
orientation ^  of the reflecting plane.



The stereogram in Fig. 17 gives the relation between e and 
CED  represents the {hkl) plane after rotation by ÿ , and Q is the 
pole of the corresponding normal. The %-rotation displaces Q to R  
and C  to G  along small circles normal to the %-axis A B . The  

inclination of the vector 0 0  to the equatorial plane is not affected 

by the ^-rotation and the vector OG  likewise is unaffected by the

r-̂ -Jane

-y .

Incident
beamA

-X

Fig. 17. Stereogram showing relation between azimuth jjr and the offset angle e. 
CED  is the reflecting plane before the %-rotation and F O H  its position after the 
%-rotation (after Willis, 1962a). ■

w-rotation. Consequently, the azimuth ^  of the plane CED  
changes only during the rotation about the %-axis. ÿr is the angle 
of rotation of the crystal about the scattering vector S; we define 
it as positive for clockwise rotation looking along the positive 
direction of S and as zero when e =  o. In Fig. 17, ijr is equivalent 
to the change in inclination to the equatorial plane of the vector 

DC  as it moves to the position OG  during the rotation about the
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%-axis.ThusFG =  —ijr, andfrom theNapicrian trianglei4FG,with  
A F  =  € and F Â G  =  %, we have

— tan^ — sinetan%. (2.28)

Combining (2.27) and (2.28) gives

, sine cosp
tan^  7— i •(cos^e — cos^p)®

(2.29)

- 120'

0° ;

-  60°

30 ° 60° 90°-6 0 °  - 3 C r- 9 0 '

-  -6 0 °

a p =  90° 150° J80‘

Fig. 18. Dependence of .azimuth ^  on the offset angle e for different values of p. 
p  is the angle between the reciprocal lattice vector and the positive ^-axis. For 
a particular reflexion, characterized by a fixed value of p, the azimuth can be 
varied through 360° by varying e in tlie range —p <  e <  p for p  <  90°, or in 
the range —(i8o°—p) <  e <  i8o°—p for p  >  90°. The fixed-% setting is 
represented by the horizontal lines aa  and the symmetrical-S setting by the 
vertical lines 66. The symmetrical-^ setting corresponds to the points c where all 
the curves converge.

Equation (2.29) is the required relation between the azimuth tJt 
and the offset angle e of the %-circle, for those reflecting planes 
inclined at an angle p to the {6-axis.

Fig. 18 shows graphically the relation between ijr and e for the 
full range 0-360° in ijf. For reflexions with p  ~  o (180°) or 90° the



azimuth can be changed without altering the offset angle. If 
p  =  o (iSo°) the'scattering vector lies along the goniometer-head 
axis and ^  can be made to vary continuously by changing çi, 
whereas if p  =' 90° the scattering vector lies along the %-axis and 
ÿ" can be varied continuously by changing %. For intermediate 
values o f p, ip' depends on the value chosen for the angle e, and there 
are corresponding changes in the setting angles w, %, ÿ , which also 
depend on e. We must, now derive expressions for &>, %, ^ in terms 
of the offset angle and the co-ordinates g, ^ , t.

General setting angles of crystal 
Cl), %, (j> are the setting angles required to bring the crystal from 

the standard orientation (defined on p. 38) to the reflecting 
position for the (Jikl) plane.

CO is given from Fig.-16 & as

CO =  0 +  e, (2.30)

and X is given by equation (2.27). T o derive an expression for p>, 

w . have from Fig. ^ Ô T -S Ô F . (e.3 .)

But B O P  =  T,  the angular polar co-ordinate of P , and E O T  is 
related to the angles —% and go°—e in the Napierian triangle P ^ P  
by tanPO T =  sin (90°+%) cote. 

Combining (2.27), (2.31) and (2.32) gives: 

/(cos^e —cos®/9)H
çS =  tan

(2 3 2 )

(2 3 3 )

The required equations for the setting angles are (2.27), (2.30) and

(2 3 3 )- •
Let us suppose that the offset angle is Cq, where is negative. 

Thus Cq lies in the range o <  6  ̂ <  —p, and the hkl point is in thp 
upper hemisphere of reciprocal space (that is, p  lies between o and 
90°). From equation (2.29) the azimuthal orientation of the 
reflecting plane lies between o and 90° and is given by

sin Cq cosp 
(cos^Co —cos®p)i'
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The setting angles are

Ù) =  O + Sq,

X =  - 9°° +  Xo .(o- <  %o < P), 

<P =  (o < 5̂ 0 <  9°°)>

cosp

and

where

and

cos%o

tan^o

cos Go

(cOŜ Cp —cos^p)^ 
sinCp

4 5

(2 .34)

jf-plane

Fig. 19. Relation of %-pIane and scattering vector in symmetrical-.^ setting.

The expressions (2.34) for the setting angles can be extended to 
include the full range of azimuth from o to 360°, The results are 
presented in Table III.

Special settings in the equatorial method arise, when e is 
assigned a particular value for each reflexion. Some of these special 
settings are discussed below.

Symmeirical-A settijig (e =  o). At the reflecting position the 
%-circle is symmetrically related to the incident and reflected 
beams (Fig. 19) and contains the scattering vector S. The expres
sions for the setting angles in (2.30), (2.27) and (2.33) simplify to:

Ù) — 0,
sin% =  —

and 90°—r.

(2 .35)



The detector is at an angle 2O to the straight-through direction 
of the incident beam, so that the w and 2O shafts of the diffracto
meter can be geared together in a 1:2 ratio, reducing the number 
of setting angles for the crystal and detector to three. Each reflexion 
is observed at only one azimuthal orientation of the reflecting plane, 
apart from the single plane normal to the ^-axis, for which any 
value of the azimuth rjr can be chosen by varying <p.

T a b l e  III. Setting angles for different values of the 
azm uth rf: equatorial geometry 

\Jr =  o =  i'll =  90° ir =  180® —

“ 6
X -90® +/) - 9°° +  %0
i> 90°—r  pQ — r

Type of
setting: Symmetrical-y4 General

- P
0 - p
— 90®

Fixed-%

-90 -X'a
-^O-T

ir  — 180“ 

0

— 90° —T

General ‘ Symmetrical-./4

g
ir  =  i8o® +  ÿ»g 

~«o
^  =  270® 

P
^  -  360®- 

~®0
ir  =  360®

®+l®ol • 0 -Vp ® +  l®ol 0
X - 9o‘’-%o — 90° -9 0 °  +  % — 9o°+ p
^ ■ l8o° +  ̂ q—T . 180“ —T l8o° — —T 90®—T

Type of 
setting: General Fixed-% General Symmetrical- .4
In  this table:

tanypsmp

and

( t a n '+ c o s ' / ) ) * ' 
cos%o =  cosp/cosEq,
tan^o =  (cos'e, —cos'p)*/sineq (o <  <  90°). ,

f, C r  are the cylindrical polar co-ordinates of the hkl point and tanp =  g/Ç.
In the upper hemisphere of reciprocal space (o <  p <  90°) o <  e, <  —p and o <  <  p.
In the lower hemisphere of reciprocal space (90° <  p  <  i8o°)o <  e, <  — i8o°+ p  and

o <  %o <  180®- p .  - ,

In this setting all reflexions lying within the limiting sphere are, 
in theory, accessible. In practice, the %-circle, if it is a complete 
circle, may obstruct the passage of the incident and reflected beams 

. at high Bragg angles 0. For the symmetrical- 5  setting with e — 90°
(or —90°) there is no such difficulty in observing high-angle 
reflexions.

We show in §2.5 that the sym m etrica l-setting  corresponds to 
the equi-inclination setting o f the inclination method, and so has
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similar limitations (for instance, with respect to the occurrence of 
simultaneous reflexions). The symmetrical-zl setting is widely 
used for making intensity measurements, even though the general 
setting can be employed just as easily in a four-circle instrument. 
With the general setting the azimuthal orientation of the reflecting 
plane can be varied: we shall refer to the importance of this 
variation in Chapter 9.

Symmetrical-B setting (e =  go°). Here the %-circle is sym
metrically oriented with respect to the incident and diffracted 
beams, and is normal to the scattering vector S (Fig. 20). The hhl 
plane can be brought into the reflecting position provided it lies 
in a zone with the ÿ-axis as the zone axis. All other reflexions are

%-plane

S
—

Fig. 20. Relation of %-plane and scattering vector in symmetrical-B setting.

inaccessible. Thus, as for the anti-equi-inclination Weissenberg 
setting, the symmctrical-B setting is restricted to the collection of 
two-dimensional intensity data in the zero level.

Each accessible reflexion can be measured at any arbitrary value 
of the azimuth The reflecting normal lies along the %-axis, and 
a 360° variation in ^  is achieved by rotating the crystal in the 
reflecting position about the %-axis. . ■

The setting angles ft), ^ are

ft) =  9  +  90°,
(2-36)

Fixed-x setting (e =  |p j). If the offset angle e is equal to the value 
of p  for each reflexion to be measured, we have the so-called 
‘fixed-%’ setting. This setting has been discussed by Wooster & 
Wooster (1962). . . .

Fig. 21 is the stereogram showing the setting angles required to



bring the reciprocal lattice point P  to the reflecting position at S. 
The setting angles are given by:

-go", (2 3 7 )

Thus X is fixed at — 90° and there are three variable setting angles 
in all, including 2O for the detector. The fixed-% setting is particu
larly useful where physical access to the crystal is required, as in

90"-0

-—11----0 s

Fig, 2 1 . S tereogram  for fixed-x setting.

Incident
beam

the provision, for instance, of ancillary apparatus such as a furnace 
(see p. 81): the %-circle is-replaced by a simple bracket and so 
there is no obstruction to access to the crystal from above.

Table III summarizes the formulae given abpve for the setting 
angles in the general, symmetrical-/! and fixed-% settings: the 
table includes the full range of 360° in the azimuthal angle. By 
combining this table with Table I containing the formulae for the 
cylindrical polar co-ordinates g, r, we obtain expressions for the 
setting angles o), %, (j) in terms of the indices hkl and the lattice 
parameters.
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Regions of physical interference
In the normal-beam equatorial geometry there are angular 

regions of the diffractometer in which no measurements can be 
made because of physical interference between parts of the 
instrument. These obstructions are particularly serious in X-ray 
diffractometers if long collimators are used which extend right up 
to the crystal position; such collimators are used to reduce air 
scattering (see p. 172). These obstructed regions are different 
in type from the ‘blind regions’ discussed in §2.3 for inclination 
geometry. The blind regions are a property of inclination geometry 
and they have no counterpart in equatorial geometry.

There are at least three kinds of obstructed regions. The first of 
these is a small cone-shaped region in which the incident or 
diffracted beam is shadowed by the goniometer head. The second 
kind arises from interference between the sides of the %-circle and 
the detector collimator (Fig. 22). The result of this form of obstruc
tion is that there is a range of inaccessible values of j20—w]. The  
third kind of interference is between the source collimator and the 
%-circle (Fig. 23): it can be reduced by making this circle an 
incomplete one (Eulcrian cradle) at the expense of reducing the 
range of % to less than a complete 360° rotation.

The plane of the %-circle is frequently offset from the w-axis: 
this procedure reduces obscuration of the incident beam and 
increases that of the diffracted beam, or vice versa, depending on 
whether the %-circle is on the detector or the source side of the 
crystal (Fig. 22). It is frequently impossible to pass from one non
obscured region to another via an intervening obscured region 
without removing a collimator: this fact complicates the writing of 
setting programs. .

In spite of the limitations described above there are, in practice, 
no blind regions in reciprocal space for a crystal examined with 
a four-circle diffractometer, even if the %-circle is a complete 
circle. This is because of the extra rotational degree of freedom 
(see p. 40) given by this instioiment. All reflexions can be observed 
up to a maximum scattering angle 20„,ax. and the physical limita
tions can be considered as restrictions on the accessible range of the 
azimuth ^  for each reflexion. A practical procedure is to calculate

4 A*W



Incident
beam Crystal

Fig. 22. Regions obstructed by the vertical circle, which is offset and viewed in 
projection on the equatorial plane. If  the detector collimator is close to the 
crystal it is not possible to pass between regions ® , ©  or @ without removing 
the collimator. The broken lines represent limiting positions of the reflected 
beam. In  this case the %-circle is on the detector side of the crystal.

1%! -  180°

1-circle

Source Source
Crystal.

Crystalcollimator collimator

%-circIe

% -  0
(a)

Fig. 23. An incomplete vertical circle viewed (a) in projection on the equatorial 
plane and (b) in elevation. It is possible to move from position @ to position (g) 
without removing the source collimator. T he |%| =  90° position must be 
available, so that at least one arm of the vertical circle must extend above the 
equatorial plane. •
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the setting angles for a particular value of ^  using the formulae 
given in Table III: if this combination of setting angles is un
acceptable because of physical interference, a new ijr is chosen and 
the calculation repeated until a satisfactory combination is found.

If X is restricted to the range 0-90°, as in the instruments 
described by Furnas & Harker ( 1955) and by Mayer (1964), we can 
only observe a hemisphere in reciprocal space on one side of the 
‘straight-through’ position of the incident beam. T o observe the 
other hemisphere we must either measure the reflexions on both 
sides of the incident beam (that is, 0 both positive and negative), 
or rotate the %-circle through 180° about the w-axis: if  neither of 
these alternatives is possible, the crystal must be re-orientated on 
the goniometer head betweçn measuring,each hemisphere. .

Setting angles for general crystal orientation
The setting angles in Table III and the formulae for the 

cylindrical polar co-ordinates r  in Table I have been derived 
assuming that the c-axis o f the crystal is along the goniometer-head 
axis f  and that the a*-axis, at the standard orientation of the 
crystal, is along the incident beam direction. This implies that the 
crystal is mounted on goniometer arcs, which are adjusted to bring 
c into coincidence with the ÿ-axis.

However, goniometer arcs are not really necessary, in that the 
three circles %, w allow the crystal to be rotated to any orientation 
in the laboratory space. T he problem then remains of calculating 
the magnitudes of the setting angles when the crystal is mounted in 
any arbitrary orientation on the goniometer head. The appropriate 
formulae are given in a paper by Wooster (1965).

Powell (1966) has written a computer program in ‘Fortran’ 
which calculates the setting angles of a four-circle diffractometer 
for an arbitrary crystal orientation. T he program has the following 
general features:

(i) A  least-squares fitting procedure is used such that the 
precise orientation of the crystal with respect to the «yz laboratory 
co-ordinates is determined from the observed setting angles for a 
few hkl reflexions. .

(ii) The azimuthal angle ^  is chosen so that unwanted reci
procal lattice points (giving simultaneous reflexions) are at least a



certain distance from the Ewald sphere. This criterion defines a 
number of intervals in which ^  may lie, and the optimum angle is 
chosen to be at the mid-point of the longest interval.

(iii) Obstructed regions in reciprocal space, caused by the shape 
of the instrument obstructing the incident or diffracted beams, are 
avoided by expressing them as a number of inequality constraints; 
each constraint restricts one of the angles w, <p, %, zO and w —20, 
or involves logical ‘and’ combinations of pairs of these setting 
angles.

2.5. C om parison o f  inclination  and equatorial m ethods

Table IV  summarizes the properties of the inclination and 
equatorial methods, grouped under the special settings appro
priate to each method. In X-ray work both methods are used, 
although the general inclination setting, requiring alteration of the 
inclination of both the X-ray tube and the detector to the gonio
meter-head axis, is not convenient for mechanical reasons. For 
neutron work the equatorial method is more suitable, as the 
detector requires heavy shielding and it is preferable to restrict its 
motion to a single rotational axis 20. Moreover, intensity errors 
arising from simultaneous reflexions are more troublesome in 
neutron diffraction, and by working in the general equatorial 
setting the azimuth ^  of the reflecting plane can be chosen to 
minimize these errors.

Because of differences in their mechanical construction we have 
described the geometries of inclination and four-circle diffracto
meters separately. However, the two geometries must be related, 
as they both achieve the same requirements, discussed in §2.1, for 
setting the crystal and detector and for measuring the reflexion. 
This correspondence was first pointed out by Phillips (1964), who 
discussed the correspondence between special settings used in the 
two geometries.

Fig. 24 shows the %-plane and the equatorial plane in the general 
equatorial setting, and the two inclination angles /t, v in the general 
inclination setting. The %-plane is denoted by the great circle 
W U V , where W C V  is a vertical diameter and C U  is in the 
horizontal, equatorial plane. A C O  is along the incident beam 
direction; C S  is the bisector of the angle A C T , so that the angle
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T a b l e  IV. Summary of properties of inclination 
and equatorial methods 

Setting angles
----------- , Special features and

Method
Inclination;

Crystal Detector limitations

General 4>.n- T, " Azimuth Tp varies with fij but 
mechanically inconvenient to 
vary ft, v together between 
reflexions

Normal-beam / ^(/t =  0)
Only two angles, <j> and T, to 

be set within each reciprocal 
lattice level. Blind regions in 
upper levels. No choice of p

Equi-inclination  ̂ . 
(/t =  - v )

Only two angles to be set 
within each level. No blind 
regions. No choice of p

. Anti-equi-inclination 4> T One level only, S =  0,
( j l =  v) accessible. This level can be 

.measured at any / i { =  v) and 
p  is varied by changing /c

Flat-cone
(v =  0) •

T Detector moves in one plane 
only. Blind regions for upper 
levels. No choice of p .  Used 
for simultaneous measure
m ent of several reflexions 
(see p. 56)

Equatorial:
W, X,^General 2.0 Detector moves in equatorial 

plane. Each reflexion can be 
measured at any azimuth ip

Symmetrical-/! '4>,x(til = (?)
2O No choice of ip

Symmetrical-B • 4>,x zO One level only, g =  o, is 
accessible. Each reflexion in 
this level can be measured at 
any ip

Fixed-% <P, W zO No choice of ip. Crystal
(l%l =  90°) accessible for high- or low- 

tcmpcrature attachments
Flat-cone <}>,x(tll =  2,0)

zO As for flat-cone setting in 
inclination method

U C S — e. The ÿ-axis, which lies in the %-plane, is tilted forwards 
at an angle WCB  ( =  —%) to the vertical axis.

In the inclination method the angle between the incident beam 
and the positive goniometer-head axis is 90°+/^, and the angle



between the positive goniomcter-hcad axis and the reflected beam 
is 90° — V.  Thus ^

A C B  =  9o °+ /i, B C T  =  ()o°—v ■

and these angles are related to other angles in the Napierian 
triangles B U T , B U A , as shown in Fig. 25. Applieation of Napier’s 
rules gives

eotw = cos 2f?—(sin y/sin/t) 
sin 20 (2 3 8 )

vj> “

Equatorial
plane

Reflected
beam

-%-plane

Fig. 24. Perspective view of %-plane and Ewald sphere in general 
setting of normal-beam equatorial method.

We can apply this equation directly to the special settings of the 
inclination method:

(1) Equi-inclinatioji setting, ji- — —v. From equation (2.38) w =  0 
and from (2.30) e =  o, so that this setting corresponds to the 
symmctrical-.<4 setting of the equatorial method, in which the 
%-circle bisects the angle between the incident and reflected beams,

(2) Anti-equi-inclination setting, [I — p. From the same equations
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(J = no"+ 0 and e =  90°, which corresponds to the symmetrical-^ 
setting of the equatorial method.

(3) Flat-cone setting, v — o. Here w =  2 0  and e — 0, that is, the 
axis of the %-circle is parallel to the reflected beam.

(4) Normal-beam setting, fi — o. Here w =  o and e =  — 0 , that 
is, the axis of the %-circle is parallel to the incident beam.

90"- ÿ / ^ \ 90°-1-a

y  90 90°
90“_ 2tf+«j U 9O °-0- e

Fig. 25. Spherical triangles in Fig. 24 bounded by %-planc and equatorial plane.

It is instructive to consider the correspondence between the 
special settings of the two methods in studying problems asso
ciated with the occurrence of simultaneous reflexions. Thus in the 
symmetrical-^^ setting of an equatorial instrument the conditions 
for simultaneous reflexions must be automatically satisfied if the 
goniometer-head axis is perpendicular to a set of planes in the 
reciprocal lattice, just as they are in an equi-inclination instrument.

An example where it is easier to prove a property of a special 
setting in one type of geometry, by considering its counterpart 
in the other type, is the .following in the anti-equi-inclination 
setting a reflexion in the Ç =  o level can be observed at any incli
nation angle /t; because of the formal equivalence o f this setting 
with the symmetrical-B setting, in which % assumes any arbitrary 
value and provides a continuous variation of the azimuth this 
change in f.t, must also correspond to an alteration of yjr. However, 
because of mechanical limitations on /<., a complete variation of rjr 
is not possible in the anti-equi-inclination setting.

Of course, the correspondence between inclination and four- 
circle instruments is not complete. The w- and %-axcs in the 
equatorial method have no mechanical counterpart in the inclina
tion method, and the single rotation about the 20-axis in the 
equatorial method is resolved into component rotations about v



and T  in the inclination case. The main feature of the inclination 
method is that the inclination angles /i, v remain constant for all 
reflexions within any one level of the reciprocal lattice, and the 
level can be surveyed by varying Y and ÿ  only. Measuring the 
reflexions level-by-levcl ceases to be the logical procedure in an 
equatorial instrument.

2 .6. The simultaneous measurement of reflexions •
The diffractometer methods which have been described so far 

have an obvious limitation when compared with photographic 
techniques: only one reflexion is recorded at a time even though the 
conditions may be satisfied for two or more reflexions to occur 
simultaneously. In crystals with very large unit cells, for instance 
protein or virus single crystals, several thousand reflexions may 
occur at once. This situation is illustrated by Plate I. Area detectors 
of the type discussed in Chapter 4 offer the possibility of recording 
these reflexions simultaneously ; the development of such detectors 
is still in its infancy, but they may eventually give rise to a radically 
new concept of diffractometer design. Phillips (1964) has shown 
how a limited increase in the efficiency of existing single crystal 
diffractometers, based on cither the inclination or equatorial 
geometry, is possible by measuring a few reflexions at a time.

The measurement of simultaneous reflexions in pairs
W e have referred on p. 32 to the occurrence of double or triple 

reflexions, which arise from the simultaneous presence of two or 
three reciprocal lattice points on the surface of the Ewald sphere. 
The conditions for a reflexion to occur are satisfied when the 
corresponding reciprocal lattice point lies on the Ewald sphere. 
These conditions are still satisfied when the crystal is rotated about 
the normal to the {hkl) plane: during this rotation many other 
reciprocal lattice points pass through the sphere of reflexion, and 
repeatedly give rise to the conditions for the occurrence of simulta
neous reflexions. The intensity of the hkl reflexion is affected by 
the simultaneous occurrence of a second reflexion, producing errors 
in the measurement oihkl. Fortunately, these errors are often small 
and there are many investigations where, far from having to

P L A T E  I

X-ray photograph (C uK a radiation) of stationary crystal of poliomyelitis virus 
(Finch & Klug, 1959).

/ o c i i i g * .  s 6 .
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eliminate simultaneous reflexions, we can exploit their occurrence 
to speed up the collection of intensity data.

Fig. 26 shows the Ewald sphere in the general inclination setting, 
with a negative value of the inclination angle /t. Let us suppose 
that the crystal is mounted with a reciprocal-lattice axis, say c*, 
along the goniometer-head axis <j>. (Note that this mounting of the 
crystal is different from that which we have discussed in earlier

6 '
■Ewald sphere

Level Cj

Flat-cone level L

Level fJ

Fig. 26. Measurement of two reflexions P , Q  simultaneously using 
the inclination geometry.

sections of this chapter, where we assumed that a crystal axis, c, 
coincides with the goniometer-head axis.) Any pair of reciprocal 
lattice points with co-ordinates and MZ, will lie simultaneously 
on the surface of the Ewald sphere, if they are symmetrically 
related to the flat-cone level at ^ passing through the centre 
of the sphere. Thus the points P  and O  lying on levels and 
will give simultaneous reflexions if

C /=  K ^ i+ Q - (2.39)

The reflected beams CP, CQ  lie in a plane BPFQD' containing the



rotation axis BB', to which they are inclined at angles go° ± y,

= (2.40)
The flat-cone level can either coincide with a possible reciprocal 
lattice level or lie half way between two such levels.

An inclination diffractometer can be adapted, therefore, for the 
simultaneous measurement o f reflexions in pairs by providing it 
with two detector arms inclined at ± i>, where v is given by (2.40). 
The instrument is set at the inclination.angle /t  for the flat-cone 
level— that is, sin/i = = —1( 1̂ + Q  'from (2.39)— and any 
pair of reflexions Jikl̂  with C == and C =  2̂ can be measured 
simultaneously, provided they do not fall into the blind region 
which always exists for levels other than the equi-inclination (and 
anti-equi-inclination) levels. '

Because of the correspondence between the general inclination 
and equatorial methods, discussed in §2.5, we expect that a 
similar procedure is possible for measuring two reflexions simulta
neously using a four-circle diffractometer. Fig. 27 illustrates the 
situation for measuring the two reflexions CP  and CQ  in sym
metrical positions above and below the equatorial plane A UFOTG, 
here viewed from below ; the goniometer-head axis CB  is drawn 
vertically to facilitate comparison with Fig. 26. The crystal is 
mounted with c* along the goniometer-head axis, which moves 
round the %-circle B W T V U . The great circle FGII represents the 
flat-cone level at with the point P  ( =  hkly) at above the flat- 
cone level and the point Q { =  hkl^ at AÇ below; both P  and Q  lie 
simultaneously on the Ewald sphere, and the line PQ  is parallel to 
c*. T o measure P  and Q together two detectors are mounted on the 
detector arm CF. These detectors are inclined at . + v to CP, where 

sinv =  Ag =  . .
T he detectors lie in a plane which contains the c*-axis and is at 
right-angles to the %-plane, in accordance with the condition 
w =  2O for the flat-cone setting (§2.5). All reflexions of the type 
P, Q are measured in pairs which have a fixed difference of 2AÇ 
in their  ̂co-ordinates. It is only necessary to set three independent 
angles w, %, ÿ  for each pair, as the detector arm at the setting angle 
2Ô is permanently locked to the w-shaft in order to keep the arm 
normal to the %-plane. ' . '
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Quasi-shnultaneous reflexions
It is customary to measure integrated intensities by recording 

the number of diffracted quanta as the crystal is rocked through 
the reflecting position. The rocking range must be sufficient to 
allow all parts of the crystal to reflect radiation from all parts of 
the X-ray tube focus, and the range depends on a number of 
factors, such as mosaic spread of the crystal, divergence of the

Incident
\beam

Ewald'
sphere .Flat-cone

level

Equatorial
plane

Fig.. 27. Mciisurement of tcvo reflexions P, Q  simultaneously using 
the equatorial geometry.

incident beam and the range of incident wavelengths. For many 
investigations a rocking range of 1-2° is adequate. Phillips (1964) 
has shown that when the spacing between reciprocal-lattice levels 
is small enough, reflexions from a number of levels can appear 
quasi-simultaneously, that is, during the 1-2° rocking range of the 
crystal, even though the corresponding reciprocal-lattice points do 
not touch the Ewald sphere together. •



R e f e r r i n g  t o  F ig s .  2 6  a n d  2 7  w e  s h a l l  a s s u m e  t h a t  t h e  p o in t s  
P, F ', O r e p r e s e n t  t h r e e  r e c ip r o c a l - la t t ic e  p o in t s  in  a d ja c e n t  l e v e l s .  
T h u s  t h e i r  g  c o - o r d i n a t e s  a r c  a l l  e q u a l  a n d  t h e ir  Ç c o - o r d i n a t e s  a r e  
C/ + A Ç , g j, g)-Ag, r e s p e c t iv e ly .  P  a n d  O t o u c h  t h e  E w a ld  s p h e r e  
to g e th e r ,-  b u t  a t  a  d i f f e r e n t  t i m e  f r o m  F \  a n d  w e  s h a l l  c a lc u la t e  t h e

Incident 
y  beam

Equi- 
inclination 

/  level

Flat-cone
le v e l

A nti-cqui-. 
inclination , 
level

Fig. 28. Ewald sphere showing general levels at ^ =  gy +  Ag symmetrically 
related to the flat-cone level at Ç =  Q . O  is the origin of reciprocal space ahd C  
the centre of the Ewald sphere.

d i f f e r e n c e  A ÿ  in  t h e  s e t t in g  a n g le  o f  t h e  c r y s ta l  b e t w e e n  t h e  
m e a s u r e m e n t  o f  F '  a n d  o f  P  a n d  Q.

F i g .  2 8  i s  a  v i e w  o f  t h e  E w a ld  s p h e r e  w i t h  t h e  c r y s ta l  s e t  f o r  t h e  
n o n - z e r o  le v e l  g} t o  b e  r e c o r d e d  in  t h e  f l a t - c o n e  s e t t in g .  T h e  l e v e l s  

+ A g ,  g /  — A g  a r e  a l s o  s h o w n .  T h e  c o r r e s p o n d in g  c ir c le s  o f  
r e f l e x io n  a r e  i l lu s t r a t e d  in  F ig .  2 9 ,  t o g e t h e r  w i t h  t h e  a n g le  A ÿ  a n d
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t h e  p o in t s  F ' a n d  P  a t  t h e ' r e f l e c t i n g  p o s i t i o n .  T h e  r a d i i  o f  t h e  
v a r io u s  c ir c le s  o f  r e f l e x io n  a r e  g i v e n  b y

rl = , i —0  f o r  t h e  e q u i - in c l in a t i o n  l e v e l  ( g  =  z g } ) ,

a n d  r* =  i — A g^ f o r  t h e  g j ±  A g  l e v e l s ,

w h i l e  t h e  f l a t - c o n e  l e v e l  h a s  u n i t  r a d iu s .

■AT

Reflected f  
beams

Fig. 29. Projccfion of Fig. 28 down (-axis, showing reflected beams for reci
procal lattice points f ,  P((5) in levels (  =  (/, ( /± A (  and at distance g from 
crystal rotation axis (after Phillips, 1964).

W e  h a v e  f r o m  F ig .  2 9 :

COŜQ 0 + r l- i
2|ro ’

a n d  

s o  t h a t

cos(ÿ»o-|Aÿ|) = L ^ g ^ ,

c o s ÿ o  -  COS (ÿo - 1 A ÿ I )
r‘= —I

( 2 .4 1 )



For small values of equations (2 .41) ean be rewritten
■*•2 _  T

Aÿ =  —

w h e r e

F i g .  3 0  h a s  b e e n  c a lc u la t e d  f r o m  e q u a t io n  ( 2 .4 2 )  a n d  s h o w s  h o w  
A ÿ  v a r ie s  w i t h  g  a n d  A Ç  f o r  c i t h e r  a n  in c l in a t io n  o r  a  f o u r - c i r c l e  
d if f r a c t o m e t e r  i n  t h e  f l a t - e o n e  s e t t in g .  E a c h  l i n e  o n  t h i s - f i g u r e  
r e f e r s  t o  a  d i f f e r e n t  v a lu e  o f  ^  f o r  t h e  f l a t - c o n e  le v e l  a n d  i s  a  
c o n t o u r  w i t h in  w h ic h  A ÿ  <  0  2 ° .  A s  n o t e d  in  a n  e a r lie r  s e c t io n ,  
t h e r e  is" a  b l in d  r e g io n  w h o s e  a r e a  in c r e a s e s  w i t h  t h e  m in im u r h  
o b s e r v a b le  v a lu e  o f  ^  b e i n g  i  — ( i  —

. T h e  s e p a r a t io n  o f  l e v e l s ,  2A Ç , in  w h i c h  r e f l e x io n s  c a n  b e  
m e a s u r e d  a t  t h e  s a m e  t i m e  a s  t h o s e  in  t h e  f l a t - c o n e  s e t t in g  m a y  b e  
r a t h e r  la r g e r  t h a n  F i g .  3 0  s u g g e s t s .  E q u a t io n  ( 2 .4 2 )  s h o w s  t h a t  
A ÿ  i s  a lw a y s  n e g a t i v e  w i t h  r e s p e c t  t o  t h e  f l a t - c o n e  l e v e l .  J f  <j) i s  s e t  
a t  + 0 - 2 °  f r o m  i t s  c o r r e c t  v a lu e  f o r  t h e  f l a t - c o n e  l e v e l ,  a  v a lu e  o f  
A ÿ  =  — 0 - 4 °  c a n  b e  t o le r a t e d ,  s in c e  t h e  r e f l e x io n s  i n  t h e  f l a t - c o n e  
a n d  t h e  n e ig h b o u r in g  l e v e l s  w o u ld  e a c h  b e  d i s p la c e d  b y  o n ly  0  2 °  
f r o m  t h e  c e n t r e  o f  t h e  r o c k in g  r a n g e .  A s s u m in g  t h a t  A ÿ  <  0 - 4 °  i s  
t h e  m a x im u m  a l lo w a b le  d e v ia t io n  in  t h e  s e t t in g  a n g le ,  t h e  l i m i t in g  
o b s e r v a b le  v a lu e s  o f  ^  c a n  b e  c a lc u la t e d .  T h e s e  a r e  p lo t t e d  a s  f u l l  
l i n e s  in  F ig .  3 1  fo r  t h e  c o m p l e t e  r a n g e  o f  f r o m  Çy =  o  t o  
Q  =  i - o  r . l . i i . ,  a n d  fo r  A ^  u p  t o  0  0 8  r . l .u .  F o r  m o d e r a t e  v a lu e s  o f  
A ^  t h e  c o n d i t io n  A ^  <  0 - 4 °  im p o s e s  o n ly  a  s m a l l  a d d i t io n  t o  t h e  
b l in d  r e g io n  a t  t h e  c e n t r e  o f  t h e  f l a t - c o n e  le v e l .  T h u s  t h e  a d d i t io n a l  
b l in d  r e g io n  w i t h in  w h ic h  A ÿ  >  0  4 °  c o m p r i s e s  o n ly  0 - 7  p e r  c e n t  
o f  t h e  a c c e s s ib l e  r e f l e x io n s  n e a r  ^y =  o  w h e n  A g  =  o  0 4  r . l .u . ;  t h e  
c o r r e s p o n d in g  f ig u r e  f o r  gy =  0 -5  r . l .u .  i s  0 - 9  p e r  c e n t .

A n  a d d i t io n a l  r e s t r ic t io n  o n  t h e  a c c e s s ib l e  r a n g e  o f  r e f l e x io n s  is  
a ls o  c a u s e d  b y  t h e  c h a n g e  A T , s h o w n  in  F ig .  2 9 ,  o f  t h e  s e t t in g  a n g le  
o f  t h e  d e t e c t o r .  T h e  m a x im u m  a l lo w a b le  v a lu e  o f  A Y  is  d e t e r m in e d  
b y  t h e  m a x im u m  p o s s i b l e  w i d t h  o f  t h e  d e t e c t o r  a p e r tu r e . T h e  
r e s t r ic t io n  im p o s e d  b y  A T  i s  o n ly  im p o r t a n t  a t  h ig h  v a lu e s  o f  g ;

O U T  K A U  1 lUXN U l l U M J i T K Y 0 3

005

0 5
0 4

0 3

0 6 I OS 0 9

- 0  05
1-00 2 0

i  (nl.u.)

Fig. 30. Regions of reciprocal space within which Aç5 <  0 2°. T he numbers o, 
° '3 . 0 '4 . •••. 0 9 on the lines indicate the values of g/ for the flat-cone setting 
(after Phillips, 1964).
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0 0 5 ,

0 04. 
0 03 / .  
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/  0 07 
0 08 ,

0 061 0 08 
007
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Fig. 31. Maximum and minimum values of g near the flat-cone setting when 
Ag =  o to 0 08 r.l.u. Full lines show limitations due to A(5 <  0 4°, broken lines 
those due to |AT| < 01° (after Phillips, 1964).

t h i s  i s  i l lu s t r a t e d  b y  F ig .  3 1  in  w h ic h  t h e  b r o k e n  l i n e s ,  c o r r e 
s p o n d in g  t o  d i f f e r e n t  v a lu e s  o f  A g , a r e  t h e  b o u n d a r ie s  of r e g io n s  
w i t h in  w h ic h  ]A T | i s  l e s s  t h a n  o-i°.

: A r n d t ,  N o r t h  &  P h i l l ip s  ( 1 9 6 4 )  h a v e  d e s c r ib e d  t h e  a d a p t a t io n  of 
a  l in e a r  d if f r a c t o m e t e r  t o  p e r m i t  t h e  q u a s i - s im u l t a n e o u s  m e a s u r e -



m e n t  o f  t h r e e  r e c ip r o c a l  la t t i c e  l e v e l s  n e a r  t h e  f l a t - c o n e  s e t t in g .  
T h e  s i n g l e  d e t e c t o r  o f  t h e  o r ig in a l  i n s t r u m e n t  w a s  r e p la c e d  b y  a  
g r o u p  o f  t h r e e  d e t e c t o r s  w i t h  t h e ir  w i n d o w s  v e r t ic a l l y  a b o v e  e a c h  
o t h e r  a n d  in  a  l i n e  p a r a l l e l  t o  t h e  g o n io m e t e r - h e a d  a x is .  T h e  
d e t e c t o r s  w e r e  e q u a l ly  s p a c e d  a n d  v w a s  c h a n g e d  b y  m o u n t in g  t h e  
d e t e c t o r s - o n  a  d r a w - t u b e ,  w h ic h  a l lo w e d  v a r ia t io n  in  t h e  a n g le s  
s u b t e n d e d  a t  t h e  c r y s t a l  b y  t h e  d e t e c t o r s .  S e p a r a t e  c o u n t in g  
c i r c u i t s  w e r e  p r o v id e d  f o r  e a c h  d e t e c t o r ,  a n d  t h e  r e s u l t s  r e c o r d e d  
s e q u e n t ia l ly  b y  m e a n s  o f  a  p r i n t i n g - o u t  p r o g r a m m e d  s c a le r .  D a t a  
c o l l e c t io n  r a t e s  o f  3 ,0 0 0  r e f l e x io n s /d a y  h a v e  b e e n  a c h ie v e d  w i t h  t h i s  
a r r a n g e m e n t .  . • .
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T H E  P R O D U C T I O N  O F  T H E  P R IM A R Y  ' 
B E A M  (N E U T R O N S )

Q u a n t i t a t iv e  n e u t r o n  d if f r a c t io n  s t u d i e s  w e r e  n o t  p o s s i b l e  u n t i l  
1 9 4 5  w i t h  t h e  a d v e n t  o f  t h e  n u c le a r  r e a c t o r  a s  a  p o w e r f u l  s o u r c e  o f  
n e u t r o n s .  A  h i g h - f l u x  r e a c t o r ,  s u c h  a s  t h e  H a r w e l l  Dido o r  
Pluto r e s e a r c h  r e a c t o r s ,  h a s  a  c e n t r a l  f l u x  o f  a b o u t  10^* s lo w  
n e u t i:o n s /c m ® /s e c . T h e s e  n e u t r o n s  m o v e  i n  a l l  d ir e c t io n s  a n d  o n ly  
a  p r o p o r t io n  o f  a b o u t  i  in  10® tr a v e l  in  t h e  r ig h t  d ir e c t io n  d o w n  t h e  
c o l l im a t o r ;  o f  t h e s e  c o l l im a t e d  n e u t r o n s ,  i n  t u r n ,  a  f r a c t io n  o f  
b e t w e e n  io ~ ®  a n d  l o ”  ̂ h a s  t h e  r ig h t  w a v e le n g t h  t o  b e  r e f l e c t e d  b y  
t h e  m o n o c h r o m a t o r .  T h e  c o l l im a t e d  f l u x  o f  m o n o c h r o m a t ic  
n e u t r o n s  s t r ik in g  t h e  s a m p l e  i s ,  t h e r e f o r e ,  10® t o  lo ^ /c m ^ /s e c . T h i s  
c o m p a r e s  w i t h  a  f l u x  e x c e e d i n g  10^® q u a n ta /c m ® /s e c  a t  t h e  s a m p le  
i n  t h e  X - r a y  c a s e .  T o  c o m p e n s a t e  f o r  t h i s  d i s p a r i t y  in  t h e  in c id e n t  
f l u x  a n d  fo r  t h e  s m a l le r  c r o s s - s e c t i o n  fo r  s c a t t e r in g  o f  n e u t r o n s  a s  
c o m p a r e d  w i t h  X - r a y s  ( B a c o n ,  1 9 6 2 ) ,  la r g e r  s a m p le s  a r e  u s e d  in  
n e u t r o n  d if f r a c t io n  a n d  t h e  t i m e  r e q u ir e d  t o  c o u n t  t h e  d if f r a c te d  
n e u t r o n s  is  u s u a l l y  m a d e  lo n g e r .  ,

I n  t h i s  c h a p t e r  w e  s h a l l  d e s c r ib e  b r ie f ly  t h e  c o l l im a t o r s  a n d  m o n o 
c h r o m a t o r s  u s e d  f o r  t h e  p r o d u c t io n  o f  t h e  p r im a r y  n e u t r o n  b e a m  
s t r ik in g  t h e  s a m p le .  O n l y  t h o s e  p o in t s  a r e  d i s c u s s e d  w h ic h  r e la te  
t o  s i n g le  c r y s t a l  d i f f r a c t o m e t r y :  o t h e r  n e u t r o n  t e c h n i q u e s  a re  
c o v e r e d  in  C h a p t e r  4  o f  G . E .  B a c o n ’s  Neutron Diffraction ( 1 9 6 2 )  
a n d  in  C h a p t e r  3  o f  Thermal Neutron Scattering ( 1 9 6 5 ) ,  e d i t e d  b y  
P .  A .  E g e ls t a f f .  I n  § 7 .3  o n  m o n o c h r o m a t o r s  w e  in c lu d e  a  d i s c u s s io n  
o f  t h e  r e s o lu t io n  o f  n e u t r o n  r e f l e x io n s ,  a s  t h i s  i s  c lo s e ly  c o n n e c t e d  
w i t h  t h e  p r o p e r t ie s  o f  m o n o c h r o m a t o r s .

7 .1 . N eutron collim ators
T h e  s i z e  a n d  c o m p l e x i t y  o f  n e u t r o n  c o l l im a t o r s  a r e  in  m a r k e d  

c o n t r a s t  w i t h  t h e  X - r a y  c o l l im a t o r s  d e s c r ib e d  in  t h e  p r e v io u s  
c h a p t e r .  N e u t r o n  c o l l im a t o r s  a r e  la r g e  b e c a u s e  t h e y  m u s t  e x t e n d  
f r o m  t h e  in n e r  p a r t  o f  t h e  r e a c t o r  t o  t h e  o u t s id e  o f  i t s  b io lo g ic a l
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s h ie ld .  T h e ir  c o m p l e x i t y  a r is e s  f r o m  a  n u m b e r  o f  c a u s e s .  I n  h ig h -  
f lu x  r e a c t o r s  t h e  in n e r  s e c t io n  o f  t h e  c o l l im a t o r  m u s t  b e  c o o l e d :  in  
t h e  a b s e n c e  o f  c o o l in g  t h i s  s e c t io n  w o u ld  b e  r a is e d  t o  a  h ig h  
t e m p e r a t u r e  b y  t h e  i n t e n s e  y - r a d i a t i o n  n e a r  t h e  r e a c t o r  c o r e .  T h e r e  
i s  a  n e e d  t o  s h u t  o f f  t h e  d ir e c t  b e a m  ( f o r  in s t a n c e ,  b y  m e a n s  o f  a  
f l o o d a b le  w a t e r  s w i t c h ) ,  a n d  t o  s e a l  t h e  c o l l im a t o r  i n s id e  t h e  
r e a c t o r  t o  p r e v e n t  t h e  in g r e s s  o f  a t m o s p h e r ic  a r g o n ,  w h ic h  w o u ld  
"be m a d e  r a d io a c t iv e  b y  t h e  h ig h  f lu x  o f  n e u t r o n s .

Reactor face 
Ù-ring 'w ater

Reactor core Graphite
(moderator)

Concrete
(biological shield)

source blockNeutron* Alum,mum envelope

He atmosphere
rioodablc section (water switch) Neutrons1 liermocoupleSource

Aluminium 
window 
30 cm

Scale: 10 cm

W ater Aluminium 
out window.

Fig. 8 3 . Sketch o f neu tron  collim ator used w ith P luto  reactor. Access to  the 
reactor face is possible only w hen the reactor is sh u t dow n and  the w ater sw itch 
is flooded.

F ig .  8 3  i s  a  d ia g r a m  o f  a  c o l l im a t o r  d e s i g n e d  f o r  s i n g le  c r y s t a l  
d if f r a c t io n  w o r k  a t  t h e  H a r w e l l  Pluto r e a c t o r .  T h e  c o l l im a t o r  
d o e s  n o t  p o i n t  d ir e c t ly  a t  t h e  r e a c t o r  c o r e ,  a n d  s o  a  ‘ s o u r c e  b lo c k * ,  
c o n s i s t in g  o f  a  w a t e r - f i l l e d  a l u m in iu m  b o x ,  i s  in s t a l le d  a t  t h e  in n e r  
e n d  o f  t h e  c o l l im a t o r ;  t h e  w a t e r  s c a t t e r s  s l o w • n e u t r o n s  in  a l l  
d ir e c t io n s  a n d  i s  t h e  e f f e c t iv e  n e u t r o n  s o u r c e .  I n  m a n y  r e a c t o r s  t h e  
c o l l im a t o r s  p o in t  a t  t h e  c o r e  i t s e l f  w h ic h  i s  t h e n  t h e  e f f e c t iv e  s o u r c e .

L e t  u s  a s s u m e  t h a t  t h e  d i s t a n c e  f r o m  t h e  s o u r c e  t o  t h e  o u t s id e  
o f  t h e  b io lo g ic a l  s h i e l d  i s  4  m  a n d  t h a t  t h e  c r o s s - s e c t i o n  o f  t h e  
b e a m  a s  i t  p a s s e s  d o w n  t h e  c o l l im a t o r  i s  5  x  5  c m .  T h e  a n g u la r  
d iv e r g e n c e  o f  t h e  b e a m , in  b o t h  t h e  h o r iz o n t a l  a n d  v e r t ic a l  p la n e s ,  
i s  1 -2 5  X i o “ ® r a d , a n d  s o  t h e  n e u t r o n s  e m e r g e  f r o m  t h e  c o l l im a t o r  
a t  a n g le s  o f  u p  t o  0 - 7 °  f r o m  t h e  a x is  o f  t h e  c o l l im a t o r .  T h e  f r a c t io n  
o f  n e u t r o n s  p a s s i n g  d o w n  t h e  c o l l im a t o r  i s

I
o r  a b o u t  io~® . 4zr: ( i  2 3  X i o “ ®)2,
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T h e  m o s t  a p p r o p r ia t e  v a lu e  fo r  t h e  c o l l im a t i o n  a n g le  d e p e n d s  o n  
t h e  n a t u r e  o f  t h e  c r y s ta l  u n d e r  i n v e s t i g a t i o n .  T h e  f ig u r e  o f  
r e p r e s e n t s  a  r e a s o n a b le  c o m p r o m i s e  b e t w e e n  t h e  o p p o s i n g  r e q u ir e 
m e n t s  o f  h i g h  in t e n s i t y  a n d  g o o d  r e s o lu t io n  o f  t h e  r e f l e x io n s  fr o m  

.c r y s t a l s  w i t h  u n i t  c e l l  d i m e n s i o n s  l e s s  t h a n  l o  A ,  e x a m in e d  w i t h  a  
n e u t r o n  w a v e le n g t h  o f  a b o u t  i  A .  F o r  c r y s t a l s  w i t h  la r g e r  u n i t

Reactor core

Monochromator

Shielding
(to absorb y’s and
fast neutrons)

Biological
shield. collimator

Second

collimator ©  Sample 
(

^̂ Dctcctor 

Scale: 1 m

F ig . 8 4 . Schem atic diagram  o f neu tron  diffraction assembly. A second collim ator 
is used  afte r  th e  m onochrom ator, in  case the degree of p rim ary  collim ation is 
insufficient.

c e l l s ,  t i g h t e r  c o l l im a t i o n  o r  a  l o n g e r  w a v e le n g t h  a r e  n e c e s s a r y  t o  
a v o id  o v e r l a p p in g  o f  r e f l e x io n s  f r o m  a d ja c e n t  l e v e l s  o f  t h e  r e c i 
p r o c a l  la t t i c e .  I t  i s  a n  a d v a n t a g e ,  th e r e f o r e ,  t o  p r o v id e  v a r ia b le  
c o l l im a t i o n  o f  t h e  b e a m  s t r ik in g  t h e  s a m p l e .  O n e  m e t h o d ,  a d o p t e d  
in  t h e  B r o o k h a v c n  H ig h  F l u x  B e a m  R e a c t o r  ( K e v e y ,  1 9 6 4 ) ,  i s  t o  
h a v e  a  r o t a r y  c o l l im a t o r  a r r a n g e m e n t ,  w h e r e b y  a n y  o n e  o f  th r e e  
c o l l im a t o r s  o f  d i f f e r e n t  c r o s s - s e c t i o n s  c a n  b e , s e l e c t e d  b y  r e m o t e
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c o n t r o l ,  w i t h o u t  h a v in g  t o  r e m o v e  t h e  c o l l im a t o r  a s s e m b ly  a s  a  
w h o le  f r o m  t h e  reactor. A n  a l t e r n a t iv e  p r o c e d u r e  i s  t o  u s e  a n  in 
p i l e  c o l l im a t o r  fo r  p r im a r y  c o l l im a t i o n  o f  t h e  b e a m , a n d  t o  in s e r t  
a  s e c o n d  c o l l im a t o r  after t h e  m o n o c h r o m a t o r  ( F ig .  8 4 )  t o  r e d u c e  
t h e  b e a m  d iv e r g e n c e  f u r t h e r .  T h e  s e c o n d  c o l l im a t o r  c o n s i s t s  
s im p l y  o f  a n  o p e n  c h a n n e l ,  w h ic h  i s  s h i e ld e d  fr o m  t h e  m a in  g a m m a  
a n d  f a s t - n e u t r o n  r a d ia t io n ,  a n d  s o  c a n  b e  in t e r c h a n g e d  r e a d i ly  
w i t h  c o n ic a l  c h a n n e ls  o f  d i f f e r e n t  d i m e n s io n s ,  in  o r d e r  t o  a l t e r  
t h e  d iv e r g e n c e  o f  t h e  i n c id e n t  b e a m .

7 .2 .  N e u t r o n  s p e c t r u m  e m e r g i n g  f r o m  c o l l i m a t o r

I n  t h e  c e n t r e  o f  t h e  r e a c t o r  t h e  s lo w  n e u t r o n s  a r e  in  t h e r m a l  
e q u i l ib r i u m  w i t h  a t o m s  o f  t h e  m o d e r a t in g  m a te r ia l ,  a n d  t h e  
v e lo c i t y  d i s t r ib u t io n  o f  t h e  n e u t r o n s  f o l lo w s  t h e  M a x w e l l i a n  la w

(7 1 )

H e r e  ti{v)àv i s  t h e  n u m b e r  o f  n e u t r o n s  p e r  u n i t  v o l u m e  w i t h  a  
s p e e d  l y i n g  w i t h in  t h e  r a n g e  v  t o  v + dv, a n d  N  i s  t h e  t o t a l  n u m b e r  
o f  n e u t r o n s  p e r  u n i t  v o lu m e ,  «g  i s  t h e  m o s t  p r o b a b le  v e lo c i t y ,  
c o r r e s p o n d in g  t o  t h e  m a x im u m  v a lu e  o f  n{v) in  ( 7 .1 ) ,  a n d  i s  g i v e n

/2Ar\*

w h e r e  k  i s  B o l t z m a n n ’s  c o n s t a n t ,  T  t h e  m o d e r a t o r  t e m p e r a t u r e  a n d  
in t h e  n e u t r o n  m a s s .

T h e  n e u t r o n  f lu x  f{v)  e m e r g in g  f r o m  u n i t  a r e a  o f  t h e  c o l l im a t o r  
i s  3  t i m e s  t h e  n e u t r o n  d e n s i t y ,  t h a t  i s .

vii{v) = (7-2)

T o  e x p r e s s  t h e  n e u t r o n  f lu x  in  t e r m s  o f  t h e  w a v e le n g t h  A , w e  u s e
t h e  d e  B r o g l ie  r e la t io n s h ip  ,  ' , ,

■ . A  =  hjmv, ( 7 .3 )

w h e r e  h i s  P la n c k ’s  c o n s t a n t ,  t o g e t h e r  w i t h  t h e  e x p r e s s io n

<l>{v)dv — — <j)Ç()dX, ( 7 .4 )

w h e r e  ^ ( A ) d A  i s  t h e  n e u t r o n  f l u x  c r o s s in g  u n i t  a r e a  w i t h  a
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wavelength lying.within the range A  to A  — d A . Substituting ( 7 . 3 )  
and ( 7 .4 )  in equation ( 7 . 2 )  gives

w h e r e
, _  A _ __A__

(7 5 )

Am = 1 14 À

1-0

v<i—Density n(A)

4 0  A1-0
W avelength  (A)

Fig. 85. Wavelength distribution of neutrons in equilibrium with a moderator at 
temperature T =  20 °C. Full curve is neutron flux emerging from collimator 
and broken curve is neutron density in reactor core: both curves are normalized 
to a peak value of unity. The curves are shifted towards shorter wavelengths for 
higher values of the moderator temperature.

T h e  m a x im u m  v a l u e  o f  ÿ ( A ) ,  f o u n d  b y  d i f f e r e n t ia t in g  ( 7 .5 ) ,  o c c u r s  

a t  a  w a v e l e n g t h  A„p g i v e n  b y

A ^

F i g .  8 5  s h o w s  t h e  c a l c u la t e d  n e u t r o n  f l u x  <p{X) f o r  a  m o d e r a t o r  
t e m p e r a t u r e  o f  2 0  ° C ,  I n  n e u t r o n  d i f f r a c t o m e t r y  w e  a r e  c o n 
c e r n e d  m a i n l y  w i t h  t h e  d i s t r i b u t i o n  ÿ i(A ) a n d  w i t h  t h e  w a v e l e n g t h  
A ^ , A  t y p i c a l  m o d e r a t o r  t e m p e r a t u r e  i s  i n  t h e  r a n g e  2 0 - 1 0 0  ° C :  
a t  2 0  ° C ,  A „  i s  I  1 4  A  a n d  a t  t o o  ° C ,  A^,, i s  c l o s e  t o  i  0 0  A.
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7 .3 .  C r y s t a l  m o n o c h r o m a t o r s

T h e  s e l e c t i o n  o f  a n a r r o w  w a v e l e n g t h  b a n d  f r o m  t h e  c o n t i n u o u s  
d i s t r ib u t io n  s h o w n  in  F i g .  8 5  i s  r e a d i ly  a c c o m p l i s h e d  w i t h  a  c r y s t a l  
m o n o c h r o m a t o r .  C r y s t a l s  a r e  c h o s e n  f o r  t h e i r  h i g h  i n t r in s i c  
r e f l e c t iv i t y  Q ( p .  2 7 7 )  a n d  la r g e  m o s a i c  s p r e a d .  I f  t h e  m o n o 
c h r o m a t o r  i s  a  p e r f e c t  c r y s t a l  ( f o r  e x a m p le ,  g e r m a n i u m ) ,  i t  s e l e c t s  
n e u t r o n s  o f  a  f i x e d  w a v e l e n g t h  f r o m  a  v e r y  n a r r o w  a n g u la r  r a n g e  o f  
t h e  i n c i d e n t  b e a m .  O n  t h e  o t h e r  h a n d ,  f o r  a  m o s a i c  c r y s t a l ,  
n e u t r o n s  a r e  s e l e c t e d  o v e r  a n  a n g u la r  r a n g e  c o r r e s p o n d i n g  t o  i t s  
m o s a i c  s p r e a d :  t h e  t o t a l  r e f l e c t e d  i n t e n s i t y  i s  s e v e r a l  o r d e r s  o f  
m a g n i t u d e  h i g h e r  t h a n  f o r  a  p e r f e c t  c r y s t a l  ( F i g .  8 6 ) .  I d e a l l y ,  t h e

Parallel 
reflected beam

Spacing
^dM

Divergent 
reflected beam

Incident neutron 
beam

(wavelength Am )

(a)

Fig. 86. Increase of reflectivity by using a mosaic crystal (6) instead of a perfect 
crystal («) as monochromator. In (6) the full angular range ±  a  of the incident 
beam is reflected at the wavelength zda/sin dai, provided the mosaic spread j;m 
exceeds a. A parallel beam is reflected by a perfect crystal, (a). (The diagram 
applies only to the single wavelength A j/== 2̂ 71/sin (Am ; other wavelengths are 
reflected as shown in Fig. 88.)

m o s a i c  s p r e a d  o f  t h e  m o n o c h r o m a t o r  s h o u l d  m a t c h  t h e  a n g u la r  
d i v e r g e n c e  o f  t h e  i n c i d e n t  b e a m ,  s o  a s  t o  g i v e  m a x i m u m  i n t e n s i t y  
a t  a  r e s o l u t i o n  w h i c h  i s  s t i l l  g o v e r n e d  p r im a r i ly  b y  t h e  c o l l im a t o r  
d iv e r g e n c e .

A t t e m p t s  h a v e  b e e n  m a d e  t o  p r o d u c e  c r y s t a l s  w i t h  a  c o n t r o l l e d  
m o s a i c  s p r e a d ,  b u t  o n l y  l i m i t e d  s u c c e s s  h a s  b e e n  a t t a i n e d .  T h u s  
S h u l l  ( i 9 6 0 )  h a s  d e s c r i b e d  e x p e r i m e n t s  o n  S i  a n d  G e ,  i n  w h i c h  
n e a r ly  p e r f e c t  s i n g l e  c r y s t a l s  w e r e  d i s t o r t e d  t o  im p r o v e  t h e i r  
r e f l e c t iv i t i e s . .  T h e  r e f l e c t i n g  r a n g e  w a s  i n c r e a s e d  b y  c u r v i n g  t h e  
c r y s t a l s  a t  h i g h  t e m p e r a t u r e  i n  t h e  p la s t i c  s t a t e ,  f o l l o w e d  b y  a  
s t r a i g h t e n i n g  t r e a t m e n t .  A p p r e c i a b l e  in c r e a s e s  i n  r e f l e c t i v i t y  w e r e
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a c h ie v e d ,  b u t  t h e  d i s t o r t io n  w a s  n o t  u n i f o r m  a n d  s o  t h e  b e a m  
i n t e n s i t y  w a s  n o t  c o n s t a n t  a c r o s s  t h e  r e f l e c t in g  a r e a  o f  t h e  c r y s t a l .  
O t h e r  e x p e r i m e n t s  w e r e  r e p o r t e d  b y  B a r r e t t ,  M u e l l e r  &  H e a t o n
( 1 9 6 3 ) ,  w h o  in t r o d u c e d  i m p e r f e c t i o n s  in  s e v e r a l  w a y s  i n t o  n e u t r o n  
t r a n s m is s io n  m o n o c h r o m a t o r s  o f  g e r m a n iu m .  T h e  r e c o m m e n d e d  
t e c h n i q u e  w a s  u n ia x ia l  c o m p r e s s i o n  a l o n g  t h e  [ n o ]  d i r e c t i o n  a t  
6 5 0  ° C  t o  r e d u c e  t h e  t h i c k n e s s  b y  2 - 5  p e r  c e n t ;  t h i s  t r e a t m e n t  
im p r o v e d  t h e  e f f i c i e n c y  o f  t f i e  m o n o c h r o m a t o r  b y  a  f a c t o r  o f  2 5 - 4 0  
o v e r  t h a t  o f  a n  u n d e f o r m e d  s la b .  T a b l e  X V I I ,  t a k e n  f r o m  th e " p a p e r  
o f  B a r r e t t ,  M u e l l e r  &  H e a t o n ,  c o m p a r e s  t h e  p e r f o r m a n c e  o f  a  h o t -  
p r e s s e d  G e  m o n o c h r o m a t o r  u s e d  i n  t r a n s m i s s i o n  w i t h  a  C u  m o n o 
c h r o m a t o r  u s e d  i n  r e f l e x io n ,  b o t h  s e t  f o r  a  w a v e l e n g t h  o f  o 98 A. 
T h e  m o n i t o r  r a t e  i n  t h e  t a b l e  i s  t h e  n e u t r o n  f l u x  r e c o r d e d  b y  a  
l o w - e f f i e i e n c y  m o n i t o r i n g  c o u n t e r  i n  t h e  b e a m  r e f l e c t e d  b y  t h e  
m o n o c h r o m a t o r ,  a n d  t h e  p e a k  i n t e n s i t y  a n d  in t e g r a t e d  i n t e n s i t y  
a r e  t h o s e  r e c o r d e d  f o r  t h e  0 0 2  r e f l e x io n  o f  a  s p e c i m e n  c r y s t a l  o f  
a l p h a - u r a n iu m .  T h e  m o n i t o r  r a t e  a n d  p e a k  i n t e n s i t y  a r e  s o m e w h a t  
h i g h e r  f o r  t h e  C u  m o n o e h r o m a t o r ,  e v e n  t h o u g h  t h e  in t e g r a t e d  
i n t e n s i t y  i s  l e s s ;  i t  i s  t h e  p e a k  i n t e n s i t y  w h i c h  i s  im p o r t a n t ,  s o  t h a t  
t h e  c o m p a r i s o n  f a v o u r s  t h e  c o p p e r  m o n o c h r o m a t o r  r a t h e r  t h a n  
t h e  g e r m a n iu m .

T a b l e  X V I I .  Comparison of a Ge monochromator used in transmis
sion and Cu monochromator used in reflexion {wavelength =  o  9 8  A )

Relative Relative Relative
Mono Crystal monitor peak integrated

chromator condition rates intensities ■ intensities

Ge Hot pressed 63 S6 174
Cu As grown too 100 ■

T a b l e  X V I I I  l i s t s  a  n u m b e r  o f  s i n g l e  c r y s t a l s  u s e d  a s  n e u t r o n  
m o n o c h r o m a t o r s ,  w i t h  c o m m e n t s  in d i c a t i n g  a n y  s p e c i a l  f e a t u r e s !

I n  c o r r e c t i n g  f o r  t h e  e f f e c t s  o f  e x t i n c t i o n  o r  s i m u l t a n e o u s  
r e f l e x io n s  ( s e e  C h a p t e r  9 ) ,  i t  i s  o f t e n  u s e f u l  t o  r e p e a t  m e a s u r e m e n t s  
a t  d i f f e r e n t  v a lu e s  o f  t h e  w a v e l e n g t h  o f  t h e  b e a m  d i f f r a c t e d  b y  t h e  
s a m p l e .  I f  o n l y  a  n u m b e r  o f  d i s c r e t e  w a v e l e n g t h s  i s  r e q u ir e d ,  t h i s  
c a n  b e  d o n e  b y  c h a n g i n g  t h e  o r i e n t a t io n  o f  t h e  m o n o c h r o m a t o r  s o  
t h a t  r e f l e x io n  t a k e s  p l a c e  a t  a  d i f f e r e n t  f a m i ly  o f  p l a n e s .  I f  a  
c o n t i n u o u s  v a r i a t i o n  o f  w a v e l e n g t h  i s  n e e d e d ,  t h e  g l a n c i n g  a n g le

P R O D U C T I O N  O F  T H E  P R I M A R Y  B E A M  ( N E U T R O N S )  20g

Oyi o f  t h e  n e u t r o n s  s t r ik in g  t h e  r e f l e c t in g  p l a n e s  m u s t  b e  c a p a b l e  
of c o n t i n u o u s  a l t e r a t io n .  I n  t h i s  s e c o n d  c a s e ,  t h e  b u l k y  s h i e l d i n g  
a r o u n d  t h e  m o n o c h r o m a t o r  m u s t  b e  d e s i g n e d  t o  a l lo w  e x t r a c t io n  
o f  t h e  b e a m  a t  a  v a r i a b le  s c a t t e r i n g  a n g le  2Ûj/. I t  m u s t  b e  n o t e d ,  
h o w e v e r ,  t h a t  a s  0jj  c h a n g e ?  t h e r e  i s  n o t  o n l y  a  c o n t i n u o u s  c h a n g e  
in  t h e  w a v e l e n g t h  A j j  b u t  a l s o  a  v a r i a t i o n  i n  t h e  w a v e l e n g t h  s p r e a d  
(ÎA ( p .  2 0 7 )  a n d  in  t h e  f o c u s i n g  p o s i t i o n  o f  t h e  b e a m  d i f f r a c t e d  b y  
t h e  s a m p l e  ( p .  2 0 8 ) .

T a b le .  X V I I I .  Single crystal neutron monochromators

Crystal Special features References
Lead ' Tends to have ' lineage’ structure, Shull & WoUan, 1951 ;

causing non-uniformity of Alikhanov, 1959
reflected beam ; low D cbye- 
Waller factor and so un
suitable for high scattering angles

Copper Beam more uniform in cross- Shull & Wollan, 1951
section than for load ; good 
reflectivity, even at high z Om  ■

No |A contamination, if ( i i ’i) is McReynolds, 1952; 
reflecting plane; large unit cell Shull, i960;
and so suitable for long wave- Barrett, Mueller &
lengths; poor reflectivity in as- Heaton, 1963
grown condition

Low mosaic spread, but high in- —
trinsic reflectivity; small absorp
tion so that thick crystals can be 

, used in transmission; D ebye-
Wallcr factor near to unity and so 
suitable for high z Om

LiF, NaCl, CaFj Tend to be more perfect than Sturm, 1947;
metal crystals, and to have lower Wollan & Shull, 1948 
intrinsic reflectivities Q

Magnetite Suitable for long wavelengths McReynolds, 1952

Germanium

Beryllium

Harmonic contamination of prim ary heavi strihing sample 

A  c r y s t a l  m o n o c h r o m a t o r ,  s e t  t o  r e f l e c t  t h e  w a v e l e n g t h  A j j  f r o m  
t h e  (hkl) f a m i ly  o f  p la n e s ,  w i l l  a l s o  s i m u l t a n e o u s l y  r e f l e c t  n e u t r o n s  
o f  w a v e l e n g t h s  A y^ /«  ( w h e r e  «  =  2 ,  3 ,  . . . )  f r o m  t h e  n{hJd) p l a n e s  a t  
t h e  s a m e  c r y s t a l  o r i e n t a t io n .  H a r m o n i c s  o f  w a v e l e n g t h s  ?«Aj^ a n d  
( wi/ m)A jij w o u l d  a l s o  b e  r e f l e c t e d  i f  h, k, I h a v e  a  c o m m o n  f a c t o r  m 
s u c h  t h a t  t h e  c o r r e s p o n d i n g  p l a n e  g i v e s  a n  a l l o w e d  r e f l e x io n .
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For A i/ «  I A the flux is still appreciable at zAj ,̂
( F i g .  8 5 ) ,  a n d  s o  t h e  r e f l e c t i n g  p la n e  m u s t  b e  c h o s e n  w i t h  t h i s  
s e c o n d  p o s s i b i l i t y  i n  m i n d .  T h u s  t h e  ( 4 2 2 )  p la n e  o f  c o p p e r  c a n  b e  
u s e d ,  a s  t h e  2 1 1  r e f l e x io n  is .  a b s e n t ,  b u t  n o t  t h e  ( 2 2 2 )  p la n e .  F o r  
t h e  X yjn  h a r m o n i c s ,  w e  c a l c u la t e  f r o m  e q u a t i o n  ( 7 .5 )  t h a t  t h e  
f l u x  a t  A  =  -|A „i i s  o n l y  2  p e r  c e n t  o f  t h a t  a t  A  == A,„ ( p e a k  o f  
w a v e l e n g t h  d i s t r i b u t i o n  c u r v e ) ,  a n d  t h e  f l u x  a t  JA ,„, ^A ,„, . . .  i s  
s m a l l e r  s t i l l .  T h e  w e a k  ‘ s e c o n d - o r d e r  c o n t a m i n a t i o n ’, - l A , , , ' m a y  
c o n s t i t u t e  a  s e r io u s  h a n d ic a p  t o  t h e  e x a m in a t io n  o f  w e a k  B r a g g  
r e f l e x io n s  : in  s t u d i e s  o f  m a g n e t i c  s t r u c t u r e s ^ f o r  in s t a n c e ,  i t  i s  o f t e n  
n e c e s s a r y  t o  d i s t i n g u i s h  b e t w e e n  a  w e a k  m a g n e t i c  r e f l e x io n ,  o b t a in e d  
b y  r e f l e c t in g  t h e  w a v e l e n g t h  A^y, a n d  a  n u c le a r  r e f l e x io n  o c c u r r in g  
a t  t h e  s a m e  a n g u la r  p o s i t i o n  a n d  c o r r e s p o n d i n g  t o  t h e  d i l f r a c t io n  
o f  t h e  w a v e l e n g t h  -| Aj,y b y  a  s t r o n g l y  r e f l e c t in g  p la n e  w i t h  h a l f  t h e  
s p a c in g .

■ S e v e r a l  m e t h o d s  a r e  a v a i la b le  f o r  r e d u c i n g  o r  e l i m i n a t i n g  t h i s  
s e c o n d - o r d e r  c o n t a m in a t io n .  B y  o r i e n t i n g  t h e  m o n o c h r o m a t o r  t o  
s c a t t e r  n e u t r o n s  a t  w a v e l e n g t h s  l o w e r  t h a n  t h e  p e a k  w a v e l e n g t h  
A „„ s o m e  i n t e n s i t y  i s  s a c r i f ic e d  b u t  t h e  s e c o n d - o r d e r  c o n t a m in a t io n  
i s  r e d u c e d  a p p r e c ia b l y  ( s e e  F i g .  8 7 ) .  A  m o r e  e f f e c t iv e  m e t h o d  i s  t o  
u s e  a f i l t e r .  F o r  e x a m p le ,  239pu b a s  a s h a r p  r e s o n a n c e  a b s o r p t io n  
f o r  s l o w  n e u t r o n s  o f  energy 0 - 2 9 5  e V ,  c o r r e s p o n d in g  t o  a w a v e 
l e n g t h  o f  0 - 5 3  A :  b y  s e l e c t i n g  a  m o n o c h r o m a t i c  b e a m  o f  i - o 6  A  
a n d  p a s s i n g  t h e  b e a m  t h r o u g h  a t h i n  la y e r  o f  p l u t o n i u m ,  t h e  
c o m p o n e n t  i s  a t t e n u a t e d .  S u i t a b l e  t h i c k n e s s e s  o f  p l u t o n i u m  f i l t e r  
f o r  r e d u c in g  t h e  s e c o n d - o r d e r  c o n t a m i n a t i o n  b y  a  g i v e n  a m o u n t  
h a v e  b e e n  calculated b y  A t o j i  ( 1 9 6 4 ) ;  A t o j i  a l s o  t a b u la t e s  t h e  
c h a r a c t e r i s t i c s  o f  o t h e r  r e s o n a n c e  f i l t e r s  w h i c h  c a n  b e  u s e d  i n  t h e  
w a v e l e n g t h  r a n g e  0  7 - 1 8  A .  I n  g e r m a n iu m  s i n g l e - c r y s t a l  m o n o 
c h r o m a t o r s ,  t h e  s e c o n d - o r d e r  c o m p o n e n t  i s  s u p p r e s s e d  a u t o 
m a t i c a l ly  b y  c h o o s i n g  a  r e f l e c t in g  p la n e  s u c h  a s  ( i n )  w i t h  a f o r 
b i d d e n  s e c o n d - o r d e r  r e f l e x io n .  F i n a l l y ,  t h e  s e c o n d - o r d e r  a n d  
h ig h e r - p r d e r  c o m p o n e n t s  c a n  b e  r e m o v e d  b y  p la c in g  a  m e c h a n ic a l  
v e l o c i t y  s e l e c t o r  in  t h e  i n c i d e n t  b e a m  ( s e e  p .  2 1 4 ) .

Width o f reflected wavelength band
T h e  n e u t r o n  m o n o c h r o m a t o r  i s o l a t e s  a  n a r r o w  b a n d  o f  w a v e 

l e n g t h s  f r o m  t h e  w a v e l e n g t h  s p e c t r u m  e m e r g in g  f r o m  t h e  c o l l i -
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r h a to r . T h e  r a t io  o f  t h e  w a v e l e n g t h  s p r e a d  f A  t o  t h e  m e a n  w a v e 
l e n g t h  A  jy i s  .

dA
=  C O t0 : ,,8 0 (7 .6)

w h e r e  0 ^  i s  t h e  B r a g g  a n g le  o f  t h e  m o n o c h r o m a t o r  a n d  i s  t h e  
a n g u la r  s p r e a d  o f  t h e  r e f l e c t e d  b e a m .  I f  t h e  m o n o c h r o m a t o r  i s  a

Fig. 87. T he sccond-ordcr contamination is less at a wavelength A'
(where A' <  A,„) than the contamination at the peak wavelength A„.

p e r f e c t  c r y s t a l ,  t h e  a n g u la r  s p r e a d  a r i s e s  s o l e l y  f r o m  t h e
d iv e r g e n c e  o f  t h e  b e a m  e m e r g i n g  f r o m  t h e  c o l l im a t o r .  F o r  a  
c o l l im a t i o n  a n g le  o f  + | ° ,  8 0 i s  i - o °  =  0 - 0 x 7 ;  f r o m  ( 7 .6 )

a n d

1 -7  p e r  c e n t  for =  4 5 °,

dA '
1 0  p e r  c e n t  fo r

A n  a d d i t io n a l  c o n t r ib u t io n  t o  a r i s e s  f r o m  t h e  d i v e r g e n c e  
p r o d u c e d  b y  t h e  m o s a ic  s p r e a d  o f  t h e  m o n o c h r o m a t o r .  H o w e v e r ,
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w e  c a n  e s t i m a t e  r o u g h ly  t h a t  f o r  A j^  ~  i  A  t h e  w a v e l e n g t h  b a n d  
h a s  a  w i d t h  o f  o 0 2  A  f o r  =  4 5 °  a n d  a  w i d t h  g r e a t e r  t h a n  
o - i o  A  f o r  1 0 ° .

At high values o f the bandwidth is less, and so the resolution 
of the Bragg reflexions is improved. However, the overall intensity 
of the primary beam falls, first, because of the narrower wavelength 
band selected by the monochromator, and second, because of the 
effect of the Dcbye-W aller factor in reducing the reflectivity of the 
monochromator. Another effect, however, tends to outweigh the  
loss of intensity in measuring reflexions at high values of this 
is the focusing effect, which is well-known in the theory of the 
double-crystal X-ray spectrometer (Compton & Allison, 1 9 3 5 ).

Focusing effect
Let us suppose that the collimator is of such a length and width 

that it permits passage of neutrons making angles ± a  to the central 
path, and that the neutrons in this central path are scattered at a 
glancing angle by the monochromator. T he glancing angles for 
the extreme paths of the neutrons in the horizontal plane arc then 
djii +  a  and Ô  ̂— a  (Fig. 8 8 ). In  the vertical plane the range of 
Bragg angles is much less, Oĵ j ± { tanO /̂O. ,̂ and so we need discuss 
only neutrons in the horizontal plane. W e shall ignore the effect of 
the mosaic spread of the monochromator in increasing the diver
gence o f the primary monochromatizcd beam, although the mosaic 
spread is incorporated readily in the more general treatment 
(Willis, i 9 6 0 ).

I f  scattering at a glancing angle 0̂ ,̂  corresponds to a wavelength 
then scattering at Oj  ̂+  ct corresponds to a wavelength

Aj,f(i+acot0j^),
and scattering at a  to

(These formulae follow from equation (7 .6 ).) T hus the m ono
chromator not only reflects a narrow band of wavelengths, but it 
sorts out in angle the wavelengths within this band: the shorter 
wavelengths emerge at the side of low scattering angles and the 
longer wavelengths at high angles.
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T he integrated intensities for the various hkl reflexions of a 
single crystal sample arc now measured by placing the sample in  
this monochromatic beam and oscillating the crystal through the 
reflecting range. I f  the' scattered intensity is plotted against w, 
where co is the angle o f rotation about the goniometer-head axis, 
the area under this curve gives the integrated intensity. This 
intensity curve can be obtained with the sample scattering the

‘W hite’
beam

Perfect crystal in  
transmission

(fl)

‘W hite’
beam Perfect crystal 

in  reflexion

m

Fig . 8 8 . R eflexion in tro d u ces  a  co rre la tion  be tw een  w aveleng th  an d  d irec tion  o f  
scattered  beam . T h e  correlation  occurs w h e th e r th e  m onoch rom ato r operates in  
transm ission  (o) o r in  reflexion (6 ).

monochromatic beam either to the right (Fig. 8 9  a) or to the left 
(Fig. 8 9  6): for a given reflecting plane the intensity integrated over 
the full reflecting curve is the same in the two cases, but the widths 
of the reflecting curves are quite different. T he reason for this 
difference is that the various wavelengths in the ‘monochromatic' 
beam from the crystal monochromator have been sorted out in 
angle: for scattering to the right the longer wavelengths strike the 
second crystal at larger glancing angles to the reflecting plane,

1 4  A * W
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w h i l e  t h e  l o n g e r  w a v e l e n g t h s  a r e  i n c i d e n t  a t  s m a l le r  g l a n c i n g  a n g le s  
in  s c a t t e r in g  t o  t h e  le f t .  T h u s  in  F i g .  8 9  a  t h e  f u l l  r a n g e  o f  g l a n c i n g  
a n g le s  f o r  t h e  b a n d  o f  w a v e l e n g t h s  ôX i s  c o v e r e d  i n  a  s m a l l e r  
r o t a t i o n  o f  o) t h a n  in  F i g .  8 9 6 ,  t h a t  i s ,  t h e  r e f l e c t in g  c u r v e s  a r e  
n a r r o w e r  i n  (rt). I n  t h e  s p e c i a l  c a s e  f o r  w h i c h  t h e  r e f l e c t in g

Sample

A Z> A

‘W hite’
beam M onochromator

(a)

Sample

‘W hite’
beam M onochromator

(b)

F ig . 8 g. T w o  arrangem ents fo r m easuring  the B ragg reflexions o f a single crysta l 
sam ple. T h e  ‘p ara lle l’ arrangem en t (a) is used  irt p reference to  (b), because th e  
longer w avelengths in  («) have la rger glancing angles w hereas the reverse is tru e  
in  (o): th is  difference gives rise to  sh a rp e r reflexions from  th e  sam ple in  (a).

p l a n e s  o f  t h e  specimen a n d  m o n o c h r o m a t o r  a r e  p a r a l l e l ,  a l l  w a v e 
l e n g t h s  a r e  r e f l e c t e d  t o  t h e  r i g h t  a t  t h e  s a m e  a n g u la r  p o s i t i o n  o f  t h e  
s p e c i m e n :  t h e  w i d t h  o f  t h e  r e f l e c t in g  c u r v e  i s  t h e n  i n d e p e n d e n t  o f  
t h e  c o l l im a t i o n  a n g le  o f  t h e  p r im a r y  b e a m  a n d  i s  d e t e r m in e d  s o l e l y  
b y  t h e  m o s a ic  s p r e a d s  o f  t h e  m o n o c h r o m a t o r  a n d  t h e  s p e c i m e n .

T o  o b t a in  n a r r o w  r e f l e c t i n g , c u r v e s  a n d  h e n c e  g o o d  s i g n a l - t o -

P R O D U C T I O N  O F  T H E  P R I M A R Y  B E A M  ( N E U T R O N S )  211

b a c k g r o u n d  r a t io s  f r o m  t h e  s a m p l e  t h e  ‘ p a r a l le l*  a r r a n g e m e n t  o f  
F ig .  8 9  a  is  u s e d .  T h e  t h e o r y  o f  t h e  d e p e n d e n c e  o f  r o c k i n g - c u r v e  
w i d t h  o n  B r a g g  a n g le  0 o f  t h e  s a m p l e  h a s  b e e n  d e r i v e d  f o r  t h e  
p a r a l l e l  a r r a n g e m e n t  b y  a  n u m b e r  o f  a u t h o r s  ( W i l l i s ,  i 9 6 0 ;  D a c h s ,  
1 9 6 1  ; C a g l io t i  &  R i c c i ,  1 9 6 2 ) .  T h e  f u l l - w i d t h  a t  h a l f  h e i g h t  H  o f  
t h e  r e f l e x io n  o c c u r r i n g  a t  a  B r a g g  a n g l e  e q u a l  t o  t h e  g l a n c i n g  a n g le  
o f  t h e  m o n o c h r o m a t o r  {0 =  Oĵ j) i s

H  =  z V P o 2 ( ^ » + ^ 3f ) ] ,

w h e r e  rj i s  t h e  m o s a i c  s p r e a d  o f  t h e  s a m p l e  a n d  t h e  m o s a i c  
s p r e a d  o f  t h e  m o n o c h r o m a t o r .  ( ‘ M o s a i c  s p r e a d *  i s  d e f i n e d  o n  
p . 1 7 4 . )  F o r  o t h e r  v a l u e s  o f  0, H  d e p e n d s  o n  t h e  c o l l i m a t o r  a n g le  cc 
a s  w e l l  a s  o n  ?; a n d  77,^. T h e  n a t u r e  o f  t h i s  d e p e n d e n c e  i s  s h o w n  i n  
F i g .  9 0 ,  w h e r e  H  i s  p l o t t e d  a g a in s t  t h e  q u a n t i t y  ta n (9/ t a n (9, i / ,  t h e  
‘ r e s o l u t i o n  p a r a m e te r * .  T h e  d i v e r g e n c e  o f  t h e  b e a m  p a s s i n g  d o w n  
t h e  p r im a r y  c o l l im a t o r  i s  ±  a, a n d  e a c h  p a ir  o f  b r o k e n  a n d  u n 
b r o k e n  c u r v e s  in  F i g .  9 0  r e f e r s  t o  a  d i f f e r e n t  v a l u e  o f  a: t h e  u n 
b r o k e n  c u r v e  in  e a c h  p a ir  c o r r e s p o n d s  t o  7/ =  a n d  t h e  b r o k e n  
c u r v e  t o  7; =  o .

T h e  w i d t h  o f  t h e  r e f l e c t i n g  c u r v e  i s  a  m i n i m u m  in  t h e  r e g io n  o f  
0 ~  Om> ^i^d s h o u l d  b e  c h o s e n  t o  m a k e  t h e  w i d t h  a b o u t  t h e  
s a m e  a t  either e n d  o f  t h e  0 r a n g e  u n d e r  i n v e s t i g a t i o n .  T h i s  i m p l i e s  
t h a t ,  f o r  a  r a n g e  o f  0-60° in  0, d̂ x̂ is a b o u t  40°. M o r e o v e r ,  b y  u s i n g  
r e la t iv e l y  h i g h  v a l u e s  o f  0 ^ ,  t h e  hkl  r e f l e x i o n s  f r o m  t h e  s a m p l e  a r e  
m a d e  s h a r p  a t  h i g h  B r a g g  a n g le s ,  w h e r e  t h e  i n t e n s i t i e s  a r e  r e d u c e d  
m o r e  b y  t h e r m a l  v i b r a t io n .

T h e  a d v a n t a g e s  i n  u s i n g  a  h i g h  g l a n c i n g  a n g l e  0^^ a r e  d e m o n 
s t r a t e d  b y  t h e  e x p e r i m e n t a l  d a ta  s h o w n  in  F i g .  9 1 .  T h e  r e f l e c t in g  
c u r v e s  w e r e  r e c o r d e d  u s i n g  a  s i n g l e  c r y s t a l  o f  T h O g  a s  t h e  s p e c i 
m e n ,  a n d  t h e  f a l l - o f f  o f  p e a k  i n t e n s i t y  w i t h  s c a t t e r i n g  a n g l e  2O i s  
v e r y  m a r k e d  f o r  m e a s u r e m e n t s  t a k e n  w i t h  a  s m a l l  m o n o c h r o m a t o r  
a n g le ,  = 1 1 ° .  T h e  755 r e f l e x io n ,  o c c u r r i n g  a t  2O =  134**, i s  
e a s i ly  o b s e r v e d  u s i n g = 45'*, b u t  f o r  =  xi‘* i t  i s  s o  b r o a d  
t h a t  i t  h a s  a l m o s t  d i s a p p e a r e d  i n t o  t h e  g e n e r a l  b a c k g r o u n d .  W e  
s e e  t h e n  t h a t ,  a l t h o u g h  t h e r e  i s  a  f a l l  i n  t h e  i n t e n s i t y  o f  t h e  i n c i 
d e n t  b e a m  a r i s in g  f r o m  a  r e d u c t i o n  in  i t s  w a v e l e n g t h  r a n g e ,  i n 
c r e a s in g  t h e  g l a n c i n g  a n g le  djix g i v e s  a  s t r i k i n g  i m p r o v e m e n t  i n  t h e  
s i g n a l - t o - b a c k g r o u n d  r a t io .  F o r  t h e  m e a s u r e m e n t  o f  w e a k  r e f l e x io n s  

. - ■ 14-*
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a n  im p r o v e m e n t  in  t h e  s i g n a l - t o - b a c k g r o u n d  r a t io  i s  m o r e  im 
p o r t a n t  t h a n  i n c r e a s in g  t h e  s ig n a l  a l o n e  ( s e e  p .  2 7 4 ) .

I n  t h e  s t u d y  o f  m a g n e t i c  s t r u c t u r e s  t h e  m a x i m u m  v a lu e  o f  zO 
f o r  t h e  s a m p l e  i s  g e n e r a l ly  l e s s  t h a n  5 0 °  f o r  a n  i n c i d e n t  w a v e le n g t h  
in  t h e  n e i g h b o u r h o o d  o f  i  A .  T h i s  i s  s o  b e c a u s e  m a g n e t i c  r e f le x io n s  
a r is e  f r o m  t h e  s c a t t e r in g  o f  n e u t r o n s  b y  t h e  o u t e r  u n p a ir e d  e le c t r o n s

Half width

Fig. 90. Dependence of hajf-width o f reflecting curve on resolution parameter 
tanO/tandji/. Full curves for sample with same mosaic spread as monochromator 
(7; =  broken curves for sample consisting of perfect crystal (ji =  0), ± «  is 
the divergence of the bemn striking the monochromator (Willis, i960).

o f  t h e  a t o m ,  s o  t h a t  t h e r e  i s  a  s t e e p  f a l l - o f f  in  m a g n e t i c  s c a t t e r in g  
a m p l i t u d e  w i t h  0. T h e  f o r m - f a c t o r  d e p e n d e n c e  o f  m a g n e t ic  
s c a t t e r in g  c o n t r a s t s  w i t h  n u c le a r  s c a t t e r in g ,  w h i c h  i s  in d e p e n d e n t  
o f  0 b e c a u s e  t h e  s c a t t e r in g  c e n t r e s  a r e  n u c l e i  w h o s e  d im e n s io n s  arc  
s m a l l e r  b y  a  f a c t o r  o f  io ~ *  t h a n  t h e  w a v e l e n g t h  o f  t h e r m a l  n e u t r o n s .  
T h u s  f o r  m a g n e t i c  w o r k  t h e  m o s t  s u i t a b l e  v a l u e  o f  o r  t h e  v a lu e  
w h i c h  g i v e s  f o c u s i n g  c o n d i t i o n s  n e a r  t h e  m i d d l e  o f  t h e  a c c e s s ib le  
■2.0 r a n g e ,  w i l l  b e  c o n s id e r a b ly  lo w e r  t h a n  f o r  g e n e r a l  s t u d ie s  
i n v o l v i n g  t h e  n u c le a r  r e f l e x io n s  a l o n e .
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Uniformity of monochroinatized beam 

.In  m e a s u r in g  a  s e t  o f  r e f l e x io n s  f r o m  a  s i n g l e  c r y s t a l  i t  i s  u s u a l  
' to  b a th e  t h e  c r y s t a l  c o m p l e t e l y  in  t h e  i n c i d e n t  b e a m  a n d  t o  a s s u m e  

th a t e a c h  r e f l e c t in g  p la n e  i n t e r c e p t s  t h e  s a m e  p r o p o r t io n  o f  t h e  
b e a m  w h i l e  t h e  c r y s t a l  i s  t u r n e d  f r o m  o n e  r e f l e x io n  t o  t h e  n e x t .  
T h is  is  n o t  t r u e ,  h o w e v e r ,  i f  t h e  c r y s t a l  i s  n o t  s p h e r i c a l  a n d  i f  t h e  
in c id e n t  m o n o c h r o m a t i z e d  b e a m  i s  n o t  u n i f o r m  in  c r o s s - s e c t i o n .

20O1

100

511

731 755

600

300

111

K-35'
731

30'

Pig. 91. Experimental reflecting curves for ThOj single crystal: (a) Om  =  11°, 
(b) Oyj =  45°. The focusing position is near the i i i  reflexion in (n) and near 731 
in (i). A different collimator was used for recording the two sets o f measurements 
(") and (6) (Willis, 19626).

T h e  u n i f o r m i t y  o f  t h e  b e a m  u s e d  i n  n e u t r o n  d iflF r a c to m e tr y  i s  
ty p ic a l ly  +  5  p e r  c e n t  o v e r  a n  a r e a  o f  3 x 3  m m  a t  t h e  s p e c i m e n .  
F ig . 9 3  s h o w s  t h e  c o n t o u r s  o f  c o n s t a n t  n e u t r o n  f l u x  i n  t h e  b e a m  
r e f le c te d  b y  a  s i n g l e - c r y s t a l  c o p p e r  m o n o c h r o m a t o r :  t h e  m e a s u r e 
m e n ts  w e r e  m a d e  b y  s c a n n i n g  t h e  b e a m  w i t h  a  |  m m  p i n h o l e  o f  
c a d m iu m  p la c e d  a t  t h e  p o s i t i o n  o f  t h e  s p e c i m e n  a n d  r e c o r d in g  t h e  
t r a n s m it t e d  b e a m  w i t h  a  B F 3  d e t e c t o r .
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F o r  t h e  h i g h e s t  a c c u r a c y  i n  m e a s u r in g  t h e  r e la t iv e  v a l u e s  o f  th e  
in t e g r a t e d  i n t e n s i t i e s ,  s p h e r i c a l  s p e c i m e n s  a r e  u s e d .  E r r o r s  w i l l  s t i l l  
a r is e  f r o m  a la c k  o f  u n i f o r m i t y  o f  t h e  i n c i d e n t  b e a m ,  i f  t h e  a b s o r p 
t i o n  o f  t h e  s p e c i m e n  is  l a r g e .  F o r t u n a t e l y ,  in  m o s t  n e u t r o n  s t u d ie s  
t h e  a b s o r p t io n  i s  v e r y  s m a l l .

lOO-

2 mm
I---------- :-------1

Fig. 93. Experimental contours of equal neutron (lux in a beam reflected by a' 
copper-crystal monochromator. The beam is uniform in intensity to ±  5 per cent 
in dotted region. Contours marked on an arbitrary scale.

7 .4 . M e c h a n ic a l m o n o c h r o m a to r s

N e u t r o n  d i f f r a c t o m e t e r s  a r e  n o r m a l ly  o p e r a t e d  i n  a s s o c ia t io n  
w i t h  c r y s t a l  m o n o c h r o m a t o r s ,  b u t  t h e r e  s e e m s  t o  b e  n o  f u n d a 
m e n t a l  r e a s o n  w h y  m e c h a n i c a l  n e u t r o n - v e l o c i t y  s e l e c t o r s ,  o r  
m e c h a n ic a l  m o n o c h r o m a t o r s ,  s h o u l d  h o t  b e  u s e d  in s t e a d .  M o r e 
o v e r ,  a  m e c h a n ic a l  s e l e c t o r  i s  m o r e  v e r s a t i l e  i n  t h a t  i t  a l lo w s  a  
c h o i c e  i n  t h e  v a lu e s  o f  b o t h  A  a n d  5A /A  w i t h i n  f a i r ly  w i d e  l im it s .  
M e c h a n i c a l  s e l e c t o r s  a r e  p a r t i c u la r l y  a t t r a c t iv e  fo r  w a v e le n g t h s  
g r e a t e r  t h a n  2  A ,  a s  t h e  s e c o n d - o r d e r  a n d  h ig h c r - o r d e r  h a r m o n ic s ,  
a p p e a r in g  w e l l  u p  t h e  w a v e l e n g t h  d i s t r i b u t i o n  c u r v e  ( F i g .  8 5 ) ,  
w o u l d  b e  v e r y  t r o u b l e s o m e  w i t h  a  c r y s t a l  m o n o c h r o m a t o r .

T h e  f l i g h t  t i m e  b e t w e e n  t h e  s p e c i m e n  a n d  t h e  d e t e c t o r  fo r  th e  
n e u t r o n s  u s e d  in  n e u t r o n - b e a m  e x p e r i m e n t s  i s  b e t w e e n  lO"® 
io ~ ®  s e c ,  a n d  i t  i s  p o s s i b l e ,  t h e r e f o r e ,  t o  u s e  m e c h a n ic a l  c h o p p e r s
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s u i ta b ly  s p a c e d  a p a r t  t o  p r o d u c e  m o n o c h r o m a t i c  n e u t r o n s  o f  
selected  A  a n d  SX. T h e  p r i n c i p l e  o f  t h e .m e c h a n i c a l  s e l e c t o r  f o r  s l o w  
n e u t r o n s  is  i l lu s t r a t e d  in F i g .  9 3 .  S e v e r a l  d i s c s ,  c o n t a i n i n g  c a d m i u m  
to  m a k e  t h e m  o p a q u e  t o  n e u t r o n s ,  a r e  m o u n t e d  o n  t h e  s a m e  a x is ,  
w h ic h  i s  p a r a l l e l  t o  t h e  n e u t r o n  b e a m .  E a c h  d i s c  c o n t a i n s  a  r a d ia l  
s l it  w h ic h  t r a n s m i t s  n e u t r o n s  a s  t h e  d i s c  r o t a t e s .  T h e  c o n t i n u o u s  
f lu x  o f  r e a c t o r  n e u t r o n s  i s  c h o p p e d  b y  t h e  f i r s t  d i s c  i n t o  a  n e u t r o n  
p u ls e  h a v in g  a  b r o a d  w a v e l e n g t h  s p e c t r u m .  T h i s  b u r s t  t h e n  t r a v e ls  
a k n o w n  d i s t a n c e  t o  t h e  s e c o n d  d i s c ,  w h o s e  s l i t  h a s  a  f i x e d  p h a s e

‘White’
beam

M onochromatic

Fig. 93. Principle of mechanical velocity selector for slow neutrons 
(after Hughes, 1953).

r e la t io n  w i t h  r e s p e c t  t o  t h e  f i r s t .  W h e n  i t  o p e n s ,  t h e  s e c o n d  d i s c  
p a s s e s  o n l y  a  b a n d  o f w a v e l e n g t h s ,  a n d  b o t h  t h e  m e a n  w a v e l e n g t h  
a n d  t h e  w i d t h  o f  t h e  b a n d  a r e  r e la t e d  t o  t h e  t i m e - o f - f l i g h t  o f  t h e  
n e u t r o n s  b e t w e e n  t h e  t w o  d i s c s ,  t h e  r e la t iv e  p h a s e  o f  t h e  d i s c s  a n d  
th e  o p e n - t i m e  o f  t h e  s l i t s .  G r e a t e r  f l e x i b i l i t y  in  v a r y in g  b o t h  A  a n d  
(id  i s  a c h ie v e d  b y  u s i n g  a  m u l t i - r o t o r  s y s t e m  o f  t h r e e  o r  f o u r  
r o ta t in g  d i s c s .

C u r v e d  s l o t  r o t o r s  a r e  u s e d  i n  t h e  a p p a r a t u s  f o r  c o l d  n e u t r o n  
m e a s u r e m e n t s  d e s c r ib e d  b y  O t n e s  &  P a le v s k y  ( 1 9 6 3 ) .  I I e r e  t h e  
p a th  o f  t h e  n e u t r o n s  i s  n o r m a l  t o  t h e  a x i s  o f  r o t a t i o n  a n d  t h e  
n e u t r o n s  p a s s  d o w n  a  c u r v e d  s l o t  i n  t h e  r o t o r  ( F i g .  9 4 )  t o  e m e r g e  
in  a b r o a d  w a v e l e n g t h  b a n d .  T h e  s l o t  f o l l o w s  a  c ir c u la r  a r c , w h i c h  
is  a  s u f f i c i e n t ly  g o o d  a p p r o x im a t io n  to . t h e  id e a l  c u r v e  ( a n  A r c h i 
m e d e a n  s p ir a l ) .  T h e  v a lu e s  o f  A  a n d  SXjX c a n  b e  v a r i e d  i n d e p e n 
d e n t ly  b e t w e e n  3 -5  a n d  1 0  A  a n d  b e t w e e n  1 3  a n d  6  p e r  c e n t  
r e s p e c t iv e ly ;  t h i s  v a r i a t i o n  i s  a c h i e v e d  b y  u s i n g  s e v e r a l  r o t o r s ,  
w h ic h  a r e  o p e r a t e d  a t  v a r i o u s  s p e e d s  a n d  s e p a r a t io n s .
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‘While’
beam

Direction'

Fig. 94. Curved slot rotor.

Monochromatic

7 , 5 .  N e u t r o n  d i j i F r a c t o m e t r y  u s i n g  ‘ v / h i t e ’ p r i m a r y  b e a m

S l o w  n e u t r o n s  h a v e  a  s p e e d  o f  a b o u t  4 , 0 0 0  m / s  a t  a  w a v e le n g t h  
o f  I A ,  a n d  t h i s  s p e e d  c a n  b e  r e a d i ly  m e a s u r e d  b y  t i m e - o f - f l i g h t  
t e c h n i q u e s .  M o r e o v e r ,  t h e  s p e e d  v a r i e s  i n v e r s e ly  a s  t h e  w a v e le n g t h  
o f  t h e  n e u t r o n s ,  i n  a c c o r d a n c e  w i t h  e q u a t io n  ( 7 .3 ) ,  a n d  t h i s  g iv e s  
r i s e  t o  t h e  p o s s i b i l i t y  o f  c a r r y i n g  o u t  e x p e r i m e n t s  i n  n e u t r o n  . 
d i f f r a e t o m e t r y  u s i n g  a  r a d ic a l l y  d i f f e r e n t  t e c h n i q u e  f r o m  a n y  d is 
c u s s e d  s o  fa r .

I f  t h e  d i r e c t  b e a m  f r o m  t h e  n u c le a r  r e a c t o r  i s  p u l s e d  w i t h  a 
m e c h a n i c a l  c h o p p e r ,  t h e n  a l l  t h o s e  n e u t r o n s  r e c o r d e d  a t  a  g iv e n  
in s t a n t  o f  t i m e  a f t e r  t h e  p u l s e  h a v e  t h e  s a m e  w a v e le n g t h .  T h e  
c h o p p e r  w i t h  a  s i n g l e  e l e c t r o n i c  t i m e - g a t e  c o n s t i t u t e s  a  d e v ic e  fo r  
p r o d u c i n g  a n d  r e c o r d in g  m o n o c h r o m a t i c  n e u t r o n s :  i f  t h e r e  are  
m a n y  a d j a c e n t  t i m e  c h a n n e l s ,  d i f f r a c t i o n  o f  a  r a n g e  o f  w a v e le n g t h s  
c a n  b e  i n v e s t i g a t e d  s im u l t a n e o u s l y .  ■

A  s i n g l e - c h a n n e l  a r r a n g e m e n t  f o r  c la s t i c  s c a t t e r in g  s t u d i e s  w ith  
l o n g  w a v e l e n g t h  n e u t r o n s  (  ~  5  A )  h a s  b e e n  d e v e l o p e d  b y  L o w  Sc 
C o l l i n s  ( 1 9 6 3 ) .  A  d ia g r a m  o f  t h e i r  a p p a r a t u s  i s  s h o w n  i n  F ig .  95 - 
T h e  d ir e c t  n e u t r o n  b e a m  p a s s e s  t h r o u g h  a  f i l t e r  o f  p o ly c r y s t a l l i n c  
b e r y l l i u m ,  w h i c h  r e m o v e s  b y  B r a g g  s c a t t e r in g  a l l  t h o s e  n e u t r o n s  
w i t h  a  w a v e l e n g t h  l e s s  t h a n  3 - 9 5  A ,  r e p r e s e n t in g  t w i c e  t h e  m a x i
m u m  la t t i c e  s p a c in g  in  b e r y l l i u m .  T h e  b e a m  t h e n  p a s s e s  t h r o u g h  a 
f i l t e r  o f  s i n g l e - c r y s t a l  b i s m u t h ,  w h i c h  s e r v e s  t o  a t t e n u a t e  th e  
g a m m a  r a d ia t io n .  T h u s  t h e  f in a l  e m e r g e n t  b e a m  c o n s i s t s  p r e -

P R O D U C T I O N  O F  T H E  P R I M A R Y  B E A M  ( N E U T R O N S )  Z t J

d o m in a n t ly  o f  s l o w  n e u t r o n s  w i t h  w a v e l e n g t h s  g r e a t e r  t h a n  4  A .  
A  s im p l e  c h o p p e r  p u l s e s  t h e  b e a m  a n d  t h e  n e u t r o n s  s c a t t e r e d  b y  
th e  s p e c i m e n  a r e  r e c o r d e d  i n  B F 3  c o u n t e r s  a f t e r  t r a v e r s in g  a i m  
f l ig h t  p a t h .  T h e  c o u n t e r  a s s e m b l y  i s  g a t e d  in  s y n c h r o n i s i n  w i t h  t h e  
c h o p p e r ,  w i t h  a  g a t i n g  d e la y  c o r r e s p o n d i n g  t o  t h e  t i m e - o f - f l i g h t  o f  
n e u t r o n s  w i t h  a  w a v e l e n g t h  o f  a b o u t  5  A .  T h e  m e a n  w a v e l e n g t h  
a n d  t h e  w a v e l e n g t h  s p r e a d  a r e  c h a n g e d  b y  a l t e r in g  t h e  g a t i n g  d e la y  
a n d  g a t e  w i d t h ,  r e s p e c t i v e l y .

Pxcctor
Detector

shield

Reactor
face

i'loodablc
section

Centre of
reactor

Chopper

Specimen

Fig. 95. Apparatus for clastic scattering studies with 5 A  neutrons 
(after Low & Collins, 1963).

T h e  s e c o n d  t y p e  o f  e x p e r i m e n t a l  a r r a n g e m e n t ,  u s i n g  m a n y  
a d ja c e n t  t i m e  c h a n n e l s ,  h a s  b e e n  d e v e l o p e d  r e c e n t l y  b y  B u r a s  &  
L e c ic j e w ic z  ( 1 9 6 4 )  a s  a  m o d i f i e d  f o r m  o f  t h e  L a u e  m e t h o d .  ( A  
s im ila r  t e c h n i q u e  w a s  p r o p o s e d  b y  L o w d e  ( 1 9 5 6 ) ,  w h o  e m p h a s i z e d  
th a t h ig h e r  c o u n t i n g  r a t e s  a r e  a c h i e v e d  b y  in t e g r a t i n g  t h e  d i f f r a c t e d  
in t e n s i t y  o v e r  w a v e l e n g t h  r a t h e r  t h a n  c r y s t a l  a n g le . )

I n  t h e  c o n v e n t i o n a l  m e t h o d  o f  c r y s t a l  s t r u c t u r e  a n a ly s i s ,  
n e u t r o n s  o f  a  f i x e d  w a v e l e n g t h  a r e  s c a t t e r e d  b y  t h e  s a m p l e  a n d  t h e  
in t e n s i t y  1(0) o f  t h e  d i f f r a c t e d  b e a m  i s  m e a s u r e d  a s  a  f u n c t i o n  o f  
th e  v a r ia b le  a n g le  0 ( F i g .  9 6 a ) .  T h e  c u r v e  o f  1(0) v e r s u s  6 s h o w s  a  
m a x im u m  w h e n  t h e  B r a g g  e q u a t io n ,  A  — zdsinO, i s  s a t i s f i e d  b y  t h e  
p a r t ic u la r  s e t  o f  p l a n e s  w i t h  s p a c i n g  d. H o w e v e r ,  i t  i s  p o s s i b l e  t o  
r e v e r s e  t h e  r o le s  o f  A  a n d  0, a n d  t o  m e a s u r e  t h e  i n t e n s i t y  7 (A ) a s  a  
fu n c t io n  o f  t h e  w a v e l e n g t h  A a t  a  f i x e d  v a lu e  o f  t h e  s c a t t e r in g  a n g le  
0̂ ( F ig .  9 6 6 ) .  A  s i n g l e  d i s c  o f  t h e  t y p e  u s e d  in  F i g .  9 5  c h o p s  t h e
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s l o w  n e u t r o n  b e a m  f r o m  t h e  r e a c t o r ,  g i v i n g  a  p u l s e  o f  n e u t r o n s  
w i t h  w i d e l y  v a r y in g  w a v e l e n g t h s  a t  t h e  s p e c i m e n ;  t h e  s a m p l e  t h e n  
s c a t t e r s  t h o s e  n e u t r o n s  w i t h  w a v e l e n g t h s  s a t i s f y i n g  t h e  B r a g g  
e q u a t io n ,  a n d  t h e  s c a t t e r e d  n e u t r o n s  a r c  c o u n t e d  b y  m e a n s  o f  a  
n e u t r o n  d e t e c t o r  c o n n e c t e d  t o  a  m u l t i c h a n n e l  t i m e - a n a ly s e r .  T h e  
w a v e l e n g t h  i s  d e t e r m in e d  f r o m  t h e  d i s t a n c e  b e t w e e n  t h e  s p e c i m e n  
a n d  d e t e c t o r  a n d  t h e  t i m e  t a k e n  t o  t r a v e r s e  t h i s  d i s t a n c e .

Crystal
monochromator

I— — 1 Chopper

A =  2d sin 0
A variableA constant

SpecimenSpecimen

20 variable 20 constantBFj counter 
(broad-sidey

on) (YBF3  counter 
■ (end-on) /

M ulti-channel
time-analyser

Scaler

(a) (.b)

Fig . 9 6 . (a) C onventional m ethod , and  (b) tim e-of-fligh t m ethod  o f  m easuring  
B ragg reflexions. T o  define the fligh t-path  p recisely ,the B F , coun ter is used  in  
th e  ‘b roadside -on ’ position  in  (b). (A fter B uras & Lecicjew icz, 1 9 6 4 .)

F i g .  9 7  s h o w s  a  n e u t r o n  d i f f r a c t i o n  p a t t e r n  o f  n i c k e l  p o w d e r  
t a k e n  b y  t h e  t i m e - o f - f l i g h t  m e t h o d  ( S c h w a r t z ,  1 9 6 5 ,  p r iv a t e  c o m 
m u n ic a t io n ) .  D i s t i n c t  p e a k s  a p p e a r ,  w h i c h  a r e  r e a d i ly  i n d e x e d  f r o n t  
a  k n o w l e d g e  o f  t h e  w a v e l e n g t h  a t  w h i c h  t h e y  o c c u r .  S o  fa r  t h e  
m e t h o d  h a s  b e e n  u s e d  f o r  p o w d e r  s p e c i m e n s  o n ly ,  b u t  i t  c o u ld  b e  
a p p l i e d  e q u a l ly  w e l l  t o  t h e  e x a m in a t io n  o f  s i n g l e  c r y s t a l s .  I t  i s  
p a r t ic u la r l y  p r o m i s in g  f o r  n e u t r o n  d i f f r a c t i o n  w o r k  a t  l o n g  w a v e 
l e n g t h s  a s  t h e  c o u n t in g  r a te  i s  p r o p o r t io n a l  t o  A*.
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THE BACKGROUND

8 .1 .  I n t r o d u c t i o n  ‘
B e f o r e  d e s c r i b i n g  t h e  m e a s u r e m e n t  o f  t h e  c o h e r e n t  B r a g g  

r e f l e x io n s ,  w e  s h a l l  d i s c u s s  t h e  v a r i o u s  s o u r c e s  o f  b a c k g r o u n d  
s c a t t e r in g  o c c u r r in g  w i t h  t h e  r e f l e x io n s .  T h e  b a c k g r o u n d  s c a t t e r in g  
i n t r o d u c e s  b o t h  s y s t e m a t i c  a n d  r a n d o m  e r r o r s  in  t h e  d e t e r m in a t io n  
o f  t h e  d i f f r a c t e d  i n t e n s i t y .  S y s t e m a t i c  e r r o r s  a r is e  f r o m  t h o s e  
c o m p o n e n t s  o f  t h e  b a c k g r o u n d  s c a t t e r i n g  w h i c h  h a v e  a  n o n - l i n e a r  
d e p e n d e n c e  o n  s c a t t e r in g  a n g le  in  t h e  n e i g h b o u r h o o d  o f  t h e  B r a g g  
p e a k :  t h e  c o n t r i b u t i o n  o f  t h e  b a c k g r o u n d  t o  t h e  p e a k  c a n n o t  t h e n  
b e  e s t i m a t e d  b y  s i m p l y  e x t r a p o la t in g  b a c k g r o u n d  m e a s u r e m e n t s  
t a k e n  o n  e i t h e r  s i d e  o f  t h e  p e a k .  T h e  r a n d o m  o r  s t a t i s t i c a l  e r r o r  
a s s o c ia t e d  w i t h  t h e  p r e s e n c e  o f  t h e  b a c k g r o u n d  i s  d i s c u s s e d  
la t e r  i n  C h a p t e r  l o :  w e  s h a l l  n o t e  t h e r e  t h e  i m p o r t a n c e  o f  
r e d u c i n g  t h e  b a c k g r o u n d  a s  m u c h  a s  p o s s i b le '  i n  o r d e r  t o  
i m p r o v e  t h e  s t a t i s t i c s  o f  c o u n t i n g ,  e s p e c i a l l y  i n  m e a s u r i n g  w e a k  
r e f l e x io n s .  • ‘

T h u s  t h e  c o n d i t i o n s  u n d e r  w h i c h  t h e  r e f l e x io n s  a r e  m e a s u r e d  
m u s t  b e  c h o s e n  w i t h  t w o  p o i n t s  i n  m i n d :  f i r s t ,  w e  m u s t  o b t a in  a 
g o o d  e s t im a t e  o f  t h e  b a c k g r o u n d  u n d e r  the B r a g g  peak, i n  o r d e r  
t o  m a k e  a  v a l id  b a c k g r o u n d  s u b t r a c t i o n ;  s e c o n d l y ,  t h e  b a c k g r o u n d  
m u s t  b e  a s  s m a l l  a s  p o s s i b l e ,  s o  a s  t o  e n h a n c e  t h e  s i g n a l - t o - b a c k 
g r o u n d  r a t io .

T h e  p r in c i p a l  c o n t r i b u t i o n s  t o  t h e  b a c k g r o u n d  a r e  t h e  
f o l l o w i n g :

( 1 )  C o n t r i b u t i o n s  which p e a k  a t  t h e  B r a g g  r e f l e x io n s .
{a) B r a g g  s c a t t e r in g  o f  h a r m o n i c s  o r  s u b h a r m o n ic s  o f  t h e  

f u n d a m e n t a l  w a v e l e n g t h  ( p .  2 0 5 ) .  T h e s e  m u s t  b e  r e m o v e d  
b y  o n e  p f  t h e  t e c h n i q u e s  d i s c u s s e d  in  C h a p t e r s  6  a n d  7 ,  
s i n c e  c o r r e c t i o n s  a r e  n o t  n o r m a l ly  p o s s i b l e .

{h) T h e r m a l  d i f f u s e  s c a t t e r in g  ( § 8 .2 ) .
( 2 )  W h i t e  r a d ia t io n  b a c k g r o u n d :  X - r a y s  o n l y  ( § 8 .3 ) .
( 3 )  C o n t r i b u t i o n s  w h i c h  v a r y  s l o w l y  w i t h  s c a t t e r in g  a n g le .

T H E  B A C K G R O U N D  . 221

{a) I n c o h e r c n t - s c a t t c r i n g  ( § § 8 .4  a n d  8 .5 )  i n  t h e  f o r m  o f  
F l u o r e s c e n c e  s c a t t e r i n g  ( X - r a y s )
'C o m p t o n  s c a t t e r i n g  ( X - r a y s )
I s o t o p e  i n c o h e r e n t  s c a t t e r i n g  ( n e u t r o n s )
S p i n  in c o h e r e n t  s c a t t e r i n g  ( n e u t r o n s )

{b) P a r a s i t i c  s c a t t e r in g  f r o m  a m o r p h o u s  r e g i o n s  i n  t h e  s p e c i 
m e n ,  f r o m  t h e  s p e c i m e n  s u p p o r t ,  - a n d  f r o m  t h e  a ir  
s u r r o u n d i n g  t h e  s p e c i m e n  ( m a i n l y  w i t h  X - r a y s )  ( § 8 .6 ) .  

( 4 )  D e t e c t o r  b a c k g r o u n d :  i n  X - r a y  c o u n t e r s  d u e  t o  c o s m i c  
r a d ia t io n  a n d  r a d io a c t iv e  c o n t a m i n a t i o n ;  i n  n e u t r o n  c o u n t e r s  d u e  
t o  y - r a y s  a n d  f a s t  n e u t r o n s  ( s e e  C h a p t e r  4 ) .

W e  s h a l l  n o w  e x a m in e  s o m e  o f  t h e s e  c o n t r i b u t i o n s .

8.2. Thermal diffuse scattering
S h o r t l y  a f t e r  t h e  f i r s t  e x p e r i m e n t s  i n  X - r a y  d i f f r a c t i o n ,  D e b y e  

( 1 9 1 4 )  g a v e  a  m a t h e m a t i c a l  t r e a t m e n t  o f  t h e  e f f e c t  o f  t h e r m a l  
m o t i o n  o n  t h e  s c a t t e r in g  o f  X - r a y s  b y  a  c r y s t a l ,  t i i s  c a l c u l a t i o n s  
s h o w e d  t h a t  t h e r m a l  m o t i o n  c a u s e s  a  d e c r e a s e  i n  t h e  i n t e n s i t y ,  b u t  
n o t  i n  t h e  s h a r p n e s s ,  o f  t h e  B r a g g  r e f l e x io n s  b y  a  f a c t o r  w h e r e

W  — sin'̂ g
A2 • (8 .1)

I n  t h i s  e x p r e s s i o n  w f i s  t h e  m e a n - s q u a r e  d i s p l a c e m e n t  o f  t h e  a t o m s  
a l o n g  t h e  n o r m a l  t o  t h e  r e f l e c t i n g  p la n e s .  I n  a d d i t i o n ,  D e b y e  
d e m o n s t r a t e d  t h a t  a n  e q u i v a l e n t  i n t e n s i t y  s h o u l d  a p p e a r  a s  a g e n e r a l  
d i f f u s e  b a c k g r o u n d .

F a x é n  ( 1 9 2 3 )  s h o w e d  t h a t  t h i s  d i f f u s e  b a c k g r o u n d  ( ‘ t h e r m a l  
d i f f u s e  s c a t t e r i n g ’,  o r  T D S )  w a s  n o t  u n i f o r m  t h r o u g h o u t  r e c i 
p r o c a l  s p a c e ,  b u t  p o s s e s s e d  b r o a d  m a x i m a  w h i c h  w e r e  c e n t r e d  a t  
t h e  r e c i p r o c a l , l a t t i c e  p o i n t s .  T h e  e x t r a  s p o t s  o b s e r v e d  b y  L a v a l  
( 1 9 3 8 )  o n  L a u e  p h o t o g r a p h s  w e r e  i d e n t i f i e d  a s  t h o s e  p r e d i c t e d  b y  
F a x é n  a n d  b y  W a l l e r  ( 1 9 2 8 )  a s  d u e  t o  t h e r m a l  m o t i o n .  L a v a l ’s  
w o r k  s t i m u l a t e d  a w i d e  in t e r e s t  i n  t h e  t h e r m a l  d i f f u s e  s c a t t e r i n g  o f  
X - r a y s  b y  m a t t e r :  t h e  s t u d y  o f  X - r a y  d i f f u s e  s c a t t e r i n g  i s  n o w  a 
w e l l - e s t a b l i s h e d  t e c h n i q u e  in  l a t t i c e  d y n a m i c s ,  g i v i n g  in f o r m a t io n  
a b o u t  v i b r a t io n a l  f r e q u e n c y  s p e c t r a ,  t h e . d i s p e r s i o n  c u r v e s  f o r  
e l a s t i c  w a v e s  p r o p a g a t in g  a l o n g  t h e  p r i n c i p a l  c r y s t a l lo g r a p h ic
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d ir e c t io n s ,  a n d  t h e  a t o m ic  f o r c e  c o n s t a n t s  o f  s o l i d s .  N c i i t r o i l  
in e la s t i c  s c a t t e r in g  h a s  b e e n  u s e d  w i t h  e v e n  g r e a t e r  s u c c e s s  in  
r e c e n t  y e a r s  t o  d e r i v e  t h e  s a m e  k in d  o f  in f o r m a t io n .

N i l s s o n  ( .1 9 5 7 )  f i r s t  d i s c u s s e d  t h e  e f f e c t  o f  t h e r m a l  d i f f u s e  
S c a t t e r in g  o n  t h e  m e a s u r e m e n t  o f  t h e  B r a g g  r e f l e x io n s  a n d  s h o w e d  
t h a t  t h e  d i f f u s e  s c a t t e r in g  c a n  m a k e  a  c o n s id e r a b le  c o n t r i b u t i o n  t o  
t h e  m e a s u r e d  i n t e n s i t y  u n d e r  . t h e  Bragg p e a k .  T h e  s c a t t e r in g  r i s e s  
t o  a  m a x i m u m  u n d e r  t h e  p e a k ,  a n d  s o  a  la r g e  p a r t  o f  t h e  T D S  i s  
i n c l u d e d  i f  w e  a s s u m e ,  in  t h e  u s u a l  w a y ,  t h a t  t h e  d i f f r a c t e d  i n t e n s i t y  
i s  r e p r e s e n t e d  b y  t h e  p e a k  i n t e n s i t y  m i n u s  t h e  b a c k g r o u n d  i n t e n s i t y  
a t  t h e  s id e s  o f  t h e  p e a k .  I n  t h e  c a s e  o f  t h e  h i g h - a n g l e  r e f l e x io n s  o f  
r o c k  s a l t  o b s e r v e d  w i t h  C u K a  r a d ia t io n ,  N i l s s o n  s h o w e d  t h a t  t h e  
i n t e g r a t e d  i n t e n s i t y  d e r i v e d  i n  t h i s  w a y  i s  o v e r - e s t i m a t e d  b y  a s  
m u c h  a s  3 0  p e r  c e n t .

T h e  a m o u n t  o f  t h e r m a l  d i f f u s e  s c a t t e r in g  w h i c h  i s  i n c l u d e d  in  
t h e  m e a s u r e m e n t  o f  a  B r a g g  r e f l e x io n  in c r e a s e s  w i t h  t h e  v o l u m e  o f  
r e c ip r o c a l  s p a c e  i l l u m i n a t e d  d u r i n g  t h e  i n t e n s i t y  s c a n .  B u r b a n k
( 1 9 6 4 )  h a s  c a l c u la t e d  t h i s  v o l u m e  f o r  t h e  o) a n d  O)jz0 s c a n s :  h i s  
r e c o m m e n d a t i o n s  f o r  m i n i m i z i n g  t h e  i l l u m i n a t e d  v o l u m e  u n d e r  
d i f f e r e n t  c o n d i t i o n s  a r e  l i s t e d  o n  p .  2 6 7 .

T h e  d i f f u s e  s c a t t e r in g  u n d e r  t h e  B r a g g  p e a k  h a s  b e e n  o b s e r v e d  
d ir e c t ly  b y  O ’C o n n o r  &  B u t t  ( 1 9 6 3 )  w h o  u s e d  1 4 - 4  k e V  ( o  8 6  Â )  
X - r a y s  f r o m  a  M o s s b a u e r  s o u r c e .  T h e  d i f f u s e  s c a t t e r in g  o f  X - r a y s  
i n  t h e  r e g io n  o f  t h e  B r a g g  p e a k s  in v o l v e s  t h e  e x c h a n g e  o f  e n e r g y  
b e t w e e n  t h e  X - r a y s  a n d  t h e  l o n g e s t - w a v e l e n g t h  p h o n o n s  i n  t h e  
c r y s t a l ;  t y p i c a l ly ,  t h e  c h a n g e  o f  e n e r g y  m i g h t  b e  io ~ ®  e V .  T h e  
M o s s b a u e r  e f f e c t  p e r m i t s  t h e  s e p a r a t io n  o f  t h e  r a d ia t io n  s c a t t e r e d  
e la s t ic a l l y  ( w i t h o u t  e n e r g y  c h a n g e )  f r o m  t h e  i n e la s t i c a l ly  s c a t t e r e d  
c o m p o n e n t .  Fig. 9 8  shows some recent r e s u l t s  o b t a i n e d  b y  O ’C o n n o r  
&  B u t t  o n  t h e  r e f l e x io n  o f  1 4 4  k e V  X - r a y s  b y  t h e  ( i n )  p la n e  
o f  a  s i n g le  c r y s t a l  o f  a l u m i n i u m  a n d  b y  t h e  ( 2 0 0 )  p la n e  o f  a  s i n g l e  
c r y s t a l  o f  K C l .  I t  i s  s e e n  t h a t  t h e  i n e l a s t i c  i n t e n s i t y  d o e s  in d e e d  
in c r e a s e  a t  t h e  B r a g g  a n g l e ,  a s  p r e d i c t e d  t h e o r e t i c a l l y .  T h e  
e x t r e m e ly  w e a k  i n t e n s i t y  o f  M o s s b a u e r  s o u r c e s  l i m i t s  t h e i r  g e n e r a l  
u s e  f o r  s e p a r a t in g  t h e  e la s t i c  a n d  in e l a s t i c  c o m p o n e n t s  o f  t h e  
B r a g g ' r e f l e x io n s .

C h ip m a n  &  P a s k i n  ( 1 9 3 8 )  h a v e  c o r r e c t e d  f o r  t h e  T D S  e f f e c t  in  
X - r a y  p o w d e r  w o r k  b y  m e a s u r i n g  t h e  w i n g s  o f  t h e  B r a g g  p e a k
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Ejg.98. Angular variation of elastic and inelastic scattering in the neighbourhood
!" f rcOcxion from aluminium; (6) 200 reflexion from potassium chloride
(after O Connor & Butt, 1965).
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w h e r e  t h e  s c a t t e r in g  i s  c o n t r ib u t e d  by  T D S  a l o n e ,  a n d  c a l c u la t in g  
f r o m  t h e s e  m e a s u r e m e n t s  t h e  T D S  c o n t r i b u t i o n  a t  t h e  c e n t r e  o f  
t h e  B r a g g  p e a k .  T h i s  m e t h o d  h a s  n o t  b e e n  u s e d  in  s i n g l e  c r y s t a l  
w o r k :  t h e  c a l c u la t io n  w o u l d  r e q u ir e  a  k n o w l e d g e  o f  t h e  s p e c t r u m

Evvald
sphere

Fig. 9 9 . G eom etry  o f singlc-phonon annih ila tion  process, q  is th e  w ave-vector 
o f the  phonon  absorbed  by  the  crystal and  d *  is the reciprocal la ttice vec to r o f 
th e  hid  p o in t . 'T h e  elastically scattered  neu trons s  can be separated  from  th e  
inelastic neu trons s ',  provided  |s '|  is very different from  |s | ( =  |sg|). In  the  
s inglc-phonon creation process, th e  en d -p o in t o f q  lies inside the  Ew ald  sphere  
and  js'l is less th a n  jsg|.

o f  t h e r m a l  v i b r a t io n s  o f  t h e  a t o m s  i n  t h e  c r y s t a l  a n d  o f  t h e  
p r in c i p a l  e la s t i c  c o n s t a n t s  o f  t h e  c r y s t a l— in f o r m a t io n  w h i c h  i s  
c e r t a in l y  n o t  a v a i la b le  f o r  t h e  m a j o r i t y  o f  c r y s t a l s ,

C a g l io t i  ( 1 9 6 4 )  h a s  e x a m in e d  t h e  p o s s i b i l i t y  o f  e l i m i n a t i n g  t h e  
i n e l a s t i c  c o m p o n e n t  o f  t h e  B r a g g  p e a k  in  n e u t r o n  d i f f r a c t i o n .  T h e  
e n e r g y  o f  a  s i n g l e  p h o n o n  i s  c o m p a r a b l e  w i t h  t h a t  o f  a  t h e r m a l  
n e u t r o n ,  a n d  s o  t h e  n e u t r o n  s u f f e r s  a n  a p p r e c ia b l e  c h a n g e  o f
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e n e r g y  w h e n  i t  i s  s c a t t e r e d  a n d  e m i t s ,  o r  a b s o r b s ,  o n e  p h o n o n .  T h e  
s i t u a t i o n  i s  d e p i c t e d  in  F i g .  9 9 ,  w h i c h  s h o w s  t h e  g e o m e t r y  o f  t h e  
s i n g l e - p h o n o n  a n n i h i l a t i o n  p r o c e s s .  A  n e u t r o n  o f  w a v e  v e c t o r  Sg i s

Collimator-

Monochromatizing
crystal

Sample-

Analysing.
crystal

BF,_
counter

Fig. ICO.  A  trip le-ax is spectrom ete r adap ted  fo r ‘e las tic’ n eu tro n  diffraction. 
A s in  a  conventional d iffractom eter, th e  m onoch rom ato r provides a  beam  o f 
neu trons o f  w avelength  Aq im ping ing  on th e  sam ple. T h e  angle o f  the 
analysing crysta l is se t to  reflect neu trons  o f w avelength Ag. In  p rinc ip le , only 
those diffracted neu trons o f energy correspond ing  to  Ag are allow ed to  be Bragg- 
reflected by  th e  analyser and  to  reach th e  BFg detecto r. In  p ractice , th e  energy 
resolu tion  o f th e  spectrom ete r lim its th e  degree o f d iscrim ina tion  betw een 
elastically and  inelastically scattered  n eu trons  (after Caglioti, 1 9 6 4 ).

s c a t t e r e d  in  t h e  d i r e c t io n  s '  b y  t h e  s i n g l e - p h o n o n  i n t e r a c t io n ,  a n d ,  
i f  t h e  m a g n i t u d e  o f  s '  ( =  s') i s  v e r y  d i f f e r e n t  f r o m  u n i t y  (jg  =  i ) ,  
t h e  in e la s t i c a l ly  s c a t t e r e d  n e u t r o n  c a n  b e  p r e v e n t e d  f r o m  r e a c h in g

*5 . A AW
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t h e  B F g  d e t e c t o r  b y  u s i n g  a  ‘ t r i p l e - a x i s  s p e c t r o m e t e r ’ o f  t h e  t y p e  
i l lu s t r a t e d  in  F i g .  l o o .  T h e  a n a ly s i n g  c r^ 's ta l o f  t h e  s p e c t r o m e t e r  i s  
s e t  f o r  B r a g g  r e f l e x io n  o f  t h e  n e u t r o n s  h a v in g  t h e  s a m e  e n e r g y  a s  
t h o s e  i m p i n g i n g  o n  t h e  s p e c i m e n ,  a n d  n e u t r o n s  o f  v e r y  d i f f e r e n t  
e n e r g y  a r e  n o t  B r a g g  r e f l e c t e d .

T h e  a b i l i t y  t o  d i s c r i m i n a t e  in  t h i s  w a y  b e t w e e n  in e l a s t i c a l l y  a n d  
e la s t i c a l l y  s c a t t e r e d  n e u t r o n s  d e p e n d s  c r i t i c a l l y  o n  t h e  e n e r g y  
r e s o l u t i o n  o f  t h e  a n a ly s i n g  s p e c t r o m e t e r .  T h i s  r e s o l u t i o n  i s  
g o v e r n e d  b y  t h e  a n g u la r  d iv e r g e n c e s  o f  t h e  n e u t r o n s  p a s s i n g  
b e t w e e n  t h e  s a m p l e  a n d  a n a ly s e r  a n d  b e t w e e n  t h e  a n a ly s e r  a n d  
d e t e c t o r ;  t o  m a in t a in  a  r e a s o n a b le  n e u t r o n  i n t e n s i t y  t h e s e  d iv e r 
g e n c e s  m u s t  b e  a b o u t  3 0 '  o f  a r c , a n d  t h i s  a n g le  g i v e s  a n  e n e r g y  
r e s o l u t i o n  o f  a  f e w  m e V  ( io ~ ®  e V ) .  N e u t r o n s  in t e r a c t in g  w i t h  
p h o n o n s  o f  l o w e r  e n e r g y  t h a n  t h i s  c a n n o t  b e  s e p a r a t e d  f r o m  t h e  
e la s t i c a l l y  s c a t t e r e d  n e u t r o n 's ,  a n d  s o  e n e r g y  s e l e c t i o n  i s  p o o r  n e a r  
t h e  r e c ip r o c a l  l a t t i c e  p o i n t s  w h e r e  t h e  d i f f u s e  i n t e n s i t y  i s  h i g h  a n d  
i s  c o n t r i b u t e d  b y  l o w - e n e r g y  s i n g l e - p h o n o n  p r o c e s s e s  ( ~  i o “ ® e V ) .  
F o r  t h o s e  s u b s t a n c e s  w h i c h  c o u l d  b e  s t u d i e d  m o s t  e f f l c i e n t l y  b y  t h e  
‘ e l a s t i c ’ d i f f r a c t i o n  m e t h o d ,  n a m e l y  ‘ h a r d ’ m a t e r i a l s  c h a r a c t e r iz e d  
b y  c o m p a r a t i v e ly  h i g h  v a l u e s  o f  t h e  D e b y e  t e m p e r a t u r e ,  t h e  
i n t e n s i t y  o f  t h e  t h e r m a l  d i f f u s e  s c a t t e r in g  i s  i n t r in s i c a l ly  l o w  a n y 
w a y .  T h u s ,  b e c a u s e  t h e  u s e  o f  a n  a n a ly s i n g  c r y s t a l  c a u s e s  a  l o s s  o f  
i n t e n s i t y  o f  t h e  d i f f r a c t e d  b e a m ,  t h e r e  i s  p r o b a b ly  l i t t l e  g a in  i n  
e m p l o y i n g  s u c h  a  c r y s t a l  t o  r e d u c e  t h e  e f f e c t  o f  t h e r m a l  d i f f u s e  
s c a t t e r in g  i n  t h e  n e i g h b o u r h o o d  o f  t h e  n e u t r o n  r e f l e x io n s .

T h e r e  a r e , in  f a c t ,  n o  g e n e r a l ly  s a t i s f a c t o r y  e x p e r im e n t a l  
t e c h n i q u e s ,  e i t h e r  f o r  X - r a y s  o r  f o r  n e u t r o n s ,  w h i c h  l e a d  t o  t h e  
e l im in a t io n  o r  c o r r e c t i o n  o f  t h e  T D S  c o n t r i b u t i o n  t o  t h e  B r a g g  
r e f l e x io n .  H o w e v e r ,  t h e  r a t io  o f  t h e  t r u e  in t e g r a t e d  i n t e n s i t y  a r i s in g  
f r o m  e la s t i c  s c a t t e r in g ,  t o  t h e  i n t e n s i t y  w h i c h  i s  m e a s u r e d  o n  t h e  
a s s u m p t i o n  o f  a  l i n e a r  b a c k g r o u n d  u n d e r  t h e  B r a g g  r e f l e x io n ,  i s  o f  
t h e  a p p r o x im a t e  f o r m  w h e r e

, sin̂ f?
ÏV' =  constant- A' ( 8 .2 )

(Nilsson, 1 957). This means that W '  is of the same form as the W  
factor in equation (8 .1). Thus W' and W  can be combined and the 
effect of thermal diffuse scattering treated as an artificial increase in
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t h e  D e b y e - W a l l e r  f a c t o r ;  in  m a n y  c r y s t a l lo g r a p h ic  s t u d i e s  t h e  
t e m p e r a t u r e  f a c t o r s  a r c  c o n s i d e r e d  a s  e m p ir i c a l  q u a n t i t i e s  w h o s e  
m a g n i t u d e s  d o  n o t  s e r i o u s l y  a f f e c t  t h e  f in a l  r e s u l t s  o f  t h e  in v e s t i g a 
t i o n .  I t  i s  o n l y  in  c e r t a in  i n v e s t i g a t i o n s ,  s u c h  a s  t h e  d e t e r m i n a t i o n  
o f  t h e  c h a r a c t e r i s t ic  D e b y e  t e m p e r a t u r e  f r o m  t h e  e x p e r i m e n t a l  
D c b y e - W a l l e r  f a c t o r s ,  t h a t  s e r io u s  d i f f i c u l t i e s  o f  in t e r p r e t a t io n  a r e  
l i k e ly  t o  a r is e . .

8 .3 .  W h i t e  r a d i a t i o n  b a c k g r o u n d

A n  X - r a y  b e a m  w h i c h  i s  n o t  m o n o c h r o m a t i c  g i v e s  r i s e  t o  a  
‘ w h i t e  r a d ia t io n  b a c k g r o u n d * .  A s  t h e  c r y s t a l  i s  r o c k e d  t h r o u g h  t h e  
B r a g g  r e f l e c t in g  p o s i t i o n ,  d i f f e r e n t  w a v e l e n g t h s  i n  t h e  c o n t i n u o u s  
s p e c t r u m  w h i c h  i s  s u p e r i m p o s e d  o n  t h e  c h a r a c t e r i s t i c  r a d ia t io n  a r e  
B r a g g - r e f l e c t e d  i n t o  t h e  c o u n t e r .  T h e  w h i t e  r a d ia t io n  b a c k g r o u n d  
i s  n o t  u n i f o r m  a c r o s s  t h e  r e f l e x io n ,  a n d  i t s  f o r m  d e p e n d s  o n  t h e  
t y p e  o f  i n t e n s i t y  s c a n  a d o p t e d  in  m e a s u r in g  t h e  r e f l e x io n .

L e t  u s  c o n s id e r  t h e  i d e a l i z e d  c a s e  o f  t h e  d i f f r a c t i o n  o f  a  p a r a l l e l  
b e a m  o f  s t r i c t ly  m o n o c h r o m a t i c  X - r a y s  b y  a  v e r y  s m a l l  a n d  p e r f e c t  
c r y s t a l .  T h e  r e c ip r o c a l  l a t t i c e  p o i n t  P[hkl) i s  b r o u g h t  o n t o  t h e  
s u r f a c e  o f  t h e  s p h e r e  o f  r e f l e x io n  b y  t u r n i n g  t h e  c r y s t a l  t h r o u g h  a n  
a n g l e  Wg: t h e  c o r r e s p o n d in g  d i f f r a c t e d  b e a m  e m e r g e s  i n  t h e  d i r e c 

t i o n  s  =  CP  ( s e e  F i g .  l o i n )  a t  a n  a n g le  20^ t o  t h e  i n c i d e n t  b e a m .  
I f  t h e  d e t e c t o r  i s  k e p t  s t a t io n a r y  a t  z 0q a n d  t h e  c r y s t a l  o s c i l l a t e d  
t h r o u g h  a n  a n g u la r  r a n g e  f r o m  Wg — & 0g t o  W g + d w g , t h e  d e t e c t o r  
e f f e c t iv e ly  m o v e s  a l o n g  a  c ir c u la r  p a t h  in  r e c ip r o c a l  s p a c e  w i t h  c e n t r e  
a t  t h e  o r ig in  O . T h i s  p a t h  c o r r e s p o n d s  t o  t h e  ‘ w - s c a n ’, in  w h i c h  
t h e  c r y s t a l  m o v e s  w h i l e  t h e  d e t e c t o r  i s  s t a t io n a r y .  O n  t h e  o t h e r  
h a n d ,  i n  t h e  w / 2 0 - s c a n  t h e  c r y s t a l  a n d  d e t e c t o r  a r c  c o - o r d i n a t e d  in  
a  1 : 2  a n g u la r  m o t i o n ,  a n d  t h e  d e t e c t o r  m o v e s  t h r o u g h  r e c ip r o c a l  ' 
s p a c e  a l o n g  a  l i n e  p a s s i n g  r a d ia l ly  t h r o u g h  O.

I f  t h e  X - r a y  b e a m  c o n t a i n s  a  w h i t e  r a d ia t io n  c o m p o n e n t ,  w a v e 
l e n g t h s  o t h e r  t h a n  t h e  p r im a r y  m o n o c h r o m a t i c  w a v e l e n g t h

^0 (= zrfAjwsinOg)
a r e  d i f f r a c t e d  b y  t h e  (hkl) p la n e  a l o n g  a  r a d ia l  l i n e  in  r e c ip r o c a l  
s p a c e ,  a s  s h o w n  i n  F ig .  lo ib .  T h e  m a g n i t u d e  o f  t h e  r e c ip r o c a l  
l a t t i c e  v e c t o r  i s  Xjd, s o  t h a t  t h e  p o i n t  P  s l i d e s  r a d ia l ly  a l o n g  t h i s  
l i n e  f o r  d i f f e r e n t  w a v e l e n g t h s  A . T h e  f i n i t e  s i z e  a n d  m o s a i c  s p r e a d
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o f  t h e  c r y s t a l  c a u s e  d i f f r a c t i o n  t o  o c c u r  a l o n g  a  n a r r o w  c o n e  
r a t l i c r  t h a n  a  l i n e  in  r e c ip r o c a l  s p a c e .

A c c o r d i n g  t o  F i g .  l o i ,  t h e  i n t e n s i t y  c o n t r i b u t e d  t o  t h e  b a c k 
g r o u n d  o f  th e - B r a g g  r c f l e x iq n  b y  t h e  w h i t e  r a d ia t io n  d i f f e r s  in  t h e

«/2(?-scan
V

ij-scan

Fig . l o i ,  {a) Idealized  m easurem ent o f  hid reflexion by  w-scan and  by  w/zfl- 
scan ; (6 ) real case show ing effects o f  w hite  rad iation  streak  and  o f  finite size and  
m osaic sp read  o f crystal (after A lexander & S m ith , 1 9 6 2 ).

(d - s c a n  a n d  w /2 (? - s c a n .  I n  t h e  w - s c a n  t h e  p a t h  o f  t h e  s c a n  i s  
t a n g e n t i a l  t o  t h e  r a d ia l  r e c ip r o c a l  l a t t i c e  v e c t o r  a n d  p r o c e e d s  a c r o s s  
t h e  w h i t e  s t r e a k  ( F i g .  lo ib )  f r o m  p o i n t s ' i n  r e c ip r o c a l  s p a c e  l y i n g
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w e l l  o u t s i d e  t h e  ‘ r i d g e ’ o f  w h i t e  r a d ia t io n .  T h e  r e s u l t a n t  e x p e r i 
m e n t a l  p r o f i l e  ( s e e  F i g .  1 0 2 )  s h o w s  a  B r a g g  p e a k  s u p e r i m p o s e d  o n  
a  l o w  b a c k g r o u n d ,  b u t  t h e  p e a k  c o n t a i n s  a  la r g e  c o n t r i b u t i o n  f r o m  
w a v e l e n g t h s  o t h e r  t h a n  Ag in  t h e  w h i t e  r a d ia t io n  z o n e .  I n  c o n t r a s t  
t o  t h i s ,  t h e  p a t h  o f  t h e  w /z O - s c a n  l i e s  a l o n g  t h e  r a d ia l  v e c t o r ,  t j ia t  i s ,  
a l o n g  t h e  r i d g e  o f  t h e  w h i t e  r a d ia t io n  z o n e :  t h e  b a c k g r o u n d  i s

110 3303 2

2 4
220

I
I

9 11 13
20 (degrees)

F ig . 1 0 2 . E xperim en ta l profiles o f  2 2 0  reflexion o f  (C «Il5) ;S n  ob ta ined  w ith  
w/zO-scan (full cu rve) and  w-scan (b roken  curve) : unm onochrom atized  M o K a  
rad ia tion  (after A lexander & S m ith , 1 9 6 2 ).

h i g h e r  o n  c i t h e r  s i d e  o f  t h e  r e f l e x io n  t h a n  f o r  t h e  « - s c a n ,  b u t  t h e  
e x t r a p o la t e d  b a c k g r o u n d  u n d e r  t h e  p e a k  i s  c lo s e r  t o  t h e  t r u e  
b a c k g r o u n d .

T h e  a r g u m e n t ,  g i v e n  a b o v e ,  f o r  in t e r p r e t i n g  t h e  « - s c a n  a n d  t h e  
« / a ( ? - s c a n  a s  t a n g e n t i a l  a n d  r a d ia l  m o t i o n s  r e s p e c t i v e l y  o f  t h e  
d e t e c t o r  t h r o u g h  r e c ip r o c a l  s p a c e ,  a s s u m e s  t h a t  t h e  a p e r t u r e  o r  w i n 
d o w  o f  t h e  d e t e c t o r  is  in f i n i t e s im ’a l ly  s m a l l .  B u r b a n k  ( 1 9 6 4 )  p o i n t s



out that the correct interpretation o f  t h e  t w o  t y p e s  o f  s c a n  r e q u ir e s  
c o n s id e r a t io n  o f  t h e  f i n i t e  s i z e  o f  t h e  d e t e c t o r  a p e r t u r e  a n d ,  in  f a c t ,  
b y  c h o o s i n g  t h e  a p e r t u r e  a p p r o p r ia t e ly  f o r  t h e  t w o  p r o c e d u r e s  t h e  
p r o f i l e  o f  t h e  r e f l e x io n  a n d  t h e  w h i t e  r a d ia t io n  b a c k g r o u n d  c a n  b e  
m a d e  t h e  s a m e  f o r  c i t h e r  s c a n .  T h e  L a u e  s t r e a k  w i l l  m e r e l y  b e  
s h o r t e r  w i t h  t h e  « - s c a n  a n d  w i l l  a p p e a r  a s  a  p a ir  o f  s h o i i l d e r s  
i n s t e a d  o f  a  c o n t i n u o u s  b a c k g r o u n d .  B u r b a n k  s h o w s  t h a t ,  i f  t h e  
a p e r t u r e  f o r  t h e  « - s c a n  i s  m a d e  w i d e  e n o u g h ,  a  l i n e  d r a w n  t h r o u g h  
t h e  s h o u l d e r s  w i l l  a l l o w  a n  a d e q u a t e  s u b t r a c t io n  o f  t h e  w h i t e  
r a d ia t io n  b a c k g r o u n d .

F i g ,  1 0 2  a l s o  i l lu s t r a t e s  a n o t h e r  p o i n t .  I n  t h e  « - s c a n  t h e  
d e t e c t o r  r e m a in s  a t  a  f i x e d  p o s i t i o n  a n d  w i l l  n o t  c a t c h  r a d ia t io n  
d i f f r a c t e d  b y  n e i g h b o u r i n g  r e c ip r o c a l  l a t t i c e  points. F o r  t h i s  r e a s o n ,  
r e s o l u t i o n  o f  a d j a c e n t  r e f l e x io n s  is  b e t t e r  w i t h  t h e  « - s c a n  t h a n  w i t h  
t h e  « / a d - s c a n .

W i t h  m o n o c h r o m a t i z e d  r a d ia t io n  t h e  w h i t e  r a d ia t io n  b a c k 
g r o u n d  i s  a b s e n t ,  b u t  o t h e r  d i f f i c u l t i e s  a r e  in t r o d u c e d  b y  u s i n g  
m o n o c h r o m a t o r s  in  X - r a y  w o r k  ( p .  i 8 8 ) .

I n  n e u t r o n  d i f f r a c t i o n  t h e r e  i s  n o  w h i t e  r a d ia t io n  b a c k g r o u n d ,  
a s  t h e  b e a m  i s  m o n o c h r o m a t i z e d .

8.4. Incoherent scattering of X-rays
T h e  s c a t t e r i n g  o f  X - r a y s  d u e  t o  t h e  C o m p t o n  e f f e c t  a n d  t h e  

p h o t o e l e c t r i c  effect ( f l u o r e s c e n c e  s c a t t e r in g ) ,  i s  in c o h e r e n t ,  a s  t h e  
w a v e l e n g t h  o f  t h e  s c a t t e r e d  r a d ia t io n  i s  m o d i f i e d  a n d  t h e r e  i s  n o  f i x e d  
p h a s e  r e la t io n s h i p  b e t w e e n  t h e  w a v e l e t s  o f  t h e  s c a t t e r e d  b e a m .  
T h e  a b s e n c e  o f  in t e r f e r e n c e  e f f e c t s  m e a n s  t h a t  in c o h e r e n t  s c a t t e r in g  
i s  d i s t r i b u t e d  f a i r ly  e v e n l y  t h r o u g h o u t  r e c ip r o c a l  s p a c e :  i t  d o c s  n o t  
p e a k  a t  t h e  B r a g g  r e f l e x io n s  a n d  s o  d o e s  n o t  c a u s e  d i f f i c u l t i e s  i n  
d e r i v in g  t h e  t r u e  in t e g r a t e d  i n t e n s i t y  o f  t h e  t y p e  a s s o c ia t e d  w i t h  
t h e  c o h e r e n t  t h e r m a l  d i f f u s e  s c a t t e r i n g  a n d  t h e  c o h e r e n t  w h i t e  
r a d ia t io n  b a c k g r o u n d .  T h i s  t y p e  o f  b a c k g r o u n d ,  t h e r e f o r e ,  a f f e c t s  
t h e  s t a t i s t i c s  o f  c o u n t i n g  o n ly .

T h e  f l u o r e s c e n c e  y i e l d  f o r  a n y  e l e m e n t  i s  s t r o n g l y  d e p e n d e n t  o n  
t h e  w a v e l e n g t h  o f  t h e  i n c i d e n t  r a d ia t io n ;  i t  i s  g r e a t e s t  w h e n  t h i s  

. w a v e l e n g t h  i s  a  l i t t l e  s h o r t e r  t h a n  a  p r o m i n e n t  a b s o r p t io n  e d g e  o f  
o n e  o f  t h e  elements i n  t h e  s p e c i m e n .  T h u s  i t  is a l m o s t  i m p o s s i b l e  
t o  u s e  C u K a  r a d ia t io n  (A = 1-54 A )  w i t h  a s p e c i m e n  c o n t a i n i n g  a
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la r g e  p r o p o r t io n  o f  c o b a l t  ( K  a b s o r p t io n  e d g e  a t  i - 6 i  A )  o r  i r o n  
( K  a b s o r p t io n  e d g e  a t  1 - 7 4  A ) ,  and a  l o n g e r  w a v e l e n g t h  r a d ia t io n  
m u s t  b e  u s e d .  H o w e v e r ,  f l u o r e s c e n c e  is  a l s o  c a u s e d  b y  t h e  w h i t e  
radiation in  t h e  p r im a r y  b e a m  a n d  this i s  p r e s e n t  w h a t e v e r  t h e  c h o i c e  
o f  X - r a y  t u b e  t a r g e t .  T h e  e f f e c t s  o f  s p e c i m e n  f l u o r e s c e n c e  c a n  
o f t e n  b e  g r e a t ly  r e d u c e d  b y  in s e r t i n g  a s u i t a b l e  f i l t e r  b e t w e e n  t h e  
s a m p l e  a n d  t h e  d e t e c t o r :  t h i s  f i l t e r  m u s t  h a v e  a n  a b s o r p t io n  e d g e  
a l i t t l e  l o n g e r  t h a n  t h e  c h a r a c t e r i s t i c  r a d ia t io n  e x c i t e d  i n  t h e  
s p e c i m e n .

I n  C o m p t o n  s c a t t e r i n g  t h e  i n c i d e n t  X - r a y  q u a n t u m  l o s e s  e n e r g y  
b y  c o l l i s i o n  w i t h  o n e  o f  t h e  o u t e r  e l e c t r o n s  o f  a n  atom In  t h e  
s a m p l e  ( s e c ,  f o r  e x a m p l e ,  C o m p t o n  &  A l l i s o n ,  1 9 3 5 ) .  A c c o r d i n g  t o  
c la s s ic a l  t h e o r y ,  t h e  in c r e a s e  i n  w a v e l e n g t h  f o r  a  s c a t t e r i n g  a n g l e  zQ 
i s  g i v e n  b y  - A

AA =  ^ (i-c o s2 0 ) , (8.3)

w h e r e  hjmc =  0 - 0 2 4  A ,  a n d  s o  t h e  m a x i m u m  i n c r e a s e  i n  w a v e 
l e n g t h  i s  0 - 0 5  A .  T h i s  i s  t o o  s m a l l  t o  a l l o w  a n y  s i g n i f i c a n t  r e d u c t i o n  
o f  t h e  C o m p t o n  c o m p o n e n t  b y  f i l t r a t io n .  F o r t u n a t e l y ,  t h e  i n t e n s i t y  
o f  the C o m p t o n  s c a t t e r i n g  i s  a l w a y s  s m a l l  c o m p a r e d  w i t h  t h a t  o f  
t h e  B r a g g  s c a t t e r in g .

8.5. Incoherent scattering o f neutrons
I n  n e u t r o n  d i f f r a c t i o n  t h e r e  a r e  t w o  m a i n  s o u r c e s  o f  in c o h e r e n t  

s c a t t e r in g .  ‘ I s o t o p e  i n c o h e r e n c e ’ i s  p r o d u c e d  i f  t h e  s a m p l e  contains 
a r a n d o m  d i s t r ib u t io n  o f  i s o t o p e s ,  e a c h  o f  w h i c h  h a s  a d i f f e r e n t  
s c a t t e r in g  a m p l i t u d e .  I n c o h e r e n t  s c a t t e r in g  a l s o  o c c u r s  w h e n -  t h e  
n e u t r o n s  a r e  s c a t t e r e d  b y  a t o m s  o f  n o n - z e r o  n u c le a r  s p i n :  t h i s  
‘ s p i n  i n c o h e r e n c e ’ i s  e s p e c i a l l y  prominent w i t h  h y d r o g e n - c o n 
t a i n i n g  s a m p l e s  b u t  i t  c a n  b e  a p p r e c ia b l y  r e d u c e d  b y  r e p l a c in g  
h y d r o g e n  b y  d e u t e r i u m .  T h e r e  i s  n o  in c o h e r e n t  s c a t t e r i n g  w i t h  
s a m p l e s  w h i c h  c o n t a i n  s i n g l e  i s o t o p e s  w i t h  z e r o  n u c le a r  s p i n .

T h e  t w o  n e u t r o n  i n c o h e r e n t  s c a t t e r i n g  c o m p o n e n t s  a r e  b o t h  u n 
m o d i f i e d  in  w a v e l e n g t h  a n d  a r e  e x a m p l e s  o f  d i s o r d e r  s c a t t e r in g .  T h i s  
i s  i n  c o n t r a s t  w i t h  t h e  in c o h e r e n t  X - r a y  c o n t r i b u t i o n s  o f  § 8 .4  w h i c h  
a r e  o f  a  d i f f e r e n t  w a v e l e n g t h  f r o m  t h e  e l a s t i c a l l y  s c a t t e r e d  r a d ia t io n .

A p a r t  f r o m  h y d r o g e n  s p i n  i n c o h e r e n c e ,  n e u t r o n  in c o h e r e n t  
s c a t t e r in g  i s  u s u a l l y  t o o  s m a l l  t o  b e  v e r y  t r o u b l e s o m e ,
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8.6. P arasitic scattering

R a d ia t io n  m a y  b e  s c a t t e r e d  b y  m a t e r i a l s  s u r r o u n d i n g  t h e  s p e c i 
m e n ,  e s p e c i a l l y  i f  t h i s  i s  e n c l o s e d  in  a  h i g h -  o r  i o w - t c m p c r a t u r e  
c o n t a i n e r ;  b i o l o g i c a l  c r y s t a l s  f r e q u e n t l y  n e e d  t o  b e  in  c o n t a c t  w i t h  
t h e  m o t h e r  l i q u o r  o f  c r y s t a l l i z a t io n .  P r e c a u t io n s  c o n s i s t  o f  r e d u c i n g  
t h e  a m o u n t  o f  such f o r e i g n  m a t t e r  t o  a  m i n i m u m  a n d  s e l e c t i n g  
t h e  m a t e r i a l  o f  t h e  c o n t a i n e r  o r  o f  t h e  m o u n t i n g  c e m e n t  w i t h  r e g a r d  
t o  i t s  s c a t t e r in g  a n d  f l u o r e s c e n c e  p r o p e r t i e s .

X - r a y s  a r c  a l s o  s c a t t e r e d  b y  t h e  c o l u m n  o f  a ir  w h i c h  s u r r o u n d s  
t h e  s p e c i m e n  : this v o l u m e  c a n  b e  r e d u c e d  b y  t h e  u s e  o f  a  b a c k s t o p  
a n d  a  d e t e c t o r  c o l l im a t o r  ( p .  1 7 2 ) .

8 .7 . B ackground and ro ck in g  range

E q u a t i o n  ( 6 .1 )  i s  a n  e x p r e s s i o n  f o r  t h e  m i n i m u m  a n g le  t h r o u g h  
w h i c h  t h e  c r y s t a l  r o t a t e s  t o  a l l o w  a  v a l id  m e a s u r e m e n t  t o  b e  m a d e  
o f  t h e  i n t e g r a t e d  in t e n s i t y .  G e n e r a l l y ,  i t  i s  n o t  s a f e  t o  e m p l o y  a 
r o c k in g  r a n g e  w h i c h  a p p r o a c h e s  t h i s  m i n i m u m  v a l u e :  la c k  o f  
p r e c i s i o n  in  t h e  v a l u e  o f  t h e  u n i t  c e l l  d i m e n s i o n s ,  b a c k - la s h  i n  t h e  
s h a f t s  o f  t h e  d i f f r a c t o m e t e r ,  a n d  s e t t i n g  e r r o r s  a l l  c o m b i n e  t o  p r o v i d e  
à  s m a l l  u n c e r t a i n t y  i n  t h e  p e a k  position. T h e  c r y s t a l  m u s t  b e  
o s c i l l a t e d  t h r o u g h  a n  a n g l e  r a t h e r  b ig g e r  t h a n  t h e  m i n i m u m  
in d i c a t e d  b y  e q u a t i o n  ( 6 .1 )  t o  m a k e  c e r t a in  t h a t  t h e  c o m p l e t e  
r e f l e x io n  i s  m e a s u r e d .  T h e  ‘ p e a k - t o - b a c k g r o u n d ’ r a t io  d e t e r io r a t e s  
i n  p r o p o r t io n  t o  t h e  u n n e c e s s a r y  b a c k g r o u n d  w h i c h  i s  t a k e n  in  o n  
e i t h e r  s i d e  o f  t h e  r e f l e x io n :  i t  i s  v e r y  i m p o r t a n t  t h a t  t h e  o b s e r v e d  
a n d  c a l c u la t e d  p e a k  p o s i t i o n s  c o i n c i d e  a s  c l o s e l y  a s  possible, i f  t h e  
p e a k - t q - b a c k g r o im d  r a t io  i s  p o o r  a n d  s o  r e q u ir e s  t h e  r o c k in g  
r a n g e  t o  a s s u m e  t h e  s m a l l e s t  p e r m i s s i b l e  v a lu e .  T h e  s a f e s t  p r o 
c e d u r e  in  s u c h  c a s e s  is t o  u s e  s o m e  m e t h o d  o f  h u n t i n g  f o r  t h e  
p e a k .  T h i s  c a n  b e  d o n e  in  a  n u m b e r  o f  w a y s .  A  very la r g e  n u m b e r  
o f  i n t e n s i t y  o r d in a t e s  a r e  r e c o r d e d  a c r o s s  t h e  reflexion: w h e n  t h e  
d i f f r a c t o m e t e r  o u t p u t  i s  p r o c e s s e d ,  t h e  c o m p u t e r  p r o g r a m  i n s p e c t s  
t h e  s l o p e  o f  t h e  i n t e n s i t y  c u r v e  a n d  d e t e r m i n e s  t h e  p o i n t s  a t  w h i c h  
t h e  r e f l e x io n  p r o f i l e  r i s e s  a b o v e  t h e  b a c k g r o u n d .  T h i s  p r o c e d u r e  i s  
p r a c t i c a b le  o n l y  w i t h  a  d i f f r a c t o m e t e r  w h i c h  i s  c o n n e c t e d  o n - l i n e  
t o  a  c o m p u t e r :  t h e  v o l u m e  o f  o u t p u t  d a ta  b e c o m e s  u n m a n a g e a b le  
o n  p u n c h e d  c a r d s  o r  p u n c h e d  t a p e .  A n  o n - l i n e  c o m p u t e r  o f f e r s  t h e
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a l t e r n a t iv e  p o s s i b i l i t y  o f  k e e p i n g  t h e  a c t u a l  s c a n n i n g  r a n g e  s m a l l  
a n d  o f  l o c a t i n g  t h e  p e a k  p r e c i s e l y  b e f o r e  t h e  m e a s u r e m e n t  i s  m a d e .  
I t  i s  n o t  n e c e s s a r y  t o  h u n t  f o r  t h e  peak o f  e v e r y  r e f l e x io n :  i n s t e a d  
a s m a l l e r  n u m b e r  o f  r e f l e x io n s  s t r a t e g i c a l ly  d i s t r i b u t e d  in  r e c ip r o c a l  
s p a c e  c a n  b e  s e l e c t e d  s o  t h a t  r e f l e x io n s  in  t h e i r  n e i g h b o u r h o o d  w i l l  
t h e n  b e  lo c a t e d  w i t h  s u f f i c i e n t  a c c u r a c y .  S p e c i a l - p u r p o s e  p e a k -  
h u n t i n g  c i r c u i t s  h a v e  b e e n  in c o r p o r a t e d  i n  t h e  o f f - l i n e  d i f f r a c t o 
m e t e r  ‘ C a s c a d e ’ ( C o w a n ,  M a c i n t y r e  &  W e r k c m a ,  1 9 6 3 ) .
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CHAPTER 9

SYSTEM ATIC ERRORS IN M EASURING  
RELATIVE INTEGRATED IN T E N SIT IE S

I n  a  c i y s t a l  s t r u c t u r e  d e t e r m i n a t i o n  t h e  m e a s u r e d  i n t e n s i t y  o f  t h e  ' 
r e f l e x io n s  m u s t  b e  c o n v e r t e d  t o  a  s e t  o f  r e l a t i v e  ‘ in t e g r a t e d  i n t e n s i 
t i e s ’ ; f r o m  t h e s e  a  s e t  o f  s t r u c t u r e  f a c t o r s  i s  d e r i v e d  b y  a p p l y i n g  
v a r i o u s  g e o m e t r i c a l  a n d  s c a l e  f a c t o r s  ( s e e  C h a p t e r  i i ) .  T h e  i n 
t e g r a t e d  i n t e n s i t y ,  a l s o  c a l l e d  ‘ i n t e g r a t e d  r e f l e x i o n ’,  i s  d e f i n e d  i n  
t h e  f o l l o w i n g  w a y .

L e t  t h e  c r y s t a l  b e  p l a c e d  i n  a h  i n c i d e n t  b e a m ,  w h i c h  h a s  a  
u n i f o r m  i n t e n s i t y  Jg a n d  b a t h e s  t h e  c r y s t a l  c o m p l e t e l y .  T h e  c r y s t a l  
i s  r o t a t e d  w i t h  u n i f o r m  a n g u la r  v e l o c i t y  o) t h r o u g h  t h e  r e f l e c t i n g  
p o s i t i o n  f o r  t h e  (Jikl) f a m i l y  o f  p l a n e s :  t h e  a n g l e  o f  r o t a t i o n  i s  
s u f f i c i e n t  t o  a l l o w  a l l  t h e  m o s a i c  b l o c k s  i n  t h e  c r y s t a l  t o  d i f f r a c t  t h e  
c o m p l e t e  b a n d  o f  w a v e l e n g t h s  SX c o m p r i s i n g  t h e  ‘ m o n o c h r o m a t i c ’ 
b e a m .  I f  E  i s  t h e  t o t a l  a m o u n t  o f  e n e r g y  d i f f r a c t e d  f r o m  t h e  i n c i d e n t  
b e a m ,  t h e n  t h e  in t e g r a t e d  i n t e n s i t y  i s :

Phki=E(olIa. (9.1)
B e f o r e  t h e  q u a n t i t i e s  d e f i n e d  b y  ( 9 .1 )  c a n  b e  c o n v e r t e d  t o  

s t r u c t u r e  f a c t o r s ,  w h i c h  e x p r e s s  t h e  a m p l i t u d e  o f  s c a t t e r i n g  i n  t h e  
hkl d i r e c t io n  f r o m  a s i n g l e  u n i t  c e l l ,  w e  m u s t  r e la t e  t h e  in t e g r a t e d  
i n t e n s i t i e s  f o r  t h e  m a c r o s c o p i c  c r y s t a l  t o  t h e  in t e g r a t e d  i n t e n s i t y  
f o r  a n  in f i n i t e s i m a l  v o l u m e  e l e m e n t  8V. T h i s  r e q u ir e s  a n  e x a m i n a 
t i o n  o f  v a r i o u s  p h y s i c a l  f a c t o r s ,  s u c h  a s  a b s o r p t i o n ,  e x t i n c t i o n  a n d  
s i m u l t a n e o u s  r e f l e x io n s  ( R e n n i n g e r  e f f e c t ) ,  w h i c h  a f f e c t  t h e  m a g n i 
t u d e s  o f  t h e  o b s e r v e d  i n t e n s i t i e s  f r o m  a  m a c r o s c o p i c  c r y s t a l .  I t  i s  
c u s t o m a r y  t o  c o n s i d e r  t h e s e  f a c t o r s  t o  b e  s y s t e m a t i c  e r r o r s  i n  
m e a s u r i n g  t h e  in t e g r a t e d  i n t e n s i t i e s .  S y s t e m a t i c  e r r o r s  a s s o c ia t e d  
w i t h  t h e r m a l  d i f f u s e  s c a t t e r i n g  a n d  w i t h  t h e  w h i t e  X - r a d i a t i o n  
b a c k g r o u n d  h a v e  b e e n  d e s c r i b e d  in  t h e  p r e v i o u s  c h a p t e r .

9.1. Absorption .
X - r a y s  a n d  n e u t r o n s  a r e  a b s o r b e d  a s  w e l l  a s  s c a t t e r e d  in  t h e i r  

p a s s a g e  t h r o u g h  m a t t e r ,  a l t h o u g h  t h e  r e la t iv e  i m p o r t a n c e  o f  t h e
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t w o  p r o c e s s e s  i s  m a r k e d ly  d i f f e r e n t  f o r  t h e  t w o  r a d ia t io n s .  T h u s  t h e  
a b s o r p t i o n  o f  X - r a y s  d u e  t o  t h e  p h o t o - e l e c t r i c  e f f e c t  i s  m u c h  la r g e r  
t h a n  t h e  a t t e n u a t io n  d u e  t o  s c a t t e r i n g ,  w h e r e a s  in  n e u t r o n  d i f f r a c 
t i o n  s c a t t e r i n g  i s  a  p r in c i p a l  c a u s e  o f  a t t e n u a t i o n  o f  t h e  n e u t r o n  
b e a m .  T o  r e la t e  t h e  i n t e n s i t y  s c a t t e r e d  b y  a  s i n g l e  a t o m i c  p la n e  to  
t h a t  s c a t t e r e d  b y  t h e  w h o l e  c r y s t a l ,  w e  m u s t  k n o w  t h e  a m o u n t  b y  
w h i c h ,  b o t h  t h e  i n c i d e n t  a n d  d i f f r a c t e d  b e a m s  a r e  r e d u c e d  b y  
a b s o r p t i o n  in  t h e  c r y s t a l .  T h i s  c a l c u l a t i o n  m u s t  b e  c a r r i e d  o u t  
s e p a r a t e ly  f o r  e a c h  r e f l e x io n  a n d  d e p e n d s  o n  t h e  p a t h  o f  t h e  
i n c i d e n t  a n d  d i f f r a c t e d  b e a m s  t h r o u g h  t h e  c r y s t a l .

Scattered
beam 

{hkl reflexion)

Incident Crystal
surface

beam

. Fig. 103. Scattering from volume element S V  of crystal.

T h e  a m o u n t  b y  w h i c h  t h e  i n t e n s i t y  o f  t h e  hkl r e f l e x i o n  i s  r e d u c e d  
b y  a b s o r p t io n  i s  d e n o t e d  A),1,1. T h e  r e c ip r o c a l  o f  ^4*^  ̂ i s  t h e  
a b s o r p t i o n  f a c t o r  A f^ i  =  ïjA}^j.j‘. A *  r e p r e s e n t s  t h e  f a c t o r  b y  
w h i c h  t h e  o b s e r v e d  i n t e n s i t y  i s  m u l t i p l i e d  t o  o b t a in  t h e  c o r r e c t e d  
i n t e n s i t y .

F i g .  1 0 3  s h o w s  t h e  v o l u m e  e l e m e n t  SV  s c a t t e r i n g  t h e  i n c i d e n t  
b e a m  i n t o  t h e  hkl r e f l e x io n .  i s  t h e  p a t h  l e n g t h . o f . t h e  i n c i d e n t  
b e a m  i n s i d e  t h e  c r y s t a l  b e f o r e  b e i n g  s c a t t e r e d  b y  SV, a n d  i s  t h e  
p a t h  l e n g t h  o f  t h e  d i f f r a c t e d  b e a m .  T h e  a b s o r p t i o n  f a c t o r  i s

A t V
kl ^

Jp
e~i'-^dV

(9.2)
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w h e r e  //. i s  t h e  l i n e a r  a b s o r p t i o n  c o e f f i c i e n t  o f  t h e  c r y s t a l  f o r  t h e  
p a r t ic u la r  t y p e  o f  i n c i d e n t  r a d ia t io n  u s e d ,  x  — + a n d  V  i s  t h e
v o l u m e  o f  t h e  c r y s t a l .

TJi^ linem- absorption coefficient 
I f  a  n a r r o w  b e a m  o f  m o n o c h r o m a t i c  r a d ia t io n  p a s s e s  t h r o u g h  a  

t h i c k n e s s  t o f  t h e  c r y s t a l ,  t h e  e m e r g e n t  i n t e n s i t y  I  i s  r e la t e d  t o  t h e  
incident intensity by 2  =

( W e  a s s u m e  t h e  c r y s t a l  i s  o r i e n t e d  t o  a v o id  a  B r a g g  r e f l e x i o n . )
I n  X - r a y  d i f f r a c t i o n  t h e  d o m i n a n t  c o n t r i b u t i o n  t o  [i i s  t h e  

t r u e  a b s o r p t i o n  a r i s in g  f r o m  t h e  p h o t o e l e c t r i c  e f f e c t  ( f l u o r e s c e n c e ) .  
ji  i s  c o m p u t e d  f r o m  t h e  r e la t io n

(9 4 )

w h e r e  p,. i s  t h e  d e n s i t y  o f  t h e  c r y s t a l ,  p^, p2, . . .  a r e  t h e  f r a c t io n s  b y  
w e i g h t  o f  e l e m e n t s  i ,  2 ,  . . .  i n  t h e  c r y s t a l ,  a n d  ( / t / p ) i ,  ( / t / p ) ; ,  . . .  
t h e i r  mass a b s o r p t i o n  c o e f f i c i e n t s .  The International Tables for  
X -ray Crystallography, v o l u m e  i l l ,  c o n t a i n s  t a b l e s  o f  t h e  m a s s  
a b s o r p t i o n  c o e f f i c i e n t s  o f  t h e  e l e m e n t s .

V a l u e s  o f  p  f o r  t y p i c a l  s i n g l e  c r y s t a l s  a n d  M o K a  a n d  C u K a  
r a d ia t io n s  a r e  l i s t e d  i n  T a b l e  X I X ,  t a k e n  f r o m  a p a p e r  o f  J e f f e r y  &  
R o s e  ( 1 9 6 4 ) .

T a b l e  X I X .  Values o f p  fo r typical specimens examined 
with M oK a and CuKa radiations

(c m - ')

M oKa CuKa

i-s

4 30

12-80 too

35-200 300

200 500

Specim en
M olecu lar organic com pounds w ith  no  a tom s 

heav ier than  oxygen
S od ium  salts o f organic ac ids; in o rgan ic  crystals 
' com posed  o f atom s o f low atom ic n u m b e r and  

con tain ing  large am oun ts  o f  w ate r o f 
crysta llization  

O rganic b ro m id es; inorganic crysta ls com posed o f 
lig h t elem ents, an d  heav ier elem ents w ith  w ate r 
o f  crystallization  

O rgan ic crystals con tain ing  fairly heavy a tom s; 
inorganic crystals com posed o f  elem ents in  th e  
in term ed ia te  range o f  atom ic num bers 

C rystals con ta in ing  very  heavy elem ents
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I n  n e u t r o n  d i f f r a c t i o n ,  a  f e w  e l e m e n t s  ( i n c l u d i n g  l i t h i u m ,  b o r o n  
a n d  c a d m i u m )  h a v e  r e la t iv e l y  h i g h  v a l u e s  o f  p ,  b u t  f o r  t h e  m a j o r i t y  
o f  e l e m e n t s  p  i s  l e s s  t h a n  1 0  c m ~ ^ . V a l u e s  o f  p  f o r  t y p i c a l  s p c c i -  

_ m e n s  e x a m i n e d  w i t h  i  A  n e u t r o n s  a r e  g i v e n  in  T a b l e  X X .  I n c o 
h e r e n t  s c a t t e r i n g  p r o c e s s e s ,  p a r t i c u la r l y  n u c l e a r  s p i n  i n c o h e r e n c e  
f r o m  n u c l e i  w i t h  n o n - z e r o , s p i n ,  m a y  c o n t r i b u t e  m o r e  t h a n  t r u e  
a b s o r p t io n  t o  t h e  e f f e c t i v e  a b s o r p t i o n  c o e f f i c i e n t  p. T h u s  f o r  t h e  
h y d r o g e n  n u c l e u s  t h e r e  i s  a  d i f f e r e n c e  in  s i g n ,  a s  w e l l  a s  in  m a g n i 
t u d e ,  o f  t h e  s c a t t e r i n g  a m p l i t u d e s  f o r  t h e  t w o  spin s t a t e s  o f  t h e  
compound n u c l e u s  f o r m e d  b e t w e e n  t h e  n e u t r o n  a n d  p r o t o n ;  t h i s  
d i f f e r e n c e  g i v e s  r i s e  t o  a p p r e c ia b l e  in c o h e r e n t  s c a t t e r in g ,  which i s  
i s o t r o p i c  a n d  a c c o u n t s  f o r  t h e  r e l a t i v e l y  la r g e  p  v a l u e  o f  q - 5  c m “  ̂
in  T a b l e  X X  fo r  h y d r a t e d  c o m p o u n d s ,  p  c a n  b e  c o m p u t e d  f o r  a 
p a r t ic u la r  c r y s t a l  u s i n g  t a b l e s  o f  n u c le a r  c r o s s - s e c t i o n s ,  b u t  i t  i s  
p r e f e r a b le  t o  d e t e r m i n e  t h e  e f f e c t i v e  c o e f f i c i e n t  e x p e r i m e n t a l l y  b y  
m e a s u r i n g  t h e  a t t e n u a t io n  o f  a  n a r r o w  m o n o c h r o m a t i c  b e a m  in  
p a s s i n g  t h r o u g h  a  k n o w n  t h i c k n e s s  o f  t h e  s a m p l e .

T a b l e  X X .  Values o f p  for typical specimens examined with 
neutrons o f wavelength x - i - 5 . 4

/t (cra“‘) Specimen
a -S  O rgan ic  o r  inorgan ic crysta ls  con ta in ing  large

am oun ts  o f  w ate r o f  crysta llization  
1 0 - 1 0 0  C rystals  con ta in ing  lith ium , bo ron  o r  cadm ium  

o-oi-O 'S  N early  all o th e r crystals n o t con tain ing  H , L i, D, C d

Absorption factor fo r spherical crystal
F o r  0 = 6° a n d  0 =  9 0 ° ,  e q u a t i o n  ( 9 .2 )  can b e  in t e g r a t e d  

d i r e c t ly  f o r  a  s p h e r e  o f  r a d iu s  R . T h e  r e s u l t  i s

= 3(/^y;)=[i-e-^^(Kpj2+pW)]-i
0 ° ,  a n d

A*-"^
f o r  0

p7(

f o r  0 =  9 0 ° .  F o r  o t h e r  v a l u e s  o f  0, A *  c a n  b o  e v a l u a t e d  b y  
n u m e r i c a l  m e t h o d s  ; A *  is t a b u la t e d  a t  5 °  in t e r v a l s  b e t w e e n  o  a n d  
9 0 °  a n d  f o r  p R  =  o ,  o - i ,  0  2 ,  . . . ,  l o - o  in  The International Tables 
for X -ray Crystallography, v o l u m e  11. T h e  s a m e  v o l u m e  i n c l u d e s  a
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s im i la r  t a b l e  for c y l i n d r ic a l  c r y s t a l s ,  e x a m i n e d  in  t w o  d i m e n s i o n s ,  
w i t h  t h e  i n c i d e n t  a n d  s c a t t e r e d  b e a m s  normal t o  t h e  c y l i n d e r  a x i s .  
T h e  c o r r e c t i o n  o f  t h e  observed i n t e n s i t i e s  f o r  a b s o r p t io n  in  t h e  
s a m p l e  i s  m o s t ,  c o n v e n i e n t l y  a p p l i e d ,  i n  b o t h  X - r a y  a n d  n e u t r o n  

' d i f f r a c t i o n ,  w h e n  t h e  c r y s t a l  i s  g r o u n d  i n t o  a  s p h e r i c a l  ( o r  c y l i n d r i 
c a l )  s h a p e .

T A B L E  X X L  Absorption factor A *  fo r  a spherical crystal

/ iR d  =  0° 15“ 30" 45° 6o« 75° 90°
1-00 ,  I 00 i - o o I-00 I-00 I -00

O-I 1-16 116 1-16 1-16 1-16 1-16 1-16
0-2 I 35 I 34 I 34 1-34 1-33 1-33 1-33
0-3 1-56 I 55 : 55 I 53 1-52 151 1-51
0-4 1-80 1-79 1-78 I 75 1-73 1-70 I-70
0-5 2-08 206 2-03 I 99 I 94 1-91 1-90
0-8 315 3-it 2-99 2-83 2 6 9 2-58 ' 2-55

4-12 4 03 3 79 350 3-25 3-07 3 01
1-5 7-80 7 38 6-44 552 4-83 4 3 9 4-23
2-0 14-0 12-6 10-0 7-96 6-59 5-78 5-50
2 5 23-8 20-0 145 10-7 8-46 7-23 6-80
3 0 38 4 29-9 19-5 13 6 10-4 8-70 8-11
4-0 86-5 56-0 3 1 0 19-8 144 117 10-8
5 0 167 89-1 43 5 26-4 18-5 14-7 1 3 -4
6-0 288 127 56 8 33-0 22-7 178 16-Ï
8-0 683 213 84-4 46-6 31-1 23-9 21-4

1333 308 113 60-5 39 0 30-1 26-7

T a b l e  X X I ,  w h i c h  i s  a  s e c t i o n  f r o m  t h e  International Tables 
g i v i n g  t h e  a b s o r p t io n  c o r r e c t i o n  f o r  a  s p h e r i c a l  c r y s t a l ,  b r in g s  o u t  
a  n u m b e r  o f  im p o r t a n t  p o i n t s .  T h e  f i g u r e s  in  e a c h  v e r t i c a l  c o l u m n  
s h o w  t h a t  A *  v a r i e s  r a p id ly  w i t h  pR ,  p a r t ic u la r l y  a t  l o w  B r a g g  
a n g l e s ,  a n d  s o  s l i g h t  d e p a r t u r e s  f r o m  t h e  id e a l  s p h e r i c a l  s h a p e  
c a u s e  a n  a p p r e c ia b l e  u n c e r t a i n t y  in  t h e  e s t im a t e  o f  t h e  a b s o r p t io n  
c o r r e c t i o n .  J e f f e r y  &  R o s e  ( 1 9 6 4 )  h a v e  c a l c u la t e d  t h e  m a g n i t u d e  o f  
t h i s  u n c e r t a in t y ,  e x p r e s s e d  a s  t h e  f r a c t io n a l  s t a n d a r d  d e v ia t io n  
(t(A*)IA*, a s  a  f u n c t i o n  o f  0. T h e y  a s s u m e d  a n  a v e r a g e  v a r ia t io n  
i n  t h e  r a d iu s ,  cr{R)jR, o f  2 - 5  p e r  c e n t ,  c o r r e s p o n d i n g  t o  t h e  a v e r a g e  
v a r i a t i o n  o f  t h e  s p h e r e s  u s e d  i n  t h e i r  i n v e s t i g a t i o n .  T h e i r  r e s u l t s ,  
p l o t t e d  in  F ig .  1 0 4 ,  s h o w  t h a t  s m a l l  d e p a r t u r e s  f r o m  s p h e r i c i t y  c a n  
in t r o d u c e  la r g e  e r r o r s  in  t h e  d e t e r m i n a t i o n  o f  t h e  in t e g r a t e d  i n t e n s 
i t i e s ,  a n d  f o r  t h i s  r e a s o n  a l o n e  t h e  r e l a t i v e  i n t e g r a t e d  i n t e n s i t i e s  o f  
m a n y  X - r a y  s a m p l e s  c a n n o t  b e  m e a s u r e d  t o  a n  a c c u r a c y  b e t t e r  t h a n  
a  f e w  p e r  c e n t .
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R e a d in g  t h e  f i g u r e s  a c r o s s  in  T a b l e  X X I  w e  n o t e  t h a t  t h e r e  i s  n o  
n e e d  t o  a p p l y  t h e  a b s o r p t io n  c o r r e c t i o n  f o r  a  p e r f e c t  s p h e r e ,  p r o 
v i d e d  t h a t  /iR  i s  v e r y  s m a l l  ( < 0  2 )  a n d  p r o v i d e d  t h a t  r e la t iv e  
i n t e n s i t i e s  a r e  r e q u ir e d  o n ly .  I f ,  h o w e v e r ,  t h e  i n t e n s i t i e s  a r e  t o  b e  
m e a s u r e d  o n  a n  a b s o l u t e  scale, t h e  a b s o r p t io n  c o r r e c t i o n  m u s t  be 
a p p l i e d  e v e n  a t  v e r y  l o w  v a l u e s  of pR : for p R  =  o - i ,  t h e  c o r r e c t i o n

25

20

15

10 /iR =  090

5 h  ///? =  0 45

0

0 (degrees)

Fig. 104. Graphs showing rincertainty in absorption correction for a spherical 
crystal due to a 2-5 per cent uncertainty (cr(iî)/iî) in the radius (after Jeffery & 
Rose, 1964).,

t o  t h e  a b s o l u t e  i n t e n s i t i e s  i s  a l r e a d y  a s  h i g h  a s  1 6  p e r  c e n t .  T h e  
g r e a t e r  s ig n i f i c a n c e  o f  t h e  a b s o r p t io n  c o r r e c t i o n  i n  a b s o l u t e  
i n t e n s i t y  m e a s u r e m e n t s ,  i s  o n e  r e a s o n  w h y  t h e s e  a r e  m o r e  d i f f i c u l t  
t o  m a k e  t h a n  r e la t iv e  i n t e n s i t y  m e a s u r e m e n t s  ( p .  2 9 0 ) .

F o r  a  c y l i n d r ic a l  c r y s t a l  o r  a  f l a t  p la t e  e x a m i n e d  i n  t r a n s m is s io n ,  
a b s o r p t io n  c a u s e s  a  f a l l  i n  t h e  t o t a l  d i f f r a c t e d  e n e r g y  a b o v e  a 
c e r t a in  c r y s t a l  s i z e ,  b u t  f o r  a  s p h e r i c a l  c r y s t a l  t h e r e  i s  n o  s u c h  
c r i t ic a l  s i z e  a n d  t h e  e n e r g y  i n c r e a s e s  c o n t i n u o u s l y  f r o m  R  = o to
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R  =  0 0 . T h i s  i s  i l lu s t r a t e d  b y  F i g .  1 0 5  i n  w h i c h  t h e  q u a n t i t y  
B?jA*  i s  p l o t t e d  a g a in s t  fiR : R? i s  p r o p o r t io n a l  t o  t h e  c r y s t a l  
v o l u m e  a n d  R?jA*  t o  t h e  t o t a l  d i f f r a c t e d  e n e r g y .

U

0 «  90"

10

5

15"

1

0 =  0“

0 2 4 6 8 10

Fig . 1 0 5 . T o ta l diffrac ted  in tensity  fo r  spherical crystal p lo tted  against fiR .
T h e re  is no ‘ critical s ize ’ a t w hich  th e  to tal in tensity  is a  m axim um .

I f  p o s s i b l e ,  t h e  c r y s t a l  s h o u l d  b e  s u f f i c i e n t ly  s m a l l  fo r  t h e  a b s o r p 
t i o n  c o r r e c t i o n  t o  v a r y  o n l y  s l o w l y  w i t h  0 a n d  la r g e  e n o u g h  t o  g i v e  
a n  a d e q u a t e  i n t e n s i t y .  F r o m  t h e s e  c r i t e r i a  t h e  o p t i m u m  s i z e  w o u l d  
c o r r e s p o n d  t o  a  [iR  v a l u e  o f  a b o u t  1 0 .  -
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Absorption factor fo r any crystal
T h e  c o r r e c t i o n  o f  s i n g l e  c r y s t a l  i n t e n s i t y  m e a s u r e m e n t s  f o r  t h e  

e f f e c t  o f  a b s o r p t io n  i s  g r e a t ly  s i m p l i f i e d  i f  t h e  c r y s t a l  i s  g r o u n d  in t o  
a s p h e r e  o r  c y l i n d e r ,  b u t  o f t e n  t h i s  id  n o t  p o s s i b l e .  G r i n d i n g  t h e  
c r y s t a l  m a y  l e a d  t o  f r a g m e n t a t i o n  o r  t w i n n i n g ;  s h a p i n g  i s  a l s o  
d i f f i c u l t  i f  t h e r e  a r e  s t r o n g  c l e a v a g e  p la n e s .

F o r  a n  u n g r o u n d  c r y s t a l ,  i f  t h e  d i m e n s i o n s  o f  t h e  f a c e s  b o u n d i n g  
t h e  c r y s t a l  a r e  m e a s u r e d ,  A *  c a n  b e  e v a l u a t e d  e i t h e r  g r a p h ic a l l y  o r  
w i t h  a  c o m p u t e r .  I n  A l b r e c h t ’s  g r a p h ic a l  m e t h o d  ( A l b r e c h t ,  1 9 3 9 ) ,  
t h e  s p e c i m e n  i s  d i v i d e d  i n t o  s m a l l  v o l u m e  e l e m e n t s  a n d  t h e

in t e g r a l  J e ~ A * d F  in  e q u a t i o n  ( 9 .2 )  e v a l u a t e d  b y  s u m m i n g  f o r

e a c h  c l e m e n t .  O t h e r  g r a p h ic a l  m e t h o d s  a r e  d e s c r i b e d  i n  Tlie 
International Tables fo r  X -ray Crystallography, v o l u m e  11; t h e y  a r e  
a l l  v e r y  la b o r i o u s  a n d  t h e i r  a c c u r a c y  d e c r e a s e s  a s  t h e  m a g n i t u d e  o f  
t h e  c o r r e c t i o n  i n c r e a s e s .

C o m p u t e r  p r o g r a m s  f o r  d e r i v i n g  t h e  a b s o r p t io n  c o r r e c t i o n s  f o r  
s i n g l e  c r y s t a l  s p e c i m e n s  o f  a r b i t r a r y  s h a p e  b o u n d e d  b y  f l a t  f a c e s  
h a v e  b e e n  d e s c r i b e d  b y  B u s i n g  &  L e v y  (1 9 5 .7 )  a n d  b y  W e l l s  ( i 9 6 0 ) .  
W e l l s  a l s o  c o n s i d e r s  s p e c i m e n s  m o u n t e d  i n  a  t u b e  i n  w h i c h  a n  
a b s o r b i n g  l i q u i d  m a y  b e  t r a p p e d  b e t w e e n  t h e  c r y s t a l  a n d  t h e  t u b e  
w a l l :  b i o l o g i c a l  c r y s t a l s  a r e  o f t e n  m o u n t e d  i n  t h i s  w a y .  T h e  c a l c u 
l a t io n  o f  t h e  a b s o r p t io n  c o r r e c t i o n  w i t h  t h e s e  p r o g r a m s  i s  r e la t iv e l y  
s l o w  a n d  m a y  r e q u ir e  a s  m u c h  a s  o n e  s e c o n d  p e r  r e f l e x io n  e v e n  o n  
a  l a r g e  c o m p u t e r  s u c h  a s  t h e  I B M  7 0 9 0 .

A n o t h e r  a p p r o a c h  t o  t h e  a b s o r p t i o n  p r o b l e m  h a s  b e e n  s u g g e s t e d  
b y  F u r n a s  ( 1 9 5 7 ) .  T h e  m e t h o d  m a k e s  u s e  o f  t h e  f a c t  t h a t  t h e  
a z im u t h a l  o r i e n t a t i o n  ijr o f  t h e  r e f l e c t in g  p l a n e  o f  t h e  c r y s t a l  c a n  b e  
c h a n g e d ,  t h e r e b y  a l t e r in g  t h e  t o t a l  r a d ia t io n  p a t h  x =  +1^,
w i t h o u t  d e s t r o y i n g  t h e  B r a g g -  r e f l e c t i n g  c o n d i t i o n .  B o t h  e x t i n c t i o n  
a n d  s im u l t a n e o u s  r e f l e x io n s  g i v e  r i s e  t o  v a r i a t i o n s  i n  t h e  i n t e n s i t y  
w i t h  Ÿ  ( s e e  § § 9 .2  a n d  9 .3 ) ,  a n d  s o  b o t h  t h e s e  e f f e c t s  m u s t  b e  s m a l l  
f o r  t h e  m e t h o d  t o  w o r k  s a t i s f a c t o r i ly .  .

 ̂ A n  e m .p ir ic a l  m e t h o d  b a s e d  o n  t h i s  id e a  h a s  b e e n  d e v e l o p e d  b y  
N o r t h ,  P h i l l i p s  &  M a t h e w s  ( 1 9 6 6 ) .  A  l o w - a n g l e  r e f l e x io n ,  w h o s e  
s c a t t e r in g  v e c t o r  i s  p a r a l l e l  t o  t h e  ç S -a x is , i s  o b s e r v e d  w i t h  a  f o u r -  
c i r c l e  d i f f r a c t o m e t e r ;  t h e  a z i m u t h  ÿr i s  a l t e r e d  s i m p l y  b y  c h a n g i n g

16 ‘ A * W
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(p a n d  s o  t h e  i n t e n s i t y  c a n  b e  p l o t t e d  a s  a  f u n c t i o n  o f  a z i m u t h  
( F i g .  1 0 6  c ) .  I n  F i g .  1 0 6  <7, A A  a n d  B B  a r e  t h e  p r o j e c t i o n s  o f  t h e  
i n c i d e n t  a n d  r e f l e c t e d  b e a m s  f o r  t w o  p a r t ic u la r  v a l u e s  o f  <j>, a n d  t h e  

B  ■

A

B

100 ̂ .®o-

I
I
S

180° 270°90°

F ig . 1 0 6 . A bsorp tion  correc tion  u s in g  th e  m e th o d  o f N o rth , P hillips & M athew s, 
(a) R eflecting plane in  p lane o f  p ap e r an d  ÿ -ax is norm al to  p ap e r; (6 ) reflecting 
planes norm al to  p lane o f p ape r an d  inc id en t (reflected) beam s parallel to  A A  
{B E ); (c) azim uthal scan for reflexion in  (a) show ing effect o f absorption .

a b s o r p t i o n  c o r r e c t i o n  f o r  a  r e f l e x io n  ( F i g .  106b) i n c i d e n t  a l o n g  A A  
a n d  r e f l e c t e d  a l o n g  B B  i s  t a k e n  a s  t h e  m e a n  o f  t h e  a b s o r p t io n s  
a l o n g  t h e  p a t h s  A A .and  B B  i n  s e t t i n g  ( a ) .  T h e  m e t h o d  i s  m o s t
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e f f e c t i v e  w i t h  l o w - a n g l e  r e f l e x io n s  w h e r e  i t  i s  p o s s i b l e  t o  d e r i v e  t h e  
a b s o r p t i o n  f o r  t h e  p r o j e c t e d  p a t h s  t o  a  c l o s e  a p p r o x i m a t i o n ;  w i t h  
p r o t e i n  c r y s t a l s  a b s o r p t i o n  c o r r e c t i o n s  o f  u p  t o  40 p e r  c e n t ,  d e t e r -  ' 
m i n e d  b y  t h i s  m e t h o d ,  h a v e  b e e n  s h o w n  t o  a g r e e  c l o s e l y  w i t h  t h o s e  
d e t e r m i n e d  a n a ly t i c a l ly  b y  t h e  m u c h  s l o w e r  m e t h o d  o f  B u s i n g  &  
L e v y  ( 1 9 5 7 ) .

T h e  a b s o r p t io n  f a c t o r  A *, g i v e n  b y  t h e  e x p r e s s i o n  ( 9 .2 ) ,  i s  o f t e n  
t h e  m o s t  s e r io u s  s o u r c e  o f  e r r o r  in  X - r a y  w o r k .  T h i s  i s  s o  b e c a u s e  
A *  c a n n o t  b e  e v a l u a t e d  p r e c i s e l y ,  u n l e s s  t h e  c r y s t a l  h a s  a  w e l l -  
d e f in e d  s h a p e  a n d  s i z e  o r  h a s  a  l o w  l i n e a r  coefficient o f  a b s o r p t io n  
/t. I n  n e u t r o n  d i f f r a c t i o n  t h e  /i  v a l u e s  a r e  n o r m a l ly  m u c h  lo w e r :  
c o n s e q u e n t l y ,  t h e  a b s o r p t io n  e f f e c t  i s  s m a l l  a n d  a n  a d e q u a t e  
c o r r e c t i o n  c a n  b e  a p p l i e d  r e la t iv e l y  e a s i l y .

9.2. Extinction

E x t i n c t i o n  i s  t h e  a t t e n u a t io n ,  o f  t h e  i n c i d e n t  b e a m  w h i c h  i s  
c a u s e d  b y  B r a g g  r e f l e x io n .  I f  t h e  c r y s t a l  i s  p e r f e c t ,  the a p p a r e n t  
a b s o r p t i o n  a l o n g  d i r e c t i o n s  i n  w h i c h  B r a g g  r e f l e x io n s  o c c u r  m a y  
b e  m a n y  t i m e s  a s  la r g e  a s  t h e  o r d in a r y  v a l u e :  t h e  i n c i d e n t  b e a m  
c a n  o n l y  p e n e t r a t e  a  s h o r t  d i s t a n c e  i n t o  t h e  c r y s t a l  b e f o r e  b e i n g  
r e f l e c t e d ,  a n d  t h e  i n n e r  p a r t s  o f  t h e  c r y s t a l  h a v e  n o  c h a n c e  t o  
d i f f r a c t  t h e  r a d ia t io n .  T h i s  e n h a n c e d  a b s o r p t i o n  in  a  c r y s t a l  w i t h  a  
p e r f e c t  a r r a n g e m e n t  o f  a t o m s  i s  c a l l e d  ‘ p r im a r y  e x t i n c t i o n ’.

M o s t  c r y s t a l s ,  h o w e v e r ,  p o s s e s s  i r r e g u la r i t i e s  i n  t h e i r  a t o m ic  
a r r a n g e m e n t ,  in  t h e  f o r m  o f  d i s l o c a t i o n s ,  p o i n t  d e f e c t s ,  s u b - g r a i n  
boundaries, a n d  t h e  l i k e .  T h e s e  i r r e g u la r i t i e s  t e n d  t o  d e s t r o y  t h e  
c o h e r ç n c e ,  o r  f i x e d  p h a s e  r e l a t i o n s h i p ,  b e t w e e n  t h e  c o m p o n e n t s  o f  
t h e  i n c i d e n t  b e a m  s c a t t e r e d  b y  different p a r t s  o f  t h e  c r y s t a l .  T h e  
c r y s t a l  i s  d i v i d e d  effectively i n t o  s m a l l  r e g i o n s ,  p e r h a p s  10,000 A 
a c r o s s ,  w h i c h  a r e  s u f f i c i e n t l y  p e r f e c t  t o  r e f l e c t  t h e  b e a m  c o h e r e n t l y ,  
b u t  b e t w e e n  w h i c h  t h e r e  i s  n o  c o h e r e n c e .  T h e s e  p e r f e c t  r e g io n s  
a r e  k n o w n  a s  ‘ m o s a i c  b l o c k s ’ , a n d  i f  t h e r e  i s  n e g l i g i b l e  p r im a r y  
e x t i n c t i o n  o f  t h e  b e a m  in  p a s s i n g  t h r o u g h  a  s i n g l e  b l o c k  t h e  c r y s t a l  
i s  ‘ id e a l l y  m o s a i c ’ .

T h e  p a s s a g e  o f  a n  X - r a y  o r  n e u t r o n  b e a m  t h r o u g h  a  m o s a ic  
ç r y s t a l  w i l l  b e  q u i t e  d i f f e r e n t  f r o m  t h a t  t h r o u g h  a  p e r f e c t  c r y s ta l . .  
T h e  a n g u la r ,  r a n g e  o f  r e f l e x io n  f o r  a  p e r f e c t  c r y s t a l  i s  o n l y  a  
f e w  seconds o f  a r c , w h e r e a s  t h e  a n g u la r  m is o r i e n t a t i o n  o f  a d j a c e n t
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m o s a i c  b lo c k s  i s  m e a s u r e d  in  minutes o f  a r c .  C o n s e q u e n t l y ,  t h e  
b e a m  w i l l  p e n e t r a t e  d e e p l y  i n t o  a  m o s a i c  c r y s t a l  b e f o r e  it 
r e a c h e s  m o s a i c  b l o c k s  w h i c h  a r e  id e n t i c a l  in  o r i e n t a t io n  t o  t h o s e  
n e a r  t h e  s u r f a c e  a n d  w h i c h  w i l l  r e f l e c t  t h e  s a m e  p a r t  o f  t h e  b e a m  
a g a in .  A t t e n u a t i o n  o f  t h e  b e a m  b y  B r a g g  s c a t t e r i n g  f r o m  i d e n t i c a l l y  
o r i e n t e d  m o s a i c  b l o c k s  is  k n o w n  a s  ! s e c o n d a r y  e x t i n c t i o n ’ ( s e e  
F i g .  1 0 7 ) .  I n  p r im a r y  e x t i n c t i o n  t h e  amplitudes o f  t h é  s c a t t e r e d  
w eav es m u s t  b e  a d d e d  t o  o b t a i n  t h e  s c a t t e r in g  f r o m  t h e  w h o l e  
crystal; f o r  s e c o n d a r y  e x t i n c t i o n  t h e r e  i s  n o  c o h e r e n c e  b e t w e e n  t h e  
m o s a i c  b l o c k s  a n d  t h e  intensities m u s t  b e  s u m m e d .

Perfect'
crystal

Boundaries

mosaic blocks

(P)

Fig.- 1 0 7 . {a) P rim ary  ex tinc tion , causing  a tten u a tio n  o f  beam  in  a  perfec t 
crystal, o r  in  a s ingle m osaic block, {b) S econdary  extinction , causing  a ttenua tion  
b y  reflexion a t tw o m osaic blocks w ith  sam e o rientation .

I n  s p i t e  o f  t h e  la r g e  v o l u m e  o f  t h e o r e t i c a l  w o r k  o n  e x t i n c t i o n ,  
t h e  c o r r e c t i o n  f a c t o r s  t o  b e  .a p p l i e d  t o  t h e  m e a s u r e d  in t e g r a t e d  
i n t e n s i t i e s  f o r  t a k i n g  i n t o  a c c o u n t  t h e  a f f e c t  o f  e x t i n c t i o n  c a n  b e  
c a lc u la t e d  e x a c t l y  in  a  f e w  id e a l i z e d  c a s e s  o n l y .  T h u s  Z a c h a r ia s e n  
( 1 9 4 5 ) ,  B a c o n  &  L o w d e  ( .1 9 4 8 )  a n d  J a m e s  ( 1 9 6 2 )  h a v e  b a s e d  t h e i r  
t h e o r e t i c a l  t r e a t m e n t s  o f  e x t i n c t i o n  o n  c r y s t a l s  in  t h e  f o r m  o f  
in f i n i t e  p la n e - p a r a l l e l  p la t e s ,  w h e r e a s  w e  a r e  u s u a l l y  c o n c e r n e d  
w i t h  f i n i t e  c r y s t a l s  w h i c h  a r e  c o m p l e t e l y  b a t h e d  in  t h e  b e a m .  A n  
a p p r o x im a t e  t r e a t m e n t  o f  s e c o n d a r y  e x t i n c t i o n  f o r  c r y s t a l s  o f  a n y  
s h a p e  h a s  b e e n  g i v e n  b y  H a m i l t o n  ( 1 9 5 7 ,  1 9 6 3 ) ,  a n d  t h i s  w i l l  b e  
d i s c u s s e d  la te r .  O u r  m a in  p u r p o s e  h e r e ,  h o w e v e r ,  i s  t o  d e s c r ib e  t h e  
p r o c e d u r e  o f  d e t e c t i n g  a n d  c o r r e c t i n g  f o r  e x t i n c t i o n ,  a n d  w e  s h a l l  
o n l y  s k e t c h  t h e  r e l e v a n t  t h e o r e t i c a l  b a c k g r o u n d .  T h e  r e a d e r
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i n t e r e s t e d  i n  t h e  d e t a i l e d  t h e o r y  o f  e x t i n c t i o n  i s  r e c o m m e n d e d  t o  
s t u d y  t h e  b o o k s  b y  Z a c h a r ia s e n  ( 1 9 4 5 )  a n d  J a m e s  ( 1 9 6 2 ) .

B o t h  p r im a r y  a n d  s e c o n d a r y  e x t i n c t i o n  a r e  d e p e n d e n t  o n .  t h e  
s t r e n g t h  o f  t h e  r e f l e x io n ,  o n  t h e  w a v e l e n g t h  o f  t h e  i n c i d e n t  b e a m  
a n d  o n  t h e  d i m e n s i o n s  o f  t h e  c r y s t a l .  A  n u m b e r  o f  m e t h o d s  f o r  
d e t e c t i n g  a n d  correcting fo r  e x t i n c t i o n  e x p l o i t  t h e s e  v a r i o u s  
r e la t io n s h i p s .

Dependence on intensity
T h e  e f f e c t  o f  e x t i n c t i o n  i s  m o s t  p r o n o u n c e d  f o r  t h e  s t r o n g e s t  

r e f l e x io n s ,  b e c a u s e  t h e s e  s c a t t e r  t h e  m a x i m u m  a m o u n t  o f  e n e r g y

3

331 511 533

2
400 422220

1

02 0 40
sin̂  0

Fig . 1 0 8 . S econdary  ex tinc tion  in  C/0~. T h e  in tensities of th e  s trong  reflexions, 
w ith  even indices, a rc  reduced  by  ex tinction  (after W illis, 1 9 6 3 ).

f r o m  t h e  i n c i d e n t  b e a m .  O n e  p r o c e d u r e  i n  s t r u c t u r e  d e t e r m i n a 
t i o n s  i s  t o  i g n o r e  t h e  s t r o n g e s t  r e f l e x io n s  in  t h e  in i t i a l  s t a g e s  o f  t h e  
I c a s t - s q u a r e s  r e f i n e m e n t  o f  t h e  d a t a ,  i n  w h i c h  t h e  o b s e r v e d  s t r u c 
t u r e  f a c t o r s  (F o b a .)  a r e  m a t c h e d  w i t h  t h o s e  c a l c u la t e d  f r o m  t h e  t r ia l  
s t r u c t u r e  ; t h e y  m a y  t h e n  b e  i n t r o d u c e d  i n  t h e  l a t e r  r e f i n e m e n t  s t a g e s ,  
a n d  a n y  s y s t e m a t i c  t e n d e n c y  f o r  F^bs. t o  b e  l o w e r  t h a n  F ^aic. 
i n d i c a t e s  t h e  p r e s e n c e  o f  e x t i n c t i o n .  A n  e x a m p l e  o f  t h e  d e t e c t i o n  
o f  e x t i n c t i o n  in  t h i s  w a y  i s  i l lu s t r a t e d  b y  F i g .  1 0 8 ,  s h o w i n g  r e s u l t s
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o b t a in e d  b y  n e u t r o n  d i f f r a c t i o n  in  t h e  e x a m i n a t i o n  o f .  a  s i n g l e  
c r y s t a l  o f  UO^. T h e  q u a n t i t y  l n ( F | ,b s . / ^ a i c . )  i s  p l o t t e d  a g a in s t  
s in - ( ? , a n d  a s  F c a ic . w a s  d e r i v e d  w i t h o u t  t a k i n g  i n t o  a c c o u n t  t h e  
e f f e c t  o f  t h e r m a l  m o t i o n  t h i s  c u r v e  s h o u l d  b e  a  s t r a i g h t  l i n e  w i t h  a  
s l o p e  o f  (S 7r-/A “)  {id'), w h e r e  { ? r )  i s  t h e  m e a n  s q u a r e  d i s p l a c e m e n t  
o f  t h e  a t o m s  d u e  t o  t h e r m a l  a g i t a t io n .  T h e  r e f l e x io n s  w i t h  o d d  
i n d i c e s  h a v e  p o i n t s  l y i n g  o n  t h i s  s t r a i g h t  l i n e ,  b u t  t h e  s t r o n g e r  
r e f l e x io n s  w i t h  i n d i c e s  o b e y i n g  t h e  r e la t io n  h-Vk-vl =  471 a r e  
c o n t r i b u t e d  b y  a t o m s  w h i c h  a r e  a l l  s c a t t e r in g  i n - p h a s e ,  a n d  t h e  
c o r r e s p o n d i n g  p o i n t s  l i e  b e l o w  t h e  l i n e  b e c a u s e  o f  e x t i n c t i o n .

C h a n d r a s e k h a r  ( 1 9 5 6 , - 1 9 6 0 a ,  b) h a s  d e v i s e d  a n  e l e g a n t  m e t h o d  
o f  c o r r e c t i n g  f o r  e x t i n c t i o n  i n  X - r a y  d i f f r a c t i o n ,  w h i c h  d o e s  n o t  
r e q u ir e  a n y  p r e v i o u s  k n o w l e d g e  o f  t h e  a t o m ic  p o s i t i o n s  i n  t h e  u n i t  
c e l l  a n d  w h i c h  a p p l i e s  t o  a n y  k i n d  o f  e x t i n c t i o n ,  p r im a r y ,  o r  
s e c o n d a r y ,  o r  b o t h .  I n  t h e  a b s e n c e  o f  e x t i n c t i o n ,  t h e  i n t e n s i t y  
r e f l e c t e d  b y  a  m o s a i c  c r y s t a l  i s  p r o p o r t io n a l  t o  t h e  s q u a r e  o f  t h e  
s t r u c t u r e  f a c t o r

4b,. =

a n d  C h a n d r a s e k h a r  h a s  s h o w n  t h a t  t o  a  f i r s t  a p p r o x im a t io n  t h i s  
f o r m u la  i s  m o d i f i e d  t o

(9-5)

b y  t h e  e f f e c t s  o f  e x t i n c t i o n ,  a  i s  a  k n o w n  f a c t o r  w h o s e  c a l c u la t io n  
i s  d e s c r i b e d  i n  C h a p t e r  1 1 ;  i s  u n k n o w n '  a n d  d e p e n d s  o n  t h e  
n a t u r e  a n d  a m o u n t  o f  e x t i n c t i o n .  I f  t h e  i n t e n s i t y  i s  m e a s u r e d  w i t h  
p l a n e - p o l a r i z e d  X - r a y s ,  t h e  d i f f r a c t e d  i n t e n s i t i e s  w i l l  b e  d i f f e r e n t  
f o r  t h e  t w o  s t a t e s  o f  p o la r i z a t io n  i n  w h i c h  t h e  p la n e  o f  p o la r i z a t io n  
i s  p e r p e n d ic u la r  o r  p a r a l l e l  t o  t h e  p l a n e  o f  i n c i d e n c e .  E q u a t i o n  ( 9 .5 )  
c a n  b e  a p p l i e d  t o  t h e  t w o  s t a t e s  s e p a r a t e ly ,  g i v i n g  .

a n d

■ . ( 9 .6 )

4 bB. =  o.\F \^co&̂20 ~  J)\F\^cosp20. ( 9 .7 )

7 4 a. a n d  70bs. d e n o t e  t h e  i n t e n s i t i e s  w h i c h  a r e  m e a s u r e d  w i t h  t h e  
X - r a y s  p o la r i z e d  in  t h e  p e r p e n d i c u l a r  a n d  p a r a l l e l  d i r e c t io n s .  T h e  
s t r u c t u r e  f a c t o r s  f o r  t h e  t w o  p o la r i z a t io n  s t a t e s  d i f f e r  b y  t h e  
f a c t o r  s i n  (go°-zO) ( s e e  p .  2 8 4 ) ,  a n d  t h i s  d i f f e r e n c e  a c c o u n t s  fo r
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t h e  r e p l a c e m e n t  o f  F  i n  ( 9 .6 )  b y  T ^ co szO  in  ( 9 .7 ) .  E l i m i n a t i n g  t h e  
u n k n o w n  P  f r o m  t h e s e  t w o  e q u a t i o n s  l e a d s  t o

I __ 2  4 bs. 4 bs. C0 S ^ 2 f?

' ' a  ( c o s - 2 Û ~ c o s ^ 2 Û j  '
( 9 .8 )

T h u s  b y  m a k in g  t w o  m e a s u r e m e n t s  f o r  e a c h  r e f l e x io n ,  u s i n g  
X - r a y s  p o la r i z e d  p e r p e n d i c u l a r  a n d  p a r a l l e l  t o  t h e  p la n e  o f  
i n c id e n c e ,  a n  e x t i n c t i o n - f r e e  e s t i m a t e  o f  | 7 ’p  i s  d e r i v e d  b y  a p p l y i n g  
e q u a t i o n  ( 9 .8 ) .

T h e  p r in c i p a l  l i m i t a t i o n  o f  C h a n d r a s e k h a r ’s  m e t h o d  i s  t h a t  
e q u a t i o n  ( 9 .8 )  i s  i l l - c o n d i t i o n e d  f o r  v a l u e s  o f  0  a p p r o a c h i n g  0 ° ,  4 5 °  
a n d  9 0 °  : t h e  e x t e n t  o f  t h i s  l i m i t a t i o n  d e p e n d s  o n  t h e  a c c u r a c y  w i t h  
w h i c h  t h e  i n t e n s i t i e s  a r e  m e a s u r e d .  T h e  i n c i d e n t  b e a m  c a n  b e  
p o l a r i z e d  b y  o n e  o f  t h e  t w o  m e t h o d s  d i s c u s s e d  o n  p .  1 9 2 .  T h e  l o s s  o f  
i n t e n s i t y  a s s o c ia t e d  w i t h  t h e  p o la r i z a t io n  o f  t h e  b e a m  b y  e i t h e r  o f  
t h e s e  m e t h o d s , '  a n d  t h e  e x p e r i m e n t a l  d i f f i c u l t i e s  o f  r e p e a t i n g  e a c h  
m e a s u r e m e n t  u n d e r  i d e n t i c a l  c o n d i t i o n s  f o r  e a c h  p o la r i z a t io n  
s t a t e ,  h a v e  p r e v e n t e d  t h e  w i d e  a d o p t i o n  o f  C h a n d r a s e ld r a r ’s  
.m e t h o d .  ' .

A  m o d i f i e d  f o r m  o f  t h e  m e t h o d  h a s  b e e n  u s e d  i n  n e u t r o n  
d i f f r a c t i o n  f o r  t h e  s t u d y  o f  m a g n e t i c  r e f l e x io n s  ( C h a n d r a s e k h a r  &  
W e i s s ,  1 9 5 7 ; S z a b o ,  1 9 6 1 ) .  H o w e v e r ,  i t  c a n n o t  b e  u s e d  i n  g e n e r a l  
n e u t r o n  w o r k  a s  t h e r e  i s  n o  p o la r i z a t io n  e f f e c t  f o r  n u c le a r  
r e f l e x io n s .

Dependence on wavelength
T h e  a m o u n t  o f  e x t i n c t i o n  d e c r e a s e s  w i t h  d e c r e a s i n g  w a v e l e n g t h ,  

a n d  w e  c a n  w r i t e  a p p r o x im a t e l y  ( C h a n d r a s e k h a r ,  1 9 6 0 6 ) :

(9 9 )

H e r e  i s  t h e  o b s e r v e d  i n t e n s i t y  a n d  I^ovt. t h e  i n t e n s i t y  c o r r e c t e d  
f o r  t h e  e f f e c t  o f  e x t i n c t i o n ;  i s  t h e  p o la r i z a t io n  f a c t o r ,  A  t h e  w a v e 
l e n g t h  a n d  P ,  S  a r e  c o n s t a n t s  r e p r e s e n t i n g  t h e  a m o u n t  o f  p r im a r y ,  
s e c o n d a r y  e x t i n c t i o n  r e s p e c t i v e l y .  A  w a v e l e n g t h  d e p e n d e n c e  o f  t h e  
r e la t iv e  v a lu e s  o f  7„ba. f o r  d i f f e r e n t  r e f l e x io n s  in d i c a t e s  t h e  p r e s e n c e  
o f  e x t i n c t i o n .  T h e  l i n e a r  a b s o r p t io n  c o e f f i c i e n t  f o r  X - r a y s  v a r i e s
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w i t h  /V  between a b s o r p t io n  e d g e s ,  s o  t h a t  i s  n o t  a  l i n e a r  
f u n c t i o n  o f  A - u n l e s s  t h e r e  i s  n o  s e c o n d a r y  e x t i n c t i o n  ( 5  =  o  
i n  e q u a t i o n  9 .9 ) .

Depcuclence on crystal size
T o  a  f ir s t  a p p r o x im a t io n ,  t h e  e f f e c t  o f  s e c o n d a r y  e x t i n c t i o n  i s  t o  

i n c r e a s e  t h e  a b s o r p t io n  c o e f f i c i e n t  f r o m  / (  t o  {(■+gQ, w h e r e  ^  i s  t h e  
‘ s e c o n d a r y  e x t i n c t i o n  c o e f f i c i e n t ’ ( r e l a t e d  t o  t h e  m o s a i c  s p r e a d  o f  
t h e  c r y s t a l )  a n d  Q  i s  t h e  q u a n t i t y :  .

g  =  j V |A 3( e 3/ w c Y Z ' ; ' F '  ( 9 .1 0 )

( D a r w i n ,  1 9 2 2 ) .  i s  t h e  n u m b e r  o f  u n i t  c e l l s  p e r  u n i t  v o l u m e  
a n d  Lp  i s  t h e  L o r e n t z - p o l a r i z a t i o n  f a c t o r  ( s e e  C h a p t e r  1 1 ) :  t h e  
t e r m  i s  r e p l a c e d  b y  u n i t y  in  n e u t r o n  d i f f r a c t i o n  ( H a m i l t o n ,
1 9 5 7 ) .  T h u s  t h e  a t t e n u a t io n  o f  t h e  b e a m  i n s i d e  th e -  crystal i s  
q-(i<-+oQ)x  ̂ w h e r e  x  i s  t h e  o p t i c a l  p a t h  l e n g t h ;  i f  t h e  s e c o n d a r y  
e x t i n c t i o n  i s  s m a l l  (_gQa; i ) ,  t h e  a t t e n u a t io n  is

T h e  t e r m  e~^ ^  r e p r e s e n t s  t h e  e f f e c t  o f  t r u e  a b s o r p t io n  a n d  i  — gQx 
i s  t h e  f a c t o r  b y  w h i c h  t h e  o b s e r v e d  i n t e n s i t y  d e c r e a s e s  o n  a c c o u n t  
o f  s e c o n d a r y  e x t i n c t i o n .

T h u s  t h e  e f f e c t  o f  s e c o n d a r y  e x t i n c t i o n  c a n  b e  e l i m i n a t e d  b y  
m e a s u r in g  t h e  in t e n s i t y ,  c o r r e c t e d  f o r  t r u e  a b s o r p t io n ,  f o r  d i f f e r e n t  
v a lu e s  o f  x, a n d  e x t r a p o la t in g  t o  z e r o  p a t h  l e n g t h .  T h e  p r o c e d u r e  
w a s  f ir s t  u s e d  i n  X - r a y  d i f f r a c t i o n  b y  B r a g g ,  J a m e s  &  B o s a n q u c t  
( 1 9 2 1 ) ,  a n d  m o r e  r e c e n t l y  b y  C o c h r a n  ( 1 9 5 3 )  a n d  b y  W i t t e  &  
W o l f e l  ( 1 9 5 5 ) .  C o c h r a n  m e a s u r e d  t h e  r e la t iv e  i n t e n s i t i e s  o f  t h e  
r e f l e x io n s  f r o m  s p h e r ic a l  c r y s t a l s  o f  d i f f e r e n t  r a d i i ,  a n d  c o r r e c t e d  
f o r  e x t i n c t i o n  b y  p l o t t i n g  t h e  c h a n g e s  in  r e la t iv e  i n t e n s i t i e s  a g a in s t  
t h e  r a d iu s  o f  t h e  s p h e r e s .

T h e  m e t h o d  o f  v a r y in g  p a t h  l e n g t h  h a s  a l s o  been u s e d  in  n e u t r o n  
d i f f r a c t i o n  ( W i l l i s ,  1 9 6 2  c ) .  A  c o n v e n i e n t  m e t h o d  o f  a l t e r in g  t h e  p a t h  
l e n g t h  i s  t o  c h a n g e  t h e  a z i m u t h a l  a n g le  i / / .  F i g u r e  1 0 9  s h o w s  t h e  
n e u t r o n  in t e n s i t i e s  o f  t h e  hoo r e f l e x io n s  o f  K B r ,  m e a s u r e d  a t  
d i f f e r e n t  a z im u t h a l  o r i e n t a t io n s  i/r o f  t h e  ( 1 0 0 )  p la n e .  T h e  c r y s t a l  
w a s  in  t h e  f o r m  o f  a  f la t  p la t e ,  c l e a v e d  p a r a l l e l  t o  t h e  { 1 0 0 }  f a c e s ;  
f o r  ^  =  0 °  o r  1 8 0 °  t h e  t o t a l  p a t h  l e n g t h  x  w a s  a - m i n i m u m ,  a n d  t h e
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p a t h  w a s  l o n g e s t  f o r  rjr — 9 0 ° .  T h e  e x p e r im e n t a l  m e a s u r e m e n t s  
w e r e  c o r r e c t e d  f o r  t h e  s m a l l  e f f e c t  o f  t r u e  a b s o r p t io n  ; t h e y  s h o w e d  
t h a t  t h e  in t e n s i t y  o f  t h e  w e a k e s t  r e f l e x io n  B o o  w a s  i n d e p e n d e n t  o f  
t h e  p a t h  l e n g t h  t h r o u g h  t h e  c r y s t a l ,  b u t  f o r  6 0 0 ,  4 0 0 ,  2 0 0  t h e  
m a x i m u m  i n t e n s i t y  o c c u r r e d  a t  t h e  m i n i m u m  p a t h  l e n g t h .  T h e
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M aximum 
path length

M inim um 
path length

4 2 0 0  reflexion

Neutrons

i  3
.§
8 400 reflexion

2

600 reflexion

1
800 reflexion

0
0 60 120 180

Azimuthal angle f  (degrees)

Fig. 109. Integrated intensities o f hoo  reflexions of KBr crystal as a 
function of p  (after Willis, 1962c).

p r o p o r t io n a l  r e d u c t i o n  i n  i n t e n s i t y  d u e  t o  s e c o n d a r y  e x t i n c t i o n  
i n c r e a s e d  w i t h  t h e  s t r e n g t h  o f  t h e  r e f l e x io n  a n d  w a s  la r g e s t  f o r  t h e  
s t r o n g e s t  r e f l e x io n ,  ’2 0 0 ;  T h e  s l i g h t  f l u c t u a t i o n  o f  t h e  e x p e r im e n t a l  
p o i n t s  f r o m  t h e  s m o o t h  c u r v e s  i n  F i g .  1 0 9  m a y  b e  d u e  t o  t h e  
i n f l u e n c e  o f  s i m u l t a n e o u s  r e f l e x io n s  ( s e e  § 9 .3 ) .  T h e  d e r i v a t io n  
o f  t h e  c o r r e c t e d  i n t e n s i t i e s  f r o m  t h e s e  c u r v e s  i s  d e s c r i b e d  i n  t h e  
o r ig in a l  p a p e r .
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H a m i l t o n  (1 9 -5 7 , 1 9 6 3 )  h a s  d i s c u s s e d  t h e  c a l c u la t io n  o f  s e c o n d a r y  
e x t i n c t i o n  c o r r e c t i o n s  f o r  c r y s t a l s  o f  a n y  a r b it r a r y  p o ly h e d r a l  
s h a p e .  I f  t h e  e x t i n c t i o n  i s  l a r g e ,  s o  t h a t  t h e  i n t e n s i t i e s  a r e  r e d u c e d  
b y  3 0  p e r  c e n t  o r  m o r e ,  H a m i l t o n  r e c o m m e n d s  t h a t  t h e  c r y s t a l  b e  
g r o u n d  t o  a  c y l i n d r ic a l  s h a p e ,  a n d  h e  h a s  p r e p a r e d  t a b l e s  f o r  t h e  
c o r r e c t i o n  o f  t h e  e q u a t o r ia l  r e f l e x io n s  o f  c y l i n d r i c a l  c r y s t a l s .  A  
s e c t i o n  o f  t h e s e  t a b l e s  i s  r e p r o d u c e d  in  T a b l e  X X I I :  t h e  n u m b e r s  
r e p r e s e n t  t h e  f a c t o r s  b y  w h i c h  t h e  o b s e r v e d  in t e n s i t i e s  a r e  m u l t i 
p l i e d  t o  c o r r e c t  t h e m  f o r  s e c o n d a r y  e x t i n c t i o n ,  a n d  a r e  g i v e n  a s  a  
f u n c t i o n  o f  2 0  a n d  t h e  q u a n t i t y  aRO. R  i s  t h e  r a d iu s  o f  t h e  c y l i n d e r ,  
Q  i s  g i v e n  b y  ( 9 .1 0 )  a n d  i s  p r o p o r t io n a l  t o  t h e  i n t e n s i t y  o f  t h e  
r e f l e x io n ,  a n d  a  i s  a  n u m e r ic a l  c o n s t a n t  r e la t e d  t o  t h e  m o s a i c  
s p r e a d  o f  t h e  s p e c i m e n .  T h e  t a b l e s  c a n n o t  b e  u s e d  d i r e c t l y  a s  a i s  
n o r m a l ly  u n k n o w n ,  b u t  H a m i l t o n  h a s  w r i t t e n  a  c o m p u t e r  p r o g r a m ,  
b a s e d  o n  t h e s e  t a b l e s ,  w h i c h  a l lo w s  a  l e a s t - s q u a r e s  c o m p a r i s o n  o f  
t h e  o b s e r v e d  a n d  c a l c u la t e d  i n t e n s i t i e s ;  a i s  t r e a t e d  a s  a n  e x t r a  
e m p ir i c a l  c o n s t a n t  t o  b e  d e t e r m i n e d  in  t h e  l e a s t - s q u a r e s  p r o c e d u r e .

, T a b l e  X X I I .  Secondary extinction corrections for  
cylindrical crystal {flamilton 1 9 6 3 )

0 =  0“ 22-5° 45° 67-5° 90°
I-000 I-000 I-000 - I-000
1-178 1-177 1-173 1-170 • 1-169

0-4 ' 1-374 1-368 1-354 1-341 1-336
0-6 1-585 1-571 1-538 • 1-511 1-501
0-8 1-811 1-785 1-727 1-682 1-666
I-O 2-050 2-007 1-917 1-852 1-830
-2-0 3-389 3-196 2-880 2-700 . 2-641
3-0 4-863 4-437 3-846 3-545 3-444
4-0 6-393 5-684 4-812 4-387 4-143
6-0 9-490 8-172 6-741 6-070 5-832
8 0 12-61 ■ 10-65 8667 7-752 7-416

15-75. 13-12 10-59 9-432 8-996

H a m i l t o n  a s s u m e s  t h a t  t h e  e f f e c t i v e  a b s o r p t io n  c o e f f i c i e n t  in  t h e  
p r e s e n c e  o f  s e c o n d a r y  e x t i n c t i o n  i s  in  a c c o r d a n c e  w i t h  t h e
o r ig in a l  t r e a t m e n t  o f  D a r w i n  ( 1 9 2 2 ) .  H o w e v e r ,  Z a c h a r ia s e n  ( 1 9 6 3 )  
h a s  s h o w n  t h a t ,  f o r  i n c i d e n t  u n p o la r i z e d  X - r a d i a t i o n ,  D a r w i n ’s  
f o r m u la  i s  i n  e r r o r , a n d  t h a t  t h e  e f f e c t iv e  c o e f f i c i e n t  i s  in s t e a d

.  (1 4 -cos* 2 0 )
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T h i s  e x p r e s s i o n  r e d u c e s  t o  Ji+gQ  a t  0  =  0 °  a n d  0  =  9 0 °  b u t  t o  
p-ycLgO a t  0  =  4 5 ° .  T h e  e r r o r  a r i s e s  f r o m  t h e  in c o r r e c t  t r e a t m e n t  
o f  t h e  e f f e c t  o f  p o la r i z a t io n  i n  D a r w i n ’s  t h e o r y ;  t h e  t h e o r y  r e m a in s  
s t r i c t l y  v a l id  f o r  n e u t r o n s ,  b e c a u s e  t h e r e  i s  n o  p o la r i z a t io n  o f  
n u c le a r  s c a t t e r in g .  T h u s  T a b l e  X X I I  a p p l i e s  t o  t h e  s c a t t e r i n g  o f  
n e u t r o n s  f r o m  a  c y l i n d r i c a l  s p e c i m e n ,  b u t  t h e  n u m b e r s  i n  t h e  
c o l u m n s  f o r  0  =  2 2 - 5 ° ,  4 5 ° ,  6 7 - 5 °  r e q u ir e  s m a l l  c o r r e c t i o n s  f o r  t h e  
s c a t t e r i n g  o f  u n p o la r i z e d  X - r a y s .

N o n e  o f  t h e  m e t h o d s  f o r  c o r r e c t i n g  f o r  the e f f e c t  o f  e x t i n c t i o n  i s  
e n t i r e l y  s a t i s f a c t o r y ;  t h e y  a r e  a l l  b a s e d  o n  t h e o r e t i c a l  a p p r o x im a 
t i o n s  a n d  s e v e r a l  i n v o l v e  a n  e la b o r a t e  e x p e r i m e n t a l  t e c h n i q u e ,  
w h i c h  m a y  n o t  b e  j u s t i f i e d  b y  t h e  f in a l  r e s u l t s .  I f  t h e  e x t i n c t i o n  
c o r r e c t i o n  i s  s m a l l ,  r e q u i r i n g ,  s a y ,  a  5  p e r  c e n t  c o r r e c t i o n  t o  t h e  
m e a s u r e d  in t e n s i t i e s ,  a  r e a s o n a b le  c o r r e c t i o n  i s  p o s s i b l e ,  b u t  f o r  
la r g e  e x t i n c t i o n  a  r o u g h  c o r r e c t i o n  o n l y  c a n  b e  m a d e .

T h e  s a f e s t  p r o c e d u r e  f o r  d e a l i n g  w i t h  e x t i n c t i o n  i s  t o  i g n o r e  
t h o s e  r e f l e x io n s  f o r  w h i c h  e x t i n c t i o n  i s  s u s p e c t e d .  T h i s  i s  l e g i t i m a t e  
in  t h e  r e f i n e m e n t  o f  i n t e n s i t y  d a t a ,  w h e n  a t o m i c  c o - o r d i n a t e s  a r e  
t o  b e  d e t e r m i n e d  b y  l e a s t - s q u a r e s  m e t h o d s :  i t  i s  n o t  p e r m i s s i b l e  i n  
d e r i v in g - e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s ,  w h e r e  a l l  r e f l e x io n s  m u s t  b e  
i n c l u d e d  u p  t o  t h e  m a x i m u m  o b s e r v e d  B r a g g  a n g le .  I t  m a y  b e  
p o s s i b l e  t o  r e d u c e  e x t i n c t i o n  b y  g r i n d i n g  t h e  c r y s t a l  o r  b y  s u b 
j e c t i n g  i t  t o  t h e r m a l ,  s h o c k ,  b u t  t h i s  w i l l  r a r e ly  e l i m i n a t e  e x t i n c t i o n  
a l t o g e t h e r  ( L o n s d a l e ,  1 9 4 7 ) .

9 .3 .  S i m u l t a n e o u s  r e f l e x i o n s

I n  i n t e r p r e t in g  t h e  i n t e n s i t y  r e f l e c t e d  b y  a  f a m i l y  o f  p l a n e s  IfikV) 
i t  i s  n o r m a l ly  a s s u m e d  t h a t  n o  o t h e r  B r a g g  r e f l e x io n  i s  o c c u r r i n g  
a t  t h e  s a m e  t i m e  a s  t h e  hid  r e f l e x i o n  u n d e r  o b s e r v a t i o n .  H o w e v e r ,  
a t  c e r t a in  c r y s t a l  o r i e n t a t io n s  t h e  B r a g g  r e f l e c t in g  c o n d i t i o n  m a y  b e  
s a t i s f i e d  f o r  m o r e  t h a n  o n e  f a m i l y  o f  p l a n e s ,  a n d  t h e  p r e s e n c e  o f  a  
s e c o n d  r e f l e x io n  c a n  m o d i f y  t h e  i n t e n s i t y  o f  t h e  f i r s t .  T h e  o c c u r 
r e n c e  o f  s i m u l t a n e o u s  r e f l e x io n s  i s  b y  n o  m e a n s  u n c o m m o n ,  a n d  
m a y  e v e n  b e  u n a v o i d a b l e ,  p a r t i c u la r l y  w h e n  w o r k in g  a t  s h o r t  w a v e 
l e n g t h s  o r  w i t h  c r y s t a l s  o f  l a r g e  in t e r - p la n a r  s p a c i n g s .  F o r t u n a t e l y ,  
t h e  m a g n i t u d e s  o f  t h e  i n t e n s i t y  f l u c t u a t i o n s  c a u s e d  b y  s i m u l t a 
n e o u s  r e f l e x io n s  t e n d  t o  b e  r e l a t i v e l y  s m a l l  in  X - r a y  d i f f r a c t i o n ,  a n d  
t h e  e f f e c t  h a s  r e c e i v e d  l i t t l e  a t t e n t i o n  i n  t h e  X - r a y  l i t e r a t u r e  s i n c e
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the work of Renninger (1937), who was the first to make a thorough 
study of simultaneous reflexions. More recently,, with the advent of 
counter methods and the demand for higher accuracy, further 
X-ray studies have been reported (Cole, Chambers & Dunn, 1962; 
Cohen, Fraenkel & Kalman, 1963; Zachariasen, 1965). In neutron 
diffraction, simultaneous reflexions are more troublcsomç^because 
the specimens are larger and, absorb neutrons less readily than 
X-rays; consequently, the neutron beam penetrates a long way 
into the crystal, and there is a greater chance of energy being 
exchanged between different families of reflecting planes. Several 
authors have examined experimentally the influence of simulta
neous reflexions on the measurement of integrated intensities with 
neutrons (Borgonovi & Caglioti, 1962; W illis, 1963 ; M oon & Shull, 
1964). • ■

T he geometrical problem of determining those crystal orienta
tions for which two or more reflexions occur is conveniently treated 
in terms of the reciprocal lattice and the Ewald sphere of reflexion. 
T he condition for a single reflexion to occur is that the Ewald 
sphere passes through the hkl reciprocal lattice point,, and this 
condition is maintained if the sphere rotates about the axis O P  
passing through the hkl point P  and the origin of the reciprocal 
lattice O  (see Fig. n o  a). During this rotation the sphere sweeps 
through the reciprocal lattice and each time it touches a second 
reciprocal lattice point, such as h'k'l', the conditions are satisfied 
for A /î/and/z'A7 ' t o  occur simultaneously.

In  Fig. I lo a  the directions o f the incident beam and the first and 
second reflexions are denoted by the unit vectors Sq, s and s'. T he  
beam Sg is scattered along the directions s, s', but the beams s and 
s' can then each be rescattered along two directions, giving rise to 
six scattering processes in all. T he rescattering processes for the 
first reflexion s are illustrated by Fig. i io ô .  T he once-scattered 
beam in the direction s is treated as the ‘incident beam ’ for the 
second scattering process and we can transfer the origin o f the 
reciprocal lattice to the end-point of s. T he process s Sg takes 
place by rescattering of the first reflexion at the farriily of planes 
(hkl), and s-> s' by rescattcring at the family with indices (h' — h, 
k' — k', V — I). Both processes cause a diminution of intensity o f the 
first reflexion s. An intensity reduction is also contributed by the
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process Sg-> s', which removes power from the incident beam and 
thereby decreases the power available for the reflexion Sg->s, 
whereas a gain in intensity follows the transfer o f energy to the first 
reflexion by the roundabout process (‘ Umwcganregung ') :

Sg -> s' -> s. ,

000

000

(«)
Fig. n o .  («) Simultaneous reflexion h'k'l' recorded during rotation o f crystal 
about }ikl scattering vector,O A  T he circle represents a section of the Ewald , 
sphere through O P. (fo) Once reflected hid  beam in (n) can be rescattered by 
planes with indices hkl and h '—h, k' — k, I' —I.

Clearly, the net effect on the intensity of the hkl (or s) reflexion is 
very difficult to calculate and depends on the reflecting powers of 
the planes ±(/z/e/), ± (h'k'l') and ± (h  — h’, k —.k’. I—I'). I f  more 
than two reciprocal lattice points lie simultaneously on the Ewald 
sphere, the number of different scattering, processes is much 
larger.

Experimental curves showing the intensity in the direction of the 
primary reflexion are shown as a function of ^  in Figs. 111 and 112. 
Fig. I l l  shows a large number o f intensity peaks at different values 
of ijr when a germanium crystal is so oriented that, the 222 reci
procal lattice point is on the Ewald sphere. These peaks occur even 
though the 222 reflexion is a forbidden one in the diamond
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Structure of germanium. -The extra peaks are caused by the round
about excitation of 223 by the process Sq-> s ' 222: Sq is the 
incident beam and s' is a reflexion which occurs simultaneously 
with 222. In all, there are over two hundred peaks in a 360° rotation 
o f T-r, and these are associated with a corresponding number of 
simultaneous reflexions s'. Similarly, the true 200 reflexion in the 

. neutron diffraction pattern of iron (Fig. 112) is the base line 
between the peaks (and dips) caused by simultaneous reflexions: 
at A =  1-57/1 there are seven calculated positions of Ÿ  in a 45° 
range at which reflexions occur simultaneously with 200, while at 
A == 0-72 A this number increases to seventy-eight.

10 Ge (222) CuKa, -  1 54 A

Azimuthal angle [5- (degrees)

Fig. I I I .  Simultaneous reflexions observed w ith X-rays in the ‘ forbidden’ 2 2 2  
reflexion from germanium, as the crystal is rotated about the 222 scattering 
vector (after Cole, Chambers & D unn, 1 9 6 2 ) .

An approximate theory of M oon & Shull (1964) acccamts for the 
intensity changes caused by simultaneous reflexions. It applies to 
crystals in the shape of flat plates which are larger than the incident 
beam cross-section and is restricted to small secondary extinction 
and low absorption.

In  the absence o f a general theory allowing the calculation of 
the correction to the obseiwed intensities, the most satisfactory 
practical procedure is to take steps either to avoid or to minimize 
the effect of simultaneous reflexions. An obvious precaution is to 
choose the azimuthal angle o f the reflecting plane hkl (the angle 
of rotation about the line O P  in Fig. i  io « ), so that the Ewald 
sphere is as far as possible from all other reciprocal lattice points. 
I ’he calculation of the ‘forbidden’ Ĵr values which give rise to 
simultaneous reflexions is straightforward : a graphical method for
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cubic crystals is described by Cole, Chambers & Dunn (1962), and 
an analytical method, suitable for crystals o f any symmetry, by 
Santoro & Zocchi (1964). Powell (1966) has written a computer 
program which derives, suitable setting angles of a four-circle 
diffractometer for minimizing simultaneous reflexion effects; for a 
particular reflexion there is an infinite number of combinations of 
setting angles, each of which corresponds to a different value of ijr,

24

20 Base
line

16

0 20 40 '
Azimuthal angle f  (degrees)

Fig. 112. Simultaneous reflexions obsci-vcd w ith neutrons (A = i 57 A) In the 
200 reflexion from iron, as the crystal is rotated about the 200 scattering vector 
(after M oon & Shull, 1964).

and the particular combination selected is that for which other 
reciprocal lattice points are greater than a given distance from  
the Ewald sphere. . . .

It is well known (see p. 33) that systematic double and triple 
diffraction occur for the normal-beam and equi-inclination cases 
respectively, if the crystal is oriented with a symmetry axis parallel 
to the goniometer-head axis ({5-axis). According to Burbank (1965), 
the situation is even worse for the single crystal orienter technique 
(four circle diffractometer), although the systematic diffraction he 
describes will occur only in the special symmetrical-Zl setting and 
is avoided in the general setting.

W e conclude that the occurrence of simultaneous reflexions is
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minimized by carefully selecting the azimuthal angle tjr o f the 
primary reflexion, although it may not be possible to avoid 
simultaneous reflexions altogether. On the other hand, if the  
exchange of energy between the reflexions 1 is small and measure
ments of the highest accuracy are not reqi^ired, their occurrence 
may be deliberately exploited to speed up the collection of intensity 
data by using multiple-counter methods (see p. 56).
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minimized by carefully selecting the azimuthal, angle rjr o f  the 
primary reflexion, although it may not be possible to avoid 
simultaneous reflexions altogether. On the other hand, if the 
exchange o f energy between the reflexions is small and measure
ments of the highest accuracy are not required, their occurrence 
may be deliberately exploited to speed up the collection of intensity 
data by using multiple-counter methods (see p. 56).
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CHAPTER 10

P R O C E D U R E  F O R  M E A S U R I N G
I N T E G R A T E D  I N T E N S I T I E S

In this chapter we shall describe the main features in the procedure 
for measuring the set o f relative integrated intensities o f the 
crystal. W e shall assume that the diffractometer has been correctly 
positioned and alined with respect to the incident beam. T he  
methods of making these adjustments are fully described by 
Furnas (1957).

l o . i .  C h oice o f  crystal s ize  and shape  

T o minimize errors arising from the effects of absorption, 
extinction and simultaneous reflexions, the crystal must be as small 
as possible. T he ultimate limit to the specimen size is determined 
by counting statistics (see §10.7), and, because of the greater 
intensity of primary X-ray beams compared with monochromatic 
neutron beams, the crystal size tends to be much larger in neutron 
diffraction. In the early period o f neutron diffraction the linear 
dimensions o f the crystal were measured in centimetres, but now, 
with the availability o f high-flux reactors and with the use of 
automatic methods to speed up the collection of data, the size o f  
crystal is down to i  or 2 mm. * '

On p. 240 we gave the criterion /ii? ~ T  as a rough indication of 
the optimum size of the crystal, where /i is the linear absorption 
coefficient and R  the average crystal radius. From Table X IX , this 
corresponds to an average radius for X-ray work of about 0 1  mm. 
T h e diffracted intensity decreases with the size of the unit cell, so 
that larger specimens are used when the cell size is large and the 
absorption is relatively low.

T he ideal shape o f crystal is a sphere for three-dimensional 
diffraction measurements and a cylinder for two dimensions. W ith  
such a crystal it is not only possible to calculate the correction due 
to absorption, but also to , minimize errors arising from non- 
uniformity of the incident beam. A  widely used method for

17. ,A*W
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cutting spherical crystals is that devised by Bond (1951) and later 
improved by Belson (1964). T he cr^'stal is placed in a circular 
tunnel, whose inside periphery is lined with fine abrasive material, 
and is tumbled randomly against the walls of the tunnel by a jet or 
jets of compressed air. A  cylindrical crystal can be prepared by 
directing a fine jet of abrasive powder against the crystal as it turns 
about its axis.

10.2 . Alinement of crystal
By ‘crystal alinement* we mean the centring of the crystal and 

the setting of a principal crystallographic axis along the ÿ-axis of 
the diffractometer, (It is always necessary to centre the crystal, but 
with a four-circle diffractometer measurements can proceed with
out further adjustments to the crystal, p. 51.) T he crystal is 
‘centred’, if  it remains in  the same portion of the incident beam  
while being turned from one Bragg reflexion to the next. T he  
alinement is carried out conveniently by mounting the crystal on a 
goniometer head which has two arcs, two translational movements 
and a height adjustment; suitable designs of goniometer head are 
described on p. 79.

Let us suppose that the crystal is monoclinic and that it is to be 
alined with the unique axis (diad axis) parallel to the goniometer- 
head axis, or the ÿ-axis, o f  a four-circle diffractometer. If the diad 
axis is along [010], then the normal to the {oko} planes lies along 
the ÿ-axis. At this orientation the intensity o f the oko reflexions 
will be unchanged as the crystal turns through 360° about the 
^-axis. This is not quite true if  systematic errors are present o f the 
type discussed in the previous chapter, but for correct alinement 
there is a minimum variation of the diffracted intensity w ith the 
angle ç5, and the intensity will not fall to zero at any point in the 
complete, rotation about

T he alinement proceeds, therefore, as follows. T he crystal is 
viewed through a telescope and is centred using the translational 
movements of the goniometer head. T he ^-axis of the four-circle 
diffractometer is then m oved into the horizontal plane containing 
the incident beam by rotating it around the %-circIe (see Fig, 113 a). 
T he goniometer head is turned about the {6-axis to bring one o f the 
arcs into the horizontal plane and that arc is adjusted for maximum
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Goniometer

Incident
beam

Reflecting planes

Reflected
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(along ^-axis)

(.b)

Scattering

Reflecting
planes

Goniometer

Fig. 113. (a) Alinement of crystal on four-circle diffractometer: incident and 
reflected beams are in horizontal plane. (6) Alinement of crystal on equi- 
inclination diffractometer: incident and reflected beams are in  vertical plane.

17-2.
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intensity of the oko reflexion. T he head is rotated through i8 o ° and 
the same arc is adjusted again for maximum intensity. I f  the arc 
settings differ for the two orientations o f the goniometer head, the 
correct setting is taken as the mean. T he second arc is adjusted in 
the same way at the 90° and 270° positions o f the goniometer head. 
For a eucentric goniometer head (see p. 79), with the crystal ac
curately positioned at the centre o f the arcs, the centring will not 
be affected by any movement of the arcs, but for other mountings 
alternate movements of cross-slides and arcs are necessary during 
the alinement. W ith an equi-inclination instrument a similar 
alinement procedure is possible (see Fig. 113 J).

A  great convenience during the alinement process is the provi
sion of two pairs of masks which can obscure the right or left  
halves or the top or bottom halves o f the aperture of the detector. 
These masks allow one to judge easily in which direction the arcs 
need to be moved for correct alinement since they define where the 
reflexion is, relative to the centre o f the detector aperture. T h e  
reflexion is correctly centred when the intensities in the four 
quadrants are approximately equal.

Alinement is much more difficult if  the crystal cannot first be 
approximately oriented and if nothing is known about its unit-cell 
dimensions. T he necessary steps in this situation have been  
described so fully and clearly by Furnas ( 1 9 5 7 ) that no further 
comments are needed here.

Wooster (1965) describes a procedure for determining the setting 
angles of a crystal for a four-circle diffractometer assuming no 
prior knowledge of its orientation or lattice parameters.

10.3. Correct a ss ig n m en t o f  sig n s o f  crysta llograp h ic  axes

For a crystal of any symmetry it is not possible to distinguish  
the configuration o f the axes a, b  and c  from —a, — b  and — c  
using the observed positions only of the Bragg reflexions. This  
distinction is important in determining the absolute configuration 
of a non-centrosymmetrical crystal, and can be made from the 
intensities of the hkl, M fpairs of reflexions (Ramaseshan, 1964). Let 
us suppose, for instance, that the intensities of 200 and 200 are 
related by the inequality I^qq >  /goo- I f  the crystal is replaced 
by a different crystal o f the same material, the second crystal m ust
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be indexed in such a way that the same inequality holds; should  
the initial assignment of axes lead to J200 <  fgoo, it will be necessary 
to invert the a-, b - and c-axes.

We referred on p. 80 to the problem of determining the correct 
sense, + b  or — b, of the diad axis in a monoclinic crystal relative 
to the vectors a, c, when the crystal is mounted with the b-axis

+ c 111101

001
oil.

I l l i101

1101001Ï0

^ b *,000)0Î0,
ÎÎO 110)100)

111
101111

OilOOl ' Foil

111loi111

Fie. 114.. M onoclinic reciprocal lattice w ith unique axis along b o rb *  and rotation.  .B- ---r- M onoclinic reciprocal lattice w ith . _
axis along c. I f  the sense of c  is chosen incorrectly the point 001 in  the
I = I level will lie on the other side of the ÿ axis, OP.

parallel to the goniometer-head axis I f  the a- or c-axes o f the 
crystal are along the ÿ-axis, the correct sense of b  cannot be found 
from observations in the zero level alone (see Fig. 114). However,

■ the observed positions of reflexions in the higher level will imme
diately reveal any wrong choice of sign, which can be corrected by 
inverting the crystal or reversing the sense o f rotation o f the ÿ -  
shaft: this may be more convenient than recomputing the setting 
angles with a revised assignment o f signs.



2 Ô2 S I N G L E  C R Y S T A L  D I F F R A C T O M E T R Y

10.4. M easurem ent o f  lattice param eters

It is necessary to determine the lattice parameters of the crystal 
before calculating the setting angles for each reflexion, using the 
formulae given in Chapter 2.

T he lattice parameters can be measured with a diffractometer to 
a precision equal to that with the best X-ray camera, and the same 
instrument can then be used to measure the integrated intensities 
without further adjustment of the crystal. T he crystal is alined on  
the diffractometer (for instance, with the goniometer-head axis 
lying along the normal to a family of reflecting planes), and the 
lattice parameters are derived from the observed scattering angles 
2^oi)s. for a number o f different reflexions.

There are at least two ways of measuring 26 with a four-circle 
diffractometer. In the first (Fig. 115a) the reflexion is observed with  
a wide detector aperture and the profile of the reflexion is plotted  
using an w-scan. T he crystal is then set at the peak position, the 
detector aperture is closed down to a narrow vertical slit, and a 
second intensity scan is performed with the crystal stationary and 
the detector moving. 20ot,s. is taken as the difference between two 
readings of the angular position of the detector, one at the peak of 
the reflexion and the other at the point of maximum intensity of 
the direct beam, suitably attenuated.

In the second method o f determining 26, there is no need to 
measure the ‘straight-through’ position, of the direct beam. T he  
hkl reflexion is obsen^ed with the &> shaft of the crystal and the d 
shaft o f the detector coupled together in a 1:2 angular ratio. The  
detector aperture remains wide open and so the reflexion need not 
enter the detector centrally. T he value of co is noted for the peak 
position of the reflexion. W ith w and d remaining coupled, the. 
<y-axis is then turned so that the beam enters the detector by 
reflexion at the reverse side of the hkl reflecting plane (see 
Fig. 115). is the difference in the readings of the w scale
for the peak positions of hkl and hM. By measuring the angle 
between the two positions of the crystal, rather than the angle 
between, the two detector positions as in the first method, not only 
the zero error but also errors due to absorption and incorrect 
centring of the crystal are eliminated; absorption and eccentricity
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Crystal planes

Collimator

Detector

hkl planes

Crystal
Collimator

Ifkl planes
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Fig. 115. Two ways of measuring scattering angle 20. The zero position of the 
detector arm (20 = o) must be known in (a), but not in (6).

both alter the angle at which the beam entçrs the detector, but the 
crystal angles are still correct if  the detector window is wide open. 
Bond (i960) gives further details o f this second method and 
discusses the various sources o f systematic error. H e shows that 
the scattering angles o f a perfect crystal, such as silicon, can be
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measured with X-rays by this method to better than one part in 
10®. Further development of this method by Baker (1966) gives 
results accurate to one part in 10’.

After the measurement of the scattering angles for a number of 
reflexions, the lattice parameters o f the reciprocal unit cell can 
readily be determined by a least-squares analysis, using equation 
(2.3) in the form:

4sin^^ = h^a*^+k^*^-i-Pc*^+2hka*b*cosy*
+  2kîb*c*cosa* +  2l}ic*a*cos^*. (lo .i)

T he observed quantities are the set o f 2d values and the variables 
are the six lattice parameters. T he final accuracy of these para
meters is related to the precision with which the wavelength A is 
known: this precision is lower in neutron diffraction than in X-ray 
work because of the larger bandwidth fA of the incident neutron 
beam.

Table X X III illustrates some results obtained by Busing (1965), 
who analysed X-ray diffractometer data from a single crj'stal of 
monoclinic barium chloride dihydrate, BaClg. 2H2O. Twelve  
independent values of 26  were determined by the method illu
strated in Fig. 115 a, and these observed values were compared with 
the calculated values assuming a triclinic unit cell. The values of a  
and 7  refined to within one standard deviation of the expected 
monoclinic values of 90°.

T a b l e  X X III. Unit cell dimensions o f BaCl .̂ 2H fdfrom  least-squares 
rejinenmit of X -ra y  data {after Busing, 1965)
Initial values of lattice 

parameters before least- 
squares refinement 

a  =  6-7380 A 
b = 10 8600 A 
c — 7-1360 A 

cos a  =  o 
cos (} =  —0-0166 
cos y  =  o

Final values of 
lattice parameters

6-7215 + 0-0002 A 
10-9077 + 0-0003 A
7-131510-0003 A

— 0-00004 ±  0-00007 
—0-01924 + 0-00006
— 0-00007 ±  0-00006
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10.5. Choice of scan
On p. 20 we described-the three measuring procedures which may 

be used to determine the intensity of a Bragg reflexion. These are 
the stationary-crystal-stationary-detector method, the moving- 
crystal-stationary-detector method (w-scan), and the moving- 
crystal-moving-detector method (<y/20-scan).

T he simplest procedure is the stationary-crystal-stationary- 
detector method which requires a uniform convergent incident 
beam (see Fig. 7, p. 22). Unfortunately, this requirement is 
difficult to meet in both X-ray and neutron diffraction.

Alexander & Smith (1962) have examined the relation betv\'een 
peak height and peak area when the incident beam is not sufficiently 
convergent to give flat-topped peaks. T hey showed that the peak 
height is proportional to the peak area in a very limited range o f B 
only. The same relation has been examined for neutron diffraction 
by Chidambaram, Bequeira & Sikka (1964) who claimed that the 
data collection rate can be speeded up by a factor of about 10 using 
peak heights and an experimental calibration curve relating peak 
height and peak area.

For accurate intensity measurements stationary-crystal M ethods 
are not recommended and in most investigations the choice of 
measuring procedures will be between the w-scan and the w/20-scan.

As Burbank (1964) has pointed out, the preferred scan is that 
which yields the true integrated intensity by illuminating the 
smallest volume in reciprocal space: the background is then as low  
as possible, especially that part which is contributed by thermal 
diffuse scattering and which tails off slowly at the sides of the 
Bragg reflexion (p. 221). U sing this criterion of smallest volume in 
reciprocal space, the w/2(9-scan is generally preferred in neutron 
work, because of the large bandwidth 5A of the incident radiation 
(see Fig.. 116a). On the other hand, if  the mosaic spread of the 
crystal is large, the w-scan may be preferable at low Bragg angles 
(see Fig. i i 65), where the spectral dispersion is least.

Both the horizontal and vertical dimensions of the detector 
aperture must be carefully chosen for both scans. These dimensions 
vary with the angle B and, in the case of inclination diffractometers, 
with the level of the reciprocal lattice under investigation. They are
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best found experimentally by examining the integrated intensities 
of a number of reflexions as a function of the aperture size, and 
selecting the m inim up size at a particular d which gives the full 
integrated intensity^

Parallel beam :
Perfect crystal

finite W

Detector

( o )

Parallel beam; Imperfect crystal:
mosaic spread =

= 0

Detector

• / (̂ )
Fig. 116. Diagrams illustrating use of: (a) w/zd-scan (z^-scan) for perfect crystal 
illuminated by radiation with spectral range S0 =  tan 65A/A ; (6) w-scan for crystal 
w ith large mosaic spread

Alexander & Smith (1962, 1964) and Burbank (1964) have, 
derived theoretical expressions for the minimum aperture dimen
sions in terms of the mosaic spread of the crystal and the diver
gence and spectral dispersion of the incident beam. Burbank’s 
results are summarized in Table X X IV  using the notation adopted 
in Chapter 6. T he table includes the minimum value of the rocking 
range of the crystal which was discussed on p. 174.
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T a b l e  X X IV . Comparison of o) and (o]2d scans

M inim um  horizontal detector, 
aperture

M inim um  vertical detector aperture 

M inim um  rocking range

Preferred scan using
(а) X-rays w ith balanced filters
(б) X-rays or neutrons with 

monochromator. X-rays 
w ith simple filtration

w-Scan 
z50+ôf+z5f coŝ  6

Sf+Ŝ +7j+Sd

A t small Bragg 
angles when v  is 
large

<i>/z0-Scan
Sf+zôçsin̂ d+Tl

s^+si+v
Sf-i-Sg + 7]-i-d6

Always preferred 
Always at large . 

0 -, a t small 0 
when is small

T he quantities SO, Sj,, Sg and 1} are defined on p. 174. T he  superscripts H  and V  
refer to the horizontal and vertical planes, respectively.

10.6 . Strategy for exploring reciprocal space
W ith an equi-inclination instrument it is convenient to measure 

the reflexions layer-by-layer in reciprocal space. It is then neces
sary to alter only one angular setting (<p) for the crystal and one (T) 
for the detector in moving from one reflexion to the next within the 
same layer. T his procedure also involves minimum alteration o f the 
size of the detector aperture, which must be changed in moving to 
the upper layers.

W ith a four-circle diffractometer the strategy adopted in ex
ploring reciprocal space will depend on the setting speeds of the 
diffractometer shafts. W hen the time taken for shaft setting is an 
appreciable fraction of the total measuring time, the reflexions must 
be measured in a sequence which minimizes the angular incre
ments between one reflexion and the next; in practice, a zigzag 
scan along neighbouring reciprocal lattice lines does this quite 
effectively. W hen the setting speed is high enough for the setting 
time to become small compared with the measuring time (as is 
nearly always the case in neutron diffraction), it becomes better to 
measure the reflexions in the order of increasing Bragg angle. This 
has the advantage that the angular range o f scan for each reflexion 
and the correct size of the detector aperture, both of which are 
dependent on 6 only, can be kept fixed for all reflexions within a 
limited range of 6. Furthermore, the maximum observed Bragg 
angle (or, more accurately, the quantity sin^m ax.A deter-
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mines the limit of resolution of the atoms in the Fourier map of 
the unit cell; by recording the reflexions in increasing d  the 
investigation can be terminated when the desired resolution is 
reached. ‘

It is advisable to return at regular intervals during the intensity 
measurements to one or more standard reflexions. These standards 
are extremely useful in checking the correct functioning o f the 
apparatus (for example, the stability of the detector and o f the 
counting circuits) and in ensuring that the crystal retains its correct 
alinement during the experiment and that it does not deteriorate in 
the incident beam. T he extra time spent in measuring the standard 
reflexions is a small price to pay for the satisfaction of knowing that 
the measurement of the remaining reflexions is proceeding satis
factorily.

10.7 . Counting statistics and period of counting
T he emission of photons by an X-ray tube, or of neutrons by a 

nuclear reactor, is a random process and gives rise to a statistical 
uncertainty in the measurement of the diffracted intensities. In 
theory, this statistical uncertainty can be reduced to any required 
level by prolonging the counting process for a sufficient period of 
time. In practice, however, the total time available for measuring 
a set of integrated intensities is limited, and it is important to 
know how best to divide the time so as to obtain the greatest overall 
precision in the measurements.

W e note here the distinction that is drawn between the terms 
uncertainty and error. T he term uncertainty is used to indicate the 
statistical fluctuation between different measurements of the same 
quantity made under identical experimental conditions, and is 
independent of any systematic error present. Error refers to the 
difference between the measured value and the ‘real’ value of the 
physical quantity, and includes the effects of both statistical un
certainty and systematic error. The same distinction is made 
between the terms precision and accuracy: precision indicates the 
closeness with which measurements agree with one another, 
whereas accuracy denotes the closeness of the measurements to the 
real value.

Let us assume that the number of counts iV, measured in equal
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times t, fluctuates according to a Gaussian distribution about the 
mean N . T he standard deviation of the distribution is

o-(lV) = M,
so that each individual determination of N  has a relative statistical
uncertainty given by e =  QcrJN =  Q N ~i, ( 1 0 .2 )

where g  is a constant determined by the ‘confidence level’. For 
the 5 0  per cent confidence level, representing a 5 0  per cent 
probability that N —N  is less than e, Q  is o 6 7 . Q  is 1 -6 4  for the 
9 0  per cent level and 2 -5 8  for the 9 9  per cent level. Fig. 1 1 7  shows 
the percentage uncertainty as a function of N  for the 5 0 , 9 0  and 
9 9  per cent confidence levels. For a percentage uncertainty of 
I per cent the total number of counts to be accumulated is 4 ,5 0 0  for 
the 5 0  per cent level, 2 7 ,0 0 0  for the 9 0  per cent level, and 6 7 ,0 0 0  

for the 9 9  per cent level. Thus, to raise the confidence level from 
5 0  to 9 9  per cent the total number of accumulated counts must be 
multiplied fifteen times.

Effect o f background and optimization o f counting period
T he magnitude of the integrated intensity is determined as the 

difference between two counts, N-̂  and N^, where iVj is the count 
for the Bragg peak and is the background count. Assuming equal 
times on peak and background the integrated intensity is p, where

p  oc Wj-JVa.

T he standard deviation of the difference is given by

a  =  (o-f +  o - |) i ,  (1 0 .3 )

where cr̂  and o", are the standard deviations of the two individual 
counts. Thus, if in a certain experiment the overall background 
count is ICO and that due to the peak-plus-background is 2 0 0 , 

the standard deviation of the difference is

cr =  ( 2 0 0  +  1 0 0 )^  =  1 7 .

For a zero background, the peak-plus-background would be recorded 
as ICO , and the standard deviation would be only 1 0 . T he per
centage standard deviation, ioocr/(Wi—Wg), is given in Table X X V  
for different values of and N^.
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W e must now consider the problem: given counting rates n ,̂ 
which are determined by counting for periods T̂ , Irrespectively on a 
reflexion, how should the total time T  —T^-k-T^he divided so that the

100

50

f
B
i 1-0

Î

02

01
10'iQO

N

Fig. 117. Percentage statistical uncertainty as a function of the total num ber of 
counts N. T he straight lines refer to the 50, 90, 99 per cent confidence levels.

percentage statistical uncertainty in p  ( =  % —Mg) is a minimum? 
T he following treatment of this problem is similar to that of 
Mack & Spielberg (1958).

Let 6i and gg be the relative statistical uncertainties in and Mg. 
T he absolute magnitudes of these uncertainties are and Mggg 
and the uncertainty of the difference M̂ —Mg is

[(Miei)Z + (Mggg)̂ ).
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T he relative uncertainty o f p, therefore, is

tii—no (lO^)

T he total number o f counts accumulated in measuring the peak- 
plus-background is Mgir the number for the background alone 
is Mgir. Thus, from equation (10.2),

and 63 =  Q{n2%)-i.

Substituting in equation (10.4) gives

Q
( 1 0 .5 )n^-n^XT^

Ml, Mg are fixed counting rates and e is a function of the two variables 

e =  g(ir, (10.6)

Our problem is now reduced to finding the minimum value o f e, 
subject to the restraining condition

From (10.6), the minimum condition is

^ ^ d r .+ |d r .  = o,

and from (10.7) the condition T  =  constant gives 

dTi +  dTg =  o.

Combining (10.8) and (10.9);

8e _  8e

and substituting equation (10.5) for e into (10.10) yields

0 '

(1 0 .7 )

(xo.S)

( 1 0 .9 )

(10.10)

(10.11)
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where K  is the ratio of the counting rates. Finally, (10.7) and
( l o . i i )  give

I+Ki
I

T.
(10.12)

Equations (10.12) describe the optimum division o f tim e T  
between and 3 .̂ For a weak reflexion, with the peak counting 
rate only slightly higher than the background rate. K m  1 and 
equal times should be spent on the peak and on the background. 
On the other hand, if  the peak-to-background ratio is very high, 
only a small proportion of the time should be spent in measuring 
the background.

W e ask next: given an optimum division of the total time T  
between the peak and the background, what is the minimum value 
of T  to achieve a stipulated level of precision in the integrated 
intensity p? T he answer to this second question determines the 
optimum division of time between all the reflexions which are to 
be recorded in a particular investigation.

By manipulating equations (10.5) and ( l o . i i )  we arrive at

and Na = Moll
' { K - i f

(10-13)

These equations give the total number of counts accumulated on 
the peak, N^, and on the background, iVg, as a function of the 
relative uncertainty e in measuring M̂ —Mg. N ote that iVj and Ng are 
each independent of the total time T  spent in measuring the  
reflexion: to attain a specific precision, corresponding to a fixed 
value of Qle, a predetermined number of counts must be accumu
lated, irrespective of the counting time.

Table X X V I gives values of N2, T̂ , %, for a fixed back
ground counting rate Mg of 10 counts/s and for different values of 
the peak-to-background ratio m̂ /mj. These quantities are calculated 
from equations (io .i3 )fo r  a probable uncertainty of x percent in the 
integrated intensity. (The probable uncertainty corresponds to a 
confidence level of 50 per cent, or 0  =  0-67.)



274 S I N G L E  C R Y S T A L  D I F F R A C T O M E T R Y

T a b le  X X VI. Total time for measuring n  ̂— n  ̂to a  probable relative 
uncertainty o f i  per cent (m, =  xo countsjs)

«1 N , Tx r .
(counts/s) «» (counts) (counts) (s) (s) T =  T i+ T ,

12 310,000 240,000 26,000 24,000 14 h.
15 1-5 73,000 40,000 4,900 4,000 2 j h .
20 2 31,000 11,000 1,600 1,100 45 m in.
40 4 12,000 1,500 300 ISO 7 i  m in.

100 10 6,000 190 60 19 ■ 79 s.
1,000 100 5,000 5 5 05 5 5 s-

T he table shows that the total tim e for measuring a weak  
reflexion with a peak-to-background ratio o f 2 : x is 34 times longer 
than the corresponding tim e for a strong reflexion w ith a ratio o f  
10:1. Obviously, a very considerable economy of tim e results, 
provided all reflexions are to be measured to about the same relative 
precision, by reducing the time spent in measuring the strong 
reflexions. It is also worth emphasizing again the crucial import
ance of reducing the background level as much as possible. T h e  
background level, and not the absolute magnitude of the Bragg 
peak above this level, sets the main limit to the magnitude o f the  
reflexion which can be observed.

Statistics of monitoring 

W hen a monitoring system is employed to register the strength of 
the incident radiation, statistical fluctuations in the monitored beam  
affect the measured intensity o f the diffracted beam. I f  N  is the  
number of diffracted pulses from the specimen, and these are 
recorded in the time taken to count Wq pulses in the monitoring 
counter, the standard deviation o f the measured counting rate 
from the specimen is

Thus, provided Wq is at least ten times greater than iV, the effect of 
the monitoring statistics can be ignored.

Time optimization, by on-line computer control 

W e have discussed the optimization of measuring time between  
the different reflexions of the crystal, and between the peak and 
background of an individual reflexion, using the criterion that the
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minimum total time should be spent in measuring all the integrated 
intensities to a given relative precision.

A  different division o f tim e occurs if  w e measure the structure 
factors F  to a constant absolute precision; thus i f  we were able to 
neglect the background we should have to spend equal tim es on  
each reflexion. T his is shown by  writing the integrated intensity p

^  p  =  n — c F \  (10.14)

where n is the peak counting rate and c is a constant incorporating 
the Lorentz-polarization conversion factor (see Chapter i i ) .  I f  T  
is the time of counting for one reflexion, the total number of 
counts accumulated is «T  and the uncertainty in this number is 
(mT)!. Thus the uncertainty in  the counting rate is (n T )i  -s- T , that is

From equation (10.14)
£t(p) =  2 cF ct(F ),

xr(F) 2cf

m -
(t{F), therefore, is independent o f n: its magnitude is determined 
by the period of counting T  and is the same for all values of F. 
T his contrasts with the corresponding condition for cr(F)lF to  be  
constant, which is that counting continues until a fixed number of  
counts nT  is accumulated. .

T o  determine the optimum division of time between the different 
reflexions we require to know the values of F, the very quantities 
we aim to measure. One way around this difficulty is to make a 
rapid preliminary set of measurements to a low statistical accuracy 
to determine the counting strategy for a final run. A  more sophisti
cated approach is possible when the diffractometer is connected 
on-line to a computer.

Let us suppose that the total time for measuring a reflexion is, 
on average, ten minutes and that the integrated intensity is to be  
measured to a relative uncertainty (r{p) jp[=  cr(F)/F] of 5 per cent. 
By scanning quickly across the refldxion in one m inute and

18-2
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registering counts on the peak and iVg counts on the back- 
ground, f e  quantity {N , +  N ÿ

P ,

can be computed at the end of the scan. T he scan is then repeated, 
the total counts added to those found in the first scan, and o \p )jp  
recomputed. The repeated scanning continues until the value o f  
< t{p )Ip  falls to 5 per cent, and the control equipment then switches 
to the next reflexion. Table X X V II indicates the flow-sheet for 
measuring the reflexions in this way. ,

T a b l e  KSNTL. F lowsheet fo r  measuring reflexions to constant

' <̂{p)Ip = s %
Set difïractometer shafts for hM reflexion 

1
Scan reflexion rapidly: measure background counts and 
peak counts and add to counts of previous scans

I
Compute cr(p)lp .

Is cr(fi)lp greater than «œai.?* -----------------

No

No
I

Is 0-(p)/p less than 5 % ? 

Yes

Yes

4 J-----------
Proceed to next reflexion

Reflexion
unobservable

* T he value of 0̂ 1%. is, perhaps, 100 % : its precise value is dependent on  the 
maximum time spent on measuring the weakest reflexions.

C H A P T E R  I I

D E R I V A T I O N  A N D  A C C U R A C Y  O F  
S T R U C T U R E  F A C T O R S

In the previous chapter we described the procedure for measur
ing the relative integrated intensities o f a single crystal. I f an 
infinitesimally small block of volume SV  reflects the incident X-ray 
beam, it can be shown (see, for example, Buerger, i960) that the 
absolute magnitude o f the integrated intensity is proportional to

where the constant o f proportionality Q  is

(ii.i)
(X-rays)

In  this expression is the number of unit cells per unit volume, 
A the wavelength, and the structure factor: the Lorentz factor 
L  and polarization factor p  are angle factors, which depend on the 
experimental arrangement used in measuring the intensities, and 
whose forms are discussed in §§i i.x  and 11.2. In general, the struc
ture factor F}̂ j-i, characterizing the wave scattered by the (MZ) plane, 
is a complex quantity: its magnitude \Fj,ĵ i\ only is related to the 
observed intensity. T he determination of its phase, which can have 
any value between 0° and 360° relative to a wave scattered at the 
origin of the unit cell, constitutes the familiar ‘phase problem’.

In neutron diffraction the nuclear scattering amplitude is 
analogous to  the X-ray atomic scattering factor multiplied by  
e ĵmc  ̂ (Bacon, 1962). Consequently, equation ( i i . i )  applies also 
to neutrons with replaced by unity:

Q
(neutrons)

(11.2)

T he experimental values of are measured on a relative scale: 
to measure their absolute magnitudes the appropriate scale factor 
is determined in a separate experiment, as described in §11.3.
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T hus we can express both ( i i . i )  and (11.2) more conveniently in

thefom  P u .,’̂ cL p\F t)Sf, ■ (11.3)

where c is a single scale factor for all the reflexions and the super
script ‘obs.’ indicates observed structure factors.

Later in this chapter we shall compare the observed and calcu
lated structure factors for crystals o f known simple structure, 
quoting results obtained with X-rays and with neutrons. T his  
comparison gives some indication of the accuracy to be expected in 
measuring with a diffractometer the structure factors o f  any 
crystal. (It is worth emphasizing that in the examination o f complex 
structures, such as protein crystals, speed of data collection is more 
important than extreme accuracy: many thousands o f reflexions 
are measured, often while the crystal is deteriorating in the X-ray 
beam, and the final accuracy of the structure factors is determined 
primarily by counting statistics (see p. 268) and not by systematic 
errors.) First, however, we shall describe the evaluation o f the three 
terms L, p, c, in equation (11.3), which allow the conversion o f the 
integrated intensities to a set of observed structure factors.

I I . I .  Lorentz f a c t o r

T he intensity of a reflexion is proportional to the tim e during 
which the corresponding reciprocal lattice point is close to the 
surface of the reflecting sphere: the Lorentz factor is a geometrical 
term which corrects for the different rates at which the reciprocal 
lattice points sweep through the sphere. I f  (o is the angular velocity 
of the crystal and is the component of the velocity o f the reci
procal lattice point along the radius of the sphere, the Lorentz 
factor is defined as the ratio of these velocities:

Z/ = (11.4)
T he expression for L  in terms of measurable crystal and instru
mental angles depends on the particular diffraction geometry used.

Normal-beam equatorial geometry (see §2.4)
Both.the incident and reflected beams are normal to the vertical 

axis of rotation through O (Fig. 118). T he linear velocity of the 
reciprocal lattice point P ( =  hkl) is along a direction normal to
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the radial co-ordinate and the velocity normal to the sphere of 

reflexion is _  wgeosfl.

T he radius o f the circlç of reflexion is unity, so that 

, g =  2sin0

and the inverse Lorentz factor is

== 2sin^ cos^ =  sin 2^. (11.5)

PQiM)

Incident

beam

Circle of 

reflexion

Rotation
axis

Fig. 118. Derivation o f Lorentz factor for normal-beam equatorial geometry.

T he variation of L  with 6  is shown in Fig. x ig . A t low Bragg 
angles, L  is large because the reciprocal lattice point is close to the 
origin of the reciprocal lattice; and at high d, L is large because the 
hkl point passes tangentially, or nearly so, through the surface of 
the reflecting sphere. T he Lorentz factor reduces the intensities by  
the maximum amount at d =  45°.

General inclination geometry {st&
T he Lorentz factor assumes a very simple form for the equatorial 

method, but this is not so for inclination geometry, where the
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incident beam is inclined at a variable angle 90° —ft to  the axis of 
rotation and the reflected beam at a variable angle 90° — v.

T o derive an expression for L  we refer to Fig. 120 a. I f w is the 
angular velocity of the crystal about the axis 0 0 ; ,  the reciprocal 
lattice point P  in the /-level has a linear velocity along the

4

2

0 45 90
6 (degrees)

Fig. 119. Lorentz factor for normal-beam equatorial geometry, as a function o f 0.

direction P U : P U  is a vector in the /-level which is perpendicular
to POi- T he component o f this velocity normal to the sphere of
reflexion is ^=  wgcosr,

where r is the angle between P U  and the line P C  joining the hkl 
point and the centre o f  the sphere of reflexion. T he inverse. 
Lorentz factor is, therefore,

=  vJ(o  =  gcosr. (11.6)

W e obtain an expression for cosr in equation (11.6) as follows. 
P U  is normal to the radial co-ordinate  ̂ and lies in the /-level 
whose circle of reflexion has centre Q . Let us choose the position

Reflected 
beam
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Reflc

/

Z-level

Equatorial 
layer 

lucide; 
beam

Axis of 
rotation

Oi .

l+sm/i

Zero level % /90°

■cos fi'

90“

U

Fig. 120. Derivation of Lorentz factor for general inclination geometry: 
(o) portion of sphere of reflexion ; (b) points in Z-leveL
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o f U  SO that it lies at the foot of the perpendicular from Q  to P U ;  
then P C  is horizontal and normal to the vertical plane Q C C  and 
to every line in that plane. In particular the angle between P U  

and U C  IS 90° and _  P U jP C  =  P C . (11.7)

N ow  from Fig. 1206,

P C  =  PC, cos j  =  cos F cos g, (11.8)

where q, the angle between PC, and P C , is given by

sin (g + 9 0 °) _  skiY  
cos/t

cos/isinT
o r  cos g ■

b
Combining (11.7), (11.8), (11.9):

cos/rcosF sinT

( 1 1 .9 )

and substituting into (11.6) we obtain finally

=  cos/i cos F sin Y. (11.10)

T he angles /r, f ,  Y are the setting a n g l e s  of the diffractometer. 
T he expression (11.xo) is readily evaluated for each reflexion as 
part of the computer program for reducing the intensity data to 
observed structure factors.

Equation (11.5) for the Lorentz factor in the equatorial method 
can be considered as a special case of the general formula (11.10), 
with /r — F =  90° and Y =  20. T he general formula also reduces 
to simpler forms for the special settings of inclination geometry.

(a) Normal-beam setting (ji =  o). T he incident beam is normal 
to the rotation axis {ji =  6) and (11.10) reduces to

From equation (2.20)

cos Y =

cos F sin Y.

and
2 (1

c,

( I I . I I )

(11 .12)

where g, g are the cylindrical co-ordinates of the reciprocal lattice 
point h k l  Table I on p. 27 lists g, g in terms of h, k, I, and the 
lattice parameters of the crystal. L  is computed for a crystal of any
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symmetry using the equations ( i i . i i ) ,  (11.12) in conjunction with  
Table I.

Q}) Pqui-inclinaiion setting {ji =  — f ) .  T he incident and reflected 
beams are equally inclined to the rotation axis, w ith /i =  — f .  Thus  
cos/f =  cos F and the inverse Lorentz factor, equation ( i i . io ) ,  is 

' =  cos^FsinY. (11.13)
sinF =  IS,

g

From equation (2.21)

and sin tY  =
( 1 1 . 1 4 )

2 COS/t'

and L  is computed for the hkl reflexion of any crystal using (11.13), 
(11.14) and Table I.

T he Lorentz factor, is large for points close to the rotation axis, 
with S «  o. Such points are always near the sphere of reflexion: a 
relatively long time is taken in cutting through the sphere, and the 
rocking curves relating the diffracted intensity with the angular 
position of the cry ŝtal are correspondingly wide. Reflexions lying 
in a cylindrical region around the goniometer-head axis cannot be 
measured with any accuracy because of the large Lorentz factor; 
they are best examined in an alternative mounting o f the crystal.

(c) Anti-equi-inclination setting (ji =  f ) .  In  this setting, which  
can only be used for the zero level (Ç =  o), the incident and 
reflected beams are equally inclined to the rotation axis, with 
yt, — V. Thus cos/i =  c o s f ,  and L~^ is given by the same equation, 
(11.13), as for the equi-inclination setting. In this equation (11.13) 
F can have any value, provided it is equal to /r, and Y is given by  
equation (2.22) : r '

(d) Flat-cone setting ( f  =  o). T he reflected beam emerges at 90° 
to the rotation axis, f  =  o, and (11.10) reduces to

p - i  =  cos/6 sinY. (11.15)

T he angles /6, Y in this expression are related to the cylindrical 
co-ordinates g, g by equations (2.23) and (2.24):

sin/6 =  -C ,
z - g '- g ' (II 16)

and cos Y
z ( i  -  0 ^  '
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11.2. P olarization  factor

In X-ray diffraction, a polarization factor arises because o f the 
dependence of the scattered amplitude on the orientation o f the 
electric vector E  of the X-ray beam. From the Thom son theory of 
X-ray scattering, the amplitude scattered by a single electron is 
proportional to sin^g, where ÿq is the angle between E  and the 
direction of the reflected beam. Accordingly, a factor p  is intro
duced in the basic equation ( i  1.3) to account for the sin pQ effect of 
polarization.

T he magnitude o îp  depends on the degree of polarization of the 
X-ray beam. Characteristic radiation direct from the target is 
unpolarized, whereas radiation is partially polarized by reflexion at 
a crystal monochromator. W e shall discuss, therefore, the evalua
tion o f p  separately for direct and for monochromatized incident 
radiation.

In neutron diffraction, there is no polarization effect associated 
with the nuclear reflexions, and so p  =  i .

Incident unpolarized radiation

W e resolve the incident beam into two equal components with  
their electric vectors parallel and perpendicular to the plane 
containing the incident and reflected beams (see Fig. 121). T he  
amplitude of each reflected component is proportional to sin ̂ q, 
where pQ is 90° —20 for the parallel component and 90° for the 
perpendicular component. Thus the amplitudes are in the ratio 
cos2 0 :1 and the intensities in the ratio cos®20:i. T he mean 
intensity for the two states of polarization is defined as the
polarization factor p :

p  =  |(H -cos^ 20).

For 0  =  o or 90°, p  is unity and the intensities of the parallel and 
perpendicular components are equal, that is, the reflected beam is 
unpolarized. For 0  =  45°, p  =  \  and the intensity of the parallel 
component is zero, so that the reflected beam is completely 
polarized. (Chandrasekhar (19606) used this property to produce a 
polarized X-ray beam in his method of correcting intensities for 
the effect of extinction (p. 192.) At all other values of 0  the reflected 
X-ray beam is partially polarized (Fig. 122).
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The basic equation ( n .3 )  applies to an ideally mosaic crystal 
with diffracted intensities proportional to F .̂ For a perfect crystal, 
the integrated intensities Rre proportional to |F |, not and the 
polarization factor in (11.17) is modified to

p  =  |-(i +  lcos20 |). (11.18)

Scattered 
beam 
(partially 
polarized)

Incident
Parallel

component

beam 
(unpolarized),

Perpendicular
component

90° - 2<9

Fig. 121. Derivation of polarization factor for unpolarized incident beam.

Unpolarized
reflected 

  beam

Unpolarized
Polarized

Partially ^  
polarized

Partially 
S. polarized

P

05

90450
0 (degrees)

Fig. 122. Polarization factor for unpolarized incident beam, as a function of 9.

W e usually assume that the specimen crystal behaves like a mosaic 
crystal, and express any departure from this behaviour by the term 
‘extinction’. Those reflexions which require an extinction correc
tion have a polarization factor which is intermediate between 
(11.17) and (ii.x S ) and is dependent on the strength of the 
reflexion and on the degree of perfection of the crystal. T his 
emphasizes yet another difficulty in dealing with the problem of 
extinction. T o derive accurate structure factors, tlie extinction must
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be small, as this not only allows an adequate estimate to be made 
of the extinction correction but also ensures that there is no 
uncertainty in the polarization factor given by equation (11.17)’

Incident monochromatized radiation: equatorial geometry
I f  is the Bragg angle of the monochromator, the beam striking

the sample is partially polarized, with the intensities o f the parallel 
and perpendicular components in the ratio cos^20^:i. In  the  
equatorial method, the plane of incidence for the sample coincides 
with the horizontal (equatorial) plane; if  we assume that the same 
plane coincides with the plane of incidence for the monochromator, 
the polarization factor is given by

I  +  cos^ 2 6 cos® 20  
I  +  COS®20j,j (11.19)

This formula is derived with the aid of Fig. 123 : the intensity o f the 
beam striking the sample is proportional to | ( i  +  cos®20^) and the 
intensity reflected by the sample is proportional to

| ( l  +COS®20j(jf COS®20 ).

In equation (11.19) we assume that both the monochromator and 
the sample behave like ideally mosaic crystals. However, the m ono
chromator is set to reflect radiation at a family of strongly reflecting 
planes, and it seems likely that it operates under conditions of 
strong extinction: if appreciable attenuation o f the beam occurs 
within a single mosaic block, the monochromator approaches the 
behaviour o f a perfect crystal. For such a crystal the polarization 
factor in (11.19) is replaced by

I + [ c o s 2 0 j | j [ c o s ® 2 0  

I  +  l c O S 2 0 j f i
(11.20)

T he uncertainty in the correct form o f polarization factor is 
reduced by selecting 0j^ close to o (or 90°), and so it is preferable 
to use a reflecting plane of low Bragg angle Miyake, Togawa  
& Hosoya (1964) have shown that with CuKa radiation, reflected 
by the (200) plane of a lithium-fluoride monochromator for which

20,1 45'

. S T R U C T U R E  F A C T O R S :  D E R I V A T I O N  A N D  A C C U R A C Y  2 8 7

the polarization factor given by equation (11.19) had a maximum  
error of 3-5 per cent when 0  for the specimen was 45°. T hey  
concluded that the effect of extinction in the monochromator is 
important for accurate intensity measurements and requires a 
separate examination of the monochromator to determine the  
correct form of p ,  which is intermediate between (11.19) and

Monochromator COS® 2 5 , Sample
cos® 25»  cos® 25

Fig. 123] Derivation of polarization factor for crystal-reflected incident beam. 
T he primary, once-reflected and twice-reflected beams are co-planar.

Incident monochrojnatized radiation: inclination geometry
W e shall quote without proof the expression for the polarization 

factor in the general inclination method using monochromatized 
radiation (Azaroff, 1955):

(cos®20,T,fCOs®e+sin®e)cos®20-fcos®20jysin®e-l-cos®e 
f   -----------------------  l+ c o s » ,S „  •

Here 0j,̂  is the Bragg angle o f the monochromator, 0  that o f the 
sample, and e is the angle between the planes of incidence at the 
monochromator and at the sample. It is assumed that the m ono
chromator (and sample) reflect as ideally mosaic crystals, although 
we have already noted the inherent danger in this assumption.

T o apply equation (11.21) to a particular type o f setting we must 
evaluate e in terms of the setting angles. For the normal-beam  
setting, e is given by (Levy & Ellison, i960):

sine = sin V cosec 20, tr =  90°, 

cose =  sin V cosec 20, or
9 0°. I 
o, I

(11.22)

where cr is the angle between the plane of incidence at the m ono
chromator and the plane generated by the Weissenberg rotation
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axis and the primary monochromatized beam. For the equi- 
inclination setting, e is given by:

tan R cot 0, tr =  Qo'’,1
9, . . . .  j  ( " ' 3 )

B i n e

cos e tan F cot 0,

T he angle <r is constant for a particular experimental configuration 
o f  monochromator and diffractometer.

11.3 . Observed structure factors: absolute measurements
Nowadays it is customary to base ciystal-structure determina

tions on relative structure factors, although the importance of 
absolute intensities in structural work has been emphasized by 
Bragg & West (1928) and more recently by Lipson & Cochran 
(1957). I f the scale factor c in ( i 1.3) is known, it is easier to detect 
the presence of systematic errors in the intensity data: extinction, 
for example, reduces the observed intensities of the strongest 
reflexions below the values calculated for an ideally mosaic crystal, 
and the presence of extinction is revealed by comparing the experi
mental value of c with that determined by a least-squares compari
son of the observed and calculated intensities. Accurate bond 
distances and angles require a proper correction for the effects of 
thermal motion (Cruickshank, 1956): errors in the thermal para
meters are caused by scale factor errors, and it is preferable to 
measure c independently so as to avoid having to introduce it as an 
adjustable parameter in the analysis of the intensity data. In the 
study of defect structures the number of atoms in the ‘average unit 
cell’ is not integral, but can be determined from absolute intensity 
measurements. Absolute values are also important in the study of 
non-Bragg scattering, such as thermal diffuse scattering or defect 
diffuse scattering, and in the application of direct methods to the 
solution of the phase problem. Finally, from a knowledge o f the 
absolute magnitudes of the structure factors, we can calculate the 
ratio of the observed strength of the reflexions to the hypothetical 
strength with all atoms scattering in-phase: this information may 
be of considerable significance in the subsequent determination of 
the structure.

An approximate value of c can be derived from a complete set of 
relative in t e n s i t i e s w i t h o u t  further recourse to experiment: the
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Phil’s contain their own inherent absolute standard. W ilson’s 
method (Wilson, 1942) is based on the statistical result that the 
mean value of is equal to the sum of the squares of the
scattering factors f j  for all the N  atoms in the unit cell:

( 1 1 .2 4 )

T his equation follows directly from the expression forF%^,in terms 
of the atomic positions in the cell

(i 1.2 3)

assuming that there is a large number of atoms in the unit cell, 
with none occupying positions of special symmetry. T he value of 
f j  in (11.24) must be corrected for the effect of thermal motion by 

introducing an approximate correction of the form 
where S  is the ‘overall temperature factor’. This exponential term 
is constant for reflexions in a sufficiently narrow range of sin 0 /A 
and is unity for sin 0 /A =  o. Thus the mean relative values of 
|jPob8.|2 (.gjj ijg evaluated over small ranges of sin 0 /A, and the 
constants c' within each range found from the equation

= z ( / ; r ,

where f j  is the theoretical scattering factor, uncorrected for 
thermal motion. If Inc’ is plotted against the mean value of 
sin® 0 /A® in each range, an approximately linear relationship is 
obtained and the intercept at sin 0/A =  o gives the required value 
of Inc.

T he statistical result (11.24) will not apply strictly if there are 
atoms in special symmetry positions or if the number of reflexions 
in a given range of sin 0/A is small, and an error of 30 per cent in c 
is typical of Wilson’s method. Better values, correct to 10 per cent, 
are given by Kartha’s method (Kartha, 1933), which uses an exact 
relationship between the sum of the squares of the observed 
structure factors and an integral involving the atomic scattering 
factors. Macintyre (1963) describes the application of this relation
ship in the routine reduction of the intensity data to absolute 
structure factors.
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Experimental determination o f scale factor
The scale factor can be more precisely determined by experi

mental methods. T he simplest procedure involves comparing the  
intensities of the Bragg reflexions from the sample with those from  
a standard crystal, examined under identical conditions. On p. 239 
we noted the importance of knowing exactly the quantity {iR  in  
calculating the absolute magnitude o f the absorption factor o f a 
spherical crystal, where R  is the radius of the crystal and /t  its 
coefficient of linear absorption. T he absorption in both the sample 
and standard crystals should be very small, and so the m ethod is 
less satisfactory for X-rays than for neutrons.

Other experimental methods used in X-ray work are based on  
the measurement o f the intensity of the main beam striking the 
sample. From equations (9.1) and (11.i)

where E  is the reflected energy in the hkl reflexion, co is the angular 
velocity of the crystal, I q is the intensity (energy per unit area per 
unit time) of the main beam, is the number of unit cells per unit 
volume, and is the volume of the crystal. In making relative 
intensity measurements we equate the reflected energy, corrected 
for absorption, to Lp\F]^ î\ ,̂ so that the scale factor is

E 1 - V\m.c^/
P̂\Phkl\ (11.27)

c can be readily found from the quantities on the right-hand side 
of (11.27), provided Jq is known..

T he main X-ray beam is too strong to be measured directly with  
a proportional counter: it must be attenuated first so that the dead
time of the counter is appreciably less than the mean time interval 
between the arrival of the X-ray quanta. T o evaluate the intensity 
1q, the attenuation factor must be accurately known. M ultiple foils 
can be used for attenuation, but difficulties are caused by the 
progressive hardening of the beam, due to the preferential absorp
tion of the softer components in the passage through successive
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foils. T he multiple-foil technique is, therefore, m ost suitable for 
measurements with monochromatized radiation or with balanced 
filters: according to Burbank (1965), it is then capable of estab
lishing the intensity scale factor to within 3 per cent of its true  ̂
value. Wagner, W itte & W olfel (1933) compared the flux in the 
direct and diffracted beams with an ionization chamber. T hey  
attenuated the direct beam by means o f a rotating sector: this 
method avoids changes in the spectral composition of the beam  
caused by filtering, but it can only be used with a current ioniza
tion chamber which has no counting losses. Another method o f  
determining Jq (Buyers, 1964) consists of measuring the intensity 
scattered by a small block of paraffin placed in the main beam, and 
using theoretical values for the absolute magnitude of this scatter
ing. In an amorphous solid such as paraffin the scattering from each 
atom bears a random phase relation to that from the other atoms; 
thus the total scattering is contributed by independent unm odi
fied scattering and by modified (Compton) scattering, and both of 
these can be calculated from the unmodified and modified 
scattering intensities of the-separate atoms.

11.4 . Calculated structure factors
In § 11.3 we shall examine the experimental measurements o f the 

structure factors of a number of crystals and discuss these measure
ments in relation to the magnitude of the R-index, defined by

R Z |% | . (11.28)

If the structure is known, that is, the positions of the atoms in the  
unit cell are known, this index gives some indication of the  
errors in the observed structure factors, provided  the 
terms are known precisely: R  is zero, only if  there are no un
certainties in the observed and calculated structure factors. Thus, 
first we must discuss the limitations in evaluating the calculated 
structure factors.

T he calculated structure factors are given by

TTcnlo. _ -̂ p̂ ni{hxj+kVj->rlzp̂
i= l

(11.29)

ig-2
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T he same formula applies in neutron diffraction with the X-ray- 
atomic scattering factor f j  replaced. by the nuclear scattering 
amplitude bj. XjyjZj  are the co-ordinates of th e /th  atom in the unit 
cell, expressed as fractions o f the cell edges, and the summation 
extends over all N  atoms in the cell, f  must be computed for the 
atom undergoing thermal m otion: the effect of this motion is 
allowed for by writing as the product of two quantities

f j  =  fo, j^Tj ,  (11.30)

where/o^j- is the value o f f j  for the atom at rest and 2} is a tempera
ture correction factor dependent on the particular atom j .  T he  
evaluation o f these two quantities may lead to uncertainties in  
determining even though the Xjjyyz/s are exactly known.

Atomic scattering factor fo r  stationary atom

T he X-ray scattering factor f^ j  (or /„) is defined as the ratio o f  
the amplitude of the radiation scattered by the atom at rest to the 
amplitude scattered under the same conditions by an electron. T he  
electrons in the atom occupy a volume whose linear dimensions are 
comparable with the wavelength of X-radiation, so that the phase 
differences between X-rays scattered by different parts o f the atom 
must be taken into account in evaluating /„. A t low angles of 
diffraction these phase differences are small and the value o îf^  is 
sim ply the total number o f electrons in the atom or ion. A s the 
scattering angle 26 increases, the scattering amplitude is reduced by  
interference: a typical theoretical curve showing this form-factor 
dependence on sin djX is shown in Fig. 124.

T he calculation of the X-ray scattering factors of different 
atoms and ions is described by James (1962) and in volume i ii  of 
The International Tables. T he results are presented in the form of 
tables giving/o at fixed intervals of sin djX, and the scattering factor 
at any value of sin OjX is readily found by interpolation. These  
calculated scattering factors are reliable only in so far as the total 
wave function used in the calculations is a reliable representation 
of the electron density : the exact form of wave function is not known 
for any atom, with the exception of hydrogen. Furthermore, the 
calculations usually assume that the electron density of the atom is 
spherically symmetrical, whereas many atoms are aspherical and
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the scattering factor is a function not only of sin djX but also o f the  
orientation of the atom with respect to the direction of the  
reflected beam.

T he validity o f scattering factors based on a spherically averaged 
electron density (the ‘spherical approximation’) has been examined 
by Dawson (1964a, b). Dawson considers the example o f bonding

10

5

100 50
sin 5/A

Fig. 124. Atomic scattering factor for Na+ at rest, plotted against sin 0/A. T he  
charge distribution is spherical and there is no acentric component of /q  (cf. 
Fig. 125).

electrons which impose an aspherical charge distribution on the  
scattering atom; he finds that for non-centro-symmetric valency 
states the scattering factor is complex and of the form

/ o = / c + i / a .

where/c corresponds to the centric component of the overall charge 
distribution and /„  to the antisymmetric component. /„  is zero at 
0 =  0, and the general form of arid/„ as a function of sin 0/A is 
illustrated in Fig. 125. T he antisymmetric com ponent/„ , which is 
90° out-of-phase w ith /., is ignored in the spherical approximation.
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Dawson has calculated that for a simple hypothetical structure, 
consisting of two sp  ̂nitrogen atoms which are centrosymmetrically 
disposed in a unit cell, the contribution to the i?-index arising from 
the neglect of the intrinsic shape of the nitrogen atoms is as high 
as 8 per cent. T his i?-index would be obtained by comparing a 
perfect set o f observed structure factors with a set o f structure 
factors calculated on the basis o f the spherical approximation. 
Careful experimental work on a number of simple structures is

6

4

2

100-50
. sin S/A

Fig. 125. C entric /e  and a c e n tr ic c o m p o n e n ts  of atomic scattering curve of 
nitrogen in  sp^ valence state (after Dawson, 19646).

required before Dawson’s work can be fully evaluated, but it is 
clear that the spherical approximation can be a serious limitation 
to the calculation of accurate X-ray scattering factors of stationary 
atoms.

In neutron diffraction, the scattering centre is the nucleus o f the 
atom. The radius of the nucleus is approximately 10“^̂  cm, so that 
it behaves as a point scatterer for wavelengths of the order of i  A. 
For this reason, there is neither a sin djX dependence nor an 
orientation dependence of the atomic scattering amplitude. The  
scattering amplitude b for the atom at rest of all but a few elements 
is independent of the wavelength A : it has the dimensions of length

'  S T R U C T U R E  FA C T O R S :  D E R I V A T I O N  A N D  A C C U R A C Y  2 9 5

and is usually expressed in units of l o ' "  cm. In the absence of an 
adequate theory of the nucleus, b is measured experimentally: it is 
tabulated for different elements and isotopes by Bacon (1962) and 
in many cases is known to an accuracy of better than i  per cent.

Thermal motion
T o take into account the effect of thermal motion, the correction 

factor 2J in equation (11.30) must be determined for each atom j .  
For isotropic thermal motion, Tj can be written as

3} = (11.31)
where Bj is the ‘isotropic temperature factor’. B j is a constant for 
each atom at a given temperature; it is related to the mean-square 

displacement of the atom in any direction from its mean position 
by the equation

B  is usually treated as an empirical constant to be derived from a 
least-squares comparison of the observed and calculated intensities.

In the more general case of anisotropic vibration of the a tom /, 
equation (11.31) for 3} is replaced by (Cruickshank, 1956):

3} =  exp[-(6ii/îH 6i2M  + èi3/i/+è22^® + J23̂ /+&33̂ )̂]- (n-SS)
The anisotropic thermal motion is represented by an ellipsoid of 
vibration in reciprocal space: six temperature factors 6^, b̂ ,̂ ... 
for each atom define the principal axes and direction cosines of the 
ellipsoid. (This number may be reduced by symmetry for atoms at 
special positions.) As in the isotropic case, the temperature factors 
are treated as adjustable constants in the least-squares refinement 
of the experimental data.

It is important to realize that both (11.31) and (11.33) are valid 
only within the limitations of the ‘harmonic approximation’. 
Thermal motion causes the atoms in a crystal to execute small 
oscillations about their mean positions: the harmonic approxima
tion means that, in expanding the potential energy of the crystal in  
powers of the amplitudes of these oscillations, all terms beyond 
those which are quadratic in the amplitudes are neglected. 
Harmonic interatomic forces imply that the crystal has no thermal 
expansion and has other properties not possessed by real crystals.
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T he harmonic approximation also requires that the so-called  
‘smearing functions’ around atom centres are ellipsoids (trans
forming into ellipsoids in reciprocal space), which degenerate into  
spheres for atoms at sites o f cubic point symmetry : anharmonicities 
cause the smearing functions to be more complicated, although  
they must still conform with the local site symmetry. Experimental 
diffraction measurements which demonstrate the breakdown o f the  
harmonic approximation have been described by W illis (1965).

W e can summarize this section by stating that the evaluation o f  
j!?oaic. equation (11.29) cannot be made exactly. A n estimate o f  
the correction due to thermal motion, using up to six adjustable 
parameters to describe the vibration ellipsoid of each atom, ignores 
the effect of anharmonicities. There are serious limitations to 
current methods of calculating the X-ray scattering factor o f  a 
stationary atom, although there is no corresponding difficulty in  
describing the nuclear scattering amplitude in neutron diffraction.

n . 5 . Comparison o f observed and calculated structure 
factors

T he need for improving the accuracy of structure determinations 
has been stressed by Cruickshank (i960): if  bond lengths are 
measured to within a lim it of error o f o 01 A, the final A-index  
must approach a value of about i per cent. W e have noted that a 
low R-'mdex requires not only accurate intensity measurements, 
corrected for absorption, extinction and other systematic errors, 
but also accurate theoretical scattering factors, corrected for 
anomalous dispersion, orientation effects and thermal motion. W e  
shall describe now some results obtained with X-ray and neutron 
diffractometers on a few crystals of known structure.

Rock-salt {X-rays)

Some X-ray measurements by Abrahams (1964) are listed in 
Table X X V III. These were carried out on a small sphere o f sodium  
chloride, using an equi-inclination diffractometer with beta- 
filtered CuKa radiation. All equivalent reflexions accessible to the  
diffractometer were measured: the number of equivalent reflexions 
of the general type [hkt) is 48, and this large redundancy allows the  
use of statistical methods in estimating the mean value of the hkl
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Structure factor F°^ '̂ and the variance f* o f the mean. T he last 
column in Table X X V III represents the standard deviation <r 
derived from counting statistics alone (see p. 269). Finally, the 
2?oaic. values were derived'from the equations:

2?oaic. =  exp ( -  sin: + 4 /ci exp ( -  sin' dj X)

. . . h , k , l  even,

^caio. =  4/j^,^exp(-BN asin20/A2) - 4/ c i e x p ( - 5 cisin20/A2)

. ..  A, A, Z odd,
( 11-34 )

where ^nd f d  are the atomic scattering factors for Na’̂  and 
c r ,  and Bîig_ and B qi the individual atomic temperature factors. 
(These equations follow from (11.29), with four sodium atoms at 
COD +  face-centred positions and four chlorine atoms at c o |  + face-  
centred positions: isotropic temperature factors are used, as all the 
atoms occupy sites of cubic point symmetry, mgw.) T he intensity 
measurements were made on a relative scale, and the scale factor, 
together with the temperature factors jB^a. B qi, were treated as 
adjustable parameters in  the least-squares refinement o f the 
structure factor data.

T he table shows that the fractional error in when ex
pressed as sjF°^^\ varies from less than i  per cent for the strong, 
even-index reflexions to about 6 per cent for the weaker, odd-index 
reflexions. Only a small part of this error is explained by counting 
statistics: cr is, on average, only one-seventh o f s. Clearly, the 
random errors in have been reduced to such an extent that the 
principal errors are o f systematic nature.

If  we assume that different estimates of F°^^- would be normally 
distributed about the ‘true’ value, the mean deviation of each 
estimate is

J ^ s  = o-7979r.

Thus the contribution to the i?-index due to the uncertainty in
Fobs.

hkl hkl
which is 1-3 per cent for the figures in Table X X V III. This is not 
sufficient to account for the actual value for the i?-index of 2-1 per



2 9 8  S I N G L E  C R Y S T A L  D I F F R A C T O M E T R Y

cent. It is unlikely that the extra 0 8 per cent can be ascribed to 
uncertainties in estimating from the discussion in §11.4,
appreciable errors in F^^^ can arise if  the atoms are aspherical or 
execute large amplitudes o f thermal vibration, but neither o f these  
conditions applies to NaC l. W e conclude that the estimated 
standard deviation s, .determ ined from the variance in the  
measurements of symmetry-equivalent reflexions, is probably an 
underestimate of the real standard deviation, but the origin 
of this difference is not known.

T a b le  X X V III. Sodium chloride structure factors
a t 295° {Abrahams, 1964)

hkl ÿôbZ J!?calc. _ jpcalc. <r
19-84 19-79 -fo-05 0-18 o*o6
79-34 83 43 —4 0 9 0-55 0*05
66-96 67-03 —0-07 0-40 0-06

311 10-90 10-08 - 4-0-82 ■ 0-44 0-13
222 57-39 56-73 -bo-66 0-31 0-05
400 50-17 49-55 -bo-62 0-25 0-04
331 9-86 9-56 -bo-30 0-36 0-13
420 44-97 44-16 -bo-81 0-27 0-08
422 39-99 40-03 —0-04 0-34 0-08
333 10-00 9 99 -bo-oi 0-38 0-13
511 10-11 999 4-0-12 0-35 o i l
440 32-78 33-23 -0 -4 5 0-17 0-08
531 9-76 -0 -3 4 0-53 0-12
442 30-47 30-62 - o - i s 1-61 0-08
600 30-42 30-62 1-22 0-05
620 28-76 28-24 4-0-52 0-63 0-07
533 9-15 9-87 — 0-72 0-67 0*09
622 24-18 26-07 — 1-89 0-35 0-05

Ii* this table; is variance of estimated from measurements on sym
metry-equivalent reflexions; cr is standard deviation from counting statistics; 
P * ’'- is calculated from  Bsa =  i  60 Bqi =  1-17 A®.

Some further measurements of Abrahams (1965) using an equi- 
inclination diffractometer with balanced filters indicate that the 
standard errors of the observations on NaCl are up to 4-0 per cent. 
H alf of this is attributed to instrumental causes and half to 
systematic errors (absorption, extinction, etc.),

Tetrahedrite {X-rays)

T he reliability of X-ray equi-inclination counter-diffractometer 
data has also been examined by W uensch (1963), from the analysis

T ------------- ^ ^
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of data recorded on the mineral tetrahedrite, Cui^Sb^Sig. Diffracted 
intensities were obtained from a spherical sample using /?-filtered 
C uK a radiation. Tetrahedrite is cubic, space-group I43W , and 
each general reflexion occurs as 48 symmetry-equivalent reflexions. 
T hus, as with NaCl, the comparison of reflexions required by 
symmetry to be equivalent provides a method o f checking the 
data. Three kinds o f check were carried out:

(1) Repeated measurement of certain reflexions, over periods 
of several weeks. T he reproducibility o f these measurements is 
affected by counting statistics and by drift in the electronic 
equipment..

(2) Comparison of equivalent reflexions, hkl and khl, within a 
given level /. Systematic errors such as absorption affect the 
agreement.

(3) Comparison of equivalent reflexions, hkl and hlk, between  
different levels. Agreement is affected by further systematic errors, 
such as differences in the way in which the white-radiation streak 
is crossed.

Som e of the results are summarized in Table X X IX . T he  
deviation between equivalent structure factors both within each 
level and between levels exceeds the reproducibility of the data. 
This difference must be ascribed to systematic errors in measuring 
F. T he main source of error was absorption, and the uncertainty in 
the absorption correction (arising from a 1-7 per cent variation in 
radius of the nominally spherical sample) was sufficient to account 
for the increase in the r.m.s. deviation in tests (2) and (3).

T a b l e  X X IX . Reliability o f structure factors fo r cubic 
tetrahedrite {X-rays) {Wuensch, 1963)

Test
(1) Reproducibility
(2) Comparison of hkl and khl
(3) Comparison of hkl and hlk

Range of deviations
from mean F  r.m.s. deviation 

(%) {%)
o 016-2 8 115
o 066-7 5 2 92
0 43 -6  0 2-82

Uranium dioxide {neutrons)
A systematic study of the neutron reflexions of a spherical 

crystal of cubic UOg has been undertaken by Rouse & Willis
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(1966). The reflexions were recorded at A =  1-04 A  using an 
automatic four-circle diffractometer.

Table X X X  summarizes their results. F°^ -̂ in the third column  
is the mean of the measurements on n symmetry-related reflexions, 
where n is the number in the second column. is the variance o f 
the n measurements, given by the equation

( » - I )

and cr® is the variance expected from Poisson counting statistics. 
T he reflexions occur in three groups, strong, medium and weak, 
corresponding to  h +  k +  I =  4M, 4? n ± i and 4m +  2, respectively 
(m =  integer). T he variance 5 ® is related to the variance of
JTObS. {jy

(see, for example. Statistics section in International Tables fo r  
X -ra y  Crystallography, vol. il).

A  measure of the consistency of the internal (5 ) and external (cr) 
errors of a single observation is provided by the last colum n of 
Table XX X. T he quantity %® =  (# — i)B®/o-® is distributed in 
the %®-distribution on « —i degrees of freedom, and is the 
probability that for the sample exceeds that actually found. If  
P ẑ is close to 0-5 there is no inconsistency between the internal and 
external estimates o f error, and if P ẑ is near zero or unity the 
estimates are inconsistent and some kind of systematic error is 
present. Judged from this criterion, the weak reflexions are m ost 
consistent, the medium reflexions are less so, and the strong 
reflexions are the worst.

The F«»ic. values for the three groups of reflexions are given by  
the equations

pcaXc. _  e/A* +  gin* {h +  k +  l  =  4ot)

=  Qi +  k +  l  — 4M +1)

= 42,̂
Qi + k + l = 4?« + 2).
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Here bo are the nuclear scattering amplitudes of uranium and 
oxygen, and Bu, B q  are the two temperature factors. Preliminary 
analysis of the data in Table X X X  using these equations showed 
that the strong reflexions were affected by extinction and so these 
reflexions were omitted from the final least-squares refinement o f  
the remaining 1 4  reflexions. T he final analysis gave B jj =  0 - 1 9  A®, 
Bq =  0 -4 3  A®, b^jbo =  I "47 and an i?-index of 0  9  per cent. T his

T a b l e  X X X . Uranium dioxide structure factors {neutrons)

Strong reflexions 
(A+A+Z =  4m)

M edium reflexions

Weak reflexions

{AW}

No. of 
independent 
observations 

n JToh,. S o- (% ) Py»
008 4 100-44 0-51 0-24 o-S <0-01
022 115-34 2-31 0-23 2-0 <0-01
026 17 108-66 1-32 0-24 1-2 <0-01
044 7 107-28 0-77 0-24 0-7 <0-01
224 14 113-32 0-86 0-24 0-8 <0-01
246 25 104-16 0-80 0-23 0-8 <0-01
444 .3 105-58 1-26 0-23 1-2 <0-01

113 14 52-65 0-40 0-24 0-8 <0-01
115 15 51-24 0-37 0-24 0-7 <0-01
117 14 49-31 0-29 0-24 0-6 013
133 12 52-02 0-36 0-24 0-7 0-02
135 27 50-62 0-35 0-25 0-7 <0-01
137 27 48-60 0-39 0-25 0-8 <0-01
155 12 49-15 0-30 0-24 0-6 O-IO
333 6 51-52 0-13 0-24 0-3 0 92
335 12 49-86 0-32 0-25 0-6 0-07
553 12 48-88 0 26 0-24 0-5 0-30
006 5 14-94 0-37 0-34 2-5 0-32
024 18 17-62 0-32 0-33 1-8 0-52
046 16 12-86 0-34 0 3 4 2-6 0-49
244 13 15-31 0-27 0-32 1-8 0-73

22-index was reduced even further, to 0-5 per cent, by introducing 
one extra parameter to represent the anharmonic contribution to 
Bo.

It is too early to draw any general conclusions about the 
accuracy of X-ray and neutron diffractometer data. From the 
very limited studies to date, it seems that a final B-index 
approaching i per cent is attainable in cubic crystals provided
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measurements are averaged over symmetry-equivalent reflexions. 
Furthermore, there is some evidence that a lower B -index is 
obtained with neutrons than with X-rays: this may he due to the 
lower absorption correction with neutrons and to the difficulty 
of calculating X-ray atomic scattering factors.

3 0 3

- C H A P T E R  1 2

C O M P U T E R  P R O G R A M S  A N D  
O N - L I N E  C O N T R O L

12.1. D iffractom eter in p u t and outp u t

T he automatic diffractometer, whatever its type, can beregarded  
as a black box which accepts numerical input inforim tion of one 
kind and produces numerical information of a n o ^ r  kind. T he  
input information consists of the settings of the v ^ o u s  crystal and 
detector shafts and all the instructions n e c e s ^ ^  to make valid  
measurements of the intensities of Bragg r^'exions. T h e  output 
data consist of the results of those measurements. T h e generation 
of the input information and the processing of the diffractometer 
output must inevitably be carried out by means of a computer: the 
rate at which measurements are made by an automatic diffracto
meter is such as to make manual computation with a desk calcu
lator quite impracticable. /

It is important, therefore, th ^  the input and output medium of 
an automatic diffractometer be one which is readily generated and 
read by a computer. ( In y h e  case of analogue diffractometers, 
discussed in §3.3, only tW output medium needs to be considered.) 
T h e most common nyü ia  are punched cards or punched paper 
tape: the choice bem een these two is generally dictated by  the 
computer installation which is used in conjunction with the 
diffractometer. lyffiay be noted in passing that punched cards offer 
a greater flexibility in that the sequence in which reflexions are to 
be m easured /nd  the sequence in which experimental results are 
listed can ̂  varied by simply resorting a stack of cards. T he  
total number of cards which can be read or punched without 
manual/intervention is, however, limited by the capacity of the 
carddmlding hoppers of commercially available punches and 
rea^rs. These hoppers cannot hold more than 1,000 cards: card- 

itrolled diffractometers usually require at least one input card 
5er reflexion and produce at least one output card. T he hoppers 
are loaded with alternate input and blank cards and so the



312
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S U M M A R Y  O F  D I F F E R E N C E S  B E T W E E N  
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Property 
Flux a t 

specimen

X-rays 
A t least io “  

quanta/cm®/s, 
using unmono- 
chromatized 
radiation

Neutrons 
I o ' to lo ’ neutrons/ 

cm '/s, using radia
tion from high- 
flux reactor

W avelength A, A restricted to 
and w idth of characteristic K -
wavelength 
band SX

N ature of 
general • 
scattering

radiations of 
elements between 
C r and Ag
(~  2 A—0'5 A).
Characteristic line 
is very sharp 
(<îA <  io~‘ A), but 
superimposed on 
‘w hite’ back
ground

Electronic: 
scattering 
amplitude /  falls 
off with scattering 
angle

W ith a crystal mono
chromator, A can 
take any value in 
the range 0 8 to 
2 0 A; SX is 
between o 02 and 
o 05 A. W ith hot 
and cold sources 
and mechanical 
velocity selectors 
the range of A can 
be extended from 
O'S to  10 A

Nuclear : scattering 
is isotropic

Effect o f 
difference 

Samples are larger 
with neutrons, and 
counting times 
longer

Long wavelength 
measurements 
possible w ith 
neutrons. Bragg 
peaks are w ider 
with neutrons. 
W hite background 
error w ith X-rays

Absorption
coefficient

p  ~  10 to 10'

Bragg reflexions 
can be observed 
at higher d  values 
w ith neutrons. 
Scattering am pli
tude of atom  for 
neutrons is repre
sented by a  single 
num ber; for 
X-rays it  m ust be 
calculated from 
the electronic 
structure and is 
known only 
approximately

/t ~  10“*, except for Absorption correc-
B, Cd, L i and 
rare-earths

tion m uch more 
im portant w ith 
X-rays

A P P E N D I X 3 1 3

Effect o f
Property X-rays N eutrons difference

Anomalous Always present. Absent, except for a F o r m ost samples 
dispersion even far from an few elements (e.g. w ith

absorption edge. Cd), which have neutrons 
/  =  / “+ A / '+ iA / ' A /', A /'co n tr ib u tio n s
where A /', A / ' m uch larger than
depend on wave- for X-rays
length -

Extinction Primary (within Prim ary extinction Especial care 
each mosaic less th an  fo r X - requ ired  in
block) and rays, as scattering neu tron  diffirac-
secondary am plitude p e r tion  to correct
(between blocks) atomic plane is less; for secondary

secondary extinc- extinction
tion is larger, as 
beam  penetrates 
further

Therm al
diffuse
scattering

Takes place with 
negligible change 
of wavelength 
(X-ray energy >  
phonon energy)

Takes place w ith 
appreciable change 
of wavelength 
(neutron energy ~  
phonon energy)'

A  portion o f ffie 
one-phonon 
T .D .S . back
ground o f the  
Bragg reflexions 
can be rem oved 
in  neutron 
diffraction, using 
an analyser 
crystal to reflect 
the  diffracted 
beam

Incoherent Compton 
background scattering.

Fluorescence
scattering
(inelastic)

Spin and isotopic 
incoherent 
scattering: spin 
incoherence very 
prom inent w ith 
hydrogen (elastic 
disorder scattering)

Background be
tw een reflexions 
tends to  be higher 
w ith  neutrons, 
particularly for 
crystals containing 
hydrogen

Absolute
intensity
determina
tion

Very difficult as 
direct beam can
not be measured 
easily in  presence 
of white radiation: 
comparison with 
reference sample 
complicated by 
high absorption

Relatively straight
forward

Experim ental 
s tructure  factors 
are m ore readily 
placed on absolute 
scale w ith 
neutrons
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Property 
Polarization 

factor p

M ethod of 
detection

X-rays 
Varies w ith 6 and 

is uncertain for 
crystal-reflected 
radiation

Proportional or 
scintillation 
counter, w ith 
pulse-height 
discrimination

N eutrons 
p  =  I for 

nuclear 
reflexions

BF^ counter: 
neutron converted 
into œ-particle

Effect of 
difference 

Extinction can be 
corrected in  X-ray 
diffraction by 
examining change 
of intensity w ith 
state of polariza-

Pulse-height dis
crimination not 
possible w ith 
neutrons

Velocity of 3 x  lo^® cm/s 
propagation

4 x 1 0 ' cm/s (i A  A can be measured 
neutrons); inversely with neutrons by 
proportional to
wavelength

time-of-flight 
technique. 
N eutron structure 
factors can be 
determ ined by 
Laue m ethod
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absorbing foils
for direct beam measurement, 290-1 
hardening of radiation by, 147 

absorption
and scale factor determination, 290 
neutrons, 137-8 
X-ray, in G e and Si, 135 
X-ray, in N a l, 128 
X-ray, in noble gases, 106 

absorption coefficient 
neutron, 237, 312 
X-ray, 185, 236, 247-8, 312 

absorption correction, 94,178, 234-43,
312

computed, 241, 308 
empirical, 241-3 
for spherical crystal, 237, 257 

accuracy and precision, 268 
accuracy o f diffractometer methods, 9, 

93
amplifier

coupling of counter to, 115-17 
gain, 104, 156 
input impedance, 155 
time constants, 104, 111-14, n 6  
upper frequency cut-off, 157 

analogue setting of diffractometer 
shafts, 7, 73-6 

anisotropic thermal motion, 295 
anomalous dispersion, 313 
anti-equi-inclination setting, 33 

Lorentz factor, 283 
apertures, minimum detector, 267 
Apparatus Commission of the In 

ternational Union of Crystallo
graphy, 3

arbitrary crystal orientation in normal- 
bcam equatorial method, 51 

area detectors, 56, 147-52 
argon, as counter filling, 105, 106, 121 
arrays, detector, 120, 130, 131 
atomic scattering factor, 277, 292-5 
Auger electrons, 102 
azimuthal orientation, 39 ff., 94, 248, 

2 5 5 - 6

background, counting rate, 117, 119, 
126-30, 168 

y-ray, 139, 143

effect on counting statistics, 269 ff. 
fast neutron, 139, 143 
general, 220-33 

backstop, X-rays, 172 
bam , 138
blind regions, 21, 31, 32, 34, 49-51, 

9 4 . 3 0 6  
blocking condenser, 115-17 
bond length determination, 288, 296 
boron trifluoride, 138, 140-1 

foil absorber, 138 
Borrmann effect, 193-4 
Bremsstrahlung, 169, 180, 227-30

capacity, counter, 104, 117 
cable, 117, 156 

* Cascade I  ’—automatic X -ray diffrac
tometer, 233 

‘ Cascade I I  ’— co-ordinate detector 
system, 150 

cathode follower, 117, 156 
characteristic radiation, 4, 169 
chopper, 214
circuits, electronic, 154-68 
clamping of shaft, 82 
clipping network, 112-13 
closed-loop operation, see on-line 

control
code, punched paper tape, 161, 304 
coded discs, 70-1 
cold neutron studies, 215-17 
collimator, neutron, 198 ff. ,

X-ray, 171-9 
X-ray, alinement of, 77 

Compton scattering, 231, 313 
computer, data-processing, 5, 95-6, 

306-8
computer programs, 302-11 
cone setting, 39 
confidence level, 269 
continuous spectrum, 169, 180 
convergent beam procedure, 21, 265 
converter foil, 138
cost of diffractometer methods, 12-13, 

96
counter, 99-153 

area, 147-53 
co-ordinate, 147-53 
gas ionization, for neutrons, 140-2
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counter (conf.)
gas ionization, for X-rays, 101-23 
Geiger, 101-2, i i o - i i ,  119-23, 139 
neutron, 136-44 
proportional, neutrons, 138-42 
proportional. X-rays, 101-20, 180-1 
scintillation, neutrons, 143-4 
scintillation X-rays, 123-32, 180-1 
semi-conductor, neutrons, 142-3 
semi-conductor, X-rays, 132-6 
X-ray, 101-36 

counting losses, 119, 122, 144-7 
counting rate, background, 117, 119, 

126-30, 139 
maximum, 115 
meter, 159-60 

counting statistics, 10, 268-76 
critical angle. X-rays, 195 
cross-section, 138 
crystal alinement, 258-60 
crystal axes, 14 ff. 

assignment of, 260 
sense of, 80, 261 

crystal gazing, xii, 147-53 
crystal mounting, arbitrary, 51, 260,

306
crystal size, 174 ff., 257, 312 
crystals for neutron monochromators,

204-5
crystals for X-ray monochromators, 189 
cylindrical polar co-ordinates in re

ciprocal space, 22-6

data link, 304 
data processing, 307-8 
data verification, 306 
datum  point of shaft, 69, 83 
dead time, Geiger counter, 121 
Debye-W aller factor, 221, 226-7 
decoupling, 163 
detection, neutron, 136-40 
detectors, 99-153 

area, 147-53 
co-ordinate, 147-53 
neutron, 136-44 
X-ray, 101-36 

differentiation, pulse, 112-13 
diffractometer, alinement of, 257 

definition of, 3 
manually set, 66 
on-line operation of, 6, 67 

diffractometers, list of, 97-8 
digitizer, 69-71
direct beam, determination of, 291 

intensity, 312

discrimination. X-ray wavelength, 
109-10, 117-18 

X -ray wavelength, at high counting 
rates, 115 

discriminator, 158 
dispersion. X-ray, 174 
dynode, 123

earth loops, 166
efficiency, counter, 118-19,126-8,139 
E H T , 161
electronegative gases, 110 
electron multiplier, 132 

channel, 130 
electronic circuits, 154-68 
em itter follower, 117, 156 
encoders, shaft, 69-71 
equatorial and inclination methods, 

correspondence, 52-6 
equi-inclination setting, 31 

Lorentz factor, 283 
error-detection programs, 307 
escape peak, 108-9 
eucentric goniometer head, 79, 260 
Eulerian axes, 38 
Eulerian cradle, 49 
Ewald sphere, 2, 18-20, et passim 
extinction, 178, 243-51, 257, 313 

p n d  polarization, 285-6 
primary, 243, 313
revealed by absolute measurements, 

288
secondary, 244, 313

field-effect transistor, 155-6 
filters, balanced, 84, 92, 182-7 

beta, 182-3
EHT, 161
neutron, 206, 216 

fission chamber, 142 
fixed-X setting, 47, 81 
flat-cone setting, 34, 58 

Lorentz factor, 283 
flat-topped peak procedure, 21 
fluorescence photons, 124 
fluorescence scattering, 230, 313 
focus. X-ray tube, 78, 170 
focusing effect, neutron diffracto

meters, 208 
foreshortening of X-ray tube focus, 

78, 170-1 
form factor of X-ray source, 145-6 
four-circle diffractometer, 37, 82 

comparison with linear diffracto
meter, 93-6

gas
amplification, 103, 140 
multiplication, 103 

gases, filling for counters, 101 
general inclination m ethod, 28-30 
geometry, types of diffraction, 7, 14-

64
glass scintillators, 143-4 
goniometer-head axis, 22 
goniometer heads, 51, 79 
goniostat, 37 .

harmonic approximation, 295 
harmonic content of neutron beam,

205-6 
helium-3, 141 
high voltage supply, 161 
H ilger-Ferranti diffractometer, 82-8 
hole, semi-conductor, 132 
hunting for a reflexion, 66

image intensifier, 150 
impulse motor, 72
inaccessible reflexions, 21, 31, 32, 34, 

497S1 , 94 
inclination and equatorial metliods, 

correspondence, 52-6 
inclination method, 14 

Lorentz factor, 279 
incoherent scattering, neutrons, 231,

313
X-rays, 230-1, 313 

inelastic scattering, neutrons, 4, 224-6 
X-rays, 221^7 

integrated intensity, 20, 277 
definition, 234 
measurement of, 8 
mosaic and perfect crystals, 285 

integrated reflexion, 20, 277 
definition, 234 

integration, pulse, 112-14 
interrupt signal, 310-1 
ionization energy, 132 
ionization of gas by X-rays, 101 ff. 
ionization chamber, i, 103-4, 107 

use in determining intensity of 
direct beam, 291 

isotope incoherence, 231

kicksorter, 109
krypton, as counter filling, 105-6, 

121

labyrinth, ray-proof, 76 
lattice parameter, 260

E X  3 2 9

m easurement of, 262 
refinement of, 264 

Laue method for neutrons, 152, 217-
19

limiting sphere, 31
linear diffractometer, 63, 73-6, 88-92 

comparison with four-circle diffrac
tometer, 93-6 

logic circuits, 154-5 
Lorentz factor, 21, 76, 277 

com puted for various geometries, 
278-83 

definition of, 278

machine code, 305 
magnetic structures, 212 
Maxwellian distribution, 201 
microdensitometer, 2, 11 
M oire-fringe measuring system, 71, 

82
monitoring, 146

and counting statistics, 274 
X-ray prim ary beam, 195-7 

monochromators, neutron, 203 ff. 
X-ray, polarization correction, 189 
X-ray, polarization factors, 286—7 

monochromators. X-ray, 188-94 
focusing, 190 
plane, 189 
point focusing, 192 
polarizing, 192-4 

mosaic crystal, ideally, 243 
integrated intensity, 285 

mosaic spread, 174, 243, 248
of neutron monochromator crystals, 

203, 211 
M ossbauer effect, 222 
m otor drive, diffractometer, 71 
moving-crystal-moving-detector pro

cedure, 20 
moving-crystal-stationary-detector ■ 

procedure, 20 
m ultiple-counter teclmique, 12,56-64, 

88, 120, 130-1, 256

neutron diffractometry, compared with 
X-ray diffractometry, 3, 312-14 

neutron spectrum, 201 
noise, amplifier, 104, 136

scintillation counter, 130, 159 
normal-beam equatorial method, 14,

3 7 - 5 2
comparison with inclination method, 

52 ff.
Lorentz factor, 278
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normal-beam setting, 30, 148 
Lorentz factor, 282 

nuclear reaction energy, 137 
nuclear scattering am plitude, 277,

294-5
off-set angle, 40 ff. 
off-set %-circle, 49 
omega-scan, 20, 94

compared w ith omega/two theta 
scan, 227-30, 265-7 

omega/two theta scan, 20, 94 
on-line operation of diffractometers,

6, 67, 88, 147, 232-3, 308-11 
optimization of counting statistics, 

274-6 
o rder code, 87
oscillation mechanism, 72, 76, 90 
oscilloscope, 166

‘Pailred’, 75
paralysis time, 122, 145-6
parasitic scattering, 232
pass band, balanced filters, 184-7
peak hunting, 233
peak to background ratio, 310

effect on counting statistics, 269 ff. 
phase problem, 277 
phonon interactions, 224-6 
phosphor, neutron, 144 

X-ray, 123 ff. 
photo cathode, 124 
photo-electron, 102-3, 124 
photographic methods, 2, 10, 173 

cost of, 12 .
photomultiplier, 123 ff. 
pile-up, 114, 142 
plateau, Geiger counter, 121 
polarization factor, 277, 314 

definition, 284
monochromatized radiation, 286-7 

pre-amplifier, 117, 156-7 
polarization of X-rays, 146-7, 192-4 

dependent on monochromator per
fection, 189 

precession camera, 2, 11 
precision and accuracy, 268 
protein structures, 11, 56 
pulse, generator, 166

shape discrimination, 130, 143, 159 
shape in ionization counter, i i o - i i  
shaping, 111-14
size in ionization counter, 103 ff., 

114, 119 
size in scintillation counter, 125

size in semi-conductor counter,
135-6

pulse height analysis, 105, 180, 314 
single channel, 109, 158-9, 167, 187 

pulse shapes, correct, 167 
punched cards, 67, 161, 232

compared with punched paper tape,
303-4

punched paper tape, 67, 86, 161, 232 
compared w ith punched cards, 303-4

quantum . X-ray energies, 103 
quasi-simultaneous reflexions, 59 ff. 
quenching agent, 121 

circuit, 122-3

i?-index, 196, 198, 291, 301 
radiation damage, 11, 308

of monochromator^ crystals, 189 
radiation hazard, 76-7 
radioactive sources, 168 
rate-meter, 159-60 
reciprocal latticce, 14, 15 

unit, 17
recovery time, Geiger counter, 122,145 
reference reflexions, 95, 268, 308 
reflecting circle, 26 
reliability of electronic circuits, 96 
Renninger effect, 234, 251-6 
resolution of neighbouring reflexions, 

X-rays, 174, 178, 230 
neutrons, 200 

resolving time of detector, 144 ff. 
rocking range, and background, 232 

minimum, 267 
neutron, 211 ff.
quasi-simultaneous measurements, 

59 ff.
X-ray, 173-4 

rock-salt, structure of, 296

scale factor, 278, 288 
determination of, 290 

scaler, 160
scintillators, neutron, 144 

X-ray, 123 ff. 
setting angles, inclination method, 

28-35, Table II  
normal-beam equatorial method, 

44-52, Table I I I  . 
setting programs, 305 
shaft-setting methods, 66 

absolute, 68 
digital, 67-72 
incremental, 68

shielding, of neutron detector, 143,
139

radiation, 76-7 
signal-to-noise ratio, amplifier, 114, 

164-5
simultaneous reflexions, 32-3, 51, 56 - 

6 4 , 94 , 2 3 4 . 2 5 1 - 7  
single crystal orienter, 37 
slewing speed, shaft, 71-2, 83 
source block, 199 
spark cham ber, 150 
spectra. X -ray and neutron, 4, 312 
spectrom eter, ionization, 1, 3 

definition of, 3 
triple-axis, 3 

speed of diffractometer methods, 11, 
6 4 , 94 

sphere grinder, 258 
spherical approximation, 293 
spin incoherence, 231 
stabilized power supplies, 162-3 

for X-ray tubes, 171 
standard deviation, 269 
standard orientation of crystal, 28, 38 
standard reflexions, 95, 268, 308 
starting voltage, Geiger counter, 121 
staticizer, 68
stationary-crystal-stationary-detector 

procedure, 21 
statistical method of determ ining ab

solute structure factors, 289 
statistics, counting, 10, 268-76 

of gas multiplication, 106-7 
of rate-m eter, 160 
of scintillation counter pulse height, 

125
store, setting, 68-9 
structure factors, 234

absolute measurements, 288-91 
calculated, 291-6 
definition of, 289
derivation and accuracy of, 277— 

302
suppression of inductive surges, 163-4 
sym m etrical-^ setting, 39, 45 
symmetrical-jB setting, 43, 47

E X  3 3 1

take-off angle, 78, 83, 170-1 
teleprinter, 86, 96, 304 
television camera, 150 
tem perature factor, 221, 226, 289, 292,

295-6
tetrahedrite, structure of, 298-9 
therm al diffuse scattering, 221-7, 313 
therm al parameters, 288, 295 
three-circle diffractometer, 37 
tim e constant, amplifier, 104, 111-14, 

116
rate meter, 160 

time-of-flight experiments, 143,152-3, 
216-19,314 

tim e sharing, computer, 310 
of setting device, 69, 88 

top/bottom  masks, 172, 260 
total reflexion, 179 
Townsend avalanche, 103 
transistors, compared w ith valves, 155 
two-theta scan, 20

Umweganregung, 253 
uncertainty, statistical, 268 
unit cell, 14
uranium  dioxide, structure of, 299- 

30a

valves, compared w ith transistors, 155 
velocity, neutron, 201, 216, 314 
velocity selector, neutron, 214

Weissenberg camera, 2, 14, 26, 148 
white radiation, 169, 180, 227-30 
window, counter entrance, 101, 105, 

121
pulse height analyser, 109, 158

xenon, as counter filling, 105-6 
X-ray diffractometry, compared w ith 

neutron diffractometry, 3, 312-
14

X-ray tubes, 170
X-rays, wavelengths and energies, 130 

Zener diode, 164
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Burbank (1965) has recently discussed under the title Intrin
sic and Systematic Multiple Diffraction the conditions giving 
rise to multiple diffraction for the single-crystal orienter 
and for the precession camera. He concludes that there are 
important differences between the two techniques. For the 
single-crystal orienter, multiple diffraction will always occur 
if the crystal is mounted with a symmetry axis parallel to, 
or a symmetry plane normal to, the rotation axis (ç> axis). 
For the precession camera, the conditions for multiple dif
fraction can be created or avoided at will by the choice of 
p, regardless of crystal orientation. Burbank suggests that 
the zero-level precession technique is the only method in 
common use which offers the possibility of direct experi
mental observation of the magnitude of multiple diffraction 
effects.

The purpose of this note is to point out that there are 
no such differences between the two techniques if the 
orienter is used as a four-circle instrument with independent 
motion of the co and 26 axes. Although the original single
crystal orienter described by Furnas (1957) was a three- 
circle diffractometer, the majority of instruments commer
cially available today have four independent axes : the direct 
experimental observation of multiple diffraction with these 
four-circle instruments has been fully described by Willis 
(1962) and by Santoro & Zocchi (1964). The situation dis
cussed by Burbank corresponds to the use of the orienter 
as a three-circle instrument, with the angle e between the 
X  plane and the normal to the h k l  plane under observation 
as zero. This e = 0  (or ‘symmetrical A') setting is formally 
equivalent to the equi-inclination Weissenberg setting (Phil
lips, 1964) and gives rise, therefore, as Burbank shows in 
another way, to multiple diffraction under the same condi
tions as for the equi-inclination setting (Yakel & Fankuchen, 
1962).

The limitation of Burbank’s analysis to the e = 0  setting 
is apparent in his answer to the question: Is there a reci
procal lattice plane coincident with the vertical circle of 
reflexion? Burbank states that, if the crystal is oriented 
with a reciprocal lattice vector along the rotation axis (the 
q> axis of the single-crystal orienter), there will be a reci
procal lattice plane coincident with the vertical circle of 
reflexion. This is true only if the <p axis is in the plane of the 
vertical circle of reflexion. The <p axis is mechanically con
strained to he in the vertical x plane, and the vertical circle 
of reflexion and the vertical x plane are in coincidence for 
e = 0  but not in the general case, g #0 .

The essential similarity of the precession and single-crys
tal orienter techniques as regards observing multiple dif
fraction effects is strikingly iUustrated by reference to the 
last section of Burbank’s paper. The procedure described 
there for creating or avoiding at will multiple diffraction 
with the precession technique is exactly paralleled for the 
orienter technique. If a symmetry axis of the crystal is paral
lel to the (p axis o f the orienter, the hkl intensity is first 
recorded with a zero off-set angle e, corresponding to the 
condition for intrinsic multiple diffraction, e is then given 
a small increment, positive or negative, sufficient to destroy 
the multiple diffraction condition, and the intensity re
measured. Any difference in the two intensities is due to 
multiple diffraction.
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N eutron C rysta llop ;raphy  (2^-41 )

These p ap e rs  a re  concerned  w ith  v a r io u s  in v e s t ig a t io n s  in  th e  n eu tro n  
d i f f r a c t i o n  f i e l d .  They in c lu d e  s tu d ie s  o f enharm onic l a t t i c e  v ib r a t io n s  
in  uranium  d io x id e  and ca lc ium  f lu o r id e ,  th e  d e te rm in a tio n  o f hydrogen 
atom p o s i t io n s  in  fe r ro c e n e  and in ' v itam in  B-j2, th e  s o lu t io n  o f th e  m agnetic 
s t r u c tu r e  o f UO^, and m isc e lla n e o u s  p ap e rs  on e x t in c t io n ,  double-B ragg 
e c a t te r in g  and anomalous d is p e r s io n .  . ■

K,  H»
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15 S. T h ree-d im en sio n a l neutron  d iffraction study  
of ferrocene. By B. T. SE. Wn-nts, A tom ic Energy 
Research Establishment, H arurll, D idcol, Dorks:, Eng- , 
land.
Forrocono has boon oxnininod in order to dotonnino the 

hydrop'u atom ]posit ions and to invosligato t)io suggoation 
of J. W. Edwards. G. L. Kington & K. Slason, 2'rans. 
F araday Soc. (I960), to bo pviblislicd), based on tlicnno- 
d>Tinmic grounds, that the cyclopcntadicnyl rings aro 
rotntionnlly disordered at room temperature. A number 
of attempts were made to solve the structure by a least-» 
sqifares analysis of two-dimensional Ft,oi and F^k-o data; 
these proved only partially successful, because the ratio 

■ of the mmiber of measured F  values to the number of 
unknown parameters was too small. The spectrometer 
was accordingly modified to allow collection of full three- ' 
dimensional Fhfi data.

The modification consists of the addition of a two-circle 
device to the spectrometer table, which acts as the third 
circle. By mounting the crystal on the innermost circle 
and rotating the three circles through appropriate angles, 
each (hkl) plane of the crystal can be brought into the 
Bragg reflecting position, with the reflected neutron beam 
entering the counter moving in the horizontal plane. 

JXho choice of these three angles is not unique, but for 
one set the normal to the {hkl) plane lies in the plane of 
the vertical circle. The advantage of this method of 
setting is that three-dimensional data can be obtained 
from a pillar-shaped crystal with approximately the same 
accuracy (with respect to absorption and extinction) as 
two-dimensional data, obtained with a conventional 
(one-circle) spectrometer by rotating the crystal about its 
long axis. ,

The analysis of the three-dimensional data indicated 
that the hydrogen atoms were in the planes of the rings 
and that the rings were rotationally disordered.
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(b) P r o je c t io n  on (OOI) o f  D un its stru ctu re  u sed  fo r  c a lc u la t in g  

s ig n s  o f  F(hkO) in  ( a ) .  Comparison o f  (a ) and (b) shows e x tr a  

n eg a tiv e  peaks in  p (xy) p lo t.^  * ..

F igure 3 .  V arious h y p o th e tic a l co n fig u ra tio n s  o f  the ferro cen e  m olecule

w ith in  th e l a t t i c e .  I  and I I  are s ta g g ered . I I I  and IV e c l ip s e d .
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^Figure 5* R.̂  p lo t te d  a g a in s t  the normal d isp lacem ent o f  the hydrogen atoms
from the p lane o f  the carbon r in g . .

F igure 6 .  R p lo t t e d  a g a in s t  th e  average le n g th  o f  the C-H bond. •



1• I n t r o d u c t io n

X -ray d if f r a c t io n  s tu d ie s  o f Pe(C^ ^3^2 (^^'^"^XGlopontadienyl ir o n , or  

ferro cen e) have been rep orted  by E ilan d  & Pepinsky^  ̂ , Pfab & Fischer^.^^,
D unitz Si O rgel(^) and D u n itz , Orgel & R ich (^ ). The most com plete v/ork i s  th a t ■ 

o f  D u n itz , Orgel & R ich , v/ho ca rr ied  out a th ree-d im ension a l F o u rier  and l e a s t -  

squares a n a ly s is  o f  the c r y s ta l  and m olecular s tr u c tu r e . The X -ray r e s u lt s  

in d ic a te  th a t the space-group i s  P2.j/a and th a t the m olecule has a sandwich  

s tr u c tu r e  ( f ig u r e  1 ) w ith  the iron  atom c e n tr a l ly  p la ced  betv/een two staggered  

cy c lo p en ta d ien y l r in g s .

The o r ig in a l aim o f  the neutron in v e s t ig a t io n  was to  lo c a te  the hydrogen  

atom s. L ater  i t  was r e a l is e d  th a t the c r y s ta l  s tru c tu re  may be d isord ered  and 

th a t  th ree-d im ension al data were th ere fo re  req u ired . Thus a d d it io n a l aims 

were to  e s ta b l is h  a technique fo r  c o l le c t in g  th ree-d im ension a l neutron data  

and to  in v e s t ig a te  the p o s s i b i l i t y  o f  d iso rd er .

2 . E x p erim en ta l . •

C ry sta ls  were grovn from s o lu t io n  in  b e n z e n e -lig r o in  (50-80°C)' and mounted 

on the s in g le - c r y s t a l  equipment d escr ib ed  by  Bacon & Dyer^^^. Two-dimensional 

hkO data were c o l le c t e d  from a need le-shaped  c r y s ta l  (a) w ith  a cross-^ section  

o f  1 . 0mm X 0 . 8mm normal to  the r o ta t io n  a x is .  5 8  r e f le x io n s  were measured fo r  

s in  Q /k  < 0 .5 ;  no r e f le x io n s  were measured a t  h ig h er  Bragg a n g les  as th e ir . . 

peak in t e n s i t i e s  were l e s s  than tw ice the background in t e n s i t y .  4-0 hOl • • 

r e f le x io n s  were a ls o  measured on a second c r y s ta l  (b) .

* S ystem atic  absences' in  the neutron r e f le x io n s  confirm ed th a t the sp ace-  

group i s  P2^a. V alues o f  a  s in  p /b  and a s in  p / c  were determ ined by measuring  

the a n g le s  between e q u iv a le n t r e f le x io n s ,  and th ese  v a lu es  were in  much c lo s e r  

agreem ent w ith  the l a t t i c e  param eters o f  Pfab & F isc h e r  than w ith  th ose  o f  

D un itz  e t  a l .  The Pfab & F isc h e r  param eters were a cco rd in g ly  adopted in  the  

subsequent a n a ly s is ;  . '

a = 10.51Â.', t  = 7 .5 S Î , - o = 5.91Â., p = 1 2 1 .1 ° .

P relim in ary  a n a ly s is  o f  the twordim ensional data (se e  3 3) in d ic a te d  th a t  
th e cy c lop en tad ien y l r in g s  were r o ta t io n a l ly  d isord ered , and th a t the stru ctu re  

required, a t. l e a s t  tw ice as many independent param eters to  s p e c ify  i t  -as fo r  the  

ordered  D un itz  s tr u c tu r e . To o b ta in  a more favourab le, r a t io  o f  the number •

o f  observed r e f le x io n s  to  the number o f  independent atom ic param eters f u l l



th ree-d im ension al data were c o l le c t e d  on a th ir d  c r y s ta l  (C ), a diamond-shaped 
p la te  bounded by { 110] and {0 0 1 } . •

For th ree-d im ension al v/ork the spectrom eter v/as -converted to  a th r e e -  

c i r c le  instrum ent by  a tta ch in g  two c i r c l e s ,  0  and  ̂ to  the c e n tr a l specimen' 

ta b le .  The c r y s ta l  was p laced  on a .gon iom eter head a ttach ed  to  t h e ' in n er 0 -  

c ir ’c l e ,  and the r e f le x io n s  were measured by b r in g in g  the normal to  each (hk l)
• I » *

p lan e in  turn to  the Bragg r e f l e c t in g  p o s it io n  in  the eq u a to r ia l p la n e . In  

t h is  way th ree-d im ension a l data were c o l le c te d  w ith ou t t i l t i n g  the BF? counter,
J

v/eighing w ith  i t s  sh ie ld in g  about 100  l b . , out o f the h o r iz o n ta l p lan et À 

u s e fu l  fea tu re  o f  a th r e e -c ir c le  instrum ent fo r  neutron work i s  th a t the s in g le -  

\ c r y s t a l  can be r a p id ly  and a c c u r a te ly  a lig n e d  by. observing  a s in g le  r e f le x io n  

w ith  the 0 - a x is  in  the h o r iz o n ta l p o s i t io n ,  p a r a l le l  to  the in c id e n t  beam. ■

The in te g r a te d  in t e n s i t i e s  o f  213 hk l r e f le x io n s  were measured and each  

was co rrected  fo r  ab sorp tion  (ji '= .22mm"^) u sin g  the Mercury computer programme 

w r it te n  by N.A. Curry. Secondary e x t in c t io n  was co rrec ted  fo r  by  measuring 

the s tr o n g e s t  r e f le x io n s  fo r  d if f e r e n t  path  le n g th s  o f  the neutron beam in  the 

c r y s t a l ( 7 ) ,  The in t e n s i t y  o f  001 y/as reduced 20^ by e x t in c t io n ,  b u t the - 
rem aining r e f le x io n s  were reduced in  in t e n s i t y  by l e s s  than 8^ . R e la t iv e  

v a lu e s  were ob tained  by m u ltip ly in g  the corrected  in te g r a te d  i n t e n s i t i e s  by  

th e L orentz fa c to r ,  s in  2 6 .

.The accuracy o f the F (h k l) data v/as estim a ted  by comparing th e tv/o- 

dim ensional hlcO data fo r  c r y s ta l. A and hOl data fo r  B w ith  the corresponding •. 

M ata fo r  0 . Thus the " u n rep ro d u c ib ility  fa c to r s " , d efin ed  as' • •
A . 1 , 0

2  I l F r  -  If
hkO

2  IIfI®  -  fp '°
and

■ ‘CZ If  
hkO

Z
hOl

Fi

were 5*5^ and 9^ r e s p e c t iv e ly .  The o v e r a l l  r e p r o d u c ib ility  o f the complete 

h k l data was probably about 1Ci^ This i s  a h igh  f ig u r e ,,  in d ic a t in g  r e la t iv e ly  

poor r e l i a b i l i t y ,  and i s  m ainly due to  the la r g e  number o f  weak r e f le x io n s .

3 .  A n a lysis  o f data

As a s ta r t in g  p o in t  the atom ic co -o rd in a tes  o f  D un itz  w ere'used  for  the iro n  

and carbon atom s, and the hydrogen atoms y/ere assumed to  l i e  in  the p lan e o f  

th e cyclop en ta d ien y l r in g  a t  1.08Â from the. neighbouring carbon atoms

-  2 -



( f ig u r e  2(b) ) .  ' The D unitz tem perature fa c to r s  o f e:^  (-5 '.3  sin% '/^^) fo r  the

carbon atoms and exp ( - 3*2  si'n^ ô /X ^ )  fo r  the ir o n  atom were adopted, to g eth er  

w ith  an assumed temperature fa c to r  o f  exp ( - 7 .0  sln ^  fo r  the hydrogen

atom s. The n u clear d e n s ity  fu n ctio n  p ( xy) v/as computed u sin g  s ig n s  g iv en  by  

t h is  model and the observed va lu es  o f |p (h k O )j. The carbon atoms in  t h is  

p r o je c t io n  ( f ig u r e  2 (a) ) are not w e ll r e so lv e d , b u t th e  hydrogen atom s, b e in g  

fu r th e r  a p a rt, appear a s  d i s t in c t  n eg a tiv e  peaks. Betv/een the main hydrogen 

peaks su b s id ia ry  n eg a tiv e  peaks appear,’ and th ese  cannot be a scr ib ed  to  an  

e x t in c t io n  e f f e c t ,  a s  e x t in c t io n  i s  sm all and has. a lread y  been  accounted f o r .” " 

In  the X-ray case  an accum ulation o f  e le c tr o n  d e n s ity  v/as observed betw een  

carbon atoms o f  the cy c lop en tad ien y l r in g , b u t D unitz con sid ered  i t  to  .be 

spurious and a r is in g  from e x t in c t io n .  D unitz p o i n t e d  o u t  t h a t  t h e  

accuracy o f h i s  data was se v e r e ly  l im ite d  by  ab sorp tion  and e x t in c t io n  e r r o r s  

b u t b o th  o f  th ese  are r e la t iv e ly  sm all in  the neutron c a se .

I t  was concluded th a t a t  room temperature the c r y s ta l  s tru c tu re  o f  

ferro cen e  i s  d iso rd ered , w ith  each m olecule assuming one o f two o r  more 

d iffe r e n t  c o n fig u r a tio n s . Two p o s s ib le  co n fig u ra tio n s  o f  the m olecule in  the  

c r y s ta l  are I  and I I  in  f ig u r e  5 ! I  i s  the staggered  D unitz co n figu ra tion , and 

I I  ' the staggered  co n fig u ra tio n  r e la te d  to  I  by a r o ta t io n  o f  3^? (2  tî/ÎO ) /  " 

about the f i v e - f o l d  m olecular a x is .  E c lip se d  co n fig u ra tio n s  such a s  I I I  and 

lY  are ru led  out i f  the space-group i s  P2 ^ /a .

The " u n r e l ia b i l i t y  factors"

2  "hkl V hkl

f o r  the ordered stru c tu re  (c o n fig u r a tio n  I  on ly) were 34^ snd 43^ r e s p e c t iv e ly .  

These f e l l  r a p id ly  when the P -* s  were r e -c a lc u la te d , a llo w in g  an admixture o f
^ ■ cl-"' . •

co n fig u ra tio n s  I  and I I .  F igure 4  shows R̂  and R2 p lo t te d  a g a in s t  the  

p ro p o rtio n , p^, of. co n fig u ra tio n  I .  Both curves p a ss  through a minimum near  

P*] = 67^ , in d ic a t in g  th a t the b e s t  f i t  i s  g iv en  b y  a m ixture o f  the two con

f ig u r a t io n s  in  the p rop ortion  2 ; 1 o f  I  ; I I .

. L ea st-sq u a re8 refinem ent o f  the data beyond th is  s ta g e ,  vary ing  the

-  3 -



atom ic param eters o f  both  I  and I I  and using a n iso tr o p ic  tenperature fa c to r s ,  m s '  

n ot p o s s ib le .  However, refinem ent proceeded i f  the atom ic param eters o f I I  

were kept f ix e d ,  and a f t e r  th ree c y c le s  an va lu e o f  12 .8^  was a t ta in e d . The 

f in a l  i s o t r o p ic  B fa c to r s  were 3.1 ( ir o n ) ,  4*5 (carbon) and 8 .9  

(hydrogen). R e -c a lc u la t io n  o f  the R.̂  v ersu s p  ̂ curve gave a minimum a t  the  
same p o s it io n  o f  p as in  f ig u r e  4 «

' '
Because o f  the inadequacy o f  the data i t  was decided  to  con fin e fu r th e r  

a n a ly s is  to  the determ ination  o f two q u a n t it ie s ;  the d isp lacem en t, i f  any, ‘ o f  ' 

the hydrogen atoms from the p lane o f  the carbon r in g , and the average le n g th  

o f the C-H bond. • U sing the d isordered  2 : 1 model and assuming id e a l  f i v e -  
\ f o l d  m olecular symmetry R..J was r e c a lc u la te d  as a fu n c tio n  o f  the normal \ 

d isp lacem ent, A, o f  the hydrogen atoms from the r in g . The curve in  f ig u r e * 5 . 

shows th a t R.̂  i s  a minimum fo r  A = 0  and th a t the hydrogen atoms must be w ith in  
an average d is ta n ce  o f  0 . 0 1  A  from the p lan e o f  the cyc lo p en ta d ien y l r in g . In  

a S im ilar  way fig u re , 6 shows th a t the average le n g th  o f the C-H bond i s  1 .09  •
±  0 . 0 1  A .
4 .  D iscu ss io n  ^

The c o -p la n a r ity  o f  the carbon and hydrogen atoms in d ic a te s  th a t there i s

l i t t l e ,  i f  any, h y b r id isa t io n  o f the hydrogen o r b ita ls  w ith  the o r b it a ls  o f  the

ir o n  atom. The C-H bond le n g th  o f  1 .0 9  A  f i t s  in  w e ll  w ith  the scheme o f  
(9)V a in sh te in  r e la t in g  C-H d ista n ce  w ith  a ro m a tic ity .

No ex tra  r e f le x io n s  were observed , and so  the two o r ie n ta t io n s , I  and I I ,  

''are presumably d is tr ib u te d  randomly throughout the c r y s ta l .  The d isord ered  

2 : 1  model i s  s tr o n g ly  supported by the work o f  Edwards, K ington & Mason, who 

observed  a X -typ e anomaly a t  164%  in  the h ea t ca n a c ity  versu s tem perature 

curve and a t tr ib u te d  the ex tra  entropy a sso c ia te d  w ith  the X-change to  a tran - • 

s i t i o n  from a p e r f e c t ly  ordered to  a p a r t ia l ly  d isord ered  s tr u c tu r e . The ex tra  

en tropy  per m ole, S ,. i s  g iv en  by  • _ '

S •=  -R [p  In  p + 'P 2  I n  |>2 + P j In  P j . i . ]

where R i s  the Gas Constant and p^, p^, p ^ .. . .  are the mole f r a c t io n s  o f  the  
co n fig u ra tio n s  in  the d isord ered  s t a t e .  The neutron a n a ly s is  in d ic a te s  th a t  

= Ô .éy, P2  = 0 . 3 3 , p ^ . . . .  = 0 , g iv in g  a c a lc u la te d  entropy o f  R in 1 .8 9 , in

agreement w ith  the observed v a lu e  o f  R in (1 .8 9  i  0 .0 2 ) .  For p . = 1 , p . = 0 (no



‘ d iso rd er: D unitz model) the c a lc u la te d  entropy i s  R in 1(= O), and fo r  p  ̂ = p^

= 0 .5  (random m ixture o f I  and I I  in  equal p rop ortion s) the entropy i s  R in 2 .
•  .
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T H E  I N T E R P R E T A T I O N  O F  T O T A L  I N T E N S I T Y  M E A S U R E M E N T S  

I N  X - R A Y  A N D  N E U T R O N  D I F F R A C T I O N  

b y

B . T . M .  W i l l i s  ( H / i r w e l l )

I N T R O D U C T I O N  . .

1 ,  T h e  t o t a l  i n t e n s i t y ,  o r  " i n t e g r a t e d  r e f l e x i o n " ,  a n  e x p e r i m e n t a l

q u a n t i t y  c o n n e c t e d  w i t h  t h e  s t r u c t u r e  f a c t o r  F ^ ^ ^  b y  t h e  e q u a t i o n :

P h k l  “  • " ' h k l  ^ h k l  ^ h k l  ^ h k l  . " ^ h k l  l ^ h k l l  . . . • . • ( ! )

'
H e r e  m  i s  t h e  m u l t i p l i c i t y  f a c t o r ,  L  a n d  p  t h e  L o r e n t z  a n d  p o l a r i s a t i o n  

f a c t o r s ,  A  t h e  a b s o r p t i o n  f a c t o r  a n d  E  t h e  e x t i n c t i o n  f a c t o r ;  a l l  t h e s e  

f a c t o r s  d e p e n d  o n  t h e  i n d i c e s  h k l  o f  t h e  r e f l e c t i n g  p l a n e .  T h e  

m u l t i p l i c i t y  f a c t o r  a c c o u n t s  f o r  t h e  o v e r l a p p i n g  o f  r e f l e x i o n s  f r o m  

e q u i v a l e n t  p l a n e s ;  i t  i s  l i s t e d  f o r  a l l  c l a s s e s  o f  s y m m e t r y  i n  t h e  

I n t e r n a t i o n a l  T a b l e s  f o r  X - r a y  C r y s t a l l o g r a p h y .  L  a n d  p  a r e  g e o m e t r i c a l

f a c t o r s ,  d e t e r m i n e d  b y  t h e  e x p e r i m e n t a l  t e c h n i q u e  c h o s e n  a n d  s i m i l a r l y

I I 2  ■ .
l i s t e d .  T h e  r e m a i n i n g  f a c t o r s  A ,  E  a n d  | F |  a r e  p h y s i c a l  q u a n t i t i e s

r e l a t e d  t o  t h e  p r o p e r t i e s  o f  t h e  s a m p l e  u n d e r  i n v e s t i g a t i o n ,

2 ,  T h i s  r e p o r t  i s  c o n c e r n e d  w i t h  t h e  f a c t o r s  A  a n d  E  a n d  w i t h  t h a t  p a r t  

o f  t h e  f a c t o r  | F | n o r m a l l y  c a l l e d  t h e  t e m p e r a t u r e  f a c t o r ,  w h i c h  i s  

d e t e r m i n e d  b y  t h e  t h e r m a l  v i b r a t i o n  o f  t h e  a t o m s .  W e  s h a l l  s e e  h o w  

m e a s u r e m e n t s  o f  t h e  t o t a l  i n t e n s i t y  c a n  g i v e  i n f o r m a t i o n  a b o u t  p h y s i c a l  

p r o p e r t i e s  s u c h  a s  t h e  a m p l i t u d e s  o f  a t o m i c  v i b r a t i o n  a n d  t h e  ' m o s a i c  

s p r e a d ' .  E q u a t i o n  ( 1 )  a p p l i e s  e q u a l l y  t o  X - r a y s  a n d  n e u t r o n s  b u t  

i n t e r e s t i n g  d i f f e r e n c e s  o c c u r  i n  t h e  s c a t t e r i n g  o f  X - r a y s  a n d  n e u t r o n s  b y  

t h e  s a m e  s a m p l e ,  a n d  s o  b o t h  k i n d s  o f  d a t a  w i l l  b e  f r e e l y  d i s c u s s e d  b e l o w #

A B S O R P T I O N  F A C T O R

3 ,  W h e n  a  b e a m  o f  X - r a y s  o r  n e u t r o n s  i r r a d i a t e s  a  s a m p l e , i t  i s  a b s o r b e d  a s  

w e l l  a s  s c a t t e r e d ,  a n d ,  i n  r e l a t i n g  t h e  t o t a l  i n t e n s i t y  t o  t h e  i n t e n s i t y  

s c a t t e r e d  b y  a n  a t o m i c  p l a n e ,  a  c o r r e c t i o n  m u s t  b e  m a d e  f o r  t h e  a m o u n t

b y  w h i c h  t h e  i n c i d e n t  a n d  s c a t t e r e d  b e a m s  a r e  a b s o r b e d  w i t h i n  t h e  s a m p l e # -  

I n  F i g ,  1  t h e  i n c i d e n t  b e a m  t r a v e l s  a  d i s t a n c e  t ^  i n  t h e  s a m p l e  b e f o r e  i t  i s  

s c a t t e r e d  b y  t h e  v o l u m e  e l e m e n t  d V ,  a n d  t h e  s c a t t e r e d  b e a m  t h e n  t r a v e r s e s  

a  d i s t a n c e  t 2  b e f o r e  l e a v i n g  t h e  s a m p l e .  T h e  a b s o r p t i o n  f a c t o r  f o r
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- l l (
r a d i a t i o n  s c a t t e r e d  b y  d V  i s .  t h e r e f o r e  e  ,  w h e r e  j J .  i s  t h e  l i n e a r

c o e f f i c i e n t  o f  a b s o r p t i o n .  T h e  t o t a l  a b s o r p t i o n  f a c t o r  A  i s  g i v e n  b y

-M-
d V  , ( 2 )

w h e r e  t h e  i n t e g r a t i o n  i s  o v e r  t h e  v o l u m e  o f  s a m p l e  b a t h e d  i n  r a d i a t i o n .

T a b l e s  o f  A  a r e  a v a i l a b l e  f o r  c e r t a i n  s p e c i a l  c a s e s  s u c h  a s  c y l i n d r i c a l  

s a m p l e s  a n d  p o w d e r  c a m e r a  g e o m e t r y ,  M a n y  g r a p h i c a l  m e t h o d s  h a v e  b e e n  

d e v i s e d  f o r  o t h e r  c a s e s  b u t  t h e  m o s t  s a t i s f a c t o r y  w a y  o f  c a l c u l a t i n g  A  i s  

b y  m e a n s  o f  a  c o m p u t e r ,  A  p r o g r a m m e  f o r  c a l c u l a t i n g  t h e  a b s o r p t i o n  

f a c t o r  f o r  a  c r y s t a l  w i t h  p l a n e  f a c e s  b u t  a r b i t r a r y  s h a p e  h a s  b e e n  w r i t t e n  

b y  N . A ,  C u r r y  f o r  t h e  M e r c u r y  c o m p u t e r ;  t h e  i n p u t  d a t a  c o n s i s t  o f  \ i ,  t h e  

x y z  c o o r d i n a t e s  o f  t h e  c o r n e r s  o f  t h e  c r y s t a l  a n d  i t s  o r i e n t a t i o n  w i t h  

r e f e r e n c e  t o  a  f i x e d  p l a n e ,

4 ,  I t  i s  i n t e r e s t i n g  t o  c o m p a r e  t h e  a b s o r p t i o n  f a c t o r s  f o r  X - r a y s  a n d  

n e u t r o n s .  F o r  X - r a y s  t h e  a b s o r p t i o n  c r o s s - s e c t i o n  i s  n o r m a l l y  m u c h  

l a r g e r  t h a n  t h e  s c a t t e r i n g  c r o s s - s e c t i o n ,  w h e r e a s  t h e  r e v e r s e  i s  t h e  c a s e  

w i t h  n e u t r o n s .  T a b l e  1  c o m p a r e s  t h e  l i n e a r  a b s o r p t i o n  c o e f f i c i e n t s  o f  a  

n u m b e r  o f  e l e m e n t s  f o r  b o t h  X - r a y s  a n d  n e u t r o n s .  B o r o n  h a s  a  h i g h e r  j j .  

v a l u e  f o r  n e u t r o n s  b u t  t h i s  i s  e x c e p t i o n a l ,  a n d  i s  n o t  e v e n  t r u e  f o r  c a d m i u m ,  

w h i c h  h a s  a  v e r y  l a r g e  a b s o r p t i o n  c r o s s - s e c t i o n  f o r  t h e r m a l  n e u t r o n s ,

TABLE 1

E l e m e n t
A b s o r p t i o n  c o e f f i c i e n t  } J . ( c m  ^ )

X - r a y s  (  1 ,  5 4 Â . ) N e u t r o n s  ( 1 , 0 Â )

B o r o n 7 . 6 6 0

I  r o n 2 , 5 7 0 ■ 0 , 1

C a d m i u m 2 , 0 2 0 9 7

N a t u r a l  U r a n i u m 6 , 6 0 0 0 . 3  ■

A  n e u t r o n  b e a m  i s  h a r d l y  a t t e n u a t e d  i n  p a s s i n g  t h r o u g h  s e v e r a l  r a m  o f  

u r a n i u m ,  w h e r e a s  X - r a y s  a r e  a b s o r b e d  b y  a  l a y e r  l e s s  t h a n  1 0  m i c r o n s  t h i c k .  

T h i s  m e a n s  t h a t  u n l e s s  t h e  s a m p l e  i s  o n l y  a  f e w  m i c r o n s  i n  s i z e  X - r a y s  a r e  

s c a t t e r e d  f r o m  t h e  s u r f a c e  o n l y ,  a n d  t o  s t u d y ,  f o r  i n s t a n c e ^  t h e  p r e f e r r e d  

o r i e n t a t i o n  i n  u r a n i u m  b a r s  b y  d i f f r a c t i o n  m e t h o d s ,  n e u t r o n s  c a n  b e  u s e d  

b u t  n o t  X - r a y s ,  T h e  e v a l u a t i o n  o f  t h e  a b s o r p t i o n  f a c t o r  f o r  c o m p o u n d s  o f
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t h e  h e a v y  e l e m e n t s  i s  a l s o  m u c h  e a s i e r  w i t h  n e u t r o n s ,  a s  f o r  X - r a y s

i s  c r i t i c a l l y  d e p e n d e n t  o n  t h e  e x a c t  s h a p e  o f  t h e  s a m p l e ,

TEMPERATURE FACTOR

5 ,  T h e  t e m p e r a t u r e  f a c t o r  e n t e r s  i n t o  t h e  f o r m u l a  ( 1 )  f o r  t h r o u g h

t h e  e x p r e s s i o n  f o r  F ^ ^ ^  :

■ h x  k y  1  z  -  -

= 2 exp 2 n i ( - ^  + - g -  + - ~ )  exp ( -  s i n  8/X  ) ,

 ( 3 )

w h e r e  f ^  i s  t h e  s c a t t e r i n g  f a c t o r  o f  t h e  n ^ ^  a t o m  i n  t h e  u n i t  c e l l ,  x ^ ,  y ^  

z ^  a r e  i t s  c o o r d i n a t e s  w i t h  r e f e r e n c e  t o  t h e  c e l l  e d g e s  a b c ,  X  i s  t h e  

w a v e l e n g t h  a n d  2 0  i s  t h e  s c a t t e r i n g  a n g l e .  i s  t h e  t e m p e r a t u r e  f a c t o r ,

g i v e n  b y

B „  =  U  '  ^
n  n

w h e r e  U ^ ^  i s  t h e  m e a n  s q u a r e  d i s p l a c e m e n t  o f  t h e  n ^ ^  a t o m  f r o m  t h e  h k l  

p l a n e .  F o r  c u b i c  c r y s t a l s  U ^  ^  =  y  U ^ ^ ,  w h e r e  U ^ ^  i s  t h e  m e a n  s q u a r e

d i s p l a c e m e n t  o f  t h e  n ^ ^  a t o m  f r o m  i t s  e q u i l i b r i u m  p o s i t i o n ,  a n d  f o r  c r y s t a l s  

c o n t a i n i n g  o n e  k i n d  o f  a t o m  t h e  t e m p e r a t u r e  f a c t o r  i s  r e l a t e d  t o  t h e  D e b y e  

t e m p e r a t u r e  ©  b y

m k © *

B  =  ( @ ( x )  +  . . . . , ( 4 )

H e r e  m  i s  t h e  a t o m i c  m a s s ,  T  t h e  a b s o l u t e  t e m p e r a t u r e ,  h  P l a n c k ' s  c o n s t a n t ,  

k  B o l t z m a n n ' s  c o n s t a n t ,  x  i s  t h e  r a t i o  © / T  a n d  0 ( x )  i s  t h e  t a b u l a t e d  

f u n c t i o n :

* ( x )  = i  r  - 1 ^  .
VO  e  -  1  ,

6 ,  I f  t h e  s t r u c t u r e  f a c t o r  F ^  i s  c a l c u l a t e d  f r o m  ( 3 )  w i t h  =  0 ,  a n d  i f  

' i s  t h e  o b s e r v e d  s t r u c t u r e  f a c t o r  d e r i v e d  f r o m  ( l ) ,  t h e n

F ^  =  F ^  e x p  ( -  B  s i n ^  6 / X ^ )

a n d  a  p l o t  o f  I n  ( F ^ / F ^ )  v e r s u s  s i n ^  6 / X ^  w i l l  b e  a  s t r a i g h t  l i n e  o f  s l o p e  

- B ,  ( F o r  m o r e  t h a n  o n e  k i n d  o f  a t o m  B  r e p r e s e n t s  a  m e a n  t e m p e r a t u r e  

f a c t o r  f o r  t h o s e  a t o m s  c o n t r i b u t i n g  t o  t h e  r e f l e x i o n ) .  S u c h  a  p l o t  i s
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s h o w n  i n  F i g ,  2  f o r  s i n g l e  c r y s t a l  n e u t r o n  d a t a  f r o m  U O ^ ,  U O ^  h a s  t h e  

c a l c i u m  f l u o r i d e ,  s t r u c t u r e , a n d  t h e  r e f l e x i o n s  a r e  d i v i d e d  i n t o  t h r e e  g r o u p s :

I f  h  +  k  +  1  =  4 n  ( n  i n t e g r a l )  t h e  U  a n d  O  s c a t t e r  i n - p h a & e  a n d  t h e  

r e f l e x i o n  i s  s t r o n g ;  t h e  U  a n d  0  s c a t t e r  o u t - o f - p h a s e  f o r  h  +  k  +  1  =  4 n + 2  

a n d  t h e  r e f l e x i o n  i s  w e a k ;  a n d  f o r " o d d  h  +  k  +  1  t h e  U  a t o m s  o n l y  

. c o n t r i b u t e  t o  t h e  s c a t t e r i n g  a n d  t h e  r e f l e x i o n  i s  o f  m e d i u m  i n t e n s i t y .

T h e  4 n  ±  1  a n d  4 n  +  2  r e f l e x i o n s  o n l y  a r e  s h o w n  i n  F i g ,  2 ,  a s  t h e  4 n

r e f l e x i o n s  a r e  a f f e c t e d  b y  e x t i n c t i o n  ( s e e  § 8  e t  s e g . )  ,  T h e  4 n  ±  1  l i n e  h a s  a

s l o p e  c o r r e s p o n d i n g  t o  =  0 , 2 5  w h e r e  B y  i s  t h e  t e m p e r a t u r e  f a c t o r  o f

t h e  u r a n i u m  a t o m .  T h e  4 n  +  2  l i n e  h a s  a  s t e e p e r  s l o p e  a s  t h e  o x y g e n  a t o m s  

v i b r a t e  m o r e  s t r o n g l y  t h a n  t h e  u r a n i u m  a t o m s  a n d  b o t h  k i n d s  o f  a t o m  

c o n t r i b u t e  t o  t h e s e  r e f l e x i o n s .  T h e  r , m , s ,  d i s p l a c e m e n t s  o f  t h e  a t  o m s

f r o m  t h e i r  e q u i l i b r i u m  p o s i t i o n s  a t  2 0 ° C ,  a s  c a l c u l a t e d  f r o m  B  =  u ^  ,

a r e  0 , 1 0 A  f o r  u r a n i u m  a n d  0 , 1 3  Â  f o r  o x y g e n ,

( 1 )
^ 7 ,  F i g u r e  3  s h o w s  s o m e  X - r a y  r e s u l t s  o f  T h e w l i s  o n  ^ - u r a n i u m .  T h e

2 2
s l o p e  o f  t h e  I n  ( F ^ / F ^ )  v e r s u s  s i n  0 / X  c u r v e  i s  p o s i t i v e ,  a s  F ^  w a s  

. c a l c u l a t e d  w i t h  t h e  t e m p e r a t u r e  f a c t o r  i n c l u d e d  a n d  a n  a s s u m e d  D e b y e  

t e m p e r a t u r e  o f  l 6 2 ° K ,  e q u a l  t o  t h a t  o f  a - u r a n i u m .  T h e  p o s i t i v e  s l o p e  

s h o w s  t h a t  t h e  a s s u m e d  D e b y e  t e m p e r a t u r e  i s  t o o  l o w ,  a n d  t o  g e t  a  z e r o  

s l o p e  t h e  ®  v a l u e  o f  P - u r a n i u m  m u s t  b e  t a k e n  a s  2 7 0 ,

.  E X T I N C T I O N  F A C T O R

8 ,  T h e  t o t a l  i n t e n s i t y  s u f f e r s  f r o m  ' e x t  i n c t  i o n '  i f  t h e  s c a t t e r i n g  

p r o c e s s  r e m o v e s  a n  a p p r e c i a b l e  a m o u n t  o f  e n e r g y  f r o m  t h e  i n c i d e n t  b e a m .

T h e  i n t e n s i t y  s c a t t e r e d  b y  t h e  c r y s t a l  a s  a  w h o l e  i s  t h e n  n o  l o n g e r  

p r o p o r t i o n a l  t o  t h e  i n t e n s i t y  s c a t t e r e d  b y  a  s i n g l e  a t o m i c  p l a n e ,  a n d  a n  ■ 

e x t i n c t i o n  f a c t o r  E  m u s t  b e  i n t r o d u c e d  i n  e q u a t i o n  ( 1 ) ,  E  i s  a  n u m b e r  

b e t w e e n  0  a n d  1 ;  f o r  w e a k  r e f l e x i o n s  ( n o  e x t i n c t i o n )  E  =  1 ,  b u t  f o r  s t r o n g

« ^ r e f l e x i o n s  E  c a n  b e  m u c h  l e s s  t h a n  u n i t y ,

9 .  D a r w i n  d i s c u s s e d  m a n y  y e a r s  a g o  t h e  t w o  t y p e s . o f  e x t i n c t i o n ,  p r i m a r y  

a n d  s e c o n d a r y ,  w h i c h  a r i s e  i n  a  c r y s t a l  c o n s i s t i n g  o f  a  m o s a i c  o f  p e r f e c t  

b l o c k s .  P r i m a r y  e x t i n c t i o n  o c c u r s  i f  t h e  i n c i d e n t  b e a m  i s  s t r o n g l y  

a t t e n u a t e d  b y  s c a t t e r i n g  d u r i n g  i t s  p a s s a g e  t h r o u g h  a  s i n g l e  c o h e r e n t  

b l o c k ;  f o r  a  p e r f e c t  c r y s t a l ,  s u c h  a s  d i s l o c a t i o n - f r e e  g e r m a n i u m ,  p r i m a r y  

e x t i n c t i o n  o n l y  c a n  t a k e  p l a c e .  S e c o n d a r y  e x t i n c t i o n  i n v o l v e s  t h e  

s h i e l d i n g  o f  a n  u n d e r l y i n g  m o s a i c  b l o c k  b y  o n e  c l o s e r  t o  t h e  s u r f a c e ;  t h e r e  

i s  n o  c o h e r e n c e  b e t w e e n  t h e  b l o c k s ,  s o  t h a t  s e c o n d a r y  e x t i n c t i o n  i s

. c o n c e r n e d  w i t h  s c a t t e r e d  p o w e r  r a t h e r  t h a n  s c a t t e r e d  a m p l i t u d e  a n d  i s  a k i n  

t o  t h e  n o r m a l  a b s o r p t i o n  p r o c e s s .  I n  F i g ,  4  a n  a t t e m p t  h a s  b e e n  m a d e  t o
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i l l u s t r a t e  s c h e m a t i c a l l y  t h e  t w o  k i n d s  o f  e x t i n c t i o n ,

1 0 ,  B e c a u s e  i t  i s  a n a l o g o u s  t o  a b s o r p t i o n ,  s e c o n d a r y  e x t i n c t i o n  w i l l  v a r y  

w i t h  t h e  p a t h  l e n g t h  o f  t h e  b e a m  i n  t r a v e r s i n g  t h e  c r y s t a l .  F i g ,  5  s h o w s  • 

h o w  t h i s  f e a t u r e  h a s  b e e n  e x p l o i t e d  t o  r e v e a l  t h e  p r e s e n c e  o f  s e c o n d a r y  

e x t i n c t i o n  i n  a  s i n g l e - c r y s t a l  o f  K B r ,  T h e  c r y s t a l  w a s  c u t  a s  a  f l a t  

p l a t e  a n d  t h e  t o t a l  i n t e n s i t y  f o r  n e u t r o n s  w a s  m e a s u r e d  f o r  t h e  2 0 0 ,  4 0 0 ,

6 0 0  a n d  8 0 0  r e f l e x i o n s .  B y  r o t a t i n g  t h e  c r y s t a l  a b o u t  t h e  [ l O O ]  

d i r e c t i o n  t h e  B r a g g  c o n d i t i o n  w a s  m a i n t a i n e d  b u t  t h e  p a t h  l e n g t h  i n  t h e  

c r y s t a l  w a s  a l t e r e d ,  b e t w e e n  a  m a x i m u m  o f  5 m m  a t  t h e  a z i m u t h a l  a n g l e  i j /  o f  

9 0 °  a n d  a  m i n i m u m  o f  1 m m  a t  \ | /  =  0 ° ,  T h e  v a r i a t i o n  o f  P j ^ q q  w i t h  s h o w s  

t h a t  s e c o n d a r y  e x t i n c t i o n  i s  v e r y  p r o m i n e n t  a t  ÿ  =  9 0 °  f o r  t h e  2 0 0  r e f l e x i o n ,  

b u t  i s  p r o g r e s s i v e l y  l e s s  i m p o r t a n t  f o r  4 0 0 ,  6 0 0 ,  8 0 0 ,  T h i s  i s  b e c a u s e

t h e  t o t a l  i n t e n s i t i e s  d i m i n i s h  a s  t h e  o r d e r  i n c r e a s e s  a n d  a  s m a l l e r  

p r o p o r t i o n  o f  t h e  i n c i d e n t  b e a m  i s  s c a t t e r e d  a w a y ,

1 1 ,  I n  t h e  p r e s e n c e  o f  s e c o n d a r y  e x t i n c t i o n  t h e  e f f e c t i v e  a b s o r p t i o n  

c o e f f i c i e n t  c a n  b e  w r i t t e n ^ ^ ^ :

^ e f f  .= ^
P h k l  ^  

2  / tT  "n
*

w h e r e  j J .  i s  t h e  t r u e  a b s o r p t i o n  c o e f f i c i e n t ,  V  t h e  v o l u m e  o f  t h e  i r r a d i a t e d

s a m p l e  and  T)' t h e  a v e r a g e  s p r e a d  i n  o r i e n t a t i o n  o f  t h e  m o s a i c  b l o c k s .

P u t t i n g  { I  =  l ^ g £ £  a n d  A  =  A E  i n  e q u a t i o n  ( 2 )  t h e  a b s o r p t i o n  a n d  s e c o n d a r y

e x t i n c t i o n  f a c t o r s  c a n  b e  c o m b i n e d ,  a n d  T |  c a n  b e  d e d u c e d  b y  s t u d y i n g  t h e

(  3  )  ■
v a r i a t i o n  o f  t h i s  c o m b i n e d  f a c t o r  w i t h  p a t h  l e n g t h  ,  A  t y p i c a l  v a l u e  

o b t a i n e d  i n  t h i s  w a y  f o r  f u s e d  S p e n c e r  U O 2  i s  4  m i n u t e s  o f  a r c ,

1 2 ,  T h i s  m e t h o d  o f  s t u d y i n g  s e c o n d a r y  e x t i n c t i o n  i s  u n l i k e l y  t o  b e  u s e f u l  

i n  X - r a y  w o r k  u n l e s s  t r u e  a b s o r p t i o n  i s  v e r y  s m a l l ,  A  b e t t e r  m e t h o d ,  n o t  

a p p l i c a b l e  t o  n e u t r o n s ,  i s  t h a t  d e v e l o p e d  b y  C h a n d r a s e k h a r ^ ,

C h a n d r a s e k h a r  e m p l o y s  p o l a r i s e d  X - r a y s  a n d  b y  s t u d y i n g  t h e  v a r i a t i o n  o f  

t o t a l  i n t e n s i t y  w i t h  p o l a r i s a t i o n  a n g l e  t h e  e x t i n c t i o n  f a c t o r  ( b o t h  p r i m a r y  

a n d  s e c o n d a r y )  c a n  b e  m e a s u r e d ,

1 3 ,  S o m e  X - r a y  d a t a  o f  F e r g u s o n ^ ^ ^  o n  p o w d e r e d  T h O ^  s h o w  t h e  e f f e c t  o f  

e x t i n c t i o n .  T h e  s a m p l e s  w e r e  p r e p a r e d  a t  d i f f e r e n t  t e m p e r a t u r e s  i n  t h e  

r a n g e  6 0 0 - 2 5 0 0 ° C ,  a n d  F e r g u s o n  f o u n d  t h a t  t h e  I n  ( F ^ / F ^ )  v e r s u s  s i n ^ 0  

c u r v e s  ( F i g , 6 )  v a r i e d  a c c o r d i n g  t o ' t h e  t e m p e  r a t u r e  o f  p r e p a r a t i o n .  H e  

a s c r i b e d  t h i s  t o  a  v a r i a t i o n  o f  a b s o r p t i o n  f a c t o r  f r o m  s a m p l e  t o  s a m p l e ;  

t h e  a b s o r p t i o n  f a c t o r  i s  v e r y  l a r g e  a n d  t h e  a s s u m p t i o n  o f  a  h o m o g e n e o u s
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c y l i n d r i c a l  s a m p l e  i s  c e r t a i n l y  n o t  t r u e .  T h e  i r r e g u l a r  k i n k s  i n  t h e  

c u r v e s  a r e  t h e r e f o r e  p r o b a b l y  d u e  t o  i n c o r r e c t  e s t i m a t e s  o f  t h e  a b s o r p t i o n  

f a c t o r s ,  b u t  t h e  d i f f e r e n c e s  i n  t h e  g e n e r a l  t r e n d s  o f  t h e  c u r v e s  a r i s e  f r o m  

e x t i n c t i o n .  T h e  6 0 0 ° C  c u r v e  h a s  a  p o s i t i v e  s l o p e  c o r r e s p o n d i n g  t o  E  =  1  

( n o  e x t i n c t i o n )  a n d  B  «  0 , 5 Â  ,  A s  t h e  p r e p a r a t i o n  t e m p e r a t u r e  r i s e s  t h e  

i n t e n s i t i e s  o f  t h e  l o w - o r d e r  r e f l e x i o n s  f a l l  i n  c o m p a r i s o n  w i t h  t h e  h i g h  

o r d e r  i n t e n s i t i e s ;  t h i s  i s  w h a t  w e  e x p e c t  w i t h  e x t i n c t i o n ,  a s  t h e  L o r e n t z  

f a c t o r  i n  e q u a t i o n  ( 1 )  w e i g h t s  t h e  i n t e n s i t i e s  i n  f a v o u r  o f  t h e  l o w -

o r d e r  r e f l e x i o n s ,  ( N o t e  t h a t  f o r  X - r a y s  f ^ ^ > >  f ^  a n d  =  f ^ ^

e x p  ( -  B ^ ^  s i n ^  6 / X ^ )  f o r  a l 1  r e f l e x i o n s ) ,  F e r g u s o n  a l s o  s h o w e d  f r o m  

l i n e - b r o a d e n i n g  m e a s u r e m e n t s  t h a t ,  a s  t h e  p r e p a r a t i o n  t e m p e r a t u r e  r i s e s ,  

t h e  c r y s t a l l i t e  s i z e  i n c r e a s e s  a n d  t h e  l a t t i c e  s t r a i n  d e c r e a s e s .  T h e s e  

o b s e r v a t i o n s  p r o v i d e  t h e  p h y s i c a l  e ^ q p l a n a t i o n  o f  t h e  e x t i n c t i o n  e f f e c t ,  

a s  t h e  e x t i n c t i o n  i n c r e a s e s  w i t h  t e m p e r a t u r e  a n d  i f  i t  i s  p r i m a r y  i t  w i l l ,  

i n c r e a s e  w i  t h ' i n c r e a s e  w i t h  t h e  s i z e  o f  a  m o s a i c  b l o c k ,  a n d  i f  s e c o n d a r y  i t  

/ w i l l  i n c r e a s e  a s  t h e  a n g l e  b e t w e e n  t h e  m o s a i c  b l o c k s  ( i , e ,  t h e  s t r a i n )  f a l l s ,

T O T A L  I N T E N S I T Y  A N D  C O L D - W O R K  '  ' '

1 4 ,  D u r i n g  t h e  l a s t  d e c a d e ,  w i t h  t h e  a d v e n t  o f  a c c u r a t e  c o u n t e r  m e t h o d s  o f  

m e a s u r i n g  t h e  t o t a l  i n t e n s i t y ,  t h e r e  h a s  b e e n  m u c h  d i s c u s s i o n  o f  t h e  

r e l a t i o n  b e t w e e n  t o t a l  i n t e n s i t y  a n d  c o l d - w o r k ,  A v e r b a c h  a n d  W a r r e n ^  

o b s e r v e d  a n  i n c r e a s e  i n  t h e  i n t e n s i t y  o f  t h e  s t r o n g  l i n e s  f r o m  a -  b r a s s  

a f t e r  c o l d - w o r k  a n d  t h i s  e f f e c t a t t r i b u t e d  t o  e x t i n c t i o n ,  h a s  b e e n  n o t e d  

l a t e r  b y  o t h e r  w o r k e r s .  T h e  d i s c u s s i o n  h a s  c e n t r e d  r o u n d  t w o  q u e s t i o n s  

( s e e  F i g ,  7 ) ;  .

( a )  I s  t h e  e x t i n c t i o n  i n  a n n e a l i n g  p o w d e r s  p r i m a r y  o r  s e c o n d a r y ?

( b )  D o e s  t h e  b a c k g r o u n d  l e v e l  b e t w e e n  t h e  D e b y e - S c h e r r e r  l i n e s  

i n c r e a s e  o n  c o l d - w o r k ?

1 5 ,  A v e r b a c h  a n d  W a r r e n  i n t e r p r e t e d  t h e i r  r e s u l t s  i n  t e r m s  o f  p r i m a r y  

k  (7)
e x t i n c t i o n .  H a l l  a n d  W i l l i a m s o n  , c l a i m e d  t h a t  t h e i r  w o r k  o n  a l u m i n i u m

i n d i c a t e d  a  r e d u c t i o n  o f  s e c o n d a r y  e x t i n c t i o n  o n  c o l d - w o r k ,  b u t  t h e i r

(  8  )  (  9  )
i n t e r p r e t a t i o n  w a s  c r i t i c i s e d  b y  W e i s s  a n d  b y  L a n g  ,  a n d  i n  a  l a t e r  

w o r k  W i 1 1 i a m s o n ^ ^  r e - i n t e r p r e t e d  h i s  r e s u l t s  i n  t e r m s  o f  p r i m a r y  

e x t i n c t i o n .  F r o m  t h e  o b s e r v e d  e x t i n c t i o n  f a c t o r  W i l l i a m s o n  e s t i m a t e d  t h e  

s i z e  o f  t h e  m o s a i c  b l o c k s  i n  a l u m i n i u m  t o  b e  3 , 5 \ l ,  a n d  a s  t h e  p e n e t r a t i o n  

o f  t h e  X - r a y  b e a m  w a s  o n l y  a b o u t  t e n  s u c h  b l o c k s ,  i t  i s  n o t  s u r p r i s i n g  

t h a t  s e c o n d a r y  e x t i n c t i o n  w a s  a b s e n t ,

1 6 ,  T h e  s e c o n d  q u e s t i o n  h a s  a l s o  b e e n  t h e  s u b j e c t  o f  s o m e  c o n t r o v e r s y  

b e t w e e n  t h e  B i r m i n g h a m  s c h o o l  a n d  A m e r i c a n  w o r k e r s ,  S m a l l m a n  a n d  W i 1 1 i a m s o n
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m e a s u r e d  a  s l i g h t  i n c r e a s e  o f  b a c k g r o u n d  l e v e l  b e t w e e n  t h e  D e b y e - S c h e r r e r  

l i n e s  o f  m e t a l s  a f t e r  c o l d - w o r k ,  a n d  a t t r i b u t e d  t h i s  t o  t h e  s c a t t e r i n g  

f r o m  d i s l o c a t i o n s ,  b u t  t h i s  e f f e c t  w a s  n o t  o b s e r v e d  b y  A v e r b a c k  a n d  

W a r r e n ,  W e i s s  e t  a l i  ^  ̂  ̂ h a v e  m e a s u r e d  t h e  t o t a l  i n t e n s i t y  o f  a n n e a l e d  

a n d  h e a v i l y  c o l d - w o r k  a -  b r a s s  b y  n e u t r o n  d i f f r a c t i o n ;  t h e  a d v a n t a g e  

o f  n e u t r o n s  i s  t h a t  t h e  s c a t t e r i n g  c r o s s - s e c t i o n s  a r e  c o n s i d e r a b l y  s m a l l e r  

t h a n  f o r  X - r a y s  a n d  e x t i n c t i o n  i s  p r o b a b l y  a b s e n t .  T h e  t o t a l  i n t e n s i t y

w a s  t h e  s a m e  t o  w i t h i n  1% f o r  t h e  t w o  s a m p l e s ,  i n d i c a t i n g  t h a t  a  r i s e  i n

t h e  b a c k g r o u n d  l e v e l  b e t w e e n  t h e  l i n e s  m u s t  b e  v e r y  s m a l l  o r  a b s e n t ,

C O N C L U S IO N S

1 7 ,  S o m e - p h y s i c a l  f a c t o r s  h a v e  b e e n  d i s c u s s e d  w h i c h  a f f e c t  t h e  m a g n i t u d e

o f  t h e  o b s e r v e d  t o t a l  i n t e n s i t y .  I n f o r m a t i o n  a b o u t  t h e s e  f a c t o r s  c a n  b e

g a i n e d  b y  a c c u r a t e l y  m e a s u r i n g  t h e  t o t a l  i n t e n s i t y  o f  t h e  d i f f e r e n t  h k l  

p l a n e s . T h i s  i n f o r m a t i o n  i n c l u d e s  t h e  r , m , s ,  a m p l i t u d e s  o f  v i b r a t i o n  o f  

t h e  d i f f e r e n t  a t o m s  i n  t h e  c r y s t a l ,  t h e  a v e r a g e  s i z e  o f  t h e  c o h e r e n t  

m o s a i c  b l o c k s  a n d  t h e  a v e r a g e  m o s a i c  s p r e a d ,

R E F E R E N C E S

1 ,  J ,  T h e w l i s ,  A c t a  C r y s t ,  1952  ^  7 9 0 ,

2 ,  W . H .  Z a c h a r i a s e n ,  " T h e o r y  o f  X - r a y  d i f f r a c t i o n  i n  c r y s t a l s " , ’ 1945
J o h n  W i l e y ,  N e w  Y o r k ,

3 ,  B , T . M .  W i l l i s ,  V i e n n a  S y m p o s i u m  o n  P i l e  N e u t r o n  R e s e a r c h ,  I 9 6 0 , .

4 ,  S ,  C h a n d r a s e k h a r ,  A c t a  C r y s t ,  1956  ^  9 5 4 ,
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SECONDARY EXTINCTION AND NEUTRON  
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Abstract — Résumé —  AuHorauHH — Resumen

Secondary extinction and neutron diffraction. The term “secondary extinction” 
is used to denote the loss of power due to diffraction for a neutron beam passing 
through a mosaic crystal. To derive accurate estimates of the integrated intensities 
from single crystals (as is required, for instance, m crystal structure investigations) 
it is necessary to correct for the effect of secondary extinction, which is normally 
more serious than the effect of true absorption from nuclear capture processes. Several 
authors have examined the theoretical problem of secondary extinction in neutron 
crystallography, but no satisfactory methods have been developed for the correction 
of extinction.

In this paper a method of correcting for secondary extinction is proposed based 
on the measurement of the integrated intensity for different path-lengths of the 
beam in the crystal. The theory of the method is developed for the two cases of small 
and large extinction. The measurements are conveniently carried out by using a 3-circle 
arrangement, or Eulerian cradle; two of these circles are effectively used to bring 
the (hkl) normal into the reflecting position in the horizontal plane and the third 
circle to rotate the crystal about the normal to the reflecting plane, whilst maintaining 
the Bragg reflecting condition.

The application of the method to the correction of the intensities from several 
single crystals, including KBr and UOg, is described.

Extinction secondaire et diffraction neutronique. Le terme «extinction secondaire» 
est utilisé pour désigner la perte d’énergie par diffraction dans un faisceau de neutrons 
passant par un cristal genre «mosaïque». Poiu parvenir à une estimation excate 
des intensités intégrées de faisceaux issus de monocristaux (une telle estimation est 
indispensable pour étudier par exemple la structure des cristaux), il est nécessaire 
d’appliquer un facteur correctif pour tenir compte de l ’effet produit par l ’extinction 
secondaire, effet qui est, en général, plus important que celui de l ’absorption véritable 
due aux processus de capture nucléaires. Plusieurs spécialistes ont étudié le pro
blème théorique de l ’extinction secondaire dans la cristallograhie des neutrons, mais 
ils n’ont pu mettre au point aucune méthode satisfaisante de correction permettant 
de tenir compte de ce phénomène.

L’auteur propose, pour tenir compte de l ’extinction secondaire, une méthode de 
correction fondée sur la mesure de l’intensité intégrée pour différentes longueurs de 
parcours du faisceau dans le cristal. Du point de vue théorique, cette méthode a été 
mise au point pour les deux cas: extinction faible et extinction forte. Un moyen 
pratique d’effectuer ces mesures consiste à utiliser un dispositif composé de trois 
cercles dit «berceau d’Euler»; deux de ces cercles sont effectivement utilisés pour 
amener la normale à la face réfléchissante (hkl) vers la position de réflexion dans le 
plan horizontal, et le troisième pour faire pivoter le cristal autour de la normale à la 
face réfléchissante tout en maintenant les conditions de réflexion dites de Bragg.

L’auteur décrit l ’application de cette méthode à la correction des intensités des 
faisceaux issus de plusieurs monocristaux, dont KBr et UOg.

B ropH H H oe s a T y x a im e  h  ^jHÿpaKiiHH nearpoH O B . T epM H H  «BTopH H H oe s a r y x a i n i e »  n p H M e a a -  
e rc H  A Jia o6o3H ayeH M S  n o T c p a  e a e p r u a  b  p e a y j i b r a r e  flH 4)paK pnH  n y n x a  h c h t p o h o b , n p o -
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XOflfllIlHX Hepc3 M03aHHHbIH KpHCTajlA. flafl TOrO, MTOÔbl TOHHO OnpCfleaHTb MHTerpHpOBaHHyro 
HHTeHCHBHOCTb OT CflHHHMHblX KpMCTaJUIOB (kBK 3T0 TpeÔyCTCfl, HanpHMCp, HCCJieflOBaHKft 
CTpyKTypbi KpHCxajiJia), Heo6xoAHMO KoppeKTHpoBaxb flCHCTBHe BTopHHHoro aaryxaHHH, 
KOTopoe HopManbHO HBjifleTCH ôojiec cepbC3HbiM, Hcivt flCHCTBHe HacToamero nornomeHHH ox 
npoueccoB aaepHoro aaxsaxa. HecKOJibKo aaxopoB HsyMWjiH xeopexuaecxyK) npo6jieMy Bxopwa- 
Horo 3axyxaHHH b  HefixpoHHOw KpHCxajuiorpa(J)aH, oaaaKO ae 6bmo paxpaôoxaao HHKaKnx 
yflOBJiexBopHxejibHbix m c x o a o b  fljia KoppeKXHpoBaHita aaxyxaaaa. B 3 x o m  aoKyMeHxe npefljia- 
raexca m c x o a  KoppeKxapoBaHua AJia BxopaHHoro aaxyxanaa, KOxopwA o c h o b h h  a a  H3MepeHHH 
HHxerpHpoBaHHOîi HHxencHBHOcxH AJia paajiHHHbix a j ih h  npoxoxcACHMa nyxxa b  Kpacxaajie.

T e o p a a  a x o x o  M e x o f la  p a s p a ô o x a a a  Rsist A s y x  c j iy n a e B  M a j io r o  h  ô o j i b u i o r o  a a x y x a n a a .  

I l 3 M ep eH H a n p o B O ^ a x c a  yA O Ô abiM  c n o c o ô o M  n y x e iv t  n p H M e a e H a a  x p e x K p y r o B O r o  n p a c n o c o ô a e -  

HHH HJiH E ulerian cradle; naa m  a x a x  x p y r o B  3(j)(})eKXHBHO n p H M e a a io x c a ,  H x o 6 b i  n o cx a B H X b  

H o p M a J ib  (hkl) B o x p a x c a i o m e e  n o n o x c c H a e  a a  r o p a a o H x a jib H O M  n j io c K o c x H , a  x p e x a a  x p y r  —  

H x o ô b i B p a m a x b  x p a c r a j u i  O K o a o  H O pM ajiH  aa o x p a x c a K s m e a  n o B c p x a o c x a ,  noaaepjKHBaa b  x o  

w e  s p c M a  o x p a w a i o m e e  y c j i o B a e  B p a r r a .

OimcbiBaexca npaMeaeaae axoro Mexoaa AJia KoppcKxapoBaaaa aaxyxaaaa ox aecKOJibKHX 
cflHaHHHbix KpHcxajiJioB, BKHKJMaa KBr h UOg.

E xtincion secundaria y difraccidn neutrdnica. L a expresiôn  «extinciôn secundaria» 
se em plea para designar la  d ism inucion  de energia deb ida a  la  difracciôn que un  haz 
neutrônico sufre al atravesar u n  crista l m osaico . P ara  poder evaluar con exactitu d  
las in tensidades integi’adas de lo s haces que em ergen de m onocrista les (esta  evalua- 
ciôn  résu lta  ind ispensable para determ inar estru ctm a s crista linas, por ejem plo), 
es precise aplicar u n  factor de correcciôn a fin de tener en  cu en ta  e l e fec to  de la  e x tin 
ciôn secundaria que, generalm ente, es m as im p ortan te  que el efecto  de la  absorciôn  
verdadera debida a  procesos de c a p tiu a  nuclear. V aries autores han  investigado  
el problem a teôrico de la  ex tin c iô n  secundaria  en  la  crista lografia  neutrônica , pero 
ninguno ha  logrado un  m étod o de correcciôn satisfactorio  que perm ita  tener en  cuenta  
este  fenôm eno.

E n  la  m em oria, e l autor propone un  m étod o  basado en la  m ed iciôn  de la  intensidad  
integrada para d istin tas longitud es de recorrido del h az en  e l crista l. DesarroIIa la 
teoria del m étod o  para lo s cases de ex tin c iô n  déb il y  de ex tin c iô n  fuerte. U n  m edio  
p ractice  de efectuar la s m ediciones consiste  en  em plear u n  d isp o sitiv e  form ado por 
très ares, o «cuna» de E uler ; dos de lo s ares se u tiliza n  para llevar la  norm al a la  
cara refiectora (hkl) a  la  posic iôn  de reflexiôn  en  e l p iano h orizon ta l y  e l tercero, 
para hacer girar el cristal alrededor de la  norm al a  la  cara refiectora, sin  dejar de m an- 
tener la  condiciôn  de reflexiôn de B ragg.

L a  m em oria describe la  ap licaciôn  del m étod o a la  correcciôn de la s intensidades  
de los haces que em ergen de d istin tos m onocrista les, entre  otros, de K B r  y  de UOg.

1. Introduction

The problem of extinction is of great importance in neutron diffraction as 
the loss of power of the direct beam due to diffraction is often much greater 
than that due to pure absorption. The attenuation of the beam by diffraction 
within a coherent region, or mosaic block, is known as “primary extinction”, 
whereas “secondary extinction” is the term used for the loss of power in passing 
between two mosaic blocks with the same orientation. Secondary extinction 
is the more usual form of extinction encountered in neutron diffraction and is 
the only one considered here.

Several authors have examined the problem of secondary extinction 
theoretically [1, 2], but no satisfactory methods have been developed by which 
it can be corrected for. In this- paper a method of doing so is proposed, based
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o n  t h e  m e a s u r e m e n t  o f  t h e  in t e n s i t y  o f  a  r e f le c t io n  fo r  d if fe r e n t  p a th - le n g th s  
o f  t h e  n e u tr o n  b e a m  in  t h e  c r y s ta l .

I t  is  t o  b e  n o t e d  t h a t  t h e  a b s e n c e  o f  e x t in c t io n  a n d  p u r e  a b s o r p t io n  im p lie s  
t h a t  t h e  c r y s ta l  is  u n i fo r m ly  b a t h e d  in  r a d ia t io n  a s  i t  m o v e s  t h r o u g h  t h e  B r a g g  
r e f le c t in g  p o s i t io n .  U n d e r  t h e s e  c ir c u m s ta n c e s  t h e  “ in te g r a te d  r e f le c t io n ”  q  a s  
r e c o r d e d  b y  t h e  r o t a t in g - c r y s ta l  m e th o d  is  g iv e n  b y

Q =  Q V . (1)

H e r e  V  is  t h e  v o lu m e  o f  t h e  c r y s ta l  a n d  Q  i s  t h e  c r y s ta U o g r a p h ic  q u a n t i t y  
d e f ln e d  b y

^  sin20 ’

w h e r e  A is  t h e  w a v e le n g t h ,  N q t h e  n u m b e r  o f  u n i t  c e l ls  p e r  u n i t  v o lu m e , 6  t h e  
B r a g g  a n g le  a n d  F  t h e  s t r u c tu r e  fa c to r  o f  t h e  r e f le c t io n . I n  t h e  p r e s e n c e  o f  
s e c o n d a r y  e x t in c t io n ,  E q . (1 ) m u s t  b e  r e w r it t e n

Q =  F s Q V  , (2 )

w h e r e  E g  i s  t h e  “ s e c o n d a r y  e x t in c t io n  c o e f f lc ie n t ” ( l > Æ / g > 0 ) .  C o r r e c t io n  fo r  
s e c o n d a r y  e x t in c t io n  m e a n s  d e t e r m in a t io n  o f  t h e  c o e f f lc ie n t  E g .

2 . T h e o r e t ic a l

( a )  SM ALL E X T IN C T IO N

Z a c h a r ia s e n  [3] h a s  sh o w n  th a t  th e  e ffec t o f  sm a ll se c o n d a r y  e x t in c t io n  
ca n  b e  ta k e n  in to  a c co u n t b y  rep la c in g  th e  tru e  a b so rp tio n  co efflc ien t, ju, b y  
a n  e ffe c t iv e  a b so rp tio n  c o efflc ien t, jUgn, d efln ed  b y

/^eff —  Ç Q ' (3 )

H e r e  g  i s  t h e  q u a n t i t y  — \ = — , w h e r e  rj i s  t h e  p a r a m e te r  d e f ln in g  t h e  “ m o s a ic  
2 v '^  V

s p r e a d ”  (se e  E q . (6 ) b e lo w ) .  T h e  a b s o r p t io n  a n d  e x t in c t io n  e f fe c ts  c a n  th e r e fo r e  
b e  c o r r e c te d  t o g e th e r  b y  p u t t in g  fj, — fXea in  t h e  u s u a l  e x p r e s s io n  fo r  t h e  a b s o r p t io n  
fa c to r ,  A  :

A  = - ^ j e - / : : r d F .

H e r e  T  i s  t h e  t o t a l  p a t h - le n g t h  in  t h e  c r y s ta l  o f  t h e  b e a m  r e f le c te d  b y  t h e  v o lu m e  
e le m e n t  d F .

T h u s

=  « / e-(/“+5Q)T(j7

F o r  s m a ll  e x t in c t io n  g Q T  < <  \  a n d  e-^Q ^ in  t h e  a b o v e  e x p r e s s io n  c a n  b e  r e p la c e d  
b y  g iv in g

T h e  u n k n o w n s  in  t h i s  e q u a t io n  a r e  g  a n d  Q . B y  s e t t in g  u p  t w o  e q u a t io n s  fo r  
d if fe r e n t  v a lu e s  o f  t h e  p a th - le n g th  T  (o r , m o r e  a c c u r a te ly ,  fo r  d if fe r e n t  v a lu e s  
o f  t h e  t w o  in te g r a ls )  g  c a n  b e  e l im in a t e d  a n d  Q  d e t e r m in e d . T h e  p a th - le n g th  
c a n  b e  a lt e r e d  b y  r o t a t in g  t h e  c r y s ta l  a b o u t  t h e  n o r m a l t o  t h e  r e f le c t in g  p la n e .
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I t  is custom ary in neutron diffraction to  work with pillar-shaped crystals and 
so th e variation in path-length will depend on the orientation o f the reflecting 
plane with respect to  the exterior faces o f the crystal. I f  are the integrated 
intensities, measured for tw o azim uthal positions of the reflecting plane, and 
if  the subscripts 1 , 2  are used to  label the integrals for the tw o positions, then 
eliminating g gives :

e J r e - ' ‘ ^ d F - 0j T e - ^ '^ d F
^   2_________________1______________________  _ ! A \

^  V ‘ J e - '‘ ^ d F /r e " ^ ^ d F - J e “ '‘ ^ d F jT e " '''^ d F
1 2  2 1

I t  is clear that for the accurate determination of Q from (4) the ratio o f the two 
integrals in the numerator m ust be 1.5:1 or greater. These integrals can be 
considered as “effective path-lengths” for positions 1 and 2  and their values 
are determined b y  the exterior shape o f the crystal. All the integrals can be 
evaluated numerically and a programme for this purpose has been vTitten for 
the Harwell M ERCURY computer. The programme is based on that o f B u s in g  
and L e v y  [4], but is extended to  th iee  dimensions.

(b) LARGE e x t in c t io n

The extinction is “large” if  the secondary extinction coefficient Eg is less 
than about 0 .8 , i.e. if  extinction reduces the intensities b y  more than  2 0 %. 
I t  is then no longer permissible to  increase the absorption coefficient b y  a constant 
factor gQ as in Eq. (3), since the effective absorption varies appreciably in passing 
through the Bragg reflection.

I t  can be shown [2] that for zero Bragg angle and zero coefficient o f true ab
sorption the ratio o f the powers of the diffracted and incident beams is given by

- ^ a p -  =  L( l — (6 )

where T  is the path-length through the crystal and crdT is the reflecting power 
of the layer of thickness d T ; a  is equal to  QW  (A), where IF (A) is the distribution 
function for mosaic blocks in terms of A, the angular deviation of a block from 
the mean Bragg angle 0. IF (A) is normally assumed to  be o f the form

W  (A) =  - j L  (6 )
V  2 tt ij

w ith 7] the standard deviation of the distribution. Putting a==QW  into Eq. (6 ) 
and remembering that the integrated intensity is deflned as

. = J ^ d A

Q =  Q T j W d A  —  Q  ̂T ^ J IF^dA - f  | -  Q<^T^jw^dA—  . . . .
— oo —*oo —oo

gives
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Substituting

% =
Q T

g iv es

\ / n  ri

=  2 V Ï 7 r i x l l  ------ -7 =^^^
' L 2 3 V F

1 +
I V F "  12 V 2

and the extinction coefficient Es, defined by the equation

Q

• ] ’

IS

Es = Q T

12 V 2
(7)

ÜJ

151050

Fig. 1 .
Dependence of the secondary extinction coefficient on the parameter %.

{Eb)i1.00

0.98-

0.95-

€  ° = 
3

12/ x i

Fig. 2
Ratio of extinction coefficients, (Es)2/(Fs)i, as a function of ratio of path-lengths,

for different values of {Es)i-
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T îa e  tmeatmmrmit. d escrib xed  i n  S e c t io n  2  ( « |  fo r  s m a l  e x t in c t io n  c o r r e sp o n d s  to  
ï^ o K Î n g  a r  a n d  Mglhier pxaw ers o f  x  i n  E q ,  (7 ) .

'  F ig .  1  ehow ai t h e  v a ir ia t io n  o f  E^. w i t h  %; a n d  F ig ,  2  sho%vs t h e  v a r ia t io n  o f  
w h h  x j x ^  f o r  d ilffierent v a in e s  o f  w h e r e  f E J j  a n d  (E g ) , are

e  ex tm d tifom  ©oxeffficients f o r  t w o  d if f e r e n t  v a lu e s ,  X i  a n d  o f  x .  T h e  ra tio  
' J i . J { E s \  i s  e q u a l  t o  t h e  r a t io  o f  t h e  m e a s u r e d  in te g r a te d  in t e n s i t i e s  gjo^^  
r t w o  p a t h - le n g t l i s  a n d  x j x i  i s  e q u a l  t o  T J T j .  F ig .  2  c a n  th e r e fo r e
■ msetd t o  eto m eet fo r  e x t in c t io n ,  i f  w e  a s s u m e  th a t , T j  a n d  T * c a n  h e  r e p la c e d  

m m ^ - p a th - le n g tth s  i n  t h e  c r j s t a L  Tine c u i-v e s  s h o w  t h a t  f o r  h ig h  a c c u r a c y  
T^IITj^ s h o u ld  e x c e e d  2 , a n d  t h a t  in  a n y  ca.se t h e  e x t in c t io n  c o r r e c t io n  l ie c o m e s  
l e s s  a c c u r a t e  a s  t h e  e x t i n c t i o n  in c r e a s e s . I f  t h e  a b s o r p t io n  c o e f f ic ie n t .  /« . is  n o t  
z e r o  t h e  v a lu e  o f  m n s t  first, k  c o r r e c te d  fo r  a b s o r p t io n  b y  d iv id in g  b y
g— !f> (% — 2ji))_

3 .  E x p e r im e n ta l  prneediure

A  th r e e - c ir c le  a r r a n g e m e n t ,  o r  E u le r ia n  cradle- [5 ] , c a n  c o n v e n ie n t ly  b e  so  
a d a p t e d  a s  t o  a l o w  n o ta t io n  o f  t h e  c r y s ta l  a b o u t  t h e  n o r m a l t o  t h e  r e f le c t in g  
p la n e .  F ig .  3  i s  a  d ia g r a m  o f  t h e  t h r e e  c ir c le s ,  n o r m a l ly  r e fe r r e d  t o  a s  y ,  % a n d  w.

W -C IR C L E

CRYSTAL

INCIDENT BEAM

/ W - C I R C L E

F ig . 3
D iagram  o f  th e  t lir e e  c irc le s  y . % a n d  m.

T h e  c r y s t a l  i s  m o u n t e d  o n  t h e  lyi-circle, w h ic h  c a n  r o t a t e  a s  a  w h o le  a b o u t  th e  
v e r t ic a l  % -c ird e , a n d  t h e  % -circIe in  t m n  i s  m o u n t e d  o n  t h e  h o r iz o n t a l  to -cii'cle. 
T w o  o f  t h e  c ir c le s  o n l y  a r e  n e c e s s a r y  t o  b r in g  t h e  n o r m a  l in t o  t h e  B r a g g  r e f le c t in g  
p o s i t io n  i n  t h e  h o r iz o n t a l  p la n e ,  a n d  t h e  t h i i d  c ir c le  p r o v id e s  a n  e x t r a  d eg ree  
o f  f r e e d o m  fo r  r o t a t in g  t h e  c r y s t a l  a b o u t  t h e  (h id )  n o r m a l.

O n e  w a y  o f  a c h ie v in g  t i n s  i s  i l lu s t r a te d  in  F ig .  4 .  T h e  c r y s t a l - i s  mounted 
w ith  i t s  l o n g  a x i s ,  s a y  c ,  a lo n g  t h e  y - a x i s  a n d  t h e  n e u tr o n  b e a m  i s  reflected
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s y m m e tr ic a l ly  a t  a n  a n g le  o f  0 t o  t h e  % -plane. I n  t h e  r e f le c t in g  p o s i t io n  t h e  
(hkO ) n o r m a l is  a lo n g  t h e  % -axis a n d  t h e  c r y s ta l  r o t a te s  a b o u t  t h i s  n o r m a l a s

f h k d )  N O R M A L

t

I N C I D E N T  

B E A M

R E F L E C T E D

B E A M

C R Y S T A L X-CIR CLE

7C-AXIS

Fig. 4
Method of mounting crystal to allow rotation about (hkO) normal whilst in Bragg 
reflecting position. The diagram shows the projection of the %-circle in the horizontal

plane. The y-circle is not shown.

t h e  y - c ir c le  is  r o t a t e d  a b o u t  t h e  % -axis. T h e  in t e g r a te d  in te n s i t ie s  a n d  pg 
a r e  m e a s u r e d  a t  in t e r v a ls  o f  9 0 °  fo r  t h e  p o s i t io n s  o f  m in im u m  a n d  m a x im u m  
p a th - le n g th s .

4 . (a) E x t in c t io n  c o r r e c t io n  In  UOg

A  s in g le  c r y s ta l  o f  u r a n iu m  d io x id e ,  U O g , w a s  e x a m in e d  a n d  fr o m  t h e  v a r ia t io n  
o f  in t e n s i t y  o f  t h e  s t r o n g e s t  r e f le c t io n ,  220 , w i t h  p a th - le n g th ,  t h e  e x t in c t io n  
w a s  o b s e r v e d  t o  b e  s m a ll .  T h e  e x t in c t io n  w a s  a c c o r d in g ly  c o r r e c te d  fo r  b y  t h e  
m e th o d  in d ic a te d  in  S e c t io n  2  (a ) . F ig .  5  s h o w s  h i F  a s  a  f u n c t io n  o f  sin^  
fo r  t h e  th r e e  c la s s e s  o f  r e f le c t io n  w i t h  h  +  k  + 1 = 4  %, 4 w ± l  a n d  4  M -|-2 , w h e r e

~9— #- 4ntl

4 n î 2

0  2 OS

sin̂  d / A '

Fig. 5
InF versus sin  ̂6/A* for the three classes of reflection in UOg. The closed circles repre
sent points corrected for secondary extinction and the open circles uncorrected points.
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n  i s  a n  in te g e r .  T h e  o p e n  c ir c le s  r e p r e s e n t  p o in t s  u n c o r r e c te d  fo r  e x t in c t io n  an d  
t h e  c lo s e d  c ir c le s  a r e  fo r  c o r r e c te d  p o in ts .  T h e  c o r r e c te d  d a t a  c a n  b e  in te r p r e te d  
a s s u m in g  t h e  f lu o r ite  s t r u c t m e  fo r  U O g  w it h  a n  o v e r  a ll  is o t r o p ic  D e b y e -W a lle r  
fa c to r ,  B ,  o f  a p p r o x im a t e ly  0 .4 0  A^. T h e  le n g t h s  o f  t h e  in t e r c e p t s  m a d e  b y  
t h e  s t r a ig h t  l in e s  in  F ig .  5  w it h  t h e  o r d in a te  a x i s  in d ic a te  t h a t  t h e  r a t io  o f  th e  
e la s t ic  s c a t t e r in g  le n g t h s  o f  n a tu r a l  m a n iu m  a n d  0^® is  1 .4 8 4  ± 0 . 0 2 0 .

4. (A) Extinction correction in KBr
A  c r y s ta l  o f  p o ta s s iu m  b r o m id e  w a s  c le a v e d  a lo n g  t h e  [1 0 0 ]  p la n e s  t o  p ro d u ce  

a  r e c ta n g u la r  b lo c k  o f  d im e n s io n s  5 .4 2  x  5 .3 6  X 1 .2 4  m m®. I t  w a s  m o u n te d  on  
t h e  y - c ir c le  o f  a n  E u le r ia n  c r a d le  w it h  t h e  lo n g e s t  d im e n s io n  a lo n g  t h e  y -a x is ,

( h O c b  NORMAL
A

INCIDENT

BEAM

S42 mm

f h o d )  NORMAL 
^  A

INCIDENT
BEAM

REFLECTED

| 2*mm

M  (b)
Fig. 6

Orientation of KBr crystal for (a) maximum path-length of neutron beam (6) minimum
path-length of beam.

200

600

800

120 150 180

Fig. 7
Integrated, intensities of the hOO reflections as a function of the azimuthal position

of the (hOO) plane.
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a n d  t h e  in te g r a te d  in t e n s i t i e s  o f  t h e  20G, 4 0 0 , 6 0 0  a n d  8 0 0  r e f le c t io n s  w e r e  
m e a s u r e d  fo r  d if f e r e n t  a z im u th a l  p o s i t io n s  o f  t h e  (hOO) p la n e . F ig .  6 s h o w s  t h e  
o r ie n t a t io n  o f  t h e  c r y s ta l  f o r  t h e  m a x im u m  a n d  m in im u m  p a th - le n g th s  o f  t h e  
n e u tr o n  b e a m . T b e  in te g r a te d  in te n s i t ie s ,  c o r r e c te d  fo r  p u r e  a b so r p t io n , a re  
p lo t t e d  in  F ig .  7  a s  a  f u n c t io n  o f  t h e  a z im u th  y).

T h e  c u r v e s  s h o w  c le a r ly  t h e  e f fe c t  o f  s e c o n d a r y  e x t in c t io n .  A s  t h e  p a th - le n g th  
in c r e a s e s  t h e  m e a s u r e d  in t e n s i t y  fa l ls ,  t h e  d e p th  o f  t h e  m in im u m  a t  y  =  9 0 °  
b e in g  g r e a te r  fo r  t h e  s t r o n g e r  r e f le c t io n s . T a b le  I  g iv e s  t h e  r a t io  o f  t h e  in te g r a te d  
in t e n s i t ie s ,  q J Q i , o f  2 0 0 , 4 0 0 . . .  t o g e th e r  w i t h  t h e  c o r r e sp o n d in g  v a lu e s  o f  t h e  
r a t io  o f  m a x im u m  a n d  m in im u m  p a th - le n g th s ,  T g /^ i -  T h e  f in a l t w o  c o lu m n s  
a r e  t h e  v a lu e s  o f  t h e  e x t in c t io n  c o e f f ic ie n ts ,  a s  d e te r m in e d  fr o m  F ig .  2 .

TABLE I

EXTINCTION COEFFICIENTS FOR KBr CRYSTAL

hOO Qtlei T J T ,

E x tin c tio n

M inim um
p a th -le n g th

Coefficients

(E j)j M axim um  
p a th -le n g th

200 0.65 4.1 0.85 0.55
400 0.795 3.8 0.92 0.73
600 0.92 3.6 0.97 0.89
800 1.00 3.2 1.00 1.00

T h e  e x p e r im e n ta l  p o in t s  in  F ig .  7 f lu c tu a t e  in  p o s i t io n  a b o u t  t h e  s m o o th  
c u r v e s . T h is  is  t o  b e  a s c r ib e d , a t  l e a s t  in  p a r t ,  t o  t h e  la c k  o f  u n ifo r m it y  in  t h e  
c r o s s - s e c t io n a l  in t e n s i t y  o f  t h e  d ir e c t  b e a m . M a n y  r e c ip r o c a l- la t t ic e  p o in t s  
c r o ss  t h e  s p h e r e  o f  r e f le c t io n  a s  t h e  e r y s ta l  r o t a te s  a b o u t  t h e  hOO s c a t t e r in g  
v e c t o r ,  so  t h a t  in t e n s i t y  f lu c tu a t io n s  c a n  a lso  a r is e  fr o m  d o u b le  B r a g g  
s c a t t e r in g .

5. Conclusions

T o  a  g o o d  a p p r o x im a t io n , s e c o n d a r y  e x t in c t io n  c a n  b e  t r e a t e d  a s  a  s t r a ig h t 
fo r w a r d  a b s o r p t io n  p r o c e s s  a n d  t h e  m o s t  n a tu r a l  w a y  t o  c o r r e c t  fo r  i t  is  t o  s t u d y  
t h e  v a r ia t io n  o f  t h e  r e f le c t e d  in t e n s i t y  w i t h  t h e  p a th - le n g th  in  t h e  c r y s ta l .  A f te r  
c o r r e c t in g  fo r  s e c o n d a r y  e x t in c t io n  in  t h i s  w a y , t h e  p r e s e n c e  o f  p r im a r y  e x t in c t io n  
c a n  t h e n  b e  d e t e c t e d  b y  s t u d y in g  t h e  d e p e n d e n c e  o f  t h e  c o r r e c te d  in te n s i t ie s  
o n  w a v e le n g t h .  P r im a r y  e x t in c t io n  is  p r e s e n t  i f  t h e s e  c o r r e c te d  in te n s i t ie s  
in c r e a s e  w i t h  fa l l in g  w a v e le n g t h .
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D I S C U S S I O N

R . B r ill  (F e d e r a l R e p u b lic  o f  G e r m a n y )  : H a v e  y o u  e v e r  o b s e r v e d  c h a n g e s  in  
s e c o n d a r y  e x t in c t io n  c a u se d  b y  t h e  ir r a d ia t io n  o f  n e u tr o n s  1 S e v e r a l  y e a r s  ago, 
in  a n  in v e s t ig a t io n  o f  ic e  ca r r ie d  o u t  in  c o n ju n c t io n  w i t h  M r. C o r liss  a n d  Mr. 
H a s t in g s ,  w e  fo u n d  t h a t  th e r e  w a s  le s s  a n d  le s s  e x t in c t io n  a s  ir r a d ia t io n  t im e  

in c r e a s e d .

B . T . M . W ill is :  N o , I  h a v e  n o t  o b se r v e d  t h i s  p h e n o m e n o n . H o w e v e r ,  in  th e  
u r a n iu m  o x id e  c r y s ta ls  w h ic h  I  h a v e  b e g u n  t o  s t u d y ,  e x t in c t io n  i s  s o m e t im e s  
v e r y  s tr o n g . T h e r e  is  p r o b a b ly  p r im a r y  a n d  s e c o n d a r y  e x t in c t io n  in  t h is  case, 
a n d  I  h o p e  t o  r e m o v e  i t  b y  a  l ig h t  h r a d ia t io n  o f  t h e  c r y s ta l .

N . S ir o ta  (B y e lo r u s s ia n  S o v ie t  S o c ia l is t  R e p u b h c )  (C h a ir m a n )  : D o e s  n o t  
s e c o n d a r y  e x t in c t io n  a p p a r e n t ly  d e p e n d  o n  t h e  p r e s e n c e  o f  d is lo c a t io n s ,  n o t  
o n ly  in  t h e  m o sa ic  s tr u c tu r e  a s  c a u se d  b y  t h e  p r e s e n c e  o f  a  b lo c k , b u t  a lso  d is 
lo c a t io n s  o f  o th e r  t y p e s  ? D id  y o u  t a k e  t h a t  f a c to r  in t o  a c c o u n t  in  y o u r  in 
v e s t ig a t io n s  ?

B . T . M . W ill is :  N o ;  w h a t  I  h a v e  d o n e  is  t o  t r e a t  e x t in c t io n  in  t h e  c la ss ic a l  
D a r w in ia n  m a im e r , i .e . ,  a s  b e in g  c a u se d  b y  a  la c k  o f  c o h e r e n c e  b e t w e e n  d ifferen t  
p a r t s  o f  t h e  c r y s ta l .  N o w  o f  co u r se  t h is  la c k  o f  c o h e r e n c e  is  d u e  t o  t h e  p resen ce  
o f  d is lo c a t io n s  in  t h e  c r y s ta l;  b u t  w h e n  D a r w in  o r ig in a l ly  p u t  fo r w a r d  h is  th e o r y ,  
d is lo c a t io n s  h a d  n o t  b e e n  h e a r d  o f . N e v e r th e le s s ,  i t  s e e m e d  t o  b e  a  g o o d  first 
a p p r o x im a t io n  t o  t r e a t  t h e  c r y s ta l  a s  m o sa ic  b lo c k s  o f  t h e  k in d  d e a l t  w ith  b y  
D a r w in , a n d  a t  t h i s  s t a g e  I  d o  n o t  t h in k  t h a t  th e r e  is  a n y t h in g  t o  b e  g a in e d  
b y  m a k in g  t h e  t r e a t m e n t  m o r e  c o m p lic a te d  b y  g o in g  in t o  t h e  p r o p e r t ie s  o f  
d is lo c a t io n s  a n d  so  fo r th  in  t h e  c r y s ta l .

W . M a r sh a ll (U n it e d  K in g d o m )  : I  w o u ld  d isa g r e e  w i t h  M r. W il l is  a b o u t  th e  
r e la t iv e  t h e o r e t ic a l  p o s i t io n  o f  p r im a r y  a n d  s e c o n d a r y  e x t in c t io n .  I  w o u ld  sa y  
t h a t  p r im a r y  e x t in c t io n  is  a lm o s t  a  s tr a ig h t fo r w a r d  t h e o r e t ic a l  e x e r c is e  fo r  a  
s t u d e n t ,  b u t  t h a t  s e c o n d a r y  e x t in c t io n  is  a  v e r y  d if f ic u lt  s u b j e c t ,  fo r  e x a c t ly  
t h e  r e a s o n s  j u s t  m e n t io n e d  b y  M r. S ir o ta .

B . T . M . W ill is :  I  a g r e e ;  b u t  I  s t i l l  w a n t  t o  in s is t  t h a t  s e c o n d a r y  e x t in c t io n  
c a n  b e  t r e a t e d  in  t h e  s im p le  w a y  t h a t  I  h a v e  in d ic a te d ,  a n d  t h a t ,  e v e n  i f  on e  
d o e s  i t  p r o p e r ly , i .e . ,  b y  w o r k in g  o u t  t h e  a p p r o p r ia te  f o r m u la e  fo r  p a r t ic u la r  
d is lo c a t io n  d is t r ib u t io n s  in  t h e  c r y s ta l ,  i t  i s  s t i l l  a  s tr a ig h t fo r w a r d  a b so r p t io n  
p r o c e s s . W h e n  I  s a id  t h a t  p r im a r y  e x t in c t io n  is  a  m o r e  d i f f ic u l t  th e o r e t ic a l  
p r o b le m , I  d id  so  in  t h e  h o p e  t h a t  so m e  t h e o r e t ic ia n  w o u ld — b e c a u s e  th e  
e q u a t io n s  c a n  b e  s e t  u p  a n d  a r e  w e l l  k n o w n — b e  a b le  t o  s o lv e  i t  fo r  t h e  g en era l 
c a s e  o f  a  c r y s ta l  o f  a r b itr a r y  sh a p e . I t  is  n o t  t h e  k in d  o f  p r o b le m  t h a t  w o u ld  
a p p e a l  t o  M r. M a r sh a ll, b u t  I  t h in k  i t  m ig h t  a p p e a l t o  a  P h .  D .  s t u d e n t .  I t  co u ld  
p r o b a b ly  b e  w o r k e d  o u t  w it h  b r u te  fo r c e  o n  a  c o m p u te r , b u t  i t  h a s  n o t  b e e n  
d o n e  y e t .

R .  B r ill:  M a th e m a t ic a l  t r e a t m e n t  is  p o s s ib le  w h e r e  t r u e  p r im a r y  e x t in c t io n  
is  p r e s e n t ,  i . e . ,  w h e r e  th e r e  is  r e f le c t io n  b y  a n  id e a l  c r y s ta l .  T h e  d i f f ic u l ty  o ccu rs  
in  t h e  c a se  o f  t h e  n e a r ly  id e a l  c r y s ta l .  I t  is  s t i l l  im p o s s ib le  t o  d e a l  w it h  t h e  s i tu a t io n  
w h e n  th e r e  is  a  s l ig h t  d e v ia t io n  fr o m  t h e  id e a l  c r y s ta l .
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B . N . B r o c k h o iis e  (C a n a d a )  : I s  t h e  d iv is io n  in to  s e c o n d a r y  a n d  p r im a r y  e x 
t in c t io n  p o s s ib le  in  a  s t r i c t ly  m a th e m a t ic a l  s e n s e , o r  is  i t  n o t  j u s t  a n  a p p r o x im a t io n  
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con tin u ou s r o t a t io n  o f  th e  c r y s t a l  about th e  s c a t t e r in g  v e c to r .

8 .  R ecorder tr a c e  o f  i n t e n s i t y  o f  511 r e f l e x io n  o f  DO^, taken  during

con tin u ou s r o ta t io n  o f  th e  c r y s t a l  about th e  s c a t t e r in g  v e c to r .



1• In tro d u c tio n

The Bragg eq u ation

I  ■.  i

i l
\  = 2d s in  6  ( l )

e x p r e sse s  th e  c o n d it io n  th a t  r a d ia t io n  o f |w a v e le n g th  X i s  r e f l e c t e d  a t  th e  

g la n c in g  a n g le  8 "by l a t t i c e  p la n e s  w ith  sp a c in g  d . The eq u a tio n  a llo w s  one 

d egree  o f  freedom  to  th e  r e f l e c t in g  c r y s t a l ,  •which can r o t a t e  about 'the normal 

to  'the r e f l e c t in g  p la n e  ■without v i o la t in g  th e  Bragg c o n d it io n .

T h is freedom  can he e x p ressed  a l t e r n a t iv e ly  by im agin ing  -the c r y s t a l  to  be

' 7Cf ix e d  and a llo w in g  ‘the in c id e n t  beam to  g en era te  a  cone 'with se m i-a n g le  — -  8 

and 'wi'th a x is  normal "to .'bhe r e f l e c t in g  p la n e . F igu re  1 i l l u s t r a t e s  two such  . 

cones f o r  p la n e s  o f  sp a c in g  d̂  and d^^ th e  se m i-a n g le s  o f  'the cones are  

and 2 "

X = 2d.j s in  8̂  = 2d^ s in  8^.

OP and OQ a r e  'the l i n e s  o f  in t e r s e c t io n  o f  'the c o n e s , and 'vdien th e  r a d ia t io n  i s
! ■ •

p a r a l l e l  "W e it h e r  o f  th e se  d ir e c t io n s  i t  can be r e f l e c t e d  by each p la n e .

M oreover, 'whichever p a th  i s  chosen by 'the o n c e -r e f le c te d  beam, i t  th en  obeys th e

Bragg c o n d it io n  f o r  a 'third p la n e  whose in d ic e s  a re  sim p ly  r e la t e d  to  th o se  o f

th e  f i r s t  'two ( § 2 ) .  T h is phenomenon o f  doub le s c a t t e r in g  ('R en n in ger  e f f e c t * )

(1 )i s  w ell-know n i n  X -ray c r y s ta llo g r a p h y ' where i t  can in tro d u ce  se r io u s , erro rs  

i n  m easuring th e  normal Bragg r e f l e x io n s  and o c c a s io n a l ly  g iv e s  r i s e  to  ex'tu’a 

r e f l e x i o n s ,  fo rb id d en  by  th e  sp ace-grou p . In  n eutron  c r y s ta llo g r a p h y , 'where 

c r y s t a l s  are  la r g e r  and "the in c id e n t  ‘monochromatic* radia.t io n  co v ers  a  w ider  

band o f  w a v e len g th s , R enninger r e f le x io n s  are  l i k e l y  to  b e  even more trou b lesom e. 

T h is r e p o r t  d e s c r ib e s  some o b se r v a tio n s  o f  doub le s c a t t e r in g  i n  s in g le - c r y s t a l s  

o f  ThOg and UÔ  and a ttem p ts to  e s tim a te  th e  l im i t  i t  s e t s ,  i n  g e n e r a l,  on th e  

accu racy  o f  m easuring s tru c 'tu re -fa c 'to rs  w ith  therm al n eu tro n s . .
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2 , Condition fo r  double s c a tte r in g

The m ost con ven ien t way o f  determ in in g  th e  c o n d it io n  f o r  double s c a t t e r in g ,  

i . e .  th e  c o n d it io n  f o r  th e  in c id e n t  r a d ia t io n  to  l i e  a lon g  th e  l i n e  o f  in t e r 

s e c t io n  o f  any two r e f l e x io n  c o n e s , i s  by  means o f  th e  Ewald r e c i p r o c a l - la t t i c e  

c o n s tr u c t io n . In  f ig u r e  2 ,0  i s  th e  o r ig in  o f  r e c ip r o c a l  sp a c e , 00^ th e  d ir e c t io n

o f  the in c id e n t  beam , and'OPQ th e  Ewald r e f l e c t in g  sphere w ith  c e n tr e  C and  

1r a d iu s  CO = —. The d is ta n c e  o f  any r e c ip r o c a l  l a t t i c e  p o in t  h k l from  th e  o r ig in  

1i s   ----- • I t  can e a s i l y  b e  shown t h a t ,  . i f  th e  Bragg c o n d it io n  (1 ) i s  f u l f i l l e d
% k l

f o r  any p la n e  h^^k^l^ i t s  r e c ip r o c a l  l a t t i c e  p o in t  P l i e s  on th e  su r fa c e  o f  th e

r e f l e c t i n g  sph ere  and th e  r a d ia t io n  s c a t t e r e d  b y  t h i s  p la n e  l i e s  a lon g  th e

d ir e c t io n  OP jo in in g  th e  c e n tr e  o f  th e  sphere w ith  P . C le a r ly , f o r  d ou b le
-

^ r e f l e x io n  to  occu r th e  two p o in ts  P  = h^k^l.^ and Q = h^k^lg- must l i e  s im u l

ta n e o u s ly  on th e  Ewald sp h ere ,’ and th e  in c id e n t  beam CO  ̂ i s  then  r e f l e c t e d  i n  

b o th  d ir e c t io n s  CP^and

L et u s  co n sid er  th e  s c a t t e r e d  beam CQ. By tr a n s fe r r in g  th e  o r ig in  o f  

r e c ip r o c a l  sp ace  to  Q, can b e  taken a s  a prim ary beam: th e  p o s i t io n  o f  th e  

Ewald sp h ere  i s  u n a ffe c te d  b y  t h is  change o f  o r ig in ,  so  th a t  P , ■which w i l l  now

correspond  to  a d i f f e r e n t  s e t  .o f  i n d ic e s ,  s t i l l  l i e s  on th e  s u r fa c e  o f  th e  sphere
— >  — >

and -the beam CQ can b e  r e f l e c t e d  a g a in  in  th e  d ir e c t io n  CP .  In  t h is  doub le

s c a t t e r in g  p r o c e ss  "the f i r s t  s c a t t e r in g  i s  from th e  h^k^l^ p la n e  and -the secon d  

( f o r  which -the o r ig in  o f  r e c ip r o c a l  sp ace  i s  tr a n s fe r r e d  from  000 to  h^k^lg) 

from  th e p la n e  w ith  in d ic e s  h ^ -h ^ , k^-k^ , l ^ - l g .  T his roundabout e x c i t a t io n  

( 'Umweganregung')  o f  s c a t t e r in g  i n  the d ir e c t io n  CP (p r o c e ss  A) c o n fu ses  -the 

measurement o f  th e  beam s in g ly - s c a t t e r e d  i n  t h is  d ir e c t io n  by  t h e  h^k^l^ p la n e  

and produces an erro r  i n  "the d e term in a tio n  o f  ‘the s tr u c tu r e  f a c t o r  P (h ^ k ^ l^ ). 

F u rth er  c o n fu s io n  i s  cau sed  b y  th e  con verse  p r o c e ss  (B) in vo l'v ln g  th e  s c a t t e r in g  

o f  th e  o n c e -r e f le c te d  beam CP b y  "the p la n e  "with in d ic e s  h g-h ^ , k^-k^ ,  1^-1^ »
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These two d o u b le -s c a t te r in g  p r o c e ss e s  a r e  r e p r ese n te d  d iagra im n atica lly  in

f ig u r e  3 . E x c ita t io n  v ia  OQ -  QR ten d s to  enhance th e  s c a t t e r in g  i n  th e  OP 
■ —> —>
d ir e c t io n  v h i le  p r o c e ss  B v ia  OP -  PR ten d s to  reduce i t ;  th e  n e t  s c a t t e r in g  

a lo n g  OP depends on th e  r e la t iv e  r e f l e c t i v i t i e s  o f  th e  v a r io u s  p la n e s  in d ic a te d  

i n  f ig u r e  3* However, we can s e e  q u a l i t a t iv e ly  th a t  d o u b le -s c a t te r in g  ten d s to  

in c r e a s e  th e  apparent s tr u c tu r  e - f a c to r  o f  a weak r e f l e x io n  and to  d ecrea se  th a t  

o f  a s tr o n g  r e f l e x io n .  U lt im a te ly ,  i n  th e  c a se  o f  a v e r y  la r g e  c i y s t a l  w ith  no ‘ 

a b s o r p t io n , m u lt ip le  s c a t t e r in g  w i l l  reduce a l l  Bragg r e f le x io n s  to  th e  same 

i n t e n s i t y .

3 .  Experim ents w ith  ThO  ̂ and UÔ

Sm all s in g le - c r y s t a l s  o f  ThO  ̂ and UO  ̂ were mounted on a t h r e e - c ir c le  

gon iom eter  and the peak i n t e n s i t i e s  o f  the Bragg r e f l e x io n s  were m easured a s  a 

fu n c t io n  o f  th e  azim u th a l s e t t in g  i|f o f  th e  r e le c t in g  p la n e , u s in g  th e  sm a ll $-  

c i r c l e  to  p r o v id e  th e  req u ire d  v a r ia t io n  o f  F igu re  4  shows a p o r t io n  o f  th e  

i n t e n s i t y  v e r su s  azim uth curve f o r  th e  200 r e f l e x io n  o f  a c r y s t a l  o f  ThOg, 

p r e s e n t in g  a p a th  le n g th  o f  1 -2  mm to  the n eutron  beam. Pronounced f lu c t u a t io n s  

o f  in t e n s i t y  o c c u r , ■vrfiich r e p e a t  a t  in t e r v a ls  o f  90°  and are  sym m etrical about 

th e  m id -p o in t ( t  = 4 3 ° )  of  each quadrant. Renninger r e f le x io n s  are  ex p ected  to  

have th e  same 45° end 90°  symmetry, as ThOg i s  c u b ic , b u t to  id e n t i f y  the  

f lu c t u a t io n s  d e f i n i t e l y  a s  R enninger peaks i t  i s  n e c e ssa r y  to  determ ine the  

in d ic e s  o f  th e  two p la n e s  a s s o c ia t e d  w ith  each f lu c t u a t io n .

• T h is can be accom p lish ed  b y  working o u t the r e la t io n  betw een ijr and th e  

in d ic e s  Hgk^lg o f  th e  p la n e , o th er  than 2 0 0 , s a t i s f y in g  th e  Bragg c o n d it io n  ( 1 ) .  

The experim ent r e q u ire d  constrain ing  th e  p o in t  P = 200 ( f ig u r e  3 ) to  l i e  on the  

r e f l e c t i n g  sphere and m easuring th e  in t e n s i t y  r e f l e c t e d  in  th e  d ir e c t io n  CP as  

a fu n c t io n  o f  th e  a n g le  o f  r o ta t io n  o f  th e  c r y s t a l  about the a x is  OP. During 

a  com p lete  r o ta t io n  many r e c ip r o c a l  l a t t i c e  p o in ts  such  a s  Q = hgk^l^ in t e r s e c t
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th e  sp h e r e , and a t  each in t e r s e c t io n  d o u b le - s c a t te r in g  can ta k e  p la c e .  L et Ox*, 

Oy*, Oz* r e p r e se n t  th e  orth o g o n a l r e c ip r o c a l  axes and l e t  ijr = 0 correspond to

th e  p o s i t io n  o f  th e  c r y s t a l  w ith  th e  in c id e n t  beam normal to  Oz*. Then f o r  an .
• ■ ■ i ■ . .

a n g le  o f  r o ta t io n  th e  x*  y*  z*  c o -o r d in a te s  o f  0 a re :

s i n j g o o  c°a  SgQo cos |  co s  6^^^ e ln  i|>

X X ; X ■■

The c o -o r d in a te s  o f  Q are

h  h  h  ,
a a a

so  th a t  th e  c o n d it io n  f o r  Q to  l i e  on th e  su r fa c e  o f  the r e f l e c t in g  sp h ere  i s

hg s in  @200 Y  f^2  ®200 ^ Y  ®200 'I' T  1
A  F - - ^ J  )  * \ T - - — r — ;

w hich red u ces to

kg cos i  + Ig  s i n  ijf = ^  ta n  Gg^  ̂ (hg^ + kg^ + Ig^ -  2 h g ) ........................... (2 )

With th e  a id  o f  e q u a tio n  (2 )  a l l  th e  peaks i n  f ig u r e  4  have been  i d e n t i f i e d
, , '

'
' a s  R enninger r e f l e x io n s .  They a r is e  from  A -typ e s c a t t e r in g  a t  th e  p la n e s

^2^2^2 2 - h g  - k g  - I g ,

prod u cin g  an in c r e a s e  o f  in t e n s i t y  above th e  l e v e l  (shown b y  h o r iz in t a l  arrows in  

. f ig u r e  4 )  c a lc u la te d  f o r  no m u lt ip le  s c a t t e r in g .  There i s  l i t t l e  or  no r e d u c tio n  

o f  i n t e n s i t y  below  t h i s  l e v e l ,  so  th a t  th e  con verse  d o u b le -sc a t te r in g  p r o c e ss  B ,

 ̂^ ^ v o lv in g  th e  p la n e s

■■,200 and h g -a  kg I g ,  

i s  much l e s s  im p ortan t. Table I  l i s t s  th e  ob served  v a lu e s  o f  i  f o r  th e  m ost 

prom inent p e a k s , l a b e l l e d  a , b , c  . . .  i n  f ig u r e  4» to g e th e r  w ith  th e  v a lu e s  o f  ÿ 

c a lc u la te d  from eq u a tio n  ( 2 ) ,  assum ing p a ir s  o f  r e f l e c t in g  p la n e s  w ith  the  

in d ic e s  i n  th e  l a s t  two columns o f  th e  t a b le .  The c lo s e  agreem ent betw een  

and le a v e s  no doubt about th e  i d e n t i f i c a t io n  o f  the peaks a s  R enninger

r e f l e x i o n s .  :

-  4  -



I t  i s  to  b e  n o ted  th a t  th e  in d ic e s  o f  th e  p a ir s  o f  r e f l e c t in g  p la n e s ,  

s im u la tin g  th e  200 r e f l e x io n  are  a l l  odd. These are  p la n e s  o f  medium

r e f l e c t i v i t y  fo r .w h ic h  a l l  th e  m eta l atoms s c a t t e r  in -p h a se  and th e  s c a t t e r in g
■i

from  th e  oxygen atoms c a n c e ls .  The rem aining p la n e s  have even in d ic e s  and are
I . •

o f  two k in d s :  h+k+1 = 4n and 4n + 2 ,  where n i s  an in te g e r .  These p la n e s  do 

n o t g iv e  r e c o g n is a b le  R enninger r e f le x io n s  in  f ig u r e  4 ,  a s  th e  4^ + 2 p lan e  

s c a t t e r s  v ery  w eakly (m eta l and oxygen atoms o u t-o f -p h a s e )  and one such p lan e  

m ust tak e  p a r t i n  any d o u b le -s c a t te r in g  p r o c e ss  s im u la tin g  the 200 r e f l e x io n  

and in v o lv in g  p la n e s  o f  even in d ic e s .

F ig u re  6 shows th e  i n t e n s i t y  v e r su s  azim uth curve f o r  th e  400 r e f le x io n  o f  

th e  same ThOo c r y s t a l .  40)0 i s  a s tr o n g  4 n -ty p e  o f  r e f le x io n  and d o u b le -
• i '

s c a t t e r in g  has p r o p o r t io n a lly  l e s s  e f f e c t  on i t s  in t e n s i t y  than f o r  th e  weak

200 r e f l e x i o n .  The sm a ll f lu c t u a t io n s  o f  in t e n s i t y  a re  sym m etrical, about

= 45° and a r e  presum ably due to  d o u b le - s c a t te r in g . The m ost pronounced

f lu c t u a t io n s ,  a t  i  = 37° and 5 5 ° , r e p r e se n t  a r e d u c tio n  i n  th e  average l e v e l  o f

i n t e n s i t y  and a re  caused  b y  s c a t t e r in g  o f  th e  o n c e -s c a t te r e d  400 beam b y  th e  220

and 202 p la n e s . We th u s confirm  th a t  th e  weak 200 r e f l e x io n  ten d s to  be

enhanced b y  th e  d o u b le -s c a t te r in g  p r o c e ss  A and th e  s tro n g  400 r e f l e x io n  to  b e

red u ced  b y  th e  p r o c e ss  B , a s  d is c u ss e d  in  § 2 .

F ig u re  7 and 8 a re  reco rd er  tr a c e s  o f  th e  peak i n t e n s i t i e s  o f  th e  200 and

511 r e f le x io n s  o f  a sm a ll s in g le - c r y s t a l  o f  UOg, taken a s  th e  c r y s t a l  was

c o n tin u o u s ly  r o ta te d  about th e  normal to  th e  r e f l e c t in g  p la n e . The in t e n s i t y

f lu c t u a t io n s ,  which a re  sym m etrical about t  = 4 5 ° ,  a re  l e s s  prom inent f o r  511

than f o r  th e  weaker 2 0 0 , and 200 i n  tu rn  has sm a ller  f lu c t u a t io n s  than  the

weaker 200 r e f l e x io n  o f  ThO„* We conclu de th a t  f o r  medium or s tr o n g  r e f le x io n s2 .

th e  i n t e n s i t y  n orm ally  f lu c t u a t e s  b y  ± 2^ about th e  mean v a lu e  b u t ,  f o r  c e r ta in  

c r i t i c a l  v a lu e s  o f   ̂ and p a r t ic u la r ly  f o r  weak r e f l e x io n s ,  th e  v a r ia t io n  can b e  

c o n s id e r a b ly  la r g e r .  i
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4 . C onclusions

The p resen ce  o f  d o u b le -s c a t te r in g  I h n i t s  th e  accu racy  a t ta in a b le  in  

m easuring th e  s t r u c t u r e - f a c to r s  F (h k l)  of; s in g le - c r y s t a l s .  Renninger r e f le x io n s  

a re  ex trem ely  numerous in  UOg and ThO  ̂ and f ig u r e  4  shows th a t  th ere  i s  h a rd ly  a  

s in g le  azim u th al p o s i t io n  o f  th e  r e f l e c t in g  p lan e  f o r  lAhich the m easured in te n 

s i t y  i s  u n a ffe c te d  by  t h e ir  p r e se n c e . Under th e se  C ircum stances i t  i s  d i f f i c u l t  

to  s e e  how th e  m easured i n t e n s i t i e s  can b e  c o r re c te d  f o r  a n a ly t i c a l ly  in  an 

unknown c r y s t a l .  For medium or' s tr o n g  r e f le x io n s  th e  s t r u c tu r e - fa c to r s  

(p r o p o r tio n a l to  th e  square r o o t  o f  th e  in t e n s i t y )  are  u n l ik e ly  to  b e  o u t by  

more than 1 or b u t f o r  weak r e f le x io n s  th e  s tr u c tu r e - fa c to r s  can b e  i n  error  

b y  50^ or m ore. U n lik e  th e  e x t in c t io n  e r r o r , "v̂ hich ^predominantly a f f e c t s  th e  

s tr o n g  r e f l e x i o n s ,  th e  e rro r  from d o u b le - s c a t te r in g  has l i t t l e  in f lu e n c e  on the  

c o n v e n tio n a l R -fa c to r

R =

Fobs c a lc

Fobs

e x p r e ss in g  th e  d iscrep a n cy  betw een  th e  ob served  and c a lc u la te d  s tr u c tu r e .

D o u b le -s c a tte r in g  can b e  red u ced , i n  p r in c ip le ,  b y  red u cin g  th e  s i z e  o f  th e

c r y s t a l ,  by  in c r e a s in g  i t s  m osaic sp read  o r  by  in c r e a s in g  th e  w avelength  o f  th e  

( 1 )in c id e n t  r a d ia t io n '  I t s  e f f e c t  can be a l t e r e d  by  changing th e  azim uthal

p o s i t i o n  o f  th e  r e f l e c t in g  p la n e , a lth ou gh  t h i s  i s  n o t p o s s ib le  in  r o ta  t in g -

c r y s t a l  m ethods f o r  which o b se r v a tio n s  are  o n ly  c a r r ie d  ou t a t  a s in g le  v a lu e  o f  

V. With a t h r e e - c ir c le  gon iom eter th e r e  i s  an e x tr a  degree o f  freedom , which can 

b e  u sed  to  v a r y  and so  F (h k l)  can b e  m easured a t  two or  more v a lu e s  o f  ijf;. i f  

th e se  m easurem ents in d ic a t e  th a t  d o u b le -sc a t te r in g  i s  e x c e s s iv e  th ey  sh ou ld  b e  

r e p e a te d  w ith  a sm a lle r  c r y s t a l .  -

-  6 -
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TABLE I

R enninger r e f le x io n s  a s s o c ia te d  w ith  200 r e f le x io n  o f  ThO^

I n t e n s i t y
Peak

'^obs * c a lc ^2^2^2 2-h2 -k g  - I g

c ‘ 37° 50» 37° 59' 515 . 315

b ' 41 10 '41 10 111 111

a* 4 3 , 35 ■ 43 46 Ï Î 5 •

a 46 25 46 14 '' 151 351

b 48 50 48 50 1 1 1 1 1 1

c 52 1 0 52 1 551 351

d 56 0 55 59 I 3T 131

e 60 15 60 1 1 331 531

f 64 15 64 29 TTl 31Ï

g 66 30 6 6 41 . 313 513

* c a lc u la te d  from  eq u ation  (2 )  u s in g  ta n  ^200 = 0 .1 8 8 7  

(corresp on d in g  to  5*600 A, X = 1 .0 3 8  A) .

-  7 -



A.E.R.E.  R . 3959 .  FIG.I.  C O NE S  OF REFLEXION FOR P L A N E S  OF 

] k P A C I N G  d | A N D  d ^ . T H E  CO N ES  INTERSECT ALONG THE LINES

O P  AND OQ.



ÆWAL.D
S PH E R E

RECIPROCAL  
L A T T I C E  y

> REF/LEXION

INCIDENT

B E / A M

R E F L E X IO I
(coo)

*

A.E.R.E. R.3 9 59 .  F I G . 2.  EWALD C O N S T R U C T I O N  F O R  D O U B L E  

s c a t t e r i n g . T H E  P O I N T S  P f ^h i k i l AAND Q f h o W o ' ) S I MU LT A N EO US L Y 

LIE ON T H E  S P HERE O F  REFL EXI ON.  T H E  DIAGRAM I L L U S T R A T E S  

t h e  S P E C I A L  CASE WITH P  AND Q IN THE E Q U A T O R I A L  P L A N E : 

IN G E N E R A L .  O . C . P . Q .  ARE N O T  C Q - P L A N A R .



K j r h . ! , 1 1  2 .~ L

“ K g. *kj " k g  » Lf “ C g

A.E.R.E.  R3 9 5 9 .  FIG.3.  DIAGRAMMATIC R E P R E S E N T A T I O N  O F  

POSSIBLE S I N G L E - A N D  D O UB L E - S C A T T E R I N G  P R O C E S S E S  

WHEN TWO P L ANE S SIMULTANEOUSLY SATISFY THE BRAGG 

CONDI TION.  T H E INTENSI TY RECORDED IN THE D I R E C T I O N  

3 p  IS E N H A N C E D  BY THE D O U B L E - S C A T T E R I N G  PROCESS

A , O Q  TO OR,  A ND  R E D U C E D  BY THE P R O C ES S  B . O P  TO P R



b ' a

200-4

200

6 0 0

3 5 5 5

Ÿ
A . E . R . E . R . 3 9 5 9 .  F I G . 4 . D E P E N D E N C E  O F  I N T E N S I T Y  

O F  2 0 0  R E F L E X I O N  F R O M  Th O ?  O N  AZI MUTH AL 

S E T T I N G  OF R E F L E C T I N G  P L A N É . ARROWS INDICATE 

I N T E N S I T Y  LEVEL IN T H E  A B S E N C E  O F  MU L T I PL E 

S C A T T E R I N G . T H E  RENNINGER REFLEXIONS.  L A B EL L E D  

a b c  A R E  INDEXED IN TABLE I



X

P  ( 2 0 0 )

Z O O

BEAM

INCIDENT

B E A M

(poo)

A.E.RE. R .3959 .  F I G . 5. RECIPROCAL L A T T I C E  AND E WA LD  

S P H E R E  OF REFLEXION F OR  EXPERIMENTAL ARRANGEMENT

USED IN DERIVING F I G . 4 .



ajLHNIlM O 
Ü 3 d  g  

S J L N n o O  X

Zo
X
UJ
-J
u .
UJ
q :

O
O

UL
O

>
h-
(/)z
LiJ

Llo
zo

û:

'O

d
ÎZ
o
t n
o
n
û :
ui
Q:
Ui
<

UJ
X
l -
ui
Z
<

oz
pu
Ui
_J
U.
Ui
q:
U.
O

O
z
H
H
Ui
(/)

<
X
I-
3
2

rsi
<
X
H

O
JC
H

2
O
û :
u.

i
Ui
u
Zo
UI
X
H
U.
O

ü
Z
û :
Ui
H
H
<
U
l/)

>
Cû

û
Ui
to
3

Ô
Ui
Œ
<

UI

û
Z
<

o
Nen

4 L

!<

CO
Q.

œ
Ui
Z
<
CL

CJ
O
KN

o
z
<
o
CM

104

UI
X
H

>-
CÛ

â
cû

o
O

û
Ui
H
U
Ui
_ l
u.
Ui
q:



10 or

z
uJ

OJ
O
3

LL

zo
X
UJ
- ]
IL
ÜJ
(Z

O
O
(M

Li.
O

>

(0
z
Lil
H-
Z

Li.
O

U
U
<
q ;
H

cr
LÜ
o
q :
O
u
LÜ
d :

5

6 
Li.

o ’
in
o
m
û :

lii
0 :
ui
<

LÜ
Ho
z

Q:
O
H
U
lij
>

o
z
q :
Ui
t -
I-
<
U
(0

Lii
z
H

H
3

•g
<

-J
<
I-
10
> -
Û:
U

UI
X
H

U_
O

Z
O

H
<
H
O
a

(0
3o
3
Z
H
Zo
u

Ü
Z
q :
3
a

o
in

II

w
H
<
Z
o
cs
0

w
1  
I-

H
3
0
CO
<

UJ
U
<
cc
H

W
1  
I-
u_
O

>
0 :
H
W

> -
to

Ui
X
H



oo
o
cO

O
O
O
o

^  lil tû

z D  >  
D or Z or 
o  Ü J -  D  
ü  û. 2 \ U /

3 o : Z  5

S û î l . ü

z
LU

i2
û :
O  

cvi H
O
3

LL

O

zo
X
Ui

u.
UJ
û :

5
LL

O

>-
H
c/)
Z
UJ
I -
z
I Lo
UJ
u
<
q :
H

q :
UJ
û
oc
O
U
Ui
q :

CD

d
LL

O
m
o
ro
o:
ui
q :

ui
<

O
LU
>

O
z
û :
ÜJ
h-
H
<
Uto

LÜ
X
k-

h-
-Z)
O
CD
<

- I
<

lO
>-
q :
U
LU
X
H

U_
O

O
H<
Ho
œ

10
3
O
3
Z
H
Z
O
U

oz
cc
3
O



u

Reprinted without change of pagination from  the 
Proceedings of the Royal Society, A, volume, 274, pp. 122-133, 1963

Neutron diffraction studies of the actinide oxides
I. Uranium dioxide and thorium dioxide at room temperature

B y  B . T . M. W il lis  

M e t a l l u r g y  D i v i s i o n ,  A t o m i c  E n e r g y  R e s e a r c h  E s t a b l i s h m e n t ,  H a r w e l l ,  B e r k s .

{ C o m m u n i c a t e d  b y  R .  S p e n c e ,  F . R . 8 . — R e c e i v e d  1 3  D e c e m b e r  1 9 6 2  

— R e a d  4  A p r i l  1 9 6 3 )

Three-dimensional neutron structure factors have been measured on single crystals grown 
from the melt and from solution. The Bragg reflexions divide into three groups, strong, 
medium and weak: the strong and medium reflexions are affected by extinction, which is 
particularly severe for solution-grown crystals, and the weak reflexions by double Bragg 
scattering, Least-squares analysis of experimental data corrected for these systematic 
errors confirms that the oxides have the fluorite structure at room temperature and gives 
precise values for the Debye-Waller factors of the heavy-metal and oxygen atoms and for 
the ratios of their nuclear coherent scattering amplitudes.

1 , INTRODUCTION

T h e  c r y s t a l  s t r u c t u r e s  o f  t h e  a c t i n id e  o x i d e s  h a v e  b e e n  t h e  s u b j e c t  o f  n u m e r o u s  

X - r a y  i n v e s t i g a t i o n s ,  b u t  p r o g r e s s  i n  t h i s  f i e ld  h a s  b e e n  r e s t r i c t e d  b y  t h e  d i f f i c u l t y  

o f  l o c a t i n g  w i t h  X - r a y s  t h e  r e l a t i v e l y  f i g h t  a t o m s  o f  o x y g e n .  T h i s  d i f f i c u l t y  i s  

p a r t i c u la r ly  s e v e r e  w i t h  t h e  u r a n iu m  o x i d e s ,  w h i c h  e x i s t  i n  a  m u l t i p l i c i t y  o f  s t a b l e  

s t a t e s  h a v i n g  c o m p l e x  p h a s e  r e l a t i o n s h i p s  a n d  w i d e  r a n g e s  o f  n o n - s t o i c h i o m e t r y .  

U n d e r  t h e s e  c i r c u m s t a n c e s  i t  i s  n e c e s s a r y  t o  m a k e  v e r y  p r e c i s e  d i f f r a c t io n  m e a s u r e 

m e n t s  t o  d e t e r m in e ,  f o r  i n s t a n c e ,  t h e  p o s i t i o n s  o f  i n t e r s t i t i a l  o x y g e n  a t o m s  p r e s e n t  

i n  o n l y  a  s m a l l  c o n c e n t r a t io n ,  o r  t h e  a v e r a g e  ( n o n - in t e g r a l )  o c c u p a t i o n  n u m b e r s  o f  

s i t e s  o c c u p i e d  b y  o x y g e n  a t o m s .

I n  p r in c ip l e ,  d i r e c t  l o c a t i o n  o f  t h e  o x y g e n  a t o m s  c a n  b e  c a r r ie d  o u t  m o r e  e a s i l y  

b y  n e u t r o n  d i f f r a c t io n .  T h e  s l o w - n e u t r o n  c o h e r e n t  s c a t t e r i n g  c r o s s - s e c t i o n  o f  o x y g e n  

i s  b e t w e e n  o n e - t h i r d  a n d  o n e - h a l f  o f  t h e  s c a t t e r i n g  c r o s s - s e c t i o n s  o f  u r a n iu m  a n d  

t h o r i u m ,  s o  t h a t  t h e  o x y g e n  a t o m s  i n  U O g  o r  T h O g  c o n t r i b u t e  a p p r e c i a b l y  t o  t h e  

o b s e r v e d  i n t e n s i t i e s .  M o r e o v e r ,  t h e  a b s o r p t i o n  c r o s s - s e c t i o n s  o f  t h e s e  o x i d e s  f o r  

s l o w  n e u t r o n s  a r e  f o u r  o r  f i v e  o r d e r s  o f  m a g n i t u d e  l e s s  t h a n  f o r  X - r a y s ,  s o  t h a t  

s i n g l e - c r y s t a l  n e u t r o n  i n t e n s i t i e s  c a n  b e  a c c u r a t e l y  c o r r e c t e d  f o r  t h e  s m a l l  e f f e c t  o f  

a b s o r p t i o n  a n d  a r e  r e p r e s e n t a t i v e  o f  t h e  w h o l e  c r y s t a l  r a t h e r  t h a n  o f  a  s u r f a c e  l a y e r  

a  f e w  m i c r o n s  d e e p ,  a s  i n  t h e  X - r a y  c a s e .  O n  t h e  o t h e r  h a n d ,  t o  o b t a i n  a d e q u a t e  

n e u t r o n  i n t e n s i t i e s  a  s i n g l e  c r y s t a l  m e a s u r i n g  a t  l e a s t  1 m m  a c r o s s  m u s t  b e  u s e d ,  

s o  t h a t  s p e c i a l  p r e c a u t i o n s  m u s t  b e  t a k e n  t o  a v o i d  s y s t e m a t i c  e r r o r s  i n  m e a s u r in g  

t h e  i n t e n s i t i e s ,  a r i s in g  f r o m  s e c o n d a r y  e x t i n c t i o n  a n d  f r o m  d o u b le  B r a g g  s c a t t e r i n g  

( s e e  §§ 4  a n d  5 ) .

T h i s  p a p e r  ( p a r t  I )  d e s c r ib e s  n e u t r o n  d i f f r a c t io n  w o r k  a t  r o o m  t e m p e r a t u r e  o n  

s i n g l e  c r y s t a l s  o f  U O g  a n d  T h O g . T h e  a n a l y s i s  o f  t h e  e x p e r i m e n t a l  d a t a  i n d i c a t e s  

t h a t  t h e  o x i d e s  h a v e  t h e  f i u o r i t e - t y p e  s t r u c t u r e ,  w i t h  i s o t r o p i c  a t o m i c  D e b y e -  

W a l l e r  f a c t o r s ,  a l t h o u g h  a t  h ig h e r  t e m p e r a t u r e s  ( s e e  p a r t  I I ,  W i l l i s  1963 , w h i c h

[ 122 ]



123 N eutron diffraction studies o f actinide oxides, I

f o l lo w s )  t i l l s  s t a t e m e n t  i s  n o  l o n g e r  p r e c i s e l y  t r u e .  A  n u m b e r  o f  p a r a m e t e r s  a r e  

d e r i v e d ,  i n c l u d in g  t h e  r a t i o  & u/^ o  o f  t h e  n u c l e a r  c o h e r e n t  s c a t t e r i n g  a m p l i t u d e s  o f  

u r a n iu m  a n d  o x y g e n ,  t h e  c o r r e s p o n d i n g  r a t i o  &Th/^o f o r  t h o r i u m  a n d  o x y g e n ,  a n d  

t h e  D e b y e - W a h e r  f a c t o r s  o f  t h e  m e t a l  a n d  o x y g e n  a t o m s  a t  20  °C .

2 . T h e o r y

T h e  a i m  i s  t o  d e t e r m in e  t h a t  c r y s t a l  s t r u c t u r e  w l i i c h  g i v e s  c l o s e s t  a g r e e m e n t  

b e t w e e n  o b s e r v e d  a n d  c a l c u l a t e d  s t r u c t u r e  f a c t o r s .  I n  t h i s  s e c t i o n  t h e  s t r u c t u r e  

f a c t o r s  a r e  c a l c u l a t e d  f o r  t h r e e  c a s e s ,  c o v e r i n g  v a r i o u s  p o s s i b l e  c o n f i g u r a t i o n s  o f  

t h e  o x y g e n  a t o m s  i n  U O g  a n d  T h O g . C a s e  (a )  r e f e r s  t o  t h e  f l u o r i t e  s t r u c t u r e  w i t h  t h e  

m e t a l  a t o m s  a t  t h e  4 - f o l d  p o s i t i o n s

4 ( a )  =  0 0 0 ,  | | 0 ,  ^O J, 0 | | ,

a n d  t h e  o x y g e n  a t o m s  a t  t h e  8 - f o l d  p o s i t i o n s

8 (c )  =  H f j  i l i »  I H >

I l f j  l l i j  f i f j  i f f

o f  t h e  c u b i c  s p a c e - g r o u p  F m Z m  ( s e e  f ig u r e  1) . X - r a y  w o r k  s h o w s  t h a t  t h e s e  a r e

O  o x y g e n

F igttbe 1. Unit cell of uranium dioxide (fluorite structure).

t h e  c o r r e c t  p o s i t i o n s  f o r  t h e  m e t a l  a t o m s .  I n  c a s e  (b )  t h e  s p a c e  g r o u p  r e m a i n s  F m  3 m  

b u t  t h e  o x y g e n  a t o m s  o c c u p y  m o r e  g e n e r a l  p o s i t i o n s  t h a n  8 (c )  a n d  i n  c a s e  (c )  t h e  

l a t t i c e  i s  n o  lo n g e r  f a c e - c e n t r e d .

( a )  F l u o r i t e  s t r u c t u r e

T h e  B r a g g  r e f l e x i o n s  f a l l  i n t o  t h r e e  d i s t i n c t  g r o u p s .  B o r  h ^ -T c -^ -l =  4%, w h e r e  n  i s  

a n  i n t e g e r ,  t h e  m e t a l  a n d  o x y g e n  a t o m s  s c a t t e r  i n - p h a s e  a n d  t h e  r e f l e x i o n  i s  s t r o n g  ; 

f o r  h  +  k  +  l  =  i n  +  2  t h e y  s c a t t e r  o u t - o f - p h a s e  a n d  t h e  r e f l e x i o n  i s  w e a k ;  a n d  f o r  

h - \ - k - \ - l  =  4 m ,±  \  t h e  m e t a l  a t o m s  o n l y  c o n t r i b u t e  t o  t h e  s c a t t e r i n g  a n d  t h e  

r e f l e x i o n  h a s  m e d i u m  i n t e n s i t y .  T h e  c a l c u l a t e d  s t r u c t u r e  f a c t o r s  F^ a r e :

F l ^  =  e x p  ( — sin ^  6 j/\.^ )  -t- 8&q e x p  ( — B q  sin ^

=  4& jf e x p  ( -  B ji^  s i n 2 ^/A®), . ( 1)

^ 4n +2 =  4 6 ^  e x p  ( — Bj^,j s in ^  6 jX ^ )  — 8 b  q  e x p  ( — B q  s in ^  ^ /A ^).
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H e r e  a n d  &q ^ r e  t h e  n u c l e a r  c o h e r e n t  s c a t t e r i n g  a m p l i t u d e s  o f  t h e  m e t a l  a n d  

o x y g e n  a t o m s ,  a n d  B q  t h e i r  ‘ t e m p e r a t u r e  f a c t o r s ’, 6  t h e  B r a g g  a n g l e  a n d  A  

t h e  w a v e l e n g t h .  A s s u m in g  t h a t  t h e  l a t t i c e  v i b r a t i o n s  a r e  h a r m o n i c  t h e s e  t e m 

p e r a t u r e  f a c t o r s  a r e  i s o t r o p i c ,  a s  t h e  a t o m s  o c c u p y  s i t e s  w i t h  c u b ic  p o i n t  s y m m e t r y .  

A  p l o t  o f  I n i ^  a g a i n s t  s m ^ d jX ^  g i v e s  a  s t r a i g h t  f in e  o f  s l o p e  — B jj^  f o r  t h e  4 % ±  1 
r e f l e x i o n s  a n d  t w o  f i n e s  w i t h  s l o p e s  d e t e r m in e d  b y  b o t h  B jj^  a n d  B q  f o r  t h e  4% a n d  

4 % -h 2  r e f l e x io n s .  T h e  i n t e r c e p t s  o f  t h e s e  t h r e e  f i n e s  o n  t h e  o r d i n a t e  a x i s  g i v e  

v a l u e s  i n  t h e  a r i t h m e t i c  r a t i o  -I- 2&q 2&o*

T a b l e  1 .  N e u t r o n  s t r u c t u r e  f a c t o r s  c a l c u l a t e d  f o r  

u  =  0  2 6  I N  S P A C E  G R O U P  F m 3 m

h k l F , for UOa F ,  for ThO,

— 4/1 220 0-99 0-99
440 0-97 0-97
664 0-91 0-91

h - \ - k  +  l  — 4 t n ± \ 111 1 00 1 00
633 1 01 1 0 1
755 0-94 0 95 '

=  4)1 -j- 2 200 0-97 0-92
600 0*74 0-46
662 0-46 0 1 2

(b) F a c e - c e n t r e d  ( n o n - f l u o r i t e )  s t r u c t u r e  

I f  t h e  e i g h t  o x y g e n  a t o m s  i n  t h e  u n i t  c e l l  a r e  s t a t i s t i c a l l y  d i s t r i b u t e d  a b o u t  

1 6 - f o ld  o r  h i g h e r - f o l d  p o s i t i o n s  o f  t h e  F m 3 m  s p a c e - g r o u p ,  t h e y  c a n  m o v e  a w a y  

f r o m  t h e  f lu o r i t e  t y p e  . . .  s i t e s .  F o r  e x a m p l e ,  t h e  o x y g e n  a t o m s  c o u l d  b e  

s t a t i s t i c a l l y  a c c o m m o d a t e d  i n  o n e  q u a r t e r  o f  t h e  3 2 - f o l d  p o s i t i o n s

3 2 ( / ) :  ( 0 0 0 ,  ^ | 0 ,  | 0 | - ,  Q \ \ ) ± u u u ,  u m i ,  m m ,  m i u

a n d ,  n e g l e c t i n g  t h e  e f f e c t  o f  t h e r m a l  v i b r a t i o n  (B ^^ =  B q  =  0 ) , t h e  s t r u c t u r e -  

f a c t o r  e x p r e s s i o n  i s  t h e n

F^ =  4tbjyi -H 8 b Q  c o s  I n h u  c o s  27tA:w c o s  'irn lu .

T a b l e  1 f i s t s  F .̂ f o r  t h e  t h r e e  g r o u p s  o f  r e f l e x i o n s  w i t h  Ji +  k  +  l  =  4%, 4% ±  1, 4% -|- 2 , 

a s  c a l c u l a t e d  f o r  u  =  0 2 6  a n d  n o r m a l iz e d  t o  t h e  v a l u e  f o r  u  =  0 2 5 ,  c o r r e s p o n d in g  

t o  t h e  f lu o r i t e  s t r u c t u r e .  T h e  d e p a r t u r e  o f  F^ f r o m  u n i t y  i n  t h i s  t a b l e  i s  c a u s e d  b y  

t h e  o x y g e n  a t o m s  m o v i n g  l e s s  t h a n  0 - 1 A  f f o m  u  =  0 2 5  t o  0 2 6 .  T h e  la r g e s t  c h a n g e s  

o c c u r  i n  t h e  4w  - f  2 r e f l e x i o n s  w h o s e  i n t e n s i t i e s ,  p r o p o r t i o n a l  t o  F ^ ,  a r e  r e d u c e d  a t  

h i g h  s c a t t e r i n g  a n g l e s  b y  a  f a c t o r  o f  f o u r  o r  m o r e .

(c) N o n - f a c e - c e n t r e d  l a t t i c e  

E x t r a  r e f l e x i o n s  o f  m i x e d  i n d i c e s  w i l l  a p p e a r  i f  t h e  l a t t i c e  i s  n o t  f a c e - c e n t r e d .  

T a b l e  2 g i v e s  a  f e w  s t r u c t u r e  f a c t o r s  c a l c u l a t e d  f o r  t h e s e  e x t r a  r e f l e x io n s ,  a s s u m i n g  

t h a t  t h e  o x y g e n  a t o m s  o c c u p y  t h e  8 - f o ld  p o s i t i o n s

8 (gr) =  +  u u u ,  u l m ,  v / i m ,  w d u
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o f  t h e  P m 3 m  s p a c e - g r o u p ,  w i t h  u  =  0 -2 6 . A g a in  t h i s  o n l y  r e p r e s e n t s  a  s m a l l  

d e p a r t u r e  f r o m  t h e  f lu o r i t e  p o s i t i o n s ,  b u t  t h e  s t r o n g e s t  o f  t h e s e  e x t r a  r e f l e x i o n s ,  

w h o s e  v a l u e s  a r e  e x p r e s s e d  i n  t a b l e  2 a s  a  r a t i o  o f  t h e  s c a t t e r i n g  a m p h t u d e  o f  

o x y g e n ,  c o u ld  b e  r e a d i l y  o b s e r v e d  i n  a  c r y s t a l  w e i g h i n g  10 m g .

W e  c a n  n o w  s t a t e  in  a n t i c ip a t i o n  o f  r e s u l t s  t o  b e  g i v e n  l a t e r  t h a t  c a s e  ( a )  

a p p l i e s  t o  U O g  a t  r o o m  t e m p e r a t u r e ,  (6 ) t o  U O g+a; a t  h i g h  t e m p e r a t u r e s ,  w h e r e  

0  <  z  <  0 -2 5  a n d  (c ) t o  U 4O 9. T h u s ,  a s  i n t e r s t i t i a l  o x y g e n  a t o m s  a r e  a d d e d  t o  

U O o  t o  f o r m  U O g + j., t h e  s p a c e - g r o u p  r e m a in s  F m  3 m  b u t  t h e  o r ig in a l  o x y g e n  a t o m s  

m o v e  a w a y  f r o m  f lu o r i t e  8 (c ) t o  m o r e  g e n e r a l  p o s i t i o n s ;  f ln a l ly ,  a t  t h e  a p p r o x i m a t e  

c o m p o s i t i o n  U 4O 9 [ x  =  0 - 2 5 ) ,  t h e  i n t e r s t i t i a l  o x y g e n  a t o m s  a s s u m e  a n  o r d e r e d  c o n -  

f l g u r a t io n  a n d  t h e  l a t t i c e  b e c o m e s  b o d y - c e n t r e d ,  s p a c e - g r o u p  / 4 3 d .

T a b le  2 . N e u t r o n  s t r u c t u r e  f a c t o r s  f o r  r e f l e x i o n s  w i t h  m ix ed
IN D IC E S  C A L C U L A T E D  F O R  U  =  0  2 6  I N  S P A C E  G R O U P  P m 3 m

Fc
hkl (normalized to 6q)
112 0-02
041 0-50
554 0-14
065 0-70
663 0-66

3 . E x pe r im en t a l  method  

N e u t r o n  i n t e n s i t i e s  w e r e  m e a s u r e d  b y  m e a n s  o f  t h e  s i n g l e - c r y s t a l  e q u i p m e n t  

d e s c r ib e d  b y  W iU is  ( 1962a ) .  T h r e e - d im e n s io n a l  d a t a  w e r e  c o l l e c t e d  b y  a d d i n g  a  

t w o - c i r c l e  O  — X  a t t a c h m e n t  ( W i l l i s  19626 ) t o  t h e  b a s e  o f  t h e  d i f f r a c t o m e t e r ,  a n d  

w i t h  a  n e u t r o n  w a v e l e n g t h  o f  1 - 0 3 8 A  a l l  n o n - e q u i v a l e n t  r e f l e x i o n s  w e r e  m e a s u r e d  

o u t  t o  s in  d j X  =  0 -9 2 .  F o r  e a c h  m e a s u r e m e n t  t h e  n o r m a l  t o  t h e  h k l  p l a n e  w a s  t u r n e d  

t o  t h e  B r a g g  r e f l e c t in g  p o s i t i o n  in  t h e  e q u a t o r i a l  p l a n e  a n d  t h e  i n t e g r a t e d  i n t e n s i t y  

d e t e r m in e d  b y  t h e  s t a n d a r d  r o t a t i n g - c r y s t a l  m e t h o d .  I n t e g r a t e d  i n t e n s i t i e s  

w e r e  r e d u c e d  t o  o b s e r v e d  s t r u c t u r e  f a c t o r s  | / j , |  b y  m e a n s  o f  t h e  f o r m u la

Phid  =  \ K \^ c o s e c  (2 )

w h e r e  i s  t h e  a b s o r p t i o n  f a c t o r  a n d  k  a n  u n k n o w n  s c a le  f a c t o r ,  w h i c h  i s  t h e  s a m e  

f o r  a l l  r e f l e x io n s .  w a s  e v a l u a t e d  f r o m  t h e  m e a s u r e d  a b s o r p t i o n  c o e f f i c ie n t  a n d  

l in e a r  d i m e n s i o n s  o f  t h e  c r y s t a l ;  i t  w a s  c lo s e  t o  u n i t y  f o r  a l l  t h e  c r y s t a l s  r e f e r r e d  

t o  b e l o w ,  e x c e p t  f o r  t h e  c r y s t a l  o f  U O g  e n r ic h e d  i n  t h e  i s o t o p e  ^ H U .

4. E xpe r im en t a l  resu lts  on u r a n iu m  d io x id e  

S in g le  c r y s t a l s  w e r e  a v a i l a b l e  w h ic h  h a d  b e e n  g r o w n  b y  t h r e e  d i f f e r e n t  t e c h n i q u e s ,  

f r o m  t h e  m e l t ,  f r o m  t h e  v a p o u r  a n d  f r o m  s o l u t i o n .  T h e  f u s e d  c r y s t a l s  w e r e  s e l e c t e d  

f r o m  a  b a t c h  s u p p h e d  b y  S p e n c e r  C h e m ic a l  C o .,  U . S . A .  a n d  t h e  v a p o u r - g r o w n  

c r y s t a l s  w e r e  f u r n i s h e d  b y  D r  S . A m e l i n c k x  ( V a n  L ie r d e ,  S t r u m a n e ,  S m e t s  &  

A m e l i n c k x  1962). C r y s t a l s  f r o m  b o t h  s o u r c e s  w e r e  o f  a m p l e  s i z e  f o r  n e u t r o n  

d i f f r a c t io n  a n d  w e r e  c l e a v e d  o r  g r o u n d  t o  s h a p e .  T h e  s o l u t i o n - g r o w n  c r y s t a l s  w e r e  

m u c h  s m a l l e r ,  w e i g h i n g  n o  m o r e  t h a n  5 0 m g ;  t h e y  w e r e  p r o v i d e d  b y  D r  R .  G .  
R o b i n s  ( R o b in s  1961).
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(a )  F u s e d  c r y s t a l s

M ic r o s c o p ic  e x a m i n a t i o n  r e v e a l e d  t h a t  t h e s e  c o n t a i n e d  1 o r  2 %  o f  p o l y c r y s t a l l i n e  

U  o r  U O g , s e g r e g a t e d  i n t o  s m a l l  m c l u s i o n s  i n  t h e  s i n g l e - c r y s t a l  m a t r i x .  T h e  r e s u l t s  

g i v e n  b e l o w  r e f e r  t o  c o h e r e n t  s c a t t e r i n g  f r o m  t h e  m a t r i x  o n l y ,  w h o s e  c o m p o s i t i o n  

w a s  e s t i m a t e d  b y  m e a s u r i n g  t h e  o x y g e n  p o t e n t i a l  w i t h  a  h i g h  t e m p e r a t u r e  g a l v a n i c  

c e l l  ( M a r k in  & B o n e s  1962) t o  b e  U O a-ooo io  ood- 

F ig u r e  2 s h o w s  e x p e r i m e n t a l  r e s u l t s  f o r  t w o  c r y s t a l s ,  A  a n d  B :  A  w a s  a  f r a g m e n t  

w i t h  { 1 1 1 }  c l e a v a g e  f a c e s ,  w e i g h i n g  1 7 0  m g ,  a n d  B  w a s  a  s m a l l e r  c r y s t a l ,  c u t  i n t o  

a  p i l l a r  1 m m  x  1 m m  i n  c r o s s - s e c t i o n  a n d  w i t h  i t s  l o n g  a x i s  a l o n g  [ 1 1 0 ] .  T h e  r e 

f l e x i o n s  a r e  d i s t r i b u t e d  a b o u t  t h r e e  c u r v e s ,  a s  p r e d i c t e d  b y  e q u a t i o n  ( 1) f o r  t h e  

f l u o r i t e  s t r u c t u r e ,  b u t  i n  b o t h  c r y s t a l s  t h e  p o s i t i o n  o f  t h e  i n t e r c e p t  o f  t h e  4% c u r v e

-  T T T ' »  s----------

 i  - | ------- "1 4n±l

:

0-2 0-6

F i g u r e  2. Experimental results for fused crystals of EO^. The broken lines represent the least- 
squares fit of equation (1) to the experimental points. is on an arbitrary scale. 
■ , Crystal vÉ; # ,  crystal B ; O , crystal B , corrected for extinction.

o n  t h e  o r d i n a t e  a x i s  i s  l o w e r  t h a n  e x p e c t e d .  T h e  d i s c r e p a n c y  b e t w e e n  o b s e r v e d  a n d  

c a l c u l a t e d  s t r u c t u r e  f a c t o r s  i s  m o r e  m a r k e d  i n  t h e  l a r g e r  c r y s t a l  a n d  a t  s m a l l  

B r a g g  a n g l e s  w h e r e  t h e  p e a k  i n t e n s i t i e s  a r e  s t r o n g e s t .  T h i s  b e h a v i o u r  i s  s t r o n g l y  

s u g g e s t i v e  o f  e x t i n c t i o n .

T h e  p r e s e n c e  o f  s e c o n d a r y  e x t i n c t i o n  i n  t h e  s m a l l e r  c r y s t a l  B  w a s  c o n f i r m e d  b y  

m e a s u r in g  t h e  i n t e g r a t e d  i n t e n s i t i e s  o f  s e v e r a l  s t r o n g  r e f l e x i o n s  a s  a  f u n c t i o n  o f  t h e  

p a t h  l e n g t h  o f  t h e  n e u t r o n  b e a m  i n  t h e  c r y s t a l .  T h e  p a t h  l e n g t h  w a s  v a r i e d  b y  

r o t a t i n g  t h e  c r y s t a l  a b o u t  t h e  n o r m a l  t o  t h e  r e f l e c t i n g  p l a n e ,  u s e  b e i n g  m a d e  o f  t h e  

e x t r a  d e g r e e  o f  r o t a t i o n a l  f r e e d o m  a v a i l a b l e  i n  a  t h r e e - c i r c l e  s e t t i n g  d e v i c e  ( W i l l i s  

19626 ) . T h e  s e c o n d a r y  e x t i n c t i o n  f a c t o r  d e f i n e d  a s  t h e  p r o p o r t i o n a l  r e d u c t i o n  

i n  t h e  i n t e g r a t e d  i n t e n s i t y  d u e  t o  s e c o n d a r y  e x t i n c t i o n ,  a n d  t h e  m o s a i c  s p r e a d  y  

w e r e  d e r i v e d  d i r e c t l y  f r o m  t h e  i n t e n s i t y  m e a s u r e m e n t s  o n  e a c h  s t r o n g  r e f l e x i o n
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( W i l l i s  1962 c )  a n d  a r e  l i s t e d  i n  t a b l e  3 . T h e  m e a n  v a l u e  o f  y  i s  4  3  m i n u t e s  o f  a r c  

a n d  t h i s  w i l l  b e  c o m p a r e d  l a t e r  w i t h  t h e  y  v a l u e s  o f  c r y s t a l s  g r o w n  f r o m  s o l u t i o n  

a n d  f r o m  t h e  v a p o u r .

T o  r e t u r n  n o w  t o  t h e  r e s u l t s  g i v e n  i n  f ig u r e  2 , t h e  4% p o i n t s  f o r  c r y s t a l  B  a r e  s h o w n  

a s  o p e n  c ir c l e s  a f t e r  c o r r e c t i o n  i s  m a d e  f o r  e x t i n c t i o n  o n  t h e  b a s i s  o f  a n  a v e r a g e  

m o s a i c  s p r e a d  o f  4  3  m i n u t e s  o f  a r c .  T h e  i n t e r c e p t  o n  t h e  o r d i n a t e  a x i s  o f  t h e  f in e  

t h r o u g h  t h e s e  c o r r e c t e d  p o i n t s  i s  c l o s e  t o  t h e  t h e o r e t i c a l  p o s i t i o n  f o r  t h e  f lu o r i t e  

s t r u c t u r e .

T h e  s t r u c t u r e - f a c t o r  d a t a  f o r  t h e  4 % +  2 a n d  h i g h - a n g l e  4w  ±  1 r e f l e x i o n s ,  w h i c h  

a r e  u n a f f e c t e d  b y  e x t i n c t i o n ,  w e r e  a n a l y z e d  b y  t h e  l e a s t - s q u a r e s  m e t h o d  t o  o b t a i n  

t h e  b e s t  f i t  b e t w e e n  |jp^| a n d  | i^ |  c a l c u l a t e d  f r o m  e q u a t i o n  ( 1) . F o u r  p a r a m e t e r s  

— o v e r a l l  s c a l e  f a c t o r  Tc, r a t i o  o f  s c a t t e r i n g  a m p l i t u d e s  o f  u r a n iu m  a n d  o x y g e n  

6u/&Q, a n d  t e m p e r a t u r e  f a c t o r s  B ^ ,  B q — w e r e  d e t e r m in e d  o n  t h e  M e r c u r y  c o m 

p u t e r ,  b y  m e a n s  o f  a  p r o g r a m  w h i c h  a l l o w s  r e f i n e m e n t  o f  t h e  s c a t t e r i n g  a m p l i t u d e s

Ta b l e  3. A n a l y s is  of e x t in c t io n  m ea su r e m e n t s
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h k l ^ h k l (minutes of arc)

220 0-85 5-1
400 0-88 4-3
422 0-91 3-7
440 0-93 3-9

o f  a t o m s  i n  t h e  s p a c e - g r o u p  F m ^ m  a s  w e l l  a s  t h e i r  p o s i t i o n a l  c o - o r d i n a t e s  a n d  

t e m p e r a t u r e  f a c t o r s ,  k  a n d  B j j  w e r e  d e t e r m in e d  f i r s t  f r o m  t h e  4 % +  1 r e f l e x i o n s ,  

w h o s e  i n t e n s i t i e s  a r e  i n d e p e n d e n t  o f  t h e  o x y g e n  a t o m s .  W i t h  k  a n d  B ^  f i x e d ,  t h e  

v a l u e s  o f  6u / 6q a n d  B q  w e r e  t h e n  f o u n d  f r o m  t h e  4% 4-2  d a t a .  T a b l e  4  l i s t s  t h e  c o m 

p u t e d  v a l u e s  o f  B q ,  B q ,  6u /& o  a n d  t h e i r  s t a n d a r d  d e v i a t i o n s ,  t o g e t h e r  w i t h  t h e  

n u m b e r  o f  r e f l e x i o n s  u s e d  i n  t h e  a n a l y s i s  a n d  t h e  r e s i d u a l  — |F ^ | /4 - Z  |7 ^ |

f o r  t h e  t w o  c r y s t a l s  A ,  B  a n d  a  t h i r d  c r y s t a l  G  n o t  i n c l u d e d  i n  f ig u r e  2 . T h e  r e s i d u a l s  

a r e  la r g e r  f o r  t h e  4% 4- 2  r e f l e x i o n s  t h a n  f o r  4 % +  1; t h i s  i s  p r o b a b l y  d u e  t o  d o u b le  

B r a g g  s c a t t e r i n g  (§ 5 ) ,  w h i c h  i s  m o r e  p r o m i n e n t  f o r  t h e  w e a k e r  r e f l e x i o n s ,  a n d  j u s t i f i e s  

t h e  p r o c e d u r e  o f  r e f i n i n g  t h e  d a t a  i n  t w o  g r o u p s ,  a s s i g n i n g  e q u a l  w e i g h t  t o  e a c h  

r e f l e x i o n  i n  a  g r o u p .  T h e  a m p l i t u d e  o f  v i b r a t i o n  o f  t h e  o x y g e n  a t o m s  i s  g r e a t e r  t h a n  

f o r  u r a n iu m  { B q  >  B q ) ,  a  f e a t u r e  i m m e d i a t e l y  a p p a r e n t  f r o m  f ig u r e  2 w h e r e  t h e  

s l o p e  o f  t h e  4% 4-2  c u r v e  i s  g r e a t e r  t h a n  t h a t  o f  4 % +  1 . T h e  a v e r a g e  v a l u e  o f  & u/^ o  

i n  t a b l e  4  i s  1 - 4 7 4  ±  0 - 0 1 0 ,  w h i c h  c o m p a r e s  w i t h  t h e  m o s t  r e c e n t l y  p iu b l is h e d  v a l u e  

( R o o f ,  A r n o l d  &  G s c h n e id n e r  1962) o f  1 -4 5  ±  0 - 0 9 .  T h i s  r a t i o  m u s t  b e  k n o w n  t o  a n  

a c c u r a c y  o f  a t  l e a s t  1 %  t o  a l l o w  t h e  d e t e r m in a t i o n  b y  n e u t r o n  d i f f r a c t i o n  o f  t h e  

o c c u p a t i o n  n u m b e r s  o f  a t o m i c  s i t e s  i n  t h e  n o n - s t o i c h i o m e t r i c  u r a n iu m  o x i d e s .

I t  i s  e s t i m a t e d  f r o m  t h e  i n t e n s i t i e s  o f  t h e  4% 4-2  r e f l e x io n s ,  w h i c h  a r e  p a r t i c u la r ly  

s e n s i t i v e  t o  d i s p l a c e m e n t s  o f  t h e  o x y g e n  a t o m s  f r o m  t h e  . . .  p o s i t i o n s  ( s e e  

t a b l e  1) , t h a t  t h e s e  a t o m s  a r e  w i t h i n  0 - 0 2 À  o f  t h e  f lu o r i t e  p o s i t i o n s .  N o  e x t r a  

n e u t r o n  r e f l e x i o n s  w i t h  m i x e d  i n d i c e s  w e r e  o b s e r v e d ,  s o  t h a t  t h e  l a t t i c e  i s  f a c e -  

c e n t r e d  a s  f o r  t h e  f lu o r i t e  s t r u c t u r e .



B. T. M. Willis 128

(b) S o l u t i o n - g r o w n  c r y s t a l s  

A  f e w  s i n g l e  c r y s t a l s ,  w h i c h  h a d  b e e n  g r o w n  b y  e l e c t r o - d e p o s i t i o n  a t  8 5 0  °C  o n  

a  p l a t i n u m  c a t h o d e ,  w e r e  e x a m i n e d  b y  n e u t r o n  d i f f r a c t io n .  T h e y  w e r e  o f  r e g u la r  

s h a p e ,  b o u n d e d  b y  { 111}  a n d  { 100}  h a b i t  f a c e s ,  w i t h  a  m a x i m u m  m a s s  o f  a b o u t  

5 0  m g .  T h e y  c o n t a i n e d  n o  i n c l u s i o n s  a n d  t h e  o x y g e n / u r a n i u m  r a t i o  w a s  c lo s e  t o  t h e  

s t o i c h i o m e t r i c  v a l u e  2 -000 .

F ig u r e  3  i s  a  t y p i c a l  p l o t  o f  In  |FJ,| a g a i n s t  s in ^  w i t h  t h e  |F ^ |’s  u n c o r r e c t e d  f o r  

e x t i n c t i o n .  T h e  i n t e n s i t i e s  o f  b o t h  4% a n d  4 % ±  1 r e f l e x i o n s ,  n o r m a l i z e d  t o  a  s t a n d a r d

T a b l e  4. L e a st -sq u a r e s  a n a l y sis  of in t e n s it y

M E A S U R E M E N T S  O N  U R A N IU M  D IO X ID E

4 n ± \  reflexions

crystal

A
B
G

crystal
A
B
G

number of 
reflexions

7
10
4

number of 
reflexions

13
13
7

(Â2)

0-29 + 0-06 
0-42 ±0-06 
0-23 ± 0-04

average 0-31 ± 0-04 

4n-f-2 reflexions

average

-Bo
(A«)

0-44 + 0-08 
0-56 + 0-06 
0-46 + 0-06 
0-49 + 0-06

(%)
3-7
2-0
1-6

&o
1-482 ±0-014 
1-476 ±0-011 
1-463 ±0-010 
1-474 ±0-010

(%)
4-8
2-8
2-6

h+k+l=  
■ 4n

■4n±l

•4n+2

0-2 04

sin  ̂̂ /A*

06

F i g u r e  3. Experimental results for a solution-grown crystal of UOq. Tbe broken lines are tbe 
theoretical curves for tbe fluorite structure. # ,  4w; ■ , 4w± 1; □ , 4n± 1, corrected for 
extinction; 4w + 2.
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m a s s  a n d  i n c i d e n t  n e u t r o n  f l u x ,  w e r e  l e s s  t h a n  f o r  t h e  f u s e d  c r y s t a l s ,  w h e r e a s  t h e  

4m ,+  2  r e f l e x i o n s  w e r e  a b o u t  t h e  s a m e .  T h i s  d i s c r e p a n c y  i s  d u e  t o  s e c o n d a r y  e x t i n c 

t i o n ,  w h i c h  i s  m u c h  m o r e  s e v e r e  i n  s o l u t i o n - g r o w n  c r y s t a l s  i n  s p i t e  o f  t h e i r  s m a l l e r  

s i z e .  E x t i n c t i o n  o f  t h e  4 n  r e f l e x i o n s  w a s  t o o  l a r g e  t o  c o r r e c t  b y  m e a s u r i n g  t h e  

i n t e n s i t y  a s  a  f u n c t i o n  o f  n e u t r o n  p a t h  l e n g t h ,  b u t  t h e  4 n ± l  r e f l e x i o n s  w e r e  

c o r r e c t e d  i n  t h i s  w a y  a n d  t h e  a n a l y s i s  o f  t h e  e x t i n c t i o n  r e s u l t s  g a v e  a  m o s a i c  s p r e a d  

^  o f  1 3  s e c o n d s  o f  a r c  f o r  t h e  e r y s t a l  t o  w h i c h  f ig u r e  3  r e f e r s .

A  s m a l l  c u b o - o e t a h e d r a l  c r y s t a l  o f  U O ^  c o n t a i n i n g  9 3  %  o f  w a s  a v a i l a b l e ,  

s o  t h a t  a n  a t t e m p t  w a s  m a d e  t o  m e a s u r e  t h e  n u c l e a r  c o h e r e n t  s c a t t e r i n g  a m p l i t u d e  

o f  f r o m  d i f f r a c t i o n  d a t a .  T h i s  q u a n t i t y  w a s  n o t  r e q u ir e d  f o r  t h e  p r e s e n t  s e r ie s  

o f  s t u d i e s ,  b u t  i t s  v a l u e  h a s  n o t  y e t  b e e n  r e c o r d e d .  T h e  h i g h  f i s s io n  c r o s s - s e c t i o n  

o f  i n c r e a s e s  t h e  l i n e a r  a b s o r p t i o n  c o e f i i c i e n t  o f  t h e  o x i d e ;  t h i s  w a s  m e a s u r e d  

d i r e c t l y  a s  7*2 c m ~ ^ , w h i c h  c o m p a r e s  w i t h  t h e  m e a s u r e d  v a l u e  o f  0 * 4 9  c m ~ ^  f o r  

n a t u r a l  U O g . T h e  a b s o r p t i o n  f a c t o r  i n  e q u a t i o n  (2 ) w a s  c o m p u t e d  f o r  t h e  4 n ± \  

a n d  4% -I-2 r e f l e x i o n s  o n  t h e  M e r c u r y  c o m p u t e r .  T h e  d a t a  w e r e  a n a l y z e d  b y  

l e a s t  s q u a r e s ,  k e e p i n g  B q  a n d  B q  f i x e d  a t  t h e  a v e r a g e  v a l u e s  o f  t a b l e  4  a n d  v a r y i n g  

o n l y  t h e  s c a l e  f a c t o r  a n d  t h e  r a t i o  & u'/^o w h e r e  6^ , i s  t h e  c o h e r e n t  s c a t t e r i n g  

a m p l i t u d e  o f  T h e  a n a l y s i s  g a v e

6u '/^ o  — 1*71 +  0 - 0 8 ,

a n d  t a k i n g  6q  =  0 - 5 7 7  ±  0 - 0 0 4  x  10~^^ c m  l e a d s  t o  t h e  v a l u e

— 0 - 9 9  +  0 - 0 5  X 1 0 ~ ^ ^ c m .

T h e  r e l a t i v e l y  l a r g e  l i m i t s  o f  e r r o r  a r e  d u e  t o  t h e  u n c e r t a i n t y  i n  m e a s u r i n g  t h e  

i n t e n s i t i e s  a r i s in g  f r o m  e x t i n c t i o n .

(c )  V a p o u r - g r o w n  c r y s t a l s

T h e s e  b e c a m e  a v a i l a b l e  t o w a r d s  t h e  e n d  o f  t h e  p r e s e n t  i n v e s t i g a t i o n .  N o  

d e t a i l e d  i n t e n s i t y  m e a s u r e m e n t s  w e r e  c a r r ie d  o u t ,  b u t  i t  w a s  c le a r  t h a t  t h e  B r a g g  

r e f l e x i o n s  w e r e  a f f e c t e d  l e s s  b y  e x t i n c t i o n  t h a n  f o r  e i t h e r  o f  t h e  o t h e r  k i n d s  o f  

c r y s t a l  a n d  t h a t  t h e  m o s a i c  s p r e a d  y  w a s  a t  l e a s t  5  m i n u t e s  o f  a r c .

T h e  d i f f e r e n c e s  i n  t h e  n e u t r o n  r e f l e c t i n g  p r o p e r t i e s  o f  t h e  t h r e e  k i n d s  o f  c r y s t a l  i s  

b r o u g h t  o u t  i n  a  s t r i k i n g  w a y  i n  f ig u r e  4 .  T h i s  s h o w s  t h e  r o c k i n g  c u r v e ,  r e l a t i n g  t h e  

n e u t r o n  i n t e n s i t y  w i t h  r o t a t i o n  a n g l e  w , o f  t h e  8 0 0  r e f l e x i o n  o f  e a c h  c r y s t a l .  T h e  

8 0 0  r e f l e x i o n  w a s  c h o s e n  a s  t h i s  i s  n e a r  t h e  ‘ f o c u s i n g  p o s i t i o n  ’, a t  w h i c h  t h e  r e f l e e t e d  

b e a m  f r o m  t h e  c r y s t a l  i s  p a r a l l e l  t o  t h e  d i r e c t  b e a m  s t r i k i n g  t h e  m o n o c h r o m a t o r ;  f o r  

t h i s  p o s i t i o n  t h e  r o c k i n g - c u r v e  w i d t h  i s  a  m i n i m u m  a n d  i s  i n d e p e n d e n t  o f  t h e  c o l l i m a 

t i o n  a n g l e .  T h e  h a l f - w d d t h  A  o f  t h e  r o c k i n g  c u r v e  i s  g r e a t e s t  f o r  t h e  v a p o u r - g r o w n  

c r y s t a l  a n d  l e a s t  f o r  t h a t  g r o w n  f r o m  s o l u t i o n .  T h i s  o r d e r  i s  t h a t  a n t i c i p a t e d  f r o m  

t h e  e s t i m a t e s  o f  t h e  m o s a i c  s p r e a d  g i v e n  b y  t h e  a n a l y s i s  o f  t h e  e x t i n c t i o n  m e a s u r e 

m e n t s .  F ig u r e  4  i n c l u d e s  f o r  e a c h  c r y s t a l  t h e  v a l u e s  o f  A , y  a n d  d ;  d  i s  t h e  m a x i m u m  

d i s l o c a t i o n  d e n s i t y  e s t i m a t e d  f r o m  t h e  e x p r e s s i o n  ( H ir s c h  1955)

d  =  y ^ j9 b ^ ,

w h e r e  t h e  m a g n i t u d e  o f  t h e  B u r g e r s  v e c t o r  b  i s  t a k e n  a s  3  A .
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I t  a p p e a r s ,  t h e r e f o r e ,  t h a t  c r y s t a l s  g r o w n  a b o v e  2000  °C  f r o m  t h e  v a p o u r  o r  t h e  

m e l t  a r e  m o r e  i m p e r f e c t  t h a n  t h o s e  c r y s t a l l i z i n g  f r o m  s o l u t i o n  a t  8 5 0  °C . F u s e d  o r  

v a p o u r - g r o w n  c r y s t a l s  a r e  m o r e  s u i t a b l e  f o r  d i f f r a c t io n  w o r k  a s  t h e y  a p p r o a c h  

m o r e  c l o s e l y  t o  t h e  ‘ i d e a l l y  i m p e r f e c t  c r y s t a l ’ o f  t h e o r e t i c a l  c r y s t a l l o g r a p h y .

t-̂ 800
&

4 =10'

r to -r 0 r  (o

F i g u r e  4 . R o c k in g  c u r v e s  fo r  th e  800  r e flex io n : (a) re fers t o  a  c r y s ta l g r o w n  fr o m  th e  v a p o u r ,  
ij >  5', d  >  1 0 ® c m “®; (6 ) fro m  t h e  m e lt ,  rj — 4  3% d  == 1 0 ® cm -®; a n d  (c) fro m  so lu t io n ,  
Tj =  0  22% d  =  10®cm -®. A is  th e  h a lf-w id th  o f  th e  r o c k in g  c u r v e , 7/ th e  m o sa ic  sp re a d  
d e r iv e d  fr o m  e x t in c t io n  d a ta  a n d  d  th e  m a x im u m  d is lo c a t io n  d e n s ity .

5. E xpe r im en t a l  r e su l t s  on  tho rium  d io x id e

F ig u r e  5  s h o w s  e x p e r i m e n t a l  r e s u l t s  f o r  t w o  s m a l l  s i n g l e  c r y s t a l s  D  a n d  E :  

D  ( 9 0  m g )  w a s  g r o w n  f r o m  t h e  m e l t  a n d  E  ( 4 0  m g )  b y  s l o w l y  c o o h n g  f r o m  1 5 0 0  t o  

8 0 0  °C  a  s o l u t i o n  o f  T h O g  i n  l e a d  m e t a b o r a t e .  T h e  i n t e n s i t i e s  o f  t h e  4% a n d  4% +  1 
r e f l e x i o n s  a r e  h i g h e r  f o r  t h e  f u s e d  c r y s t a l ;  a g a i n  t h i s  d i f f e r e n c e  i s  d u e  t o  e x t i n c t i o n ,  

w h i c h  i s  l e s s  s e v e r e  f o r  t h e  c r y s t a l  g r o w n  a t  t h e  h i g h e r  t e m p e r a t u r e .  N o  c o r r e c t io n  

f o r  e x t i n c t i o n  w a s  a t t e m p t e d  b u t  i t  w a s  e s t i m a t e d  t h a t  t h e  m o s a i c  s p r e a d s  w e r e  

c o m p a r a b l e  f o r  f u s e d  T h O g  a n d  U O g  a n d  f o r  s o l u t i o n - g r o w n  T h O g  a n d  U O g .

T h e  e x p e r i m e n t a l  p o i n t s  f o r  t h e  4%-I-2 r e f l e x i o n s  i n  f ig u r e  5  a r e  a p p r e c i a b l y  

s c a t t e r e d  a b o u t  t h e  b r o k e n  l i n e  c a l c u l a t e d  f o r  t h e  f lu o r i t e  s t r u c t u r e .  A l l  t h e  p o i n t s  

e x c e p t  t h o s e  m a r k e d  b y  c r o s s e s  w e r e  r e c o r d e d  a t  a  f i x e d  a z i m u t h a l  p o s i t i o n  o f  t h e  

r e f l e c t i n g  p l a n e  a n d  t h e  f l u c t u a t i o n s  a b o u t  t h e  b r o k e n  f i n e  w e r e  r e p r o d u c ib le  w i t h  

d i f f e r e n t  c r y s t a l s .  T h e  m o s t  a n o m a l o u s  r e f l e x i o n  w a s  10 , 0 ,  0 w h o s e  i n t e n s i t y  w a s  

t w i c e  t h a t  e x p e c t e d  f o r  b o t h  c r y s t a l s  D  a n d  E .  N o  r e f l e x i o n s  o f  m i x e d  i n d i c e s  w e r e  

o b s e r v e d ,  s o  t h a t  t h e  l a t t i c e  i s  f a c e - c e n t r e d  a n d  t h e r e  i s  n o  r e a s o n  t o  d o u b t  t h e  

f l u o r i t e  s t r u c t u r e .  T h e  o r ig in  o f  t h e  a n o m a l o u s  v a l u e s  f o r  4% +  2  r e f l e x i o n s  i s ,  

i n  f a c t ,  d o u b le  B r a g g  s c a t t e r i n g  ( R e n n in g e r  1937) , w h i c h  i s  m o r e  s e r io u s  t h a n  i n  

U O g  a s  t h e  s c a t t e r i n g  a m p l i t u d e  o f  t h o r i u m  i s  g r e a t e r  t h a n  t h a t  o f  u r a n iu m  a n d  

t h e  477,-1-2 r e f l e x i o n s  a r e  t h e r e f o r e  m u c h  w e a k e r  i n  T h O g . T h e  p o i n t s  s h o w n  a s  

c r o s s e s  i n  f ig u r e  5  r e f e r  t o  |F^ | v a l u e s  m e a s u r e d  a t  d i f f e r e n t  a z i m u t h a l  o r i e n t a t i o n s  

i n  1 0 °  i n t e r v a l s  o f  ijr ,  o f  t h e  r e f l e c t i n g  p l a n e  a b o u t  i t s  s c a t t e r i n g  v e c t o r .  T h i s  

r a p i d  v a r i a t i o n  o f  |F^ | w i t h  ijr  i s  c h a r a c t e r i s t i c  o f  d o u b le  B r a g g  s c a t t e r i n g .

A  m o r e  d e t a i l e d  i n v e s t i g a t i o n  o f  t h e  d o u b le - s c a t t e r i n g  p r o c e s s  w a s  c a r r ie d  o u t  

o n  t h e  200  r e f l e x i o n  o f  c r y s t a l  D .  T h e  p e a k  i n t e n s i t y  o f  200  w a s  m e a s u r e d  a t
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i n t e r v a l s  o f  ^  a n d  t h e  r e s u l t s  a r e  p l o t t e d  i n  f ig u r e  6 f o r  t h e  r a n g e  3 5 °  <  ijr  <  6 5 ° .  

T h e  m o s t  p r o n o u n c e d  f l u c t u a t i o n s  i n  t h i s  c u r v e  a r e  l a b e l l e d  a , b , c . . .  a n d  a l l  t h e s e  

h a v e  b e e n  s h o w n  t o  b e  a s s o c i a t e d  w i t h  d o u b le  s c a t t e r i n g  f r o m  ( h 'k 'V )  a n d  { 2  — h ' ,  h ’, V )  

p l a n e s .  S u c c e s s i v e  s c a t t e r i n g  f r o m  p l a n e s  w i t h  t h e s e  i n d i c e s  s i m u l a t e s  t h e  s i n g l e 

s c a t t e r i n g  p r o c e s s  f r o m  (200 ) . T a b l e  5  g i v e s  t h e  J i/h 'V  i n d i c e s  a s s o c i a t e d  w i t h  e a c h  

R e n n i n g e r  p e a k  t o g e t h e r  w i t h  t h e  o b s e r v e d  a n d  c a l c u l a t e d  v a l u e s  o f  yjr a t  w h i c h  t h e  

p e a k  o c c u r s ,  ^ o b s. î^caic. a g r e e  t o  w i t h i n  1 5  m i n u t e s  o f  a r c ;  c lo s e r  a g r e e m e n t  

c a n n o t  b e  e x p e c t e d  a s  t h e  n e u t r o n  w a v e l e n g t h  i s  n o t  s u f f i c i e n t l y  w e l l  d e f i n e d

h+kH=

f  ------- -—4n±l

02 04

sm-' Ojj

0-6

* ^4n+2
_J__
08

F i g u r e  5. Experimental results for crystal D  (#) of fused ThOg and crystal E  (■) of ThOg 
grown from solution. The crosses refer to measurements of D  taken at different azimuthal 
orientations of the reflecting plane. The broken lines are the theoretical curves for the 
fluorite structure.

(A  =  1 - 0 3 8  ±  0 - 0 0 5 Â ) .  I t  i s  t o  b e  n o t e d  t h a t  f ig u r e  6 i s  s y m m e t r i c a l  a b o u t  t h e  o r 

d i n a t e  ijf =  4 5 ° ,  c o r r e s p o n d in g  t o  a  s y m m e t r y  p o s i t i o n  o f  t h e  c r y s t a l ,  a n d  t h a t  t h e  

i n d i c e s  { h ' k ' V ) ,  (2 — k ' ,  V )  a r e  a U  o d d .  I f  e i t h e r  p l a n e  h a s  e v e n  i n d i c e s  o n e  o f  t h e  

p l a n e s  i s  a  4% 4-2  t y p e ,  f o r  w h i c h  t h e  s t r u c t u r e  f a c t o r  i s  v e r y  s m a l l ,  s o  t h a t  t h e  

R e n n i n g e r  p e a k  i s  r e l a t i v e l y  w e a k .

T a b l e  6 g i v e s  t h e  r e s u l t s  o f  t h e  l e a s t - s q u a r e s  a n a l y s i s  o f  t h e  e x t i n c t i o n - f r e e  

4 % + l  a n d  4% 4- 2 d a t a  f r o m  t w o  f u s e d  c r y s t a l s  D  a n d  F . T h e  [FJ,] v a l u e s  o f  t h e  4% +  2 
r e f l e x i o n s  w e r e  t a k e n  a s  t h e  m e a n  o f  t h o s e  r e c o r d e d  a t  d i f f e r e n t  s e t t i n g s  o f  i t  

w a s  p r o b a b l y  m o r e  c o r r e c t  t o  u s e  t h e  m i n i m u m  r a t h e r  t h a n  t h e  m e a n  v a l u e  b u t  

e i t h e r  c h o i c e  g a v e  s i m i l a r  v a l u e s  f o r  t h e  f in a l  p a r a m e t e r s  &Th/^oj a n d  B q . 

A s  f o r  U O g  t h e  l e a s t - s q u a r e s  a n a l y s i s  w a s  c a r r i e d  o u t  i n  t w o  s t a g e s  a n d  t h e  h i g h  

r e s i d u a l  f o r  t h e  4% 4- 2  r e f l e x i o n s  r e f l e c t s  t h e  i n f l u e n c e  o f  d o u b le  B r a g g  s c a t t e r i n g .
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F r o m  t a b l e  6 ^T h/^ o 1 * 7 2 5  +  0 * 0 1 6 , w h i c h  c o m p a r e s  w i t h  1*69  ±  0 * 0 8  g i v e n  b y  

B o o f  e t  a l .  ( 1962) . T a b l e  7  s u m m a r i z e s  t h e  m o s t  r e c e n t  d e t e r m in a t i o n s  o f  t h e  n u c le a r  

c o h e r e n t  s c a t t e r i n g  a m p l i t u d e s  o f  t h e  a c t i n i d e  e l e m e n t s .

I 200 (counts/min)

55“

F i g u r e  6. Dependence of peak intensity of 200 reflexion from ThOg on azimuthal 
orientation of (200) plane. The Renninger peaks are labelled a, 6, c ,....

T a b le  5. R e n n in g e r  p e a k s  a s s o c ia t e d  w i t h  2 0 0

R E F L E X IO N  O P T H O R IU M  D IO X ID E

Renninger &̂ oba.
peak f------ A ,------ ------^
igure 6) deg min deg min h'k'V

a 37 60 37 69 616
h 41 10 41 10 111
c 43 36 43 46 116
d 46 26 46 14 T6T
e 48 60 48 60 111
f 62 10 62 1 661
g 56 0 66 69 13T
h 60 16 60 11 331
i 64 16 64 29 TTl
3 66 30 66 41 313

* Calculated from 2k' cos y]r + 21' sin ̂  =  tan 0goo(̂ '® + — 2h').

6 . C o n c lu s io n s

T h e  B r a g g  i n t e n s i t i e s  o f  U O g  a n d  T h O g , m e a s u r e d  b y  n e u t r o n  d i f f r a c t io n ,  o c c u r  

i n  t h r e e  g r o u p s :  s t r o n g ,  m e d i u m  a n d  w e a k ,  c o r r e s p o n d in g  t o  h  +  k  +  l  =  ^ n ,  4 n ± \  

a n d  4o71 +  2 , r e s p e c t i v e l y .  T h e  s t r o n g  a n d  m e d i u m  r e f l e x i o n s  a r e  a f f e c t e d  b y  e x t i n c 

t i o n ,  w h i c h  i s  p a r t i c u la r ly  s e v e r e  f o r  c r y s t a l s  g r o w n  f r o m  s o l u t i o n ,  a n d  t h e  w e a k  

r e f l e x i o n s  b y  d o u b le  B r a g g  s c a t t e r i n g .  S p e c i a l  p r e c a u t i o n s  a r e  t h e r e f o r e  n e c e s s a r y
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t o  o b t a i n  a c c u r a t e  s t r u c t u r e - f a c t o r  d a t a .  L e a s t - s q u a r e s  a n a l y s i s  o f  t h r e e - d i m e n 

s i o n a l  d a t a  s h o w s  t h a t  t h e  c r y s t a l  s t r u c t u r e  i s  f l u o r i t e - t y p e  a n d  g i v e s  t h e  v a l u e s  

o f  t h e  i s o t r o p i c  D e b y e - W a l l e r  f a c t o r s  o f  t h e  m e t a l  a n d  o x y g e n  a t o m s  a t  20  °C  a n d  

t h e  r a t i o s  o f  t h e i r  n u c l e a r  c o h e r e n t  s c a t t e r i n g  a m p l i t u d e s .  T h e  a c c u r a t e  m e a s u r e 

m e n t  o f  t h e s e  q u a n t i t i e s  i s  a n  e s s e n t i a l  p r e l i m in a r y  s t e p  t o  t h e  i n v e s t i g a t i o n ,  

d e s c r i b e d  i n  t h e  n e x t  a n d  s u b s e q u e n t  p a r t s ,  o f  U O g , T h O g  a n d  t h e  n o n - s t o i c h i o -  

m e t r ic  u r a n i u m  o x i d e s  a t  h i g h  t e m p e r a t u r e .

T a b le  6 . L e a s t - s q u a r e s  a n a ly s i s  o f  i n t e n s i t y
MEASUREMENTS ON THORIUM DIOXIDE 

4n ± 1 reflexions
' number of T̂h B i

crystal reflexions
D 11 0-31 ±0-03 0-9
F 11 0-22 ±0-04 2-1

average 0-27 ±0-03 '
4m +  2 reflexions

number of Bo 1 Bi
crystal reflexions (Â2) &Th/^0 (%)

D 8 0-42 ± 0-06 1-716 ±0-016 8-2
F 6 0-32 ± 0-06 1-736 ±0-018 8-6

average 0-37 ± 0-06 1-726 ±0-016

T a b l e  7. S cattering  a m plit u d e s  op a c t in id e  e le m e n t s

6 from b* from
Roof et al. (1962) present work

nuclide (10-̂  ̂cm) (10~̂ ®cm)
232Th 0 98 + 0 01 0-995 ±0-009
285XJ — 0-98 ±0-06
238U 0-84 ±0-02 0-850 ±0-006
* Calculated on the assumption bo =  0-677 X 10“ 2̂ cm.

T h e  a u t h o r  i s  i n d e b t e d  t o  M e s s r s  K .  A .  D .  L a m b e  a n d  T .  M . V a l e n t i n e  f o r  e x p e r i 

m e n t a l  a s s i s t a n c e ,  t o  M r  K .  D .  R o u s e  f o r  a s s i s t a n c e  i n  a n a l y z i n g  t h e  r e s u l t s  a n d  t o  

D r  J .  S .  R o U e t t  o f  O x f o r d  U n i v e r s i t y  f o r  p r o v i d i n g  t h e  l e a s t - s q u a r e s  M e r c u r y  

p r o g r a m .  M r  R .  B o n e s  o f  t h e  C h e m i s t r y  D i v i s i o n  A . E . R . E .  c a r r i e d  o u t  t h e  c o m 

p o s i t i o n  m e a s u r e m e n t s .
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■. Neutron diffraction studies of the actinide oxides
II. Thermal motions of the atoms, in uranium dioxide and 
thorium dioxide between room temperature and 1100 °C

B y  B . T . M. W il l is  

M e t a l l u r g y  D i v i s i o n ,  A t o m i c  E n e r g y  R e s e a r c h  E s t a b l i s h m e n t ,  H a r w e l l ,  B e r k s .

[ C o m m u n i c a t e d  b y  R .  S p e n c e ,  F . R . S . — R e c e i v e d  1 3  D e c e m b e r  1 9 6 2  

— R e a d  4  A p r i l  1 9 6 3 )

The mean-square thermal displacements of the atoms in UOg and ThOg have been deter- 
^  mined as a function of temperature from the analysis of two-dimensional diffraction data.

In the range investigated, 20 to 1100°C, the oxygen atoms vibrate more strongly than the 
metal atoms and at each temperature the displacements of the metal and oxygen atoms are 
slightly less in ThOg than in UOg. The interpretation of these results gives a Debye character
istic temperature which is independent of temperature above 400 °C and equal to 377 for 
UOg and 393 °K for ThOg. As the temperature rises, the oxygen atoms tend to be displaced 
from the fluorite-type sites at towards the large interstitial holes at At
1000°0 the mean atomic co-ordinates of the oxygen atoms are J +  5J +  5J+5. . . ,  where 
d =  0-016 for UOg and â =  0-014 for ThOg. This relaxation effect indicates either that the 
oxygens are disordered or that they vibrate anharmonically across the . . .  positions.

1 . I n t r o d u c t io n

T l i e  t h e r m a l  a g i t a t i o n  o f  t h e  a t o m s  i n  a  c r y s t a l  c a u s e  s m a l l  a n d  ir r e g u la r  d i s p l a c e 

m e n t s  o f  t h e  a t o m s  f r o m  t h e i r  m e a n  p o s i t i o n s .  T h e  a t o m s  s c a t t e r  s l i g h t l y  o u t - o f - '  

p h a s e  f r o m  t h o s e  l y i n g  i n  a n  i d e a l  s e t  o f  e q u a l l y  s p a c e d  p l a n e s ,  a n d  b y  s t u d y i n g  t h e  

c o r r e s p o n d h ig  r e d u c t i o n  i n  i n t e n s i t y  o f  t h e  B r a g g  r e f l e x i o n s  a s  t h e  t e m p e r a t u r e  

* i n c r e a s e s  i t  i s  p o s s i b l e  to . d e t e r m h i e  t h e  a m p h t u d e s  o f  v i b r a t i o n  o f  t h e  a t o m s  a s  a  

f u n c t i o n  o f  t e m p e r a t u r e .  T h e  i n t e n s i t y  m e a s u r e m e n t s  m u s t  b e  m a d e  t o  a  h i g h e r  

d e g r e e  o f  a c c u r a c y  t h a n  i s  n o r m a l l y  r e q u i r e d  f o r  t h e  d e t e r m i n a t i o n  o f  a t o m i c  

p o s i t i o n s ,  a n d ,  b e c a u s e  t h e  p r e s e n c e  o f  h e a v y  a t o m s  o b s c u r e s  t h e  s c a t t e r i n g  f r o m  

 ̂ t h e  l i g h t e r  a t o m s  a n d  a l s o  r e q u ir e s  l a r g e  a b s o r p t i o n  c o r r e c t i o n s  t o  b e  m a d e  t o  t h e  

m e a s u r e d  i n t e n s i t i e s ,  t h e r e  a r e  p r o b a b l y  n o  g o o d  X - r a y  m e a s u r e m e n t s  o f  t h e  a t o m i c  

v i b r a t i o n  a m p h t u d e s  i n  c o m p o u n d s  o f  t h e  h e a v y  e l e m e n t s .  A n  a d d i t i o n a l  d r a w b a c k  

o f  t h e  X - r a y  m e t h o d  i s  t h a t  t h e  a t o m i c  s c a t t e r i n g  f a c t o r  /  v a r i e s  w i t h  s c a t t e r i n g  

a n g l e ,  s o  t h a t  o n e  m u s t  a s s u m e  e i t h e r  t h a t / m a y  b e  c o m p u t e d  t h e o r e t i c a U y  o r  t h a t  

t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  t h e  D e b y e - W a U e r  f a c t o r  i s  k n o w n  f r o m  t h e o r y .

T h e  n e u t r o n  d i f f r a c t i o n  m e t h o d  i s  f r e e  f r o m  t h e s e  l i m i t a t i o n s :  t h e  a b s o r p t i o n  

c o r r e c t i o n  i s  a l m o s t  n e g h g i b l e  f o r  XJOg a n d  T h O g , a n d  t h e  n u c l e a r  c o h e r e n t  s c a t t e r i n g  

a m p h t u d e s  a r e  c o m p a r a b l e  i n  m a g n i t u d e  f o r  t h e  r p e ta l ,  a n d  t h e  o x y g e n  a t o m s  a n d  

a r e  i n d e p e n d e n t  o f  s c a t t e r m g  a n g l e .  B y  m e a s u r i n g  t h e  i n t e n s i t i e s  o f  t h e  g r o u p  o f  

M + 2 0  r e f l e x i o n s  ( w i t h  h  +  k  +  l  =  A n )  f o r  w h i c h  t h e  m e t a l  a n d  o x y g e n  a t o m s  

s c a t t e r  i n - p h a s e ,  a n d  t h e  g r o u p  o f  M  r e f l e x i o n s  [ h  +  k  +  l  =  ^ n ± l )  w i t h  c o n t r i b u 

t i o n s  f r o m  t h e  m e t a l  a t o m s  o n l y ,  t h e  a b s o l u t e  m e a n - s q u a r e  d i s p l a c e m e n t s  o f  t h e  

t w o  k i n d s  o f  a t o m  c a n  b e  f o u n d  a t  e a c h  t e m p e r a t u r e .

' [ 134 ]
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■ T h e  n e x t  s e c t i o n  g i v e s  t h e  b a s i c  f o r m u l a e  o f  t h e  v i b r a t i o n  t h e o r y ,  § 3  d e s c r ib e s  

t h e  e x p e r i m e n t a l  t e c l n i i q u e ,  § 4  t h e  m e t h o d  o f  a n a l y z i n g  t h e  d a t a  a n d  §§ 5  t o  7  

t h e  d a t a  f r o m  U O g  a n d  T h O g  t o g e t h e r  w i t h  t h e i r  i n t e r p r e t a t i o n  i n  t e r m s  o f  t h e  

a t o m i c  v i b r a t i o n  a m p l i t u d e s  a n d  t h e  c h a r a c t e r i s t i c  t e m p e r a t u r e s  o f  t h e  o x i d e s .

2 . T h e o r y

U s i n g  t h e  D e b y e  a p p r o x i m a t i o n  t o  d e s c r i b e  t h e  l a t t i c e  v i b r a t i o n s  o f  a  c u b ic  

. m o n a t o m i c  c r y s t a l ,  W e i n s t o c k  ( 1944 ) s h o w e d  t h a t  t h e  v i b r a t i o n s  r e d u c e  t h e  

i n t e n s i t i e s  o f  t h e  B r a g g  r e f l e x i o n s  b y  t h e  D e b y e - W a l l e r  f a c t o r  e x p  ( — 2 B  s i n  

w h e r e  B  i s  t h e  ‘ t e m p e r a t u r e  f a c t o r ’, 2 0  t h e  s c a t t e r i n g  a n g l e  a n d  A  t h e  w a v e l e n g t h .  

T h e  t e m p e r a t u r e  f a c t o r  i s  r e l a t e d  t o  t h e  a b s o l u t e  t e m p e r a t u r e  T  a n d  t h e  D e b y e  

c h a r a c t e r i s t i c  t e m p e r a t u r e  0  b y  t h e  e q u a t i o n

G h ^ T
( 1)

H e r e  h  a n d  Tc a r e  t h e  P l a n c k  a n d  B o l t z m a n n  c o n s t a n t s ,  m  t h e  m a s s  *of t h e  v i b r a t i n g  

a t o m ,  X  =  Q / T  a n d ,^ (a ; )  t h e  t a b u l a t e d  i n t e ^ ’a l

x j o  e ê - i *

T h e  t e m p e r a t u r e  f a c t o r  i s  a l s o  r e l a t e d  t o  t h e  m e a n - s q u a r e  d i s p l a c e m e n t  Ug o f  t h e  

a t o m  i n  a  g i v e n  d n e c t i o n  a n d  t o  t h e  t o t a l  m e a n - s q u a r e  d i s p l a c e m e n t  f r o m  i t s  

e q u i l i b r iu m  p o s i t i o n  b y  ' b  =  (2 )

F o r  a  s i m p l e  i o n i c  c r y s t a l  c o n t a i n i n g  s e v e r a l  k i n d s  o f  a t o m ,  e a c h  a t o m  p o s s e s s e s  

i t s  o w n  t e m p e r a t u r e  f a c t o r ,  b u t  e x p e r i m e n t  s h o w s  t h a t  t h e  d i f f e r e n c e s  b e t w e e n  t h e  

i n d i v i d u a l  B  f a c t o r s  a r e  n o t  l a r g e ,  e v e n  w h e n  t h e  a t o m i c  m a s s e s  a r e  v e r y  d i f f e r e n t  

( L o n s d a l e  1948 ) . U n d e r  t h e s e  c i r c u m s t a n c e s  e q u a t i o n  ( 1) c a n  s t i l l  b e  u s e d  i n  a n  

a p p r o x i m a t e  f o r m  b y  r e p l a c i n g  m B  w i t h

( 1/ t i )  ( m i ^ i  4 - m g R g  + . . .  +

w h e r e  n  i s  t h e  n u m b e r  o f  a t o m s  i n  t h e  u n i t  c e l l  a n d  B ^ ,  m ^ ,  R g , . . . ,  a r e

t h e i r  i n d i v i d u a l  m a s s e s  a n d  t e m p e r a t u r e  f a c t o r s .  T h u s  f o r  U O g  a n d  T h O g  w e  c a n

w r i t e  G h ^ T
. = - ^ [ ^ ( z ) - j - ^ z ]  (3 )

w i t h  t h e  s u f f ix e s  M ,  0  r e f e r r in g  t o  m e t a l  a n d  o x y g e n  a t o m s .  E q u a t i o n  (3 )  w i l l  b e  

u s e d  t o  d e r i v e  t h e  c h a r a c t e r i s t i c  t e m p e r a t u r e  0  f r o m  t h e  e x p e r i m e n t a l  q u a n t i t i e s  

B ] ^  a n d  B q \ t h i s  v a l u e  o f  0  i s  d o u b l y  a p p r o x i m a t e  i n  t h e  s e n s e  t h a t  t h e  D e b y e  

t h e o r y  i s  a p p r o x i m a t e  a n d  o n l y  a p p l i e s  t o  m o n a t o m i c  c r y s t a l s .  O n  t h e  o t h e r  h a n d ,  

e q u a t i o n  (2 ) i s  e x a c t  a n d  g i v e s  t h e  m e a n - s q u a r e  d i s p l a c e m e n t s  o f  t h e  m e t a l  a n d  

o x y g e n  a t o m s  i n  t e r m s  o f  t h e i r  t e m p e r a t u r e  f a c t o r s :

and . JSo'« J . '
O n e  a d d i t i o n a l  p o i n t  m u s t  b e  m e n t i o n e d  i n  c o n n e x i o n  w i t h  e q u a t i o n s  (1 )  a n d  ( 3 ) .  

I t  i s  a s s u m e d  i n  t h e  D e b y e - W a U e r - W e i n s t o c k  t h e o r y  t h a t - t h e  v o l u m e  o f  t h e ’
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c r y s t a l , r e m a i n s  c o n s t a n t  a s  t h e  t e m p e r a t u r e  in c r e a s e s ,  w h e r e a s  t h e  p r e s s u r e  i s  

n o r m a l l y  c o n s t a n t  d u r in g  a n  e x p e r i m e n t  a n d  t h e  v o l u m e  in c r e a s e s  a s  a  r e s u l t  o f  

t h e r m a l  e x p a n s i o n .  T h e  n e c e s s a r y  m o d i f i c a t i o n  o f  t h e  t h e o r y  l i a s  b e e n  d i s c u s s e d  b y  

P a s k i n  ( 1957) , w h o  s h o w e d  t h a t  f o r  a  c r y s t a l  o b e y i n g  G r u n e i s e n ’s  L a w  t h e  a b s o l u t e  

t e m p e r a t u r e  i n  e q u a t i o n s  (1 )  a n d  (3 )  m u s t  b e  r e p l a c e d  b y  t h e  r e d u c e d  t e m p e r a t u r e  . 

T '  d e f i n e d  b y  ,

H e r e  a n d  1^^ a r e  t h e  v o l u m e s  o f  t h e  c r y s t a l  a t  T  a n d  a t  t h e  r e f e r e n c e  t e m p e r a t u r e  

T q ( n o r m a l l y  t a k e n  a s  r o o m  t e m p e r a t u r e )  a n d  y  i s  t h e  G r u n e i s e n  c o n s t a n t ,  w h i c h  i s  

r e l a t e d  t o  t h e  a t o m i c  v o l u m e  F ,  t h e  s p e c i f i c  h e a t  t h e  v o l u m e  c o e f f i c ie n t  o f  e x p a n 

s i o n  f i  a n d  t h e  c o m p r e s s i b i l i t y  /c b y

F o r  U O g  C.g =  0 - 0 7  c a lg ~ ^ d e g ~ ^ ,  k  =  0 * 6 2  x  lO '^ ^ c m ^ d y n e " ^ , 7  =  0 - 0 9 2  c m ^ g - \  

/?  =  3 - 2 4  X 1 0 ~ ® d e g “ i ,  s o  t h a t y  =  i - 7 .  I t  w i l l  b e  a s s u m e d  b e l o w  t h a t  t h e  s a m e  v a l u e  

o f  7  a p p h e s  t o  T h O g :  f o r  U O g  a n d  T h O g  t h e  P a s k i n  c o r r e c t io n  i s  o n l y  s i g n i f i c a n t  a t  

h i g h  t e m p e r a t u r e s .

• ■ 3 .  E x pe r im e n t a l  t ec h n iq u e  ■

A  s m a l l  s i n g l e  c r y s t a l  o f  t h e  s a m p l e  w a s  s e a l e d  i n  a n  e v a c u a t e d  s i l i c a  t u b e  a n d  

i n s e r t e d  i n s i d e  a  f u r n a c e  m o u n t e d  o n  g o n i o m e t e r  a r c s .  T h e  t e m p e r a t u r e  w a s  

. m e a s u r e d  w i t h  a  P t / P t - R h  t h e r m o c o u p l e  i n  c o n t a c t  w i t h  t h e  c r y s t a l  a n d  w a s  

m a i n t a i n e d  c o n s t a n t  t o  ± ,2 d e g 0 .b y  u s i n g  a  s e c o n d  t h e r r h o c o u p le  i n  t h e  f u r n a c e  

w i n d i n g s  t o  r e g u l a t e  t h e  p o w e r  s u p p l y .  T h e  i n t e g r a t e d  i n t e n s i t i e s  o f  t h e  Q ik k )  

p l a n e s  w e r e  m e a s u r e d  i n  t h e  t e m p e r a t u r e  r a n g e  20  t o  1100  °C  w i t h  t h e  D I D O  s i n g l e -  

c r y s t a l  d i f f r a c t o m e t e r s  ( W i lh s  1962a ) .

S e c o n d a r y  e x t i n c t i o n  w a s  o b s e r v e d  i n  a l l  c r y s t a l s .  I t  w a s  p r e s e n t  i n  t h e  s t r o n g e s t  

r e f l e x i o n s  o n l y  o f  U O g , n a m e l y ,  220 , 4 0 0 ,  4 2 2 ,  4 4 0  a n d  111 , a n d  t h e s e  r e f l e x i o n s  

w e r e  o m i t t e d  i n  t h e  l e a s t - s q u a r e s  a n a l y s i s .  E x t i n c t i o n  w a s  m o r e  t r o u b l e s o m e  i n  

T h O g , a s  i t  a f f e c t e d  a l l  t h e  M  +  2 0  r e f l e x i o n s  o f  t h e  t w o  c r y s t a l s  e x a m i n e d .  I t  w a s  

c o r r e c t e d  i n  t w o  w a y s :

( i)  b y  u s i n g  a  t h r e e - c i r c l e  g o n i o m e t e r  t o  d e t e r m in e  t h e  m o s a i c  s p r e a d  a n d  t h e  

e x t i n c t i o n  c o e f f ic ie n t s  a t  r o o m  t e m p e r a t u r e  ( s e e  p a r t  I ,  W i l l i s  1963 6);

( i i )  b y  a s s u m i n g  a  c o r r e c t io n  o f  t h e  f o r m  '

/ ? ' = / ?  e x p  ( - g r p ' i ) ,

w h e r e  p '  a n d  p  a r e  t h e  u n c o r r e c t e d  a n d  c o r r e c t e d  i n t e g r a t e d  i n t e n s i t i e s ,  ( . t h e  p a t h  

l e n g t h  a n d  g  a  c o n s t a n t .  T h e  v a l u e s  o f  a n d  B q  a t  2 0  °C  w e r e  a l r e a d y  k n o w n  

( s e e  p a r t  I ) ,  a n d  g  w a s  e m p i r i c a l ly  a d j u s t e d  t o  g i v e  t h e  c o r r e c t  r o o m - t e m p e r a t u r e  

v a l u e s .  B o t h  m e t h o d s  g a v e  s im i la r  c o r r e c t io n s .

T h e  M  — 2 0  r e f l e x i o n s  ( w i t h  h  +  k  +  l  =  A n  — 2 )  w e r e  a p p r e c i a b l y  a f f e c t e d  b y  . 

d o u b le  B r a g g  s c a t t e r i n g ,  p a r t i c u la r ly  i n  t h e  c a s e  o f  T h O g , a n d  t h e s e  r e f l e x i o n s  w e r e  

o m i t t e d  f r o m  t h e  a n a l y s i s .  S m a l l  d o u b le - s c a t t e r i n g  e f f e c t s  w e r e  o b s e r v e d  i n  t h e  

i f  r e f l e x i o n s ,  w i t h  o d d  i n d i c e s ,  a n d  s o  m p y e  o f  t h e s e  w e r e  m e a s u r e d  a t  .e a c h  t e m 

p e r a t u r e  t h a n  t h e  i f  +  2 0  r e f l e x i o n s .  .

A  t h i r d  s o u r c e  o f  e r r o r  i s  t h e  i n c l u s i o n  o f  i n e l a s t i c  p h o n o n  s c a t t e r i n g ,  w h i c h  p e a k s  

a t  t h e  c e n t r e  o f  t h e  B r a g g  r e f l e x i o n  a n d  l e a d s  t o  a n  p v e r e s t i m a t e  o f  t h e  e l a s t i c
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s c a t t e r i n g  a b o v e  t h e  b a c k g r o u n d  o n  e i t h e r  s i d e  o f  t h e  r e f l e x i o n .  W i t h  a  t w o - a x i s  

• d i f f r a c t o m e t e r ,  a s  u s e d  i n  t l i i s  w o r k ,  i t  i s  n o t  p o s s i b l e  t o  s e p a r a t e  t h e  e l a s t i c  a n d  

i n e l a s t i c  s c a t t e r i n g  c o n t r i b u t i o n s  b u t  w i t h  a  t r i p l e - a x i s  i n s t r u m e n t  t h i s  s e p a r a t i o n  

i s  f e a s i b l e  ( B r o c k h o u s e  & S t e w a r t  1958 ) . ’ - .

4. M eth o d  OF ANALYSIS 

T h e  s t r u c t u r e  f a c t o r s  a r e  g i v e n  b y

. ■ ■ I 'h k k  =  e x p  ( -  s in 2  O jX ^ ) 4- S&q e x p  ( -  B q  sin ^  O f f ? )  ( 5 )

f o r  t h e  M  4- 2 0  r e f l e x i o n s ,  a n d  b y

^  e x p  (  -  B s i n »  '  ( 6 )

f o r  t h e  M  r e f l e x i o n s .  a n d  Ôq a,re t h e  n u c l e a r  s c a t t e r i n g  a m p h t u d e s ;  t h e i r  r a t i o  

i s  a c c u r a t e l y  I c n o w n  a s  1 * 4 7 4  f o r  U O g  a n d  1 * 7 2 5  f o r  T h O g  ( s e e  p a r t  I ) .  T h e  3 1  r e 

f l e x i o n s  c a n  b e  c o n s i d e r e d  a s  f i x in g  t h e  o v e r a l l  s c a l e  f a c t o r  a n d  t h e  t e m p e r a t u r e  

f a c t o r  o f  t h e  m e t a l  a t o m ,  a n d  t h e  M  +  2 0  r e f l e x i o n s  t h e  r e m a i n i n g  q u a n t i t y  B q . 

I n  p r i n c i p l e ,  t h e  3 1 4- 2 0  r e f l e x i o n s  d e t e r m in e  b o t h  Bj ĵ  ̂ a n d  B q b u t  t h e  s t a n d a r d  

d e v i a t i o n s  o f  t h e  e s t i m a t e d  t e m p e r a t u r e  f a c t o r s  a r e  m u c h  r e d u c e d  b y  i n c l u d in g  t h e  

M  r e f l e x i o n s  a s  w e U .

B e t w e e n  t e n  a n d  t w e n t y  i n d e p e n d e n t  v a l u e s  o f  w e r e  m e a s u r e d  a t  e a c h  t e m 

p e r a t u r e  a n d  t h e  q u a n t i t i e s  B j^ , B q d e t e r m in e d  b y  l e a s t - s q u a r e s  a n a l y s i s .  A f t e r  

a  f e w  c y c l e s  o f  r e f i n e m e n t  t h e  r e s i d u a l  =  S  j | f j , |  — |f j . |  | - + S  w a s  r e d u c e d  t o  

l e s s  t h a n  5 % ;  i t  c o u l d  b e  r e d u c e d  f u r t h e r ,  p a r t i c u la r ly  a t  h i g h  t e m p e r a t u r e s ,  b y  

r e l a x i n g  t h e  o x y g e n  a t o m s ,  a s  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .

5. E x pe r im e n t a l  r e su l t s  a n d  t h e ir  in t e r p r e t a t io n : UOg

. { a )  I n t e r p r e t a t i o n  a s s u m i n g  f l u o r i t e  s t r u c t u r e

T a b l e  1 h s t s  t h e  o b s e r v e d  v a l u e s  o f  FĴ J.Ĵ  f o r  a  s m a h  c r y s t a l  G  o f  f u s e d  U  Og w e i g h i n g  

. 9 3  m g .  T h e  o x y g e n / u r a n i u m  r a t i o  w a s  m e a s u r e d  a s  2*000 ±  0 * 0 0 5 ;  a d d i t i o n a l  e v i d e n c e  

f o r  i t s  b e i n g  c l o s e  t o  t h e  s t o i c h i o m e t r i c  c o m p o s i t i o n  w a s  g i v e n  b y  m ic r o s c o p i c  

e x a m i n a t i o n ,  w h i c h  g a v e  n o  i n d i c a t i o n  o f  a  s e c o n d  U ^ O g p h a s e .  A l l  t h e  f i g u r e s  i n  

t a b l e  1 a r e  o n  t h e  s a m e  s c a l e .

L e a s t - s q u a r e s  a n a l y s i s  o f  t h e s e  d a t a ,  u s i n g  e q u a t i o n s  (5 )  a n d  ( 6 ) w h i c h  a p p l y  

t o  t h e  f l u o r i t e  s t r u c t u r e  w i t h  t h e  o x y g e n  a t o m s  a t  . . . ,  g a v e  t h e  t e m p e r a t u r e  

f a c t o r s  l i s t e d  i n  t a b l e  2 . T h e  f ig u r e s  in  b r a c k e t s  a r e  t h e  s t a n d a r d  d e v i a t i o n s  d e r i v e d  

f r o m  t h e  l e a s t - s q u a r e s  r e f i n e m e n t  p r o c e d u r e .  T h e s e  t e m p e r a t u r e  f a c t o r s ,  a l s o  

e x p r e s s e d  a s  m e a n - s q u a r e  t h e r m a l  d i s p l a c e m e n t s ,  a r e  p l o t t e d  a g a i n s t  t e m p e r a t u r e  

i n  f ig u r e  1 ( c u r v e s  1 a n d  3 ) .  T h e  s c a l in g  f a c t o r  w a s  t h e  s a m e  a f  e a c h  t e m p e r a t u r e  t o  

w i t h i n  1 % .

[b )  R e l a x a t i o n  o f  o x y g e n  a t o m s  

T h e  i n t e n s i t y  o f  t h e  9 3 3  r e f le x io %  w a s  l e s s  t h a n  7 5 5  f o r  a l l  t e m p e r a t u r e s  a t  w h i c h  

t h e y  w e r e  b o t h  m e a s u r e d  ( s e e  t a b l e  1 ):  t h e s e  r e f l e x i o n s  o c c u r  a t  t h e  s a m e  B r a g g  

a n g l e  a n d ,  f r o m  e q u a t i o n  ( 6 ) , s h o u l d  h a v e  e q u i v a l e n t  i n t e n s i t i e s .  S im i la r  s y s t e m a t i c  

d i s c r e p a n c ie s  w e r e  o b s e r v e d  i n  o t h e r  r e f l e x i o n s ,  p a r t i c u l a r l y  t h o s e  m e a s u r e d  a t  t h e
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l i i g l i e r  t e m j ) e r a t u r e s .  A  c a r e f u l  s c r i e s  o f  m e a s u r e m e n t s  c a r r ie d , o u t  o n  a  c r y s t a l  I I  

o f  f u s e d  U O g  a t  1000  °C  s h o w e d  t h a t  t h e s e  v a r i a t i o n s  w e r e  r e p r o d u c i b l e  o n  a  s e c o n d  

c r y s t a l .  .

T a b l e  1. UOg: r e l a t iv e  v a l u e s  o f  fo r  M  a n d  Æ  +  2 0  r e f l e x io n s

tem
perature

(°C) F 3 3 3 F 5 3 3 F i 56 ■F3 5 6 F 55B F 7 3 3 F q33 P 177

2 0 171 160 163 166 ' 143 144 139 141
2 13 161 148 160 147 126 146 118 124
3 2 5 — 140 — — 123 131 1 1 1 1 1 1

4 6 6 162 137 133 133 1 1 1 126 95 1 0 2

60S — 126 — 118 1 0 1 — 91 91
763 — 119 1 2 1 — 94 I l l 84 76
908 143 • 113  . 108 1 1 2 83 1 0 2 . 6 8 6 8

9 9 5  . 1 43 108 ^ ---- — 76 108 69 . 69
1087 136 106 99 99 71 9 4 . 69 60

tem 
perature

r c ) F 7 5 6 Esoo ■ 0̂68 P 822 •^406 •^844

20 140 36 6 332 32 4 —  ' 301 29 9
213 1 2 1 — . 2 94 283 277 , 2 6 0  . 263
32 6 114 30 3 2 68 26 8 — — 22 6
46 6 107 . 2 9 0 2 6 6 2 4 6 2 40 20 8 20 6
60 8 . — 2 6 0 227 219 — — 177
763 ■ 93 24 2 2 08 200 — — 1 64
9 08 78 22 9 188 176 176 146 128
9 9 6 — . 221 183 166 — — 120

1087 7 4 , 20 7 169 166 — 123 102

. T a b le  2. UOg ( c r y s t a l  0 ) :  t e m p e r a t u r e  f a c t o r s  o f  
URANIUM AND o x y g e n  ATOMS

temperature Bjj B q
(“O  . (A') (A') à

20 0 31 (0-04) ■ 0 49 (0-06) —
• 213 0 38 (0 02) .0-75 (0*03) —

.325 0*51 (0*02) . 0*88 (0*03) 0*007 (0*003)
456 0*61 (0*02) ' 1*06 (0*03) 0*010 (0*002)
608: • 0*79 (0*02) 1*26 (0*03) 0*011 (0*002)
763 * 0*86 (0*03) 1*66 (0*07) 0*013 (0*001)
908 1*02 (0*03) 1*78 (0*06) 0*014 (0*001)
996 1*13 (0*06)' 1*86 (0*10) 0*016 (0*001)

1087 1*21 (0*06) 2*09 (0*10) 0*016 (0*001)

F i g u r e  2 i s  a  p l o t  o f  t h e  s t r u c t u r e  f a c t o r  a g a i n s t  +  +  f o r  t h e  J f - t y p e

r e f l e x i o n s  o f  c r y s t a l  i ?  a t  1000  °C  ; e a c h  v a l u e  o f  F q c o r r e s p o n d s  t o  t h e  m e a n  o f  s e v e r a l  

m e a s u r e m e n t s  m a d e  o n  a t  l e a s t  t w o  e q u i v a l e n t  r e f l e x i o n s .  T h e  b r o k e n  c u r v e  i s  t h e  

l e a s t - s q u a r e s  f i t  t o  t h e  e x p e r i m e n t a l  p o i p t s  o f  e q u a t i o n  ( 6 ) , a n d  i t  c a n  b e  s e e n  t h a t  

s e v e r a l  p o i n t s  d e v i a t e  a p p r e c i a b l y  f r o m  t h i s  c u r v e .

M u c h  b e t t e r  a g r e e m e n t  b e t w e e n  o b s e r v e d  a n d  c a l c u l a t e d  i n t e n s i t i e s  i s  a c h i e v e d  

b y  a l l o w i n g  t h e  o x y g e n  a t o m s  t o  r e l a x  a l o n g  ( 111) .  I f  w e  w r i t e  t h e  o x y g e n
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c o - o r d i n a t e s  a s  ^  +  +  t h e  s t r u c t u r e  f a c t o r  e x p r e s s i o n  b e c o m e s  ( i g n o r in g

t h e r m a l  v i b r a t i o n )

F  — 4 6 y  +  8 6 q  008 27tA(^ +  ô )  c o s  2 7 r k (^  4- â )  c o s  2 ttI (^  +  6)^

F o r  t h e  i f - t y p e  r e f l e x i o n s  w i t h  h ,  k ,  I o d d  t h i s  g i v e s  . ,

•^4n±i =  +  ^ ^ o  ^  ±  i )  ( ±  1;) ( ±  Z), ( 7 )

2-4

0 0 8

1 6

0 0 4

0 8

8 0 0  •

FIGURE 1. Variation with temperature of mean-square displacements and isotropic tempera
tures factors of uranium and oxygen atoms in UOg. Curve 1 for oxygen was derived on the 
assumption of no relaxation and curve 2 on the assumption of relaxation of the oxygen 
atoms along ^111). Curve 3 for uranium is the same for both models.

133 ,  333

511
355

733

911 755

933

100

F i g u r e  2 . Structure factors of M -type reflexions of UOg at 1000 °C. Full circles are observed 
values Fo and open circles calculated on the assumption of relaxation along ( 111). 
Broken curve is calculated for fluorite structure with isotropic temperature factor^, F  is 
in arbitrary units.
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w h o r e  ^ 1 . T h e  i n d i c e s  h a v e  p o s i t i v e  s i g n s  f o r  7 i,/c,Z  =  3 , 7 , 11 , . . .  a n d  n e g a t i v e  

s ig n s  f o r  A, /k, Z =  1 , 5 ,  9 , . . . .  I n  p a r t i c u la r ,  f o r  t h e  t h r e e  h i g h - a n g l e  r e f l e x i o n s  7 6 5 ,  

1 7 7 ,  9 3 3  o c c u r r i n g  a t  t h e  s a m e  B r a g g  a n g l e ,  e q u a t i o n  (7 )  g i v e s

■ F 755 =  4 6 u  +  86o X  8 7 1 3 ^ 3 x 1 7 5 , .

f l y y  =  4è■^J — 8&0 X 87t3(53 X 4 9 ,  .

fo 3 3  =  4&U — 86o  X 87t3(J3 X 8 1 .

T h u s  t h e  c a l c u l a t e d  o r d e r  f o r  t h e  i n t e n s i t i e s  i s  7 5 5  >  1 7 7  >  9 3 3 ,  w h i c h  a g r e e s  w i t h  

t h e  o b s e r v e d  o r d e r .  F i g u r e  2 s h o w s  t h a t  t h e  o t h e r  d e v i a t i o n s  f r o m  e q u a t i o n  ( 6) 

c a n  b e  e x p l a i n e d  i n  t h e  s a m e  w a y .

T a b l e s . ITOa (crystal fZ) at 1000 °C

hkk ^ 0 F c Jikk ' F o - F o

200 109 -1 0 9 ■800 352 357
311 314 317 • 733 202 202
222 81 -  77 ' "  066 350 336
133 296 :. . 287, . 822 . 338 . 328
611 : 260 270 . 665 156 164
333 298 286 911 165 163
044 612 540 466 274 281
533 ■. 227 . 219 844 251 265
444 • 457 445 . 933 121 135
.711 221 211 .177 127 • 137
155 - 227 221 ■ ' .. 766 15» 159

• 356 236 222
. ' ;

T a b le  4 .  U O .a (CRYSTAL H )  : ANALYSIS OF DATA AT 1 0 0 0  °C

B o ! Br.
(A ') (A ') â (% )

with relaxation. 1-07 (0-05) 1-26 (0-10) 0-016 (0-001) . 3-3
without- relaxation 1-07 (0-07) 1-87 (0-12) 0 ; 4-6

T a b l e  3  l i s t s  t h e  o b s e r v e d  s t r u c t u r e  f a c t o r s  ( a r b i t a r y  u n i t s )  f o r  c r y s t a l  E  : o n l y  

t h o s e ,  r e f l e x i o n s  a r e  i n c l u d e d  w h i c h  w e r e  c o n s id e r e d  t o  b e  f r e e  f r o m  e x t i n c t i o n  a n d  

d o u b l e - s c a t t e r i n g  e f f e c t s .  T h e s e  v a l u e s  a r e  p r o b a b l y  a c c u r a t e  t o  w i t l i i n  2  t o  3  % .  

T h e  v a l u e s  o f  F^  i n  t h e  t a b l e  w e r e  c a l c u l a t e d  b y  a  l e a s t - s q u a r e s  a n a l y s i s  u s i n g  o x y 

g e n  c o - o r d i n a t e s  a n d  t h e  s p a c e - g r o u p  F m Z m ,  T h e  a d j u s t a b l e

p a r a m e t e r s  i n  t h i s  c a l c u l a t i o n  w e r e  t h e  s c a l e  f a c t o ? ,  t h e  t h e r m a l  p a r a m e t e r s  

a n d  B q , a n d  t h e  r e l a x a t i o n  p a r a m e t e r  S .  T h e  f in a l  v a l u e s  o f  B y ,  B q , a n d  d  a r e  g i v e n  

i n  t a b l e  4 ,  w h i c h  a l s o  i n c l u d e s  t h e  c a l c u l a t e d  v a l u e s  o f  B ^  a n d  B q  a s s u m i n g  t h e  

f l u o r i t e  s t r u c t u r e  ( s e e  § 5  ( a ) ) .  T h e  f ig u r e s  i n  b r a c k e t s  a r e  t h e  e s t i m a t e d  s t a n d a r d ,  

d e v i a t i o n s .  ■ .

A  s y s t e m a t i c  s e a r c h  f o r  r e f l e x i o n s  w i t h  m i x e d  i n d i c e s  g a v e  n e g a t i v e  r e s u l t s .  I f  

t h e  s p a c e - g r o u p  c h a n g e s  f r o m  F m  3 m  t o  P m  3 m  o n  r a i s in g  t h e  t e m p e r a t u r e ,  t h e  

h i g h - a n g l e  r e f l e x i o n s  7 7 0  a n d  6 5 5 ,  c o n t r i b u t e d  b y  t h e  o x y g e n s  o n l y ,  s h o u l d  b e  r e a d i l y  

o b s e r v a b l e  a t  1 0 0 0  °C  ( s e e  § 2 , p a r t  I ) .  T h e  a b s e n c e  o f  t h e s e  a n d  o t h e r  r e f l e x i o n s  

w i t h  m i x e d  i n d i c e s  s h o w s  t h a t  t h e  s p a c e - g r o u p  r e m a i n s  F m  3 m .  T h i s  i m p l i e s  t h a t  

t h e  o b s e r v e d  r e l a x a t i o n  c a n  b e  i n t e r p r e t e d  i n  o n e  o f  t w o  w a y s .  I n  t h e  f i r s t  t h e
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o x y g o n  a t o m s  a s s u m e  s t a t i s t i c a l l y  f o u r  p o s i t i o n s ,  w h i c l i  a r e  d i s p la c e d  a  l i t t l e  f r o m  

t h e  p o s i t i o n  a l o n g  t h e  t e t r a h e d r a l  d i r e c t i o n s  j o i n i n g  t h i s  p o s i t i o n  w i t h  t h e  l a r g e  

i n t e r s t i t i a l  h o l e s  a t  m  . . . .  I t  i s  o n l y  n e c e s s a r y  t h a t  a  p r o p o r t io n  p  o f  t h e  a t o m s  

a r e  d i s p l a c e d  i n  t h i s  w a y  ( s e e  f ig u r e  3 ) ,  b u t  t h e  p r e s e n t  d a t a  a r e  n o t  s u f f i c i e n t l y

ẑq*=5*5A——

0— 0 o- -o- - o

□

Ô

O  O  O  O  O  Q
o □ o □ o

O  O  O  O  O O□ O' □ o □
O  O  O  D  O O

o □ o □ o
O D  O  O O  O

6

Q  uranium at 
height 2 =  0 

□ interstitial 
hole at 2 =  0 ■ 
oxygen at 2 =  J

■ -̂O-

F iqueb 3. Possible structure of UOg a t high temperature view'ed along [001]. 
Arrows indicate relaxation of oxygen atoms towards interstitial holes. ■

1000500
temperature (°C)

F ig u b b  4. Observed structure factors of 755, 177 and 933 reflexions of UOg as a function of 
temperature. For the fluorite structure with isotropic temperature factors these should 
be equivalent at any one temperature.

a c c u r a t e  t o  a l l o w  a  d e t e r m i n a t i o n  o f  p .  T h e  s e c o n d  m t e r p r e t a t i o n  i s  b a s e d  o n  t h e  

a s s u m p t i o n  o f  a s y m m e t r i c  a n h a r m o n i c  v i b r a t i o n s  o ï  t h e  o x y g e n  a t o m s .  E a c h  

o x y g e n  a t o m  i s  i n  a  n o n - c e n t r o s y m m e t r i c a l  f i e ld  s u r r o u n d e d  t e t r a h e d r a l l y  b y  f o u r  

i n t e r s t i t i a l  h o l e s  a n d  i t  i s  c o n c e i v a b l e  t h a t  t h e  o x y g e n  a t o m  v i b r a t e s  a s y m m e t r i c a l l y  

a c r o s s  t h é  n o r m a l  p o s i t i o n  a n d  t o w a r d s  t h e  f o u r  h o l e s .  A  c l e a r  d i s t i n c t i o n  b e t w e e n  

t h e s e  t w o  i n t e r p r e t a t i o n s  c a n  o n l y  b e  m a d e  f r o m  s t u d i e s  o f  d i f f u s e  s c a t t e r i n g .

• T h e  t h r e e  r e f l e x i o n s  7 6 5 , 1 7 7  a n d  9.33 g i v e  a  v e r y  s e n s i t i v e  i n d i c a t i o n  o f  t h e  d e g r e e  

o f  r e l a x a t i o n ,  a n d  f ig u r e  4  s h o w s  t h e  t e m p e r a t u r e  v a r i a t i o n  o f  t h e s e  r e f l e x i o n s ,  a s
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m e a s u r e d  o n  c r y s t a l  H .  A t  r o o m  t e m p e r a t u r e  t h e  i n t e n s i t i e s  a r e  e q u i v a l e n t ,  a s  

r e q u ir e d  b y  t h e  f l u o r i t e  s t r u c t u r e  w i t h  i s o t r o p i c  t e m p e r a t u r e  f a c t o r s ,  b u t  t h e y  

b e c o m e  p r o g r e s s i v e l y  d i f f e r e n t  a s  t h e  t e m p e r a t u r e  r i s e s .

(c )  I n t e r p r e t a t i o n  a s s u m i n g  r e l a x a t i o n

W e  m u s t  n o w  r e t u r n  t o  t h e  a n a l y s i s  o f  t h e  d a t a  i n  t a b l e  1 a n d  c o n s id e r ,  i n  p a r 

t i c u la r ,  t h e  e f f e c t  o f  r e l a x a t i o n  i n  t h e  d e r i v a t i o n  o f  t h e  t e m p e r a t u r e  f a c t o r s .  T a b l e  4 
s h o w s  t h a t  t h e  t e m p e r a t u r e  f a c t o r  o f  u r a n iu m  i s  u n a f f e c t e d  b y  t h e  o x y g e n  r e l a x a t i o n  

b u t  t h a t  t h e r e  i s  a  s t r o n g  c o r r e la t i o n  b e t w e e n  8  a n d  t h e  t e m p e r a t u r e  f a c t o r  o f  

o x y g e n .  T l i i s  c o r r e la t i o n  i s  d u e  t o  t h e  s h i f t  o f  t h e  o x y g e n s  a l o n g  t h e  f o u r  e q u i v a l e n t  

( 111)  d i r e c t i o n s ;  i n  t h e  l e a s t - s q u a r e s  a n a l y s i s  w i t h  ^  =  0 t h i s  s p r e a d i n g  o f  t h e  

o x y g e n s  i s  s i m u l a t e d  b y  i n c r e a s i n g  t h e  i s o t r o p i c  t e m p e r a t u r e  f a c t o r .  T h e  f i n a l

^ T a b l e  5 . T h O o :  t em pe r a t u r e  factors of tho rium  a n d  o x y g e n  atoms

temperature ^Th ^0 -

crystal r c ) (A )̂ (A') 8

.1 20 0 20 (0*03) 0*37 (0*04) —

298 ■ 0*39 (0*04) 0*72 (0*04) 0*006 (0*004)
673 0*65 (0*03) 1*09 (0*04) 0*009 (0*001)
781 0*81 (0*06) 1*38 (0*07) 0*012 (0*001)

1020 1*06 (0*06) 1*68 (0*07) 0*014 (0*001) 
■

J 20 0*20 (0*04) 0*37 (0*05)
137 0*26 (0*04) 0*40 (0*05) —

442 0*55 (0*06) 0*94 (0*07) 0*008 (0*003)
890 0*99 (0*07) 1*45 (0*08) 0*013 (0*002)

c o l u m n  o f  t a b l e  2 g i v e s  t h e  v a l u e s  o f  8  d e r i v e d  f r o m  t h e  a n a l y s i s  w i t h  r e l a x a t i o n ,  

a n d  c u r v e  2 i n  f ig u r e  1 s h o w s  t h e  c o r r e s p o n d in g  v a l u e s  o f  B q  p l o t t e d  a g a i n s t  t e m 

p e r a t u r e .  T h e  b r o k e n  p o r t i o n  o f  c u r v e  2 i s  e x t r a p o l a t e d  f r o m  h i g h e r  t e m p e r a t u r e s ;  

i t  c o u l d  n o t  b e  d e t e r m in e d  d i r e c t l y  a s  t h e  c o m p u t e r  p r o g r a m  f o r  t h e  l e a s t - s q u a r e s  

c a l c u l a t i o n  w a s  i n v a l i d  a t  v e r y  s m a l l  5  (5  <  0 * 0 0 5 ) .

T h e  f o l l o w i n g  g e n e r a l  c o n c l u s i o n s  c a n  b e  d e r i v e d  f r o m  f ig u r e  1 ;

( i)  T h e  a m p l i t u d e  o f  v i b r a t i o n  o f  t h e  o x y g e n  a t o m s  e x c e e d s  t h a t  o f  u r a n iu m  a t  

a l l  t e m p e r a t u r e s  u p  t o  1100  °C . T h e  r .m . s .  t h e r m a l  d i s p l a c e m e n t  o f  o x y g e n  i s  5 0  %  

g r e a t e r  a t  r o o m  t e m p e r a t u r e  b u t  t h e  r a t i o  i s  l e s s  a t  h i g h e r  t e m p e r a t u r e s .

( i i)  A t  i n t e r m e d i a t e  t e m p e r a t u r e s  t h e  m e a n - s q u a r e  d i s p l a c e m e n t s  o f  u r a n iu m  

a n d  o x y g e n  a r e  p r o p o r t i o n a l  t o  t h e  a b s o l u t e  t e m p e r a t u r e .  T h e  .d e p a r t u r e  f r o m  

l i n e a r i t y  a t  l o w  t e m p e r a t u r e s  i s  d u e  t o  z e r o - p o i n t  m o t i o n ,  a n d  t h e  s m a U  d e p a r t u r e  

a t  h i g h  t e m p e r a t u r e s  i s  t o  b e  a s c r i b e d  t o  t h e  P a s l d n  e f f e c t .  ( T h e  p l o t  i s  l in e a r  a t  

h i g h  t e m p e r a t u r e s  i f  T  i s  r e p l a c e d  b y  t h e  r e d u c e d  t e m p e r a t u r e  T \  a s  d i s c u s s e d  

i n  § 2 .)

6. E x pe r im e n t a l  r e su l t s  a n d  t h e ir  in t e r pr e t a t io n  : ThOg

T h e  B r a g g  r e f l e x i o n s  o f  t w o  c r y s t a l s  o f  f u s e d  t h o r i a  w e r e  m e a s u r e d  a t  v a r i o u s  

t e m p e r a t u r e s  i n  t h e  r a n g e  20  t o  1 0 2 0  °C . A g a i n  s y s t e m a t i c  d i f f e r e n c e s  o c c u r r e d  

b e t w e e n  t h e  r e f l e x i o n s  w i t h  t h e  s a m e  v a l u e s  o f  h^ +  h^ +  l^ , a n d  t h e s e  d i f f e r e n c e s  

c o u l d  b e  s a t i s f a c t o r i l y  e x p l a i n e d  i n  t e r m s  o f  t h e  r e l a x a t i o n  o f  o x y g e n  a t o m s  a l o n g
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( 111) .  T h e  d e g r e e  o f  r e l a x a t i o n  i s  s l i g h t l y  l e s s  t h a n  i n  U O a  a t  a n y  g i v e n  t e m p e r a t u r e  : 

t h u s  a t  1 0 0 0  ®C t h e  m e a n  v a l u e  o f  d  i s  0 * 0 1 4  ± 0-001  i n  T h O g  a s  c o m p a r e d  w i t h  

0 * 0 1 6  ± 0*001 i n  U O g . • .
T h e  t e m p e r a t u r e  f a c t o r s  c a l c u l a t e d  w i t h o u t  r e l a x a t i o n  a r e  g i v e n  i n  t a b l e  5 'a n d  

t h e  f in a l  c o l u m n  o f  t h e  t a b l e  l i s t s  t h e  v a l u e s  o f  8  c a l c u l a t e d  a s s u m i n g  r e l a x a t i o n .  

T h e  t e m p e r a t u r e  f a c t o r  o f  o x y g e n  i s  p l o t t e d  a g a i n s t  t e m p e r a t u r e  i n  f ig u r e  5 , c u r v e  1 
b e i n g  d e r i v e d  f o r  t h e  f l u o r i t e  s t r u c t u r e  a n d  c u r v e  2  a s s u m i n g  r e l a x a t i o n .  C u r v e  3

24

008

«3 1*04

800,400
temperature (°C)

FiGtTBE 5. Variation with temperature of mean-square displacements and temperature factors 
of thorium and oxygen atoms in ThO,. Curve 1 for oxygen was derived assuming no 
relaxation and curve 2 with relaxation. Curve 3 refers to thorium.

s h o w s  t h e  v a r i a t i o n  w i t h  t e m p e r a t u r e  o f  t h e  t e m p e r a t u r e  f a c t o r  o f  t h o r i u m .  

F ig u r e  6 i s  v e r y  s i m i l a r  t o  f ig u r e  1 f o r  U O g , b u t  t h e  a m p l i t u d e s  o f  v i b r a t i o n  o f  b o t h  

m e t a l  a n d  o x y g e n  a t o m s  a r e  s h g h t l y  l e s s  a t  a l l  t e m p e r a t u r e s  i n  T h O g .

7. C h a h a c t e r i s t io  t e m p e r a t u r e s  o f  U O g a n d  T h O g

T h e  c h a r a c t e r i s t i c  t e m p e r a t u r e  0  h a s  b e e n  d e t e r m in e d  a s  a  f u n c t i o n  o f  t e m 

p e r a t u r e  u s i n g  e q u a t i o n  (3 )  w i t h  T  r e p l a c e d  b y  t h e  r e d u c e d  t e m p e r a t u r e  T \  

F ig u r e  6 g i v e s  t h e  r e s u l t s  f o r  b o t h  U O g  a n d  T h O g :  a t  l o w  t e m p e r a t u r e s ,  w h e r e  t h e  

m e a n - s q u a r e  a t o m i c  d i s p l a c e m e n t s  a r e  t o o  s m a l l  t o  m e a s u r e  w i t h  s u f f i c i e n t  

a c c u r a c y ,  t h e  v a l u e  o f  0  i s  u n c e r t a i n ,  b u t  a b o v e  4 0 0  ®C i t  c a n  b e  d e t e r m in e d  t o  a t  

l e a s t  ±  10  ® K . T o  w i t h i n  t h e s e  l i m i t s  i t  i s  c o n s t a n t  a n d  e q u a l  t o  3 7 7  ® K  f o r  U O g  

a n d  3 9 3 “K f o r  T h O g .

■ T h e s e  0  v a l u e s  a r e  c o m p a r a b l e  w i t h  t h e  X - r a y  e s t i m a t e  o f  0  =  4 1 5  ° K  f o r  t h e  

i s o m o r p h o u s  o x i d e  P u O g  ( R o o f  i 960 ) ,  a l t h o u g h  t h e r e  a r e  r e a s o n s  t o  b e l i e v e  t h a t  

t h e  X - r a y  v a l u e  i s  30® o r  4 0 ® K  t o o , h i g h  ( W i lh s  19626 ) . W i d e l y  v a r y i n g  e s t i m a t e s  

o f  0  f o r  U O g  a r e  o b t a i n e d  b y  o t h e r  m e t h o d s :  t h e  a n a l y s i s  o f  s p e c i f i c  h e a t  d a t a  g i v e s  

0  =  1 6 0  ®K a t  2 0  ° K  a n d  0  >  3 0 0  ®K a t  h i g h  t e m p e r a t u r e s  ( B e l l e  1961 ) , w h e r e a s  

t h e r m a l  c o n d u c t i v i t y  m e a s u r e m e n t s  g i v e  0  =i. 8 7 0  ®K ( T e n n e r y  1959 ) .
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T l io  c o n c o p t  o f  a  s i n g l e  c h a r a c t e r i s t i c  t e m p e r a t u r e  f o r  t h e s e  a c t i n i d e  o x i d e s  i s  

c l e a r l y  im p r e c i s e .  I t  w o u l d  a p p e a r  t h a t  a  b e t t e r  i n t e r p r e t a t i o n  o f  t h e  d i f f r a c t i o n  

d a t a  w o u l d  b e  i n  t e r m s  o f  a  D e b y e  m o d e l  r e p r e s e n t in g  t h e  v i b r a t i o n s  o f  t h e  h e a v y  

m e t a l  a t o m s ,  a n d  a n  E i n s t e i n  m o d e l  c h a r a c t e r i z i n g  t h e  v i b r a t i o n s  o f  t h e  o x y g e n  

a t o m s .  T h e  v i b r a t i o n s  o f  t h e  h e a v y  a t o m s  a r e  d e t e r m in e d  p r i n c i p a l l y  b y  t h e  a c o u s t i c  

m o d e s  a n d  t h e  o x y g e n  v i b r a t i o n s  b y  t h e  o p t i c a l  m o d e s :  a s  t h e  m a s s  r a t i o  i s  1 5 : 1  

t h e  f i ’e q u e n c y  r a n g e  o f  t h e  m o d e s  i n  e a c h  o p t i c a l  b r a n c h  i s  v e r y  s m a l l  a n d ,  t o  a  g o o d

400
©=393°K— <•----

380

ThO;S
5 360

I
 ^----

360 UO.

400 800 1200

• temperature (°C)

F i g u r e  6 . Temperature dependence of Debye characteristic temperature of DO, and T h O ,.. 
The vertical lines indicate the estimated standard deviations of 0 .

' -
a p p r o x i m a t i o n ,  t h e  o x y g e n s  v i b r a t e  a t  a  s i n g l e  f r e q u e n c y  v ^ .  T h i s  i n t e r p r e t a t i o n  

g i v e s  a  D e b y e  t e m p e r a t u r e  o f  2 4 2  ° K  f o r  D O g  ( f r o m  e q u a t i o n  (3 )  w i t h  t h e  l e f t - h a n d  

s i d e  r e p l a c e d  b y  a n d  a n  E i n s t e i n  f r e q u e n c y  =  1 7  x  10^® s “ ^.

T h e  a u t h o r  i s  d e e p l y  i n d e b t e d  t o  M r  K .  A .  D .  L a m b e  f o r  e x p e r i m e n t a l  a s s i s t a n c e  

a n d  t o  D r  J .  S .  R o U e t t  f o r  w r i t i n g  t h e  l e a s t - s q u a r e s  c o m p u t e r  p r o g r a m .
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1 • Introduc t ion

Cerium d i o x i d e ,  CeO^» c r y s t a l l i z e s  w i th  the f l u o r i t e  s t r u c t u r e  and
has a wide range of n o n - s t o i c h i o m e t r y  which a r i s e s  by the  removal of
oxygen atoms from the anion  s u b - l a t t i c e »  This  i s  in  d i r e c t  c o n t r a s t  w i th
UÔ  where departure  from the s t o i c h i o m e t r i c  f l u o r i t e  arrangement i s
ach ie v ed  by adding oxygen atoms i n t e r s t i t i a l l y  to  the  oxygen s u b - l a t t i c e ,
A comparison between the  c r y s t a l  s t r u c t u r e s  of  CeO-, and UO,, . i s  o f2 - x  2+x
i n t e r e s t ,  t h e r e f o r e ,  in  unders tanding  the p r o p e r t i e s  o f  d e f e c t  f l u o r i t e -  
type compounds. This re p o r t  cover s  the i n i t i a l  work that  has been  
n e c e s s a r y  to determine the b a s i c  s t r u c t u r a l  parameters  o f  the s t o i c h i o 
m e tr i c  o x i d e ,  CeO^: th e s e  parameters  w i l l  be needed in  the a n a l y s i s  of  the
n o n - s t o i c h i o m e t r i c  d a t a ,  to be r e p o r te d  l a t e r .

Cerium atoms s c a t t e r  X-rays  much more s t r o n g l y  than oxygen .  For t h i s  
r e a s o n ,  and b ecau se  of t h e  la r g e  a b s o r p t i o n .  X-ray d i f f r a c t i o n  i s  l e s s  
s u i t a b l e  than neutron  d i f f r a c t i o n  for o b t a in in g  good d i f f r a c t i o n  d a t a ,

2 « La t t i c e  Parameter and D e n s i t v  Measurements

S evera l  s i n g l e  c r y s t a l s  of  n e a r - s  to ichiome t r i e  CeO^ were ob ta ined
from G.E.C. Ltd» ,  Wembley, and X-ray powder photographs  were taken o f  a
small  q u a n t i t y  o f  powder from each sample .  The l a t t i c e  parameters  are
l i s t e d  in  Table  1, t o g e t h e r  w i th  th e  oxygen /cer iu m  r a t i o  d e r iv e d  from

( 1 )
l a t t i c e  parameter v e r s u s  c om p os i t ion  data  p u b l i s h e d  by Bevan ,

This r a t i o  can a l s o  be d e r i v e d  from d e n s i t y  measurements.  The d e n s i t y  
of  each sample i s  g iv e n  in  Table  2 ,  t o g e th e r  w i th  the c o m p o s i t io n  c a l c u 
l a t e d  from the r e l a t i o n s h i p :

p ,  l " t e _ L l p L 2 o l  : . . . .  ( n

Here p i s  the observed  d e n s i t y ,  and m̂  the atomic  masses of  cerium
and oxygen,  a^ the l a t t i c e  parameter and 2 - x  the r e q u ir e d  oxygen /cer iu m  
rat  i o .

The d i s c r e p a n c y  between the  two s e t s  o f  e s t im a t e d  com p os i t ion s  can be 
accounted  f o r  by assuming the  p resen ce  o f  c l o s e d  p o r e s ,  which would have  
no e f f e c t  on the l a t t i c e  parameters  but would make the  observed  d e n s i t i e s  
lower than t h o s e  g iv e n  by e q u a t io n  ( 1 ) ,  I t  seems,  t h e r e f o r e ,  that b e t t e r  
e s t i m a t e s  o f  th e  oxyge n / cerium r a t i o  are  g iv e n  by the f i r s t  method.

C r y s ta l  D was s e l e c t e d  f o r  the neutron  d i f f r a c t i o n  s tu d y ,  becau se  i t ë  
c o m p o s i t io n  was v e r y  n e a r l y  s t o i c h i o m e t r i c  and i t s  X-ray powder photograph  
showed no t r a c e  s of  impuri t i e s ,

3 ,  Experimental  Technique

C r y s ta l  D, a cube 1,5 mm on edge and w eigh ing  4 0 ,6  mgms, was mounted
( 2 )on the Mk,I Automat ic  D i f f r a c t o m e t e r  and th ree -d im e n s io n a l  i n t e n s i t y .

- 1 -



d ata  at  room temperature were c o l l e c t e d  from t w e n t y -e ig h t  independent hkl  
r e f l e x i o n s  up to h^ + + 1  =  6 8 ,  using  a neutron  w ave len g th  o f  1 ,032 A ,
The r e l a t i v e  s t r u c t u r e  f a c t o r s  (F , ) were c a l c u l a t e d  from th e  a v e r a g e  of

O D S

at  l e a s t  four  o f  the e q u iv a le n t  r e f l e x i o n s  o f  each hkl group (T ab le  3 ) ,
The r e f l e x i o n s  can be c l a s s i f i e d  into  s t r o n g )  medium-strong and medium,  
depending on whether h + k + 1 = 4n,  4n + 2 or 4n i  1 r e s p e c t i v e l y *  The 
4 n + 2  r e f l e x i o n s  w i t h  metal  and oxygen atoms s c a t t e r i n g  out o f  phase  are  
s t r o n g e r  than t h e  4n ± 1 c o n t r ib u t e d  by cer ium atoms a l o n e ,  as  the
s c a t t e r i n g  ampli tude of  cer ium i s ,  l e s s  than t h a t  o f  oxygen ,  ( I n  UÔ  the  
4n ± 1 r e f l e x i o n s  are s t r o n g e r  as by i s  g r e a t e r  than bg) *

4 a A n a l y s i s  o f  Data

The observed  s t r u c t u r e  f a c t o r s  were a n a ly s e d  on the  I .B .M. 7Û3Ü
( 3 )computer us ing  the Oak Ridge OR-FLS program. In the l e a s t - s q u a r e s

r e f in e m e n t ,  th e  s c a l e  f a c t o r ,  i s o t r o p i c  temperature  f a c t o r s  for cerium and 
oxygen (B^^, B^) and the  coherent  s c a t t e r i n g  ampl i tude  for cerium ( b^^) 
were t r e a t e d  a s  v a r i a b l e  param eters .  I t  was apparent that  the  s tron g  
r e f l e x i o n s ,  h + k + l  = 4n,  and a l s o  the 200 and 222 r e f l e x i o n s  were 
reduced by secondary  e x t i n c t i o n  ( s e e  b e lo w ) ,  and so  th ese  were l e f t  out o f  
the f i n a l  c y c l e s  o f  l e a s t - s q u a r e s .

The a n a l y s i s  o f  t h e  remaining e i g h t e e n  independent E' v a l u e s  gave an
R- index ( = 2 F , - F ' 1+ 2F ) of  1 ,0  per c e n t .  The a d j u s t a b l eI obs ca lc )  obs ^
parameters  a t t a i n e d  the  f o l l o w i n g  v a lu e s :

o 2B_ = 0 .2 5  ± 0 ,0 3  A

Bq = 0 ,47  ± 0 ,02
* 1 2and b^ = 0 ,479  ± 0 , 0 0 2  x  1 0 . cm,

- 1 2This  v a lu e  f o r  b^^ assumes bg = 0 ,5 7 7  x  10 and an oxygen /cer iu m  r a t i o
o f  2 , 0 0 ,  For the r a t i o  0 /Ce = 1 ,99 b^ must be r e v i s e d  to  the v a lu e  of  

- 1 2b^^ = 0 ,481 X 10 cm. The f i g u r e s  a f t e r  ± are s tandard  d e v i a t i o n s ,

5 ,  E f f e c t  o f  E x t i n c t i o n

The w id th s  at  h a l f - h e i g h t  were measured f o r  each  r e f l e x i o n  and th e s e  
2 2 2 .are  p l o t t e d  v e r s u s  h + k + 1  in  F igure  1, At th e  f o c u s i n g  p o s i t i o n  o f  

the Mk.I in s tr u m e n t ,  near 20 = 90° or h^ + k^ + 1^ = 5 2 ,  the  h a l f - w i d t h  
i s  0 °  8 *, From the  formula^^^

A = 2 ( n \  +

where A i s  the h a l f  width  a t  the f o c u s i n g  p o s i t i o n  and Tj  ̂ and T) are  the  

mosaic spread o f  sample and monochromator r e s p e c t i v e l y ^  the  v a l u e  o f  T)  ̂
must be l e s s  than 0 °  1 2 *,
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This  low v a lu e  s u g g e s t s  that secondary  e x t i n c t i o n  i s  probably  s e v e r e ,
2

This  i s  confirmed by F igure  2 ,  which i s  a p l o t  of  In F^y^ v e r s u s  s i n  0 ,
The f i g u r e  shows a l a r g e  d i s c r e p a n c y  between F^^^ and F̂ ^̂ ^̂  for the s trong  
r e f l e x i o n s  w i th  h + k + l  = 4n: s i m i l a r l y  th ere  i s  some e x t i n c t i o n  at the  
lo w -a n g le  end o f  the  h + k + 1 = 4n + 2 l i n e .

6 ,  Anharmonic C o n t r ib u t i o n  t o  Debye-Waller F a c to r s

The 1 e a s t - s q u a r e s  a n a l y s i s  d e s c r ib e d  in  s e c t i o n  4 assumed i s o t r o p i c
thermal motion of  the  a to m s ,  in  w h i c h ’ case  r e f l e x i o n s  that occur at the
same Bragg a n g le  0 w i l l  have the  same i n t e n s i t y .  This  i s  because  the

2 2i s o t r o p i c  Debye-Waller f a c t o r ,  exp(-B s i n  0/X ) ,  v a r i e s  w i th  0 o n ly .

However,  even a t  room temperature th e r e  i s  a d i f f e r e n c e  in  F^^^
between the components o f  the three p a i r s  o f  r e f l e x i o n s  w i t h  equal v a lu e s  

2 2 2o f  h + k + 1  ( t h a t  i s ,  equal 0 ) .  Thus F^^^ > Fg  ̂  ̂ , F.  ̂  ̂  ̂ > F_^^ and 
F 5 5 3   ̂ ^731* S im i l a r  d i f f e r e n c e s  occur in  CaF^, UÔ  and ThO^^  ̂ . Each o f  
t h e s e  p a i r s  o f  r e f l e x i o n s  i s  o f  the  4n ± 1 t y p e ,  w i th  a c a l c u l a t e d  
s t r u c t u r e  f a c t o r  g iv e n  by

^ c a l c  =

C lo s e r  agreement between ob served  and c a l c u l a t e d  i n t e n s i t i e s  i s  
a c h ie v e d  by modify ing  the  i s o t r o p i c  f l u o r i t e  model to  a l l o w  the oxygen  
atoms at  4   ̂  ̂ • • • e t c ,  to be d i s p l a c e d  to   ̂ + Ô,  ̂ + Ô , + Ô . . .  e t c .
where Ô i s  a d is p la cem e n t  parameter .  The m o d if ie d  s t r u c t u r e  f a c t o r  
formula for  4n ± 1  type r e f l e x i o n s  i s  th en

F^^  ̂= 41^  ̂ exp(-^^ sin^O/\^) + Sb  ̂x  8 tĉ  0  ̂ x  (± h) (± k) (± 1 ) exp  ("Bq s i n ^ 0 /X^) ,

where the p o s i t i v e  s i g n  i s  a s s o c i a t e d  w i t h  h , k , l ,  v a l u e s  = 3 ,  7 ,  11 , , , '  
and the n e g a t i v e  s i g n  w i t h  h , k , l  = 1, 5 ,  9 , . . .  This  formula g i v e s

F 3 3 3  = A + C(+ 27)

and Fg  ̂  ̂ a A + C ( -  5 ) ;

F 5 5 .J = A + C ( -  25)

and F.y^  ̂ = A + C (7 ) ;

F 5 5 3  = A + C(75)

and F.y3  ̂ = A + C (-  21) ,

3 3where A = 4 b ,̂  ̂ and C = 8  b^ x  8% Ô , Thus the formula p r e d i c t s  the  
c o r r e c t  r e l a t i v e  magnitudes  o f  t h e  three  p a i r s  o f  r e f l e x i o n s .
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TABLE 1

L a t t i c e  P a r a m e t e r  D a t a  f o r  CeD  ̂ C r y s t a l s

C ry s ta l L a t t i c e  Parameter
(Â) Oxygen/Cerium R a t io

A 5.415  ± 0.001 1 . 9 8 8  ± 0 . 0 0 2

B 5.4 2 0  ± 0 .001 1.978  ± 0 . 0 0 2

C 5 .4 1 2  ± 0 .001 1.994  ± 0 . 0 0 2

D 5.412  ± 0.001 ; 1 .994  ± 0 . 0 0  2

TABLE 2

D e n s i t y  Data for Ce0 2  C r y s t a l s

Cry s t a l Observed D e n s i t y  
(gms/cc) Oxygen/Cerium R at io

A 7 .1 6 0  ± 0.005 1.976 ± 0 .002

B 7 .123 1.962  + 0 . 0 0 2

C 7.116 1  . 9 6 0  ± 0 . 0 0 2

D 7 .1 8 4 "1.986 ± 0 . 0 0 2

« 5 «



TABLE 3

N e u t r o n  D i f f r a c t i o n  D a t a  f o r ' C r y s t a l  D

Type o f  R e f l e x i o n hkl ^obs ^cal  c F , - F , obs c a l c

2 2 0 269 350 -  81
400 278 341 - 63
422 278 332 ' -  54
440 274 323 - 49

h + k + 1 = 4n 6 2 0 274 314 - 40
444 271 305 -  34
642 264 297 -  33
800 257 289 -  32
2 0 0 136 146 -  1 0

2 2 2 135 140 - 5

420 133 134 -  1

6 0 0 124 1 2 2 2

442 123 1 2 2 1

h + k + l  = 4n + 2 6 2 2 1 18 117 1

640 1 1 0 1 1 2 -  2

820 1 0 2 1 0 2 0

644 103 1 0 2 1

311 104 103 1

331 1 0 0 1 0 1 - 1

5 i i n 99 1 0 0 -  1

333 J 1 0 1 1 0 0 1

531 99 98 1

h + k +  1 = 4n ± 1 533 95 96 -  1

7 1 l l 96 9 5 . 1

55 l j 93 95 - 2

73 n 93 93 0

553 J 97 93 4
733 90 92 -  2

The r e f l e x i o n s  have been d i v i d e d  i n t o  t h e i r  three  t y p e s .  The 
r e f l e x i o n s  above the  broken l i n e  are th ose  s u f f e r i n g  from secondary  
e x t i n c t i o n ;  o n ly  th o se  below th e  l i n e  were used in  the  l e a s t - s q u a r e i  
r e f i n e m e n t .  P a i r s  o f  r e f l e x i o n s  o ccurr ing  at  the same Bragg a n g le  
are  b racketed  t o g e t h e r .

-  6 •
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STRUCTURES OF UO ,̂ UO2+» AND Û O, BY NEUTRON DIFFRACTION

B y  B. T. M. W ILLIS,
M etallurgy Division, A, E . R . E ., Harwell, D idcot, B erks., England. ' .

• Résumé. —  Des m onocristaux ont été étudiés p a r diffraction neutronique entre 20 °G e t 1 100 oQ 
e t dans l ’intervalle de composition UO^ à Les recherches se d iv isent en tro is groupes se

- rapportan t à UOg, UO„+a; (où 0 <  a; <  0,25) e t U^Og. UOg a la s truc tu re  fluorine à la  tem pérature  
am biante, avec un facteur dé D ebye-W alier isotrope. A hau te  tem péra tu re  l ’arrangem ent a tom i
que ne peut plus être décrit exactem ent p a r la s truc tu re  fluorine idéale avec des*vibrations th e r
miques harm oniques. Le meilleur accord entre les in tensités observées e t calculées est obtenu en 
donnant aux atom es d ’oxygène des positions de coordonnées « relaxées » 1/4 +  S, 1/4 -f  S, i /4  -f  S 

‘ dans le groupe d ’espace Fm3m où S v au t 0,016 à 1  0 0 0  °C. L ’effet de relaxation  peu t être in terpré té  
en term es soit de désordre, so it d ’ag ita tion  therm ique anharm onique.

. ■ En oxydant UO 2 en UOa+æ. on forme une solution solide, contenant 3 sortes d ’atom es d ’oxygène,
0 , O' et 0". Les atom es O occupent les sites de type fluorine de UOg mais une partie  de ces sites 

• est vide dans UOo+k. Les atom es O ' e t O" occupent-des positions in terstitielles qui son t déplacées . 
le long de [110] pour 0 '  e t de [111] pour 0 "  à p a r tir  des grands vides de la s truc tu re  fluorine. Les 
vides eux-mêmes ne sont pas occupés. •

A la composition UO 2 .2 5 , les atom es d ’oxygène son t ordonnés pour form er une nouvelle phase 
U4O9 . Les principales réflexions de neu trons de U 4O 0 correspondant aux raies de ty p e  fluorine 
de UO2 sont plus fortes que les réflexions de su rstructu re  qui proviennent de l ’ordre des atom es ■ 
d’oxygène in terstitie ls au sein de la  charpente fluorine. L ’examen des intensités des principales 
réflexions m ontre q u ’il y  a  deux sortes de sites in terstitie ls, comme dans U O j+x ; les atom es 0 '

■ sont placés le long de la  direction [110] à  0,85 À du centre des grandes lacunes, e t les atom es 0 "  à
1,05 A le long de [1 1 1 ]. On trouve des lacunes su r les sites d ’oxygène du type  fluorine (0 ), mais 
non pas sur les sites d ’uranium , e t la  form ule chim ique U 0 g, 23 est exprim ée plus com plètem ent par
Ul.OO O1. 77 Oq.29 ^0.19-

On en conclut que les atom es d oxygène ne peuvent pas en tre r dans la s truc tu re  fluorine indivi
duellement m ais son t incorporés en p e tits  groupes contenant des atom es 0 ' e t 0 " e t des lacunes 0 .
Pour une déterm ination com plète de la  s truc tu re  de U^Oe, il fau t a tten d re  l ’analyse des réflexions de 
surstructure.

A bstrac t.—  Single crystals have been exam ined by  neutron diffraction in the  range of tem pe
ratures 2 0  °G to  1 1 0 0  °G and of com positions UOg to  U 4O 9 . The investigations divide in to  th ree  . 
groups, re la ting  to  UOg, UOg+g (where 0  <  z  <  -0.25) and U4 O 9 . • .

UOj has the  fluorite stru c tu re  a t room  tem peratu re , w ith  isotropic D ebye-W aller factors. A t ' - 
high tem peratures th e  atom ic arrangem ent can no longer be described exactly  in term s of the 
ideal fluorite s tru c tu re  w ith  harm onic therm al v ibrations. B e tte r agreem ent betw een observed* 
and calculated in tensities is obtained  by  allowing the  oxygen atom s to .re lax  to  positions w ith  co- 

1 1 1
o rd in a tes^  4 - S, ^  - f  8 , ^  - f  S . . .  in th e  Fm3m -space group, w here 8  is 0.016 a t  1 . 0 0 0  °G. The

relaxation effect can be in te rp re ted  in term s of e ither disorder or anharm onic therm al m otion.
On oxidising UOg to UGg+æ a solid solution is form ed, containing three kinds of oxygen atom , O,

0 '  and O". The 0  atom s occupy the  fluorite-type sites of UOg, b u t a  proportion  of these sites is 
em pty in UOg+z. The' O ' and O" atom s occupy in te rstitia l positions, which are displaced along 
<  110 >  (for O') and along <  1 1 1  >  (for O") from th e  large interstices in the fluorite struc tu re . ' *
The interstices them selves are  no t occupied. . ■

A t th e  com position UOg.gs the  oxiygen atom s are ordered to  form  th e  new  phase U4 O 9 . The '
“ main ” neutron reflexions of U4 O 9 , corresponding to  th e  fluorite-type peaks of UOg, are m uch 
stronger th an  the  superlattice reflexions, which arise from  the  ordering of the in terstitia l oxygen 
atom s w ith in  th e  fluorite fram ew ork. The analysis of th e  intensities of th e  main reflexions shows 

, th a t there a re  tw o kinds of in te rs titia l sites, as in UOg+x : the  0 '  atom s are located 0.85 A along 
' the  <  1 1 0  >  directions from  th e  centres of th e  large in terstices, and the  0 " atom s 1.05 A along 
. < 1 1 1 > .  Vacancies occur in the  fluorite-type oxygen sites (O) b u t no t in the  uranium  sites, and 

‘ th e  chemical form ula U O 2 . 25  is expressed more fully  as Ui.oo Oi.?? Oq,», O^.^g. I t  is concluded
■ th a t oxygen atom s cannot en ter the  fluorite s truc tu re  individually  but"are incorporated  in sm all 

groups containing O 'a n d  O" atom s and 0  vacancies. A com plete s truc tu re  determ ination  of U4 O9 
m ust aw ait the%analysis of th e  superlattice  reflexions.

i .  INTRODUCTION. , determine • their' crystal structures. The inter
pretation of thermodynamic and diffiision data, in 

In recent years there have been many fund a- particular, is critically dependent, on knowing the
mental studies of the oxides UOg, UOs+m and p.ositions of the oxygen atoms, and this knowledge 
U4O9 [1], and .the aim of the jbresent work was to • is best gained from .neutron diffraction work.
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The structures o! the three oxides are inter
related, and so it will he convenient to describe all 
three here. However, the hulk of the paper con
cerns U4O0 only, as the work on UO2 and UO2+» 
has already been described elsewhere.

2. UOg.

At raom temperature UOg has the fluorite struc
ture {fig . 1), as originally proposed by Goldschmidt 
in 1923 [2]. The uranium atoms are at the 0 0 0 ... 
positions of the cubic cell (space group F m dm ) and

• 4 1 1 1 1 1 3  _the oxygen atoms a t —v t ’W ' V ' " ; These sites • 4 4 4 4 4 4
have cubic point symmetry, and the temperature
factors B  in the Debye-Waller expression

,exp (— B  sin^ O/A )̂ are isotropic. Neutron data
on single cr̂ ’̂ stals give Bxs — 0 .25
Tio =  0 .43  Â2 [3].

Above room temperature the atomic arrange
ment can no longer be described exactly in terms 
of the ideal fluorite structure with harmonic ther
mal vibrations [4]. .For Bragg reflexions with  
h +  k  -f- I odd the intensities calculated with this 
model are proportional to where

F  =  4Z»o exp (—  B x j  sin'* 8 /X^). (1)

6uis the nuclear scattering amplitude of uranium, 
/>’u the isotropic temperature factor of uranium,. 
20 the scattering angle and X the wavelength. 
Equation (1) predicts equal intensities for inde
pendent reflexions occurring at the same scattering 
angle, whereas this is not confirmed by obser
vation. Thus the 711 reflexion is stronger than 
551, 751 is stronger than 555, and the three re
flexions 755, 177, 933 have intensities in. the order 
755 >  177 >  933. Better agreement between 
observed and calculated intensities is obtained by 
allowing the oxygen atoms to relax to positions

T 1 1
with co-ordinates 7 -f  S, 7 +  S, 7 +  S . . .  in the 

4 . 4 4
F m'dm  space group. The “ relaxation parameter” 
S increases steadily with temperature and is equal 
tq O .016 ±  0.001 at 1 000 °G.

There are two alternative explanations of this 
relaxation effect. In the first, the oxygen atoms, 
are located statistically at the displaced positions, 
which are four times more numerous than the 
available number of oxygen atoms. These dis
placed positions lie along the <  111 >  directions

1 1 1  . .joining the 7-7-7 position with the four adjacent 
4 4 4

• interstices at  ̂ 0 0, 0  ̂ 0 and 0 0 ^ { fig. 1).

The second interpretation is based on the assump-. 
tion of asymmetric anharmonic vibration of the 
Oxygen atom. Each oxygen atom has a hon-

©  Uranium  

O  Oxygen

■ F ig . 1 . —  U nit cell of UOa (fluorite-Lype structure).

centrosymmetric cubic environment, and it is pos
sible that the atom vibrates asymmetrically across 
its normal position and towards the adjacent inter-, 
stices {fig . 2). In this case the vibration is anhar-

©  Uranium'.

Oxygen 

□  Interstice

F ig . 2 . —  D iagram  showing extension of the oxygen atom , 
under the influence of therm al v ibration , along <  1 1 1  > .

monic and cannot be described by the conven
tional vibration ellipsoid, specified by six parame
ters Bif, which degenerate to a single B g  for cubic 
symmetry.

3. UOi+a*

When UOg is oxidised at high temperatures a 
disordered solid solution XJOa+æ is formed. The 
additional oxygen atoms are incorporated at inters
titial sites of two kinds, 0 ' and 0 " ; the 0 ' atoms 
are displaced along <  110 >  from the centres of 
the- large interstices in the fluorite structure and 
the 0" atoms along <  111 > .  Vacancies exist in 
the fluorite-type positions, and the interstices them
selves are not occupied. These conclusions were 
derived from the analysis of two-dimensional Fn-h 
data, collected from a crystal of UOg.ia at 8Ô0 °C  
[5], and were later confi rmed by atliree-dimensional 
study [15]. : ' ' ■ ■ ■



STRUCTURES OF U0„ U0,+% AND U*0,

4. U,Og : ANALYSIS 
OF MAIN BRAGG REFLEXIONS.

4.1. Introduction. — Alberman and Anderson [6] 
first, recognised the existence of a phase of uranium 
oxide, wiiose structure is closely related to that 
of UOg but which has' higher oxygen content. 
Iléring and Perio [7] showed that the composition 
of this phase is close to UOg.gg, but more recent 
work [8, 9] has shown that there is a composition 
range from UOg.op to UO2.25 nt high temperatures, 
with the possibility of a narrower range at room 
temperature. Thus the phase U 4O9 should be 
designated U^Oo—« ; it will be referred to below 
simply as U 4O9, except where the precise compo
sition is discussed.

Belbeoch, Piekarski and Perio [10] have inter
preted the oxidation of U O o  to U4O 9 in the follo
wing way. At high temperatures oxygen atoms 
enter the U O g  structure interstitially and in a 
statistically disordered fashion ; the process conti
nues up to the limiting composition UOg.gg, and 
then on cooling the interstitial oxygens are redis
tributed to form an ordered U 4O9 phase at room 
1 emperature with an enlarged unit cell. This inter
pretation is supported by density measurements, 
which rule out the existence of vacancies in the 
uranium sub-lattice, and by X-ray diffraction data. 
The X-ray examination of U 4O9 shows that the 
fluorite-type reflexions of U O o  remain after oxi
dation, with a slight increase in the scattering 
angles, and ■ that very weak superlattice lines 
appear. Belbeoch e t  al. found that the crystal 
system remains cubic on oxidation, with a reduc
tion j n  space-group symmetry from F m O m  (U O g )  
to /43ff (U4O9) and with an increase in the size of 
the unit cell to 21 .8  Â for U4O 9, four times the 
cell size for U O g .  They proposed a complete struc
ture for the 21.8 A cell, without using the convene 
tijonal method of measuring structure factors. This 
structure is not compatible with the neutron dif
fraction results described below.

The neutrons reflexions divide into two groups : 
the very weak and numerous superlattice reflexions 
and the “ main ” or fluorite-type reflexions. 
Broadly speaking, the main reflexions represent 
scattering from all the atoms in the unit cell, 
whereas the superlattice reflexions are contributed 
by interstitial oxygen atoms alone. Apart from 
the determination of space group, which requires 
identifying all kinds of reflexion, this paper is con
cerned only with the measurernent'and interpre- . 
tation of the main reflexions.

4.2. Space group of unit cell. —  A single crystal, 
A, weighing 520 mg was prepared from a single 
crystal of UOg by heating for one month at 
1 150 °C in the presence of powdered UgOg. The • 
UOg crystal was placed ip one arm of an evacuated

silica H-tube and the powder in the other arm, so 
that oxidation occurred v ia  the vapour phase. 
jMcasuremcnt of the oxygon potential with a high- 
tcmperature galvanic cell [11] showed that, crys
tal A was single-phase, within the narrow homo
geneity range of the U 4 0 o _ y  phase, at temperatures 
aljove 650 °C. The composition is th u s, close 
to U O g . 25. ■

The crystal was mounted on a three-circle neu- ■ 
tron diffractometer and reciprocal space was 
scanned in lines through the origin along [1001, 
[010],. [001], [110] . . „  [ I l l ]  . . . ,  [211] . . . ,  ' 
[321] . . . ,  where the indices refer to the orthogonal ‘ 
axes of the 21 .8  A cell. Forty-six main reflexions 
and over one hundred superlattice reflexions were 
observed. All these reflexions indexed satisfactorily 
on a cubic 4ao cell, with a^ — b .  44 A. For a given 
set of indices | hid  ], the superlattice reflexions with 
different signs and order of indices were equivalent ' 
in intensity : this indicates that the unit cell is 
cubic with Lau'e symmetry m O m . h k  I- 
was even for all observed reflexions, so that the 
lattice is body-centred. Because of their weak 
intensity, only one in ten of the superlattice re
flexions for a body-centred 4ao cell were detected, 
but the indices of all observed reflexions were con
sistent with the l i O d  space group. . '

This space group and cell size of 4ao are in accor
dance with the X-ray results of Belbeoch et-al. [10] 
and will be adopted below. They are in dis
agreement with the conclusions of Steeb [12] based 
on the electron diffraction examination of a thin  
film of U 40g.

• 4.3. Space group of composite cell. —  ' The
nuclear density p(XTZ) at any point X Y Z  in the 
unit cell can be computed from the neutron struc
ture factors Fhu using the equation :

A 00.
p{XYZ) =  X  exp [— 2m{hX  -}- AT +  IZ)1

' h k I .
—00

■ • ■
where V  is the volume of the unit cell. For the  
main reflexions h, k , I are all multipes of four, and 
if the summation in (2) is restricted to a ll indices 
divisible by four, the computed density p ' { X Y Z )  
is :
p '( A F Z )  =  - t  X X X* h, k, I

2 7 z i { h X k Y  +  IZ)]  

- • (8)

p'(Xy'2f)-is'derived from p { X Y Z )  by superimposing 
th e contents of the sixty-four sub cells, each of 
side «0, contained in the unit cell of side ■ 4rt„. 
Expressed formally : ' '

p '(z rz )  =  [p(xyz) +  p ( x  t  r ,  z )  •

+  p (x - :-  j .  3 ',z )  +  p ( z +  | r ,  z)
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+  P (^X, Y -}- z j -j- p -j- F -» z j

-i- p -|- 1 -f- rh P F  -f- z j

+   ...................

' - f  P F  +  Z  - f  -1- p ^ X  +  ^» F  - f  Z  - f  - j

- f  p ^X' +  2 »  F  +  - >  Z  - f -  - j

+  P +  T  ^  +  4 ’ +  4 ) ] ’

an equation in 64 terms which is readily derived 
from equations (2) and (3). p'(XFZ) represents 
the contents of the “ composite cell ” of side Oq.

It is found experimentally that only one-or two 
very weak superlattice reflexions with h, k , I =  4?t 
can be detected, p' in equation (3) can be approxi
mated, therefore, by a summation, which includes 
the main reflexions, only :

p '(X F Z )  =  4  S  X  X  F/.&Z exp [—  2n;i(AX +  A-F  - f  /Z )].
r . main 

rcflexiuus
(4)

If the indices h kl in (4) are replaced by h 'k ' lf  
where h' — A/4, k' =  A/4, I' — //4 , the co-ordi- 
.nates X Y Z  represent fractional lengths of the 
axes of the composite cell.
. The space group for. the distribution p(X7Z) 
is I'lS d . In reducing the cell edge from 4^0 for 
tlie true cell to for the composite cell, I  (body- 
centred) is transformed to P  (primitive) and the 
diagonal glide d  is changed to fii (mirror plane). 
Thus the space group of the composite cell is P Y 3 m . 
However, h'k'V  reflexions of mixed indices are 
either absent or only barely detectable, so that the 
lattice type is approximately F  (face-centred) and 
the space group for p', as defined by equation (4), 
is F Z S m . This space group will be used t o , analyse 
the main reflexions. ' -

4.4. Experimental data. — The intensities of the 
main reflexions of crystal A  were measured with a 
three-circle diffractometer. Forty-six independent 
reflexions were measured up to

A'2 +  A'2 q_ i'2 =  100
with â neutron wavelength of 1 .04  A. As in the 
case of UOg, these reflexions can be classified into 
three groups, which are weak, medium or strong 
depending on whether A' -f A' -f- Z' =  4tî -j- 2 ,4;z i  1 
or 4n. Previous experience [3] suggested that the 
strong reflexions are subject to systematic errors 
from secondary extinction, and the weak reflexions 
to errors from double Bragg scattering. F ortunate- 
ly, both errors proved to be small. Examination of 
the intensities from crystal A, varying both the

incident wavelength and the path length of the 
beam inside the crystal, showed that there was no 
appreciable extinction and that multiple scattering 
was loss pronounced than for UOg. The widths of 
the rocking curves of crystal A were greater than 
for the UOg crystal from which it was prepared : 
this indicates that the entry of interstitial oxygen 
■atoms strains the crystal and increases its mosaic 
spread to a point at which the two systematic 
errors referred to above are no longer significant.

A second’crystal, B, weighing 490 mg and with 
the same composition as A, was examined also. 
The structure factors |Fj for the two crystals 
agreed to within a few per cent. Later, crystal A 
was re-measured with the Harwell Mark J  auto-* 
matic diffractometer [13], the observations being 
repeated for eight equivalent reflexions of each 
I h'k'V  I set. Table I lists the observed values of A, 
averaged for the measurements on both., crystals, 
together with the standard’deviations c {F )  of F .  
These c ’s were estimated from the variations in the 
individual measurements ; they are. appreciably 
greater than the random errors from the statistics 
of pulse counting, and represent uncertainties ari
sing from other sources, such as non-uniformity of 
the incident neutron beam.

4.5. Analysis of data. —  The similarity of the 
X-ray patterns of UOg and U 4O9 [10] suggests that 
the fluorite structure can be adopted as the first 
model in refining the data in Table I by least- 
squares methods. For the space group F43w this 
model requires placing the uranium atoms at the 
(d) positions (International Tables, Volume I) 
of four fold multiplicity . •

■ , 3  3 3.  3 1 1 1 3 1 1 1 3
^ ^ =  4 4 4’ 4 4 4 ' ' ™ ’

half the oxygen atoms at 

.- 4(«) =  0 0 0, 0

and the other half at , -
1 1 1 1  1  14 ( 6 ) = ™ ,  - 0  0, 0^ 0 , OOX

The origin of the cell is occupied by an oxygen 
atom, although in .the fluorite structure it is more 
usual to choose the origin at a uranium atom  
(Ag. 1). In the least-squares refinement the scale 
factor and the individual isotropic temperature 
factors of uranium and oxygen (5u, B o )  were 
treated as adjustable parameters. The results are 
presented under model 1 in Table II, which shows 
that the reliability factor

A  =  -  I A l l  7

is already less than 16 %. The Least Squares pro
gramme of Busing, Martin and Levy [14] was'used 
for this and later calculations. '

4 4 4 4  4  4

y
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TABLE I

N eutron  di f f racti on  data  for U^Og. M ain r e f e e x i d n s  o n e y .

. hid //A T IF 01..I l-Fc.-vlcl Il-Foiwl —  |Fca:cll

008 , 002 57 ' 38 19 . 0

0, 0, 16 004 650 • 658 8 21

0, 0, 24 006 76 . 49 \ ' 2 7 16

0, 0, 32 008 513 519 6 0 ■

0 , ' 40 0, 0, 10 108 113 5 ' 4
.

. 444 111 • ■ 323 324 1 7
4, 4, 12 113 ; 304 . 382 IS- 5

4, • 4, 20 .115 355 350 5 7

4, 4, 28 117 269 206 3 10

4, 4, 30 • 110 207 231 24 ' 7 .
880 V 220' 780 773 ' '  7 7
888 222- 49 - 52 ' 3 10

8 , 8, 16 224 048 655 " '  27 5 '

8, 8, 24 - ’ 226 70 50 14 7

8 , 8 , '82 ' 228 - 445 • 438 . . . . .  rj . 10
12, 12, ' 4 331 ■ 352 340 12 6

.12, 12, 12 333 333 321 1 2 • .6
12, 12, 20 335 /  308. 294 . . .. ■ 14 • 5
12, 12, 28 337 273 265 .’ - 8 4

12, 12, 36 339 207 • . , 229 22 -
16, 8 , 0 .. 420 46 • 24 , - ■ 22 . , 5

16,- 16, 0 440' 628 635 ' . ■ 7, .. 5
.16, . 16, 8 442 70 . 46 . 2 4 3
16,- 16, 16 444 • 554 550 . 4 4 '

16. 16, 24 . 440 113 ■ . 98 15 4

16, 16, 32 448 . 375 . 366 9 7 ■
20, 12, 4 . ; 531 ; • 324 .316 8 5
20, 20, 4 551 280 ■ ' . 292 12 5

20, 20, 12 553 .279 269 10 , 5 '
20, 20, 20 555 239 248 9 . 7
20,, 2 0 ,. 28 557 ■ 221 • 227 , 6 4

24, 8 , 0 620 573 , 575 2 . 0

24, 16, 0 .• 640 56 48 . : . 8 12 •

24, 16, 8 ■' 642 , 521 502 19 6

24, 24, 0 ■ 660 ,■ 452 436 • . 16 6
24, 24, 8 662 . . 106 93 . 13 .. 8

24, 24, 16 . 664 . ' 384 385 ■ •' 1 ■ . ’ 1 2

28, 12, 4 .7 3 1 • 278 _ 295 . . 1 7 4
28, 20, 4 - 751 . 258 270 12 • • . 4

28, 20, ■12 753 ' 242 246 - 4 ■ ' • 5 -
28, 28, 4 - .771. - .2 1 5 , 215 O' : . . ' 12
32, 8 , 0 • . .820 89 ; 93 ■ . 4 ■ ^ , 10 :
32, 16, 0 840 396 384 ■ 1 2 5
32, 16, 8 .842  ' 87 \ 91 7
32, 24, 0 . . ' 860 ' .99 114 • . : ^ 5 ' 7

36,. 12, 4 . ■ 931 ■ 235 240 1 1  . 4
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In model 2 another adjustable parameter was 
introduced, viz. the “ occupation number ” pa of 
the atoms in the 4(a) sites. For p» =  1 the fluo
rite positions are fully occupied, as in UOg, but 
for pa less than unity a fraction 1 — pa of the 4(a) 
sites is empty. R  improved slightly (Table II)

TABLE II

L e a s t - s q u a r e s  r e f i n e m e n t  ( m o d e l s  1 a n d  2)

Model i

Model 2

and Pa was reduced to 0 .65 . As the 4(a) and 4(&) 
"sites are equivalent in the fluorite structure, model 2 
can be used to refine pa +  pb only and not p&, pb 
independently. Thus the same results are obtai
ned in model 2  with pa =  1 and pb =  0.65.

For the next calculation the ninth oxygen atom 
in the formula unit U4O 9, ignored in models 1 
and 2 , was placed at the position :

x=o

T y p e

F ATOM

S i t e

OCCUPATI ON 
N U M B E R ,  p

T e m p e r a t u r e

FACTOR [ k } )
R  FACTOR

U 1.00 ■ 0.52
0 » 1.00 1.54
0I> 1.00 • 1.54 0.159
u  . 1 .00 0.60
o«  . 0.65 1.57
Ob 1.00 1.57 0.147

13  3 
4 4 4 ’

3 1 3
4 4 4 ’

3 3 1  
4 4  4

of the composite cell. These are the sites of the 
large interstices in the fluorite structure, and were 
assumed by Belbeoch et a l. [lOJlto be occupied bÿ  
the interstitial oxygen atoms. However, no satis
factory refinement of the neutron data was possible 
with this model. All attempts at refinement led 
to the rejection of the ninth atom from the 4(c) 
position.

At this stage it was decided to carry out a three- 
dimensional Fourier synthesis, of the type des
cribed by equation (4), in the hope of locating the 
lost oxygen atoms. The phases of the observed 
structure factors Fobs were taken as those calcu
lated for model 2. The nuclear density plot was 
dominated by strong peaks due to the oxygen and 
uranium atoms at fluorite positions, but there was 
no indication of other peaks which could be ascri
bed definitely to oxygen.

The interstitial oxygen atoms were Anally loca
ted by difference Fourier syntheses. Figure 3 is a 
section of the difference map at height Z  =  3/8 of 
the composite cell ; the coefficients in the Fourier 
summation were derived from the observed struc
ture factors and those calculated for model 2. The 
atoms at fluorite positions were not present on the 
difference map, and the peaks, labelled h  and e  in 
figure 3, represent interstitial oxygen atoms at two

X -  '/g

F ig . 3. — Section of Fourier diiTerence map at height 
Z =  3/8 of composite cell, with uranium and fluorite-type 
oxygens removed. The peaks h are interstitial oxy
gens O' at 48(A) sites and e are interstitial oxygens 0" 
at 16(e) sites. Zero contour shown dotted.

kinds of crystallographic site. O' atoms are at 
positions : ; -

48(i) =  (0 0 0, o i l ,  l o i , '  l l o )  • : .

and 0 " atoms at :

16{«)=(0 0 0; o i l ,  l o ) ,  1 ^ 0) ..

+  ( 4  4  +  I  +  = ' ) ’ ( ï  +  4 ~

where

Figure 4 is a'drawing showing the relation of 
the 48(A) and 16(e) sites to the cube of eight 
fluorite-type oxygens.

The difficulty of locating the ninth oxygen atom 
in the full Fourier synthesis can be ascribed now 
to the large number of equivalent O' and 0" sites. 
This atom is distributed statistically in 'sites 
of eight-fold and sixteen-fold multiplicity, whereas 
the remaining oxygens occupy fluorite positions of 
only four-fold multiplicity. ' ■

The interstitial oxygens were placed at 48(A) and 
16(e) sites fpr the least-squares refinement with 
model 3 (see Table III). Seven parameters were
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0"

0&

0 '

0 "

STRUCTURES OF U 0 „  U 0 ,+ .  AND U.O,

TABLE II I  

L e a s t - s q u a i i k s . r e f i n e m e n t  ( m o d e l  3)  .

S i t e  o c c u p a t i o n  • N u m b e r  o f  a t o m s

13

A t o m i c  c o - o r d i n a t e s  '
IN COMPOSI TE CELL

• 1 1 1  
4  4>i  

'  0 0 0 
1 1 1  

•• 2 2 2  
1 1 1
4 + = '  4 + .^ '  4 ^

1 1 „ i-  +  e --}--e   ̂ _ +  e

N U M B E R ,  p

■ 1 . 0 0  

0.81 ±  0 . 2 2  

0.9G ±  0.24

0.024 ± -0 .0 0 4

O.OIG ±  0.003

IN 21 .8 A CELL 

25G

453 ±  5

73 ±  11 

48 ±  8

e ' =  0.128 ±  0.005, e" =  0.122 ±  0.005, A =  0.037.

1
2

O  fluorite -  type oxygen atomsO  fluorite -  type oxygen atoms
© interstit ial  oxygens O" O in terst it ial  oxygens-O'

a  • - b *
• F i g . ' _ 4. —  Composite cell of U^Og showing in te rstitia l oxygen atom s a t  a) 0 '  sites, b) 0 "  sites. The large 

. . interstice is a t the  centre of th e  cube of fluorite-type oxygens. The O ' oxygens are half w ay betw een the 
'  interstice and the  m id-point of the  cube edges ; th e  O ' oxygens are half w ay from  th e  in terstice to  th e  cube 

corners. - '

refined : the two positional co-ordinates, e' and s", 
the occupation numbers of the 4(a) sites (normal 
oxygen 0^), 4(b) (normal oxygen 0^), 48(A) (inters
titial oxygen O') and 16(e) (interstitial oxygen 0"), 
and the overall scale factor.

The temperature factors .were kept fixed at the 
values given by model 2. Table III gives the 
results of the calculation, together with the esti
mated standard errors of the refined parameters. 
These parameters gave the î caio column in Table I.

Later, separate refinement of the temperature fac
tors gave no significant changes from =  0 .60 A”
and 5 o  =  1 .57 A^.

The following features of the oxidation process, 
UOg to U 4O9, can be deduced from the refinement 
of model 3 :

(1) The isotropic temperature factor at 20 °C 
increases from 0 .25  Â  for UOg [3] to 0 .60  A- 
for U 4 O 9 . If the whole of this increase, A .5 ,  is 
attributed to displacements of the uranium atoms
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from tho fluorite positions, the r. m. s. displacement 
in any direction i s \ /A i î / 87î “ — 0 .06  A. .

(2) Oxidation proceeds by the incorporation of 
interstitial oxygen atoms at O' a_nd 0" sites'. O' 
atoms are located 0 .86  A ( =  \/2s' ci^ aldng the
<  110 >  directions from the centres of the large 
interstices at_4(c) ; 0" atoms occupy positions 
1.05 A ( =  v/3e" a j  ailong the <  111 >. directions 
from 4(c) (see fig . 4).

(3) The incorporation of interstitial atoms is 
accompanied by the ejection of oxygen atoms from 
fluorite positions. Approximately one in ten of 
the normal oxygens are displaced to O' or 0" sites.

5. CONCLUSIONS.

The atomic arrangement in the composite cell 
of U 4O9 is similar to that in the average cell of the 
disordered oxide UOg.is [5]. In both cases inter
stitial oxygen atoms occupy O' and 0" sites and 
vacancies o.ccur in the fluorite sites of the normal 
oxygens. This suggests that oxygen atoms cannot 
be incorporated singly in the fluorite structure, but 
only in groups containing O' and 0" atoms and 0  
vacancies. -

There are two important differences between 
UOg.is and U 4O9. First, the normal oxygen atom's 
in .U4O9 show little tendency to relax along
<  111 >  towards the centres of the large inter
stices. This relaxation effect in UOg-ig can be 
attributed (as for UOg at high temperatures [4]) 
to disorder or to anharmonic therrnul motion. 
Second, the space-group symmetry (F43m) of the 
composite cell of U 4O9 is lower than the symmetry 
{F m din ) of UOzf», so that the two interpenetrating 
sub-lattices, 0 “ and 0 ,̂ can be distinguished 
in U 40g. However, there is a very high corre
lation between the occupation numbers pa and pb 
for model 3, and this is reflected in the high stan
dard errors of these quantities.

Assuming that the fluorite positions 4(d) of the 
uraniiim atoms are fully occupied, the unit cell of 
the crystal with the exact composition U 4O9 con
ta in s'256 uraniufn and 576 oxygen atoms. The 
results in Table III show that the unit cell contains 
256 uranium and 572 oxygen atoms, and that the 
chemical formula is expressed more fully as

Ui.oo Oo.8l io .22 Oo.00±0.24 Oo.29i0.05 Oo.iOiO.Ol

Because of the high correlation between pa and pb 
the least-squares refinement for model 3 was 
repeated with pa fixed at the ' value given in 
Table III. This led to a reduction in the standard 
error lor pb (see last column of Table III) and the 
chemical formula worked out as :

Ui.oo Oi.77±0.02 Oo.29i0.04 Oo.ioio 03 '

where 0  represents Oa and Ob atoms together..

The standard errors in the occupation numbers p 
are quite high, and the close agreement with the 
chemical composition UOg.gs may be fortuitous. 
Clearly, extrcmcly accurate intensity data are re
quired to determine the p's precisely.

©  uranium a t o m s  a t  Z - ^ O q 

Q  in t e r s t i c e s  a t  Z -^O q ' I

( 2 )  f lu o r i t e - ty p e  o x y g e n s  a t  Z - 0  

Q  interst itia l  oxygen  O’ . •

r © 0
X

'  . '

0  : 0 0

A c y i o ] c  0

y y [T lT ] ^

0

■ A
- 0 ° 0

. [iT ÎJ \ l l l ]

©

B

' 0 0 0

□  ■

F ig .  5. —  Possible m echanism  for “ polarisation  ”  of 
in te rs titia l oxygen atom s in UOg+x and U 4O 9 . The 

•in terstitia l oxygen enters the  struc tu re  a t A  b u t is pulled 
along [1 1 0 ] b y  th e  electrostatic  force from uranium  
atom s J5, C, w hich are converted from  to U®+ to  
m aintain  charge balance. • The fluorite-type oxygen a t D 
is displaced, in tu rn , along one of th e  <  1 1 1  '> d irec
tions s h o w .

Figure 5 is a diagram illustrating a possible 
mechanism for the preference of the interstitial 
atoms in UO2+» and U 4O9 for O' and 0 " sites. The 
oxygen enters the fluorite structure at A but is 
pulled along [110] by the electrostatic -force from 
uranium atoms B, G, which are converted from 

to U® to maintain charge balance. The nor- 
makdxygen D is then ejected from its fluorite posi
tion in the directions <  111 >  towards the adja
cent interstices. This interpretation accounts for 
the presence of both O' and 0" atoms, and predicts 
that the numbers of 0  vacancies and 0 "  atoms are 
equal, in agreement with the figures quoted in 
Table III. Any further speculation must await 
the determination of the- full structure of U 4O9 
from the measurement of the superlattice reflexions.



STRUCTURES OF UO., UO3 + , AND U^O, i o

•A cknow ledgem ents. —  T h e  a u L l i o r  w i s l i c s  t o  
a c k n o w l e d g e  t h e  d i s c u s s i o n  o f  t h i s  W o r k  w i t h  
] ) i ’. .T. W i l l i n m s  a n d  D r  L ' . , E .  J .  R o b e r t s .  H e  i s  
i n d e b t e d  t o  D r  M .  H .  R a n d  f o r  p r e p a r i n g  t h e  U 4 O 9  
c r y s t a l s  a n d  t o  D r  T .  L .  M a r k i n  f o r  m e a s u r i n g  t h e i r
co'iu])Osition. . ■

Discussion

P r  W a t a n a b e . —  N ’ a v c z - v o i i s  p a s  e x a m i n e  u n e  
structure b a s é e  s u r  c e l l e  d e  Ja f l u o r i n e  e t  e n  en levan t 
( l e s  a t o m e s  d ’ u r a n i u m  d e  s e s  p o s i t i o n s  s a n s  r e m p l i r  
. d ’o x y g è n e  l e s  i n t e r s t i c e s  ?  . ■

D r  W i L L i s .  —  L e  r e m p l i s s a g e  c o m p l e t  d e s  s i t e s  
d u  t y p e  f l u o r i n e  p a r  l e s  a t o m e s  d ’ u r a n i u m  e s t  i n d i 
q u é  p a r  d e s  m e s u r e s  d e  d e n s i t é  e t  p a r  l a  c o m p a 
r a i s o n  d e s  i n t e n s i t é s  a v e c  c e l l e s  d ’ u n  c r i s t a l  d e  U O g  
p l a c é  d a n s  l e  m ê m e  f a i s c e a u  d e  n e u t r o n s .  C e p e n -  
d a n t j  u n  t r a v a i l  s u p p l é m e n t a i r e  e s t  n é c e s s a i r e  p o u r  
é t a b l i r  u n e  c o n c l u s i o n  d é f i n i t i v e .

P r  P o s t .  —  L a  m a i l l e  U 4 O 9  o f f r e  u n  v o l u m e  
d ’ a p p r o x i n f a t i v e m e n t  18  à  c h a q u e  a t o m e  
d ’o x y g è n e  ( e n  n é g l i g e a n t  l e s  a t o m e s  d ’ u r a n i u m ) .  
C e c i  s e m b l e  p l u t ô t  f a i b l e .  A v e z - v o u s  c a l c u l é  l e s  
d i s t a n c e s  0 - 0  e t  c e r t a i n e s  s o n t - e l l e s  a n o r m a l e m e n t  
c o u r t e s  ?  .

D r  W i L L i s .  —  I l  n ’ e s t  p a s  p o s s i b l e  d e  c a l c u l e r  l e s  
d i s t a n c e s  0 - 0 ,  c a r  l e s  r é s u l t a t s  e x p o s é s  s o n t  r e l a t i f s  
à  u n e  m a i l l e  m o y e n n e ,  o b t e n u e  e n  s u p e r p o s a n t  l e  
c o n t i n u  d e  64  m a i l l e s  d e  l a  v é r i t a b l e  m a i l l e  é l é m e n 
t a i r e .  '  .

D r  A x d r e s e n .  —  J ’ a i m e r a i s  f a i r e  u n e  r e m a r q u e  
c o n c e r n a n t  l a  s u r s t r u c t u r e .  E n  1956 ,  l e  D r  F r a z e r  
e t  m o i - m ê m e  a v o n s  e n r e g i s t r é  q u e l q u e s  d i a g r a m m e s  
d e  U 4 O 9  s u r  l e  s p e c t r o m è t r e  d e  C o r l i s s  e t  H a s t i n g s .  
‘N o u s  a v o n s  t r o u v é  q u e  l e s  r a i e s  d e  s u r s t r u c t u r e  n e

pouvaient être indexées en système cubique, même 
on quadruplant la maille dans toutes les directions. 
Los raies de surstnictures pouvaient'au mieux être 
indexées dans une maille 16 fois plus"grande avec 
un paramètre do 2«9 \ /2  dans le plan do base et 
une hauteur de 2a^. Depuis nous avons pensé à 
plusieurs modèles pour placer les oxygènes supplé
mentaires mais aucun n’a pleinement réussi. C’est 
le manque de données suffisantes sur le monocristal 
qui, apparemment, laisse le problème encore sans 
solution. ' .

Dr W iL L is . —  Toutes les réflexions, à la fois 
principales et de surstructure, observées dans la 
présente étude pouvaient être indexées dans une 
maille de Il est possible que-d’autres réflexions, 
nécessitant une plus grande maille n’ont pas été 
enregistrées, malgré le soin et le temps employé à 
explorer l ’espace réciproque. ■

Dr R o ï h . —  Observe-t-on une quelconque dif
fusion à la température ambiante ?

Dr WiLLis. —  A la température ambiante, UOg 
et U 4O9 sont tous deux des structures ordonnées. 
Aussi ne s’attend-on pas à une diffusion due aux 
défauts. Elle existe probablement à haute tempé
rature, mais aucune tentative n’a été faite pour 
l ’observer.

Dr Abrahabis. —  Les écarts standard pour les 
facteurs d’occupation de 0 ' et 0 " sont de l’ordre 
du 1/60 de celles de 0 . Y a-t-il une normalisation 
spéciale pour ces « sigmas » sinon, pourquoi ces 
erreurs seraient-elles si petites ?

Dr W iL L is . -— La corrélation entre les facteurs 
d’occupation de O*" et 0  ̂ est responsable de leurs 
grands écarts standard. Le tableau III montre que 
l’écart standard pour l ’ensemble 0 ”" et 0  ̂ est com
parable à celui pour 0 ' et pour 0 ".
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At room temperatui’e the neutron intensities of the Bragg reflexions of CaFg cannot he interpreted 
satisfactorily by the ideal fluorite model, with calcium atoms at the 000, ^^0, 0^^ positions of
the cubic cell, fluorme atoms at J jJ , . . .  etc. and with all atoms executing isotropic thermal 
motion. Closer agreement with the observed data is obtained by assuming that the fluorine atoms 
are displaced slightly towards the centres of the interstices, which surround each fluorine tetrahe- 
drally. This displacement can be ascribed to the anharmonic vibration of the fluorine atoms 
about their ideal positions. A similar effect has been reported previously for UOg and ThOg at 
high temperatures.

In cubic calcium fluoride, with calcium atoms at 
0 0 0  + face-centred positions and fluorine atoms at 
i i h  § § # + face-centred positions, the calculated neu
tron structure factors can be expressed in the form:

Fc =  46ca + 86p,. ,h-\-k-\-l — 1
= 4&ca .. .h + k + l = 4%+ 1 j- (1)
=  46ca — 86f• • .h-\-k-\-l = 4% + 2 J

where the nuclear scattering amplitudes are 6 ca =  
0 49 X 1 0 ~ ^ 2  cm and bp =  0-55 x lO'̂  ̂cm (Bacon, 1962). 
To account for the effect of thermal motion, bca. in (1) 
must be multiplied by the Debye-Waller factor 
exp (—Bca sin2 Ô/Â ) and bp by exp ( — Bp sin  ̂6 /À̂ ). 
The calcium and fluorine atoms both occupy sites 
with cubic point symmetry (m3m for calcium and 
43m for fluorine), so that, provided the thermal 
motion can be treated in terms of harmonic inter
atomic forces, the temperature factors Bca, Bp are 
independent of direction in the crystal.

The purpose of tliis paper is to point out that 
neutron diffraction measurements on single crystals 
of CaFg indicate that equations (1), modified to include 
isotropic Debye-Waller factors, do not account 
satisfactorily for the magnitudes of the observed 
structure factors Fo, particularly at high temper
atures.

Fig. 1 shows the dependence on temperature of 
Fo for the three reflexions 755, 771 and 933. As 
these reflexions have equal values of ĥ  +  k̂  +  l̂ , 
they occur at the same value of sin  ̂0 / and Fc =  
6 ca exp (—Bca sin2 0 /Â ) is the same for all three 
reflexions at any given temperature. However, the 
magnitudes of the observed structure factors are in 
the order F 755 > F 771 > F 933 : at 2 0  °C F 755 is 1 2 % 
greater than F 933 and at 500 °C the proportion is 40%, 
representing nearly a twofold increase in intensity of 
755 compared with 933. Curves closely similar to 
Fig. 1  have also been obtained with UO2 and ThOg 
(Willis, 1963), both of which have the fluorite struc
ture.
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O 771 

□  933
V s •A,.

' v .
''A .

0 200 400
Temperature (°C)

Fig. 1. Observed neutron structure factors for 755, 771 and 
933 reflexions, as a function of temperature.

Closer agreement between Fo and Fc is obtained 
by allowing the fluorine atom at to move along 
the four tetrahedral directions joining the ^ s i t e  
with the adjacent holes or interstices at | 0 0 , 0 | 0 , 
and 00^. Table 1 lists Fo for several high-angle 
reflexions together with the calculated structure 
factors determined for the fluorite arrangement, Fc, 
and for the modified arrangement, Fé, with the fluorine 
atoms distributed at positions J+ô,  J + 0 , ^ + 6 . . .  in 
the F m Sm  space group. The structure factors were 
calculated by a least-squares analysis (Busing, Martin 
& Levy, 1962) of the observed data, using three 
adjustable parameters (Bca, B p  and scale factor) for 
Fc and a fourth adjustable parameter (6 ) for F'g. 
The refined values of Bca., B p  and ô are listed in 
Table 2, where the figures in brackets represent 
estimated standard deviations. By introducing the 
extra parameter d, the discrepancy mdex B  =
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H \ \ F o \  —  \ F c \ \ / Z \ F o \  has fallen from 3 6 % to 1-9%, 
a drop of nearly one-half. No further reduction in B  
was obtained by allovdng displacement of the calcium 
atoms, and, indeed, difference Fourier syntheses, 
using coefficients Fo — Fc with phases derived from Fc 
(ideal fluorite model), indicated that the displacement 
effect was restricted to the anion sub-lattice.

Table 1 . Neutron diffraction data fo r  CaFg at 20 °C
hkl Fo Fc F c '
733 1-626 1-535 1-580
644 1-652 1-642 1-651
555 1-440 1 496 1-417
662 1-571 1-571 1-578
911 1-329 1-458 1-454
933 1-341 1-384 1-337
7/1 1-402 1-384 1-357
755 1-500 1-384 1-492

1 0 ,0 ,0 1-368 1-376 1-363

Ideal fluorite model.
Fluorite model with displacement of fluorme atoms.

Table 2. Least-squares refinement o f CaFg data 
at 20 °C

Model Rea (Â ) Bp  (A«) Ô R
Ideal fluorite 0 39 (0 17) 0 53 (0 18) 0 0-036

Fluorite with
displacement 0-39 (0-13) 0-32 (0-14) 0-009 (0-001) 0-019

tetrahedral directions while retaining the 43m point 
symmetry. Such an asymmetrical vibration must 
arise from anharmonic contributions to the Debye- 
Waller factor; when these contributions are included 
the Debye-Waller factor for an atom is no longer 
isotropic in the components of the scattering vector, 
even though it occupies a site of cubic symmetry 
(Maradudin & Flinn, 1963). A clear distinction 
between the two interpretations cannot be made from 
an analysis of the Bragg reflexions alone, although 
the general occurrence of the effect in CaFg, UOg 
and ThOg, and its moderate dependence on tem
perature, favour the anharmonic interpretation.

Ca atoms

F atom

I I interstices

Fig. 2. Anharmonic vibration of the fluorine atom, leading to 
displacements along the four ( 1 1 1 )  directions shown.

Careful checks showed that the observed data in 
Table 1 were free from systematic errors due to 
extinction or multiple scattering. Moreover, if the 
displacement effect were associated with either of 
these errors, the effect would diminish with increasing 
temperature: the opposite is the case (Fig. 1). Most 
of the reflexions included in the least-squares analysis 
were those with odd mdices, as (a) these reflexions 
are most sensitive to changes in (5 and (6 ) the strong 
reflexions with even indices are not entirely extinction- 
free.

There are, at least, two alternative interpretations 
of the displacement effect: the fluorite structure is 
disordered, with some or all of the fluorine atoms 
displaced at random intervals towards the adjacent 
interstices at H I  - . .  (Willis, 1963), or each fluorine 
atom vibrates in an asymmetric manner across the 
Î Ï Ï  position. The second case is illustrated by Fig. 2, 
showing the fluorine atom drawn out along the four

The displacement effect was not observed by Weiss, 
Witte & Wolf el (1957), who carried out a careful 
X-ray investigation of CaFg single crystals at room 
temperature, using a counter diffractometer. This 
apparent discrepancy with the present results may 
be due to the greater precision of the neutron data, 
which require no correction for absorption.
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Henshaw and Brockhouse [1] have studied anti- 
ferrom agnetic ordering in approximately stoich io
m etric UO2  by the neutron powder diffraction 
method. We have repeated the diffraction m easure

ments using single crysta ls of UO2  and describe 
in this letter the resu lts , som e of which differ 
from those of Henshaw and Brockhouse. The new 
resu lts are in broad agreem ent with those ob
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tained recently in a similar investigation of single
crystal UO2  by Frazer et al. [2].

UO2  crystallizes with the cubic calcium- 
fluoride structure, = 5.47 A, and undergoes 
antiferromagnetic ordering below 30°K. Two 
crystals, weighing approximately 600 mg and 
ICO mg and with an oxygen/uranium ratio between
2 . 0 0 0  and 2 .0 0 2 , were examined at 4.20K with
1.05 Â neutrons. Magnetic reflexions appeared 
which could be indexed as 1 0 0 , 1 1 0 , 2 1 0 , 2 1 1  . . .  
. . .  on the basis of the normal cell; all the mag
netic reflexions were present with indices con
sisting of a mixture of even and odd integers, and 
no additional reflexions were observed with frac
tional indices, | 0 0 , ÜO . . . .

The integrated intensities of sixteen hkk mag
netic reflexions and eighteen hkk nuclear reflex
ions were measured by alining the crystals with 
a [110] direction along the rotation axis. By com
paring the magnetic and nuclear intensities of 
both the large and the small crystal it was possible 
both to correct for extinction, which amounted to 
no more than a few per cent for the strongest 
magnetic reflexions, and to place the magnetic 
intensities on an absolute scale.

All the intensity data were interpreted satis
factorily assuming a magnetic structure consist
ing of ferromagnetic (2 0 0 ) planes of uranium 
atoms, with antiferromagnetic coupling of the 
magnetic moments in adjacent (200) planes. Be
cause of the cubic symmetry the normal to the

-I<u

ICO

Ia

24 28 3620

TEMPERATURE (!<)

ferromagnetic sheet has an equal chance of co
inciding with any of the three cubic axis, so that 
each crystal is divided into three types of domain 
with the ferromagnetic sheets parallel to (2 0 0 ), 
(020) and (002) planes. The observed equality of 
the intensity of symmetry-related reflexions 
showed that the domains were present in ap
proximately equal proportions.

The magnetic moments lie within the ferro
magnetic sheets and not along a [1 1 1 ] direction, 
as stated by Henshaw and Brockhouse. Thus the 
observed ratio of the intensities of the magnetic 
reflexions 221 and 300 is ^221^300 = 0.59; the 
calculated ratio is independent of the nature of 
the form factor, as both reflexions occur at the 
same value of sin 9 /X , and is equal to 0.55 for 
the spin vector in the ferromagnetic sheet and
1.00 for the spin vector along [111]. Similarly, 
flOoAllO is observed as 3.13, which is much 
closer to the calculated value for the first model 
(3.07) than for the second (1.56). In the absence 
of a single-domain sample it is not possible to 
determine the azimuth of the spin vector in the 
(200) ferromagnetic plane. However, if we as
sume that the spin sites use the highest possible 
point symmetry, the spin vector is either at 0 ° 
or 45° to a cube-axis direction within the (200) 
plane.

1 0
f 110

ICO

0 8 112

221

3 0 0.0 6

5 0 00  4
225

5 5 0
441 o 116 d̂ O 

O 443 
3 3 4

0  2
7 0 0

0 60  2 0  4O

Fig. 1. V ariation with tem perature  of intensity of mag
netic reflexion 1 0 0  (this work) and of specific heat 

(W estrum).

Sin e /X

Fig. 2. Magnetic form  factor for uranium  atoms in 
UOg.
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Just below the Néel point the temperature de
pendence of the 100 reflexion (see fig. 1) follows 
a very steeply falling curve: more than half the 
fall of intensity from 4.2°K occurs in the last 
degree before the transition temperature of 
30.6°K. This value of the transition temperature 
is very close to the temperature, 30.4°K, of the 
specific heat anomaly observed by Westrum [3], 
and it would appear than the earlier value of T-^ = 
28°K [4] is definitely too low for stoichiometric 
UOg.

The magnetic form-factor curve for the ura
nium atoms is shown in fig. 2. The shape of this 
curve, which is related to the electronic configu
ration of the uranium atoms in UOg, is not great
ly different from the form-factor curve for the 
uranium atoms in uranium nitride, UN, examined 
by Curry [5] using neutron diffraction. The ex
perimental points in fig. 2 show systematic de

partures from a smooth curve at high values of 
sin 9 / \ ,  and this may be due to anisotropy of 
the form factor.

We should like to express our gratitude to Dr. 
G. G. Low for very helpful discussions.

R e fere n ce s
1. D .G.Henshaw and B .N .B rockhouse, Bull. A m er. 

P hys.S oc .2 (1957) 9.
2. B .C .F ra z e r , G .Shirane, D .E .C ox and G .E .O lsen, 

to be published.
3. E . W estrum , reported  in "Thermodynamic and tra n s 

p o rt p roperties of uranium dioxide and re lated  
phases" (I .A .E .A ., Vienna, 1965).

4. W.M. Jones, J.G ordon and E. A .Long, J .C hem .P hys. 
20 (1952) 695.

5. N .C urry , private  communication.

* * * * *

190
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Structure of  a Monocarboxylic Acid Derivative  
o f  Vitamin B12

O n e  part icu lar  m onocarboxylic  acid derived  from  cyanocobalamin 
can be g ro w n  in v e ry  large crystals on which bo th  X -ray and n e u tro n  
diffraction m easu re m en ts  have been made. Calculations lead t o  th e  
placing o f  som e  205 a tom s in th e  crystal a sym m etr ic  unit,  including 
98 hydrogen  a tom s,  and th u s  to  t h e  detailed  definition o f  th e  chemical 
s t r u c tu r e  o f  th e  molecule.

3%'

Crystal and M olecular Structure from  X-ray  
Analysis

T h e  m ild acid  hydrolysis of cyanocobalam in gives rise to  a  
m ix tu re  of m ono- an d  d i-carboxylic acids an d  one t r i 
carboxylic acid, a  finding consisten t w ith  th e  view th a t  the  
propionam ide side chains on th e  m olecule are  th e  first 
objects o f a tta c k . T he exac t s tru c tu re  o f one of these 
acids, w hich has pa rticu la rly  in te resting  p roperties, is th e  
sub jec t of th e  p resen t investigation . T his acid, first called 
J?2, constitu tes  m ore th a n  90 p e r cen t o f th e  m onocarboxy
lic acid  frac tion  o f th e  hydrolysate^ ; i t  crystallizes in 
large m onoclinic crystals , easily  separa ted  b y  frac tiona l 
crystallization  from  th e  isom eric acids. I t  also occurs as a  
n a tu ra l p ro d u c t in  th e  fe rm en ta tion  liquors o f P r o p io n i-  
b a c te r iu m  s h e r m a n ii  C M S -e ^ ;  Zone 1 *) w here i t
behaves as an  in te rm ed ia te  in  th e  b iosynthesis o f th e  B^g 
vitamins®. I t  has an tim etabo lite  a c tiv ity  com pared w ith  
Big in  E sc h e r ic h ia  co li  an d  O ch ro m o n a s m a lh a m e n s is ^ .

T he v e ry  large size ' o f th e  c ry sta ls  o f th e  acid 
p rom p ted  an  a tta c k  on its  s tru c tu re  b y  a  com bination  of 
X -ray  an d  n eu tro n  d iS raction . I t  w as hoped b y  such 
m easurem ents to  define th e  c ry s ta l s tru c tu re  o f th e  acid 
itself, to  place th e  acid group on th e  m olecule an d  to  ad d  
th e  details o f th e  arrangem en t o f th e  hydrogen  atom s to  th e  
s tru c tu re  of v itam in  Big. T he X -ray  analysis began on 
th e  a ir d ried  crystals because p a rticu la rly  perfect speci
m ens of these, several m m  on edge, h a d  a lready  been given 
to  us by  D r. E . L ester Sm ith . L a te r, as experience w ith  

^ e u t r o n  d iffraction ind ica ted  th a t  th e  m ore stab le  crysta ls 
I n  th e ir  m o ther liquor should  be th e  m ain  sub jec t of 

a tta c k , w et crysta ls w ere also inves tiga ted  b y  X -rays. 
P rehm inary  d a ta  on th e  crystals are  given in  T able 1.

T a W e  1 . PRELIM INARY DATA ON THE B , ,  JIONOAOID, C . jH j j O i s N u P C o

Probable No. 
Space of water

P group Density molecules
Air dried 14-61 17 09 16-35 103° P 2, 1-335 13
W et. 14-915 17-486 16-409 104-11° P 2 , 1-339 16

a 0-009 0-009 0-007 0-047
The preferred values for the wet crystals were derived by neutron difO-action.

\ The air d ried  crystals o f th e  acid gave very  good X -ray  
d a ta , ex tend ing  to  th e  lim it of th e  copper sphere and  
show ing m arked  B ijvoet differences due  to  anom alous 
dispersion a t  th e  cobalt a tom . A  to ta l  o f  6,323 ind iv idual 
h k l  and  h k l  refiexions were m easured  visually . A verage 

-, values w ere derived an d  used for th e  in itia l th ree- 
dim ensional P a tte rso n  calculations to  place th e  cobalt 
a tom . Two a lte rn a tiv e  phase angles were th e n  calculated  
b y  th e  expressions given b y  R am ach an d ran  an d  Raman®. 
T rials o f a  num ber o f functions an d  varia tions of the ir 

, expressions w ere m ade w hich will be described elsewhere. 
E vidence for th e  correct atom ic arrangem en t w as m ost :

Unit cell dimensions 
a b c

easily ob ta ined  from  an  elec tron density  d is tribu tion  
ca lcu lated  w ith  2,567 te rm s phased  from  th e  B ijvoet 
differences, w ith  a  chosen as th e  a lte rn a tiv e  n eares t th e  
cobalt a to m  con tribu tion . T he s tru c tu re  w as, in  fac t, 
solved first from  a  less favourable approx im ation  an d  th e  
atom ic positions im proved in  successive elec tron density  
d is tribu tions and  least squares calculations. T he p resen t 
rehab ility  index  is 0-142; th e  average s tan d a rd  dev iation  
in  th e  ca rbon -carbon  single bonds is 0 04. F ig . 1 shows th e  
agreem ent a t  th is  stage betw een ac, ca lcu lated  on th e  
p resen t atom ic param eters, an d  a«, th e  phase  angles 
derived  from  th e  B ijvoet effect. T he curve shows th a t  for 
72 per cen t o f th e  refiexions, th e  first phase angle chosen 
w as w ith in  45° o f th e  final value.

Once th e  s tru c tu re  o f th e  a ir d ried  crysta ls w as know n, 
i t  w as easy to  derive th a t  o f th e  w et crystals , s ta rtin g  
from  a  cobalt a tom  phased  m ap  alone, an d  so rting  o u t th e  
correct m irro r im age a tom s b y  inspection  o f th e  th ree  
dim ensional d istribu tion . This ro u te  w as followed a t 
H arw ell (F. M. M.). A n a lte rn a tiv e  ro u te  using B ijvoet pairs 
o f refiexions m easured  on oscillation photographs was 
ta k e n  a t  A uckland (T. N . M. W ., J .  M. W .). T his a lte rn a 
tiv e  has some general in te re s t as a  possible m ethod  for 
deriv ing rap id ly  th e  general a tom ic d is tribu tion  w ith in  a 
molecule in  th e  correct abso lu te  configuration.

T he c ry s ta l s tru c tu re  of th e  a ir d ried  m onoacid is 
illu s tra ted  in  F ig . 2. I t  shows no resem blances to  th a t  of 
cyanocobalam in, w et or d ry ’>®, nor to  th a t  o f 5 '-deoxy- 
adenosylcobalamin®. T he m olecules are  a rranged  in  b road 
layers w ith in  w hich th e  p lanes o f th e  corrin  rings are 
inclined a t  ab o u t 80° to  one ano ther. B etw een th e  layers 
th e re  is a  m arked  cleavage; co n tac t is m ade across th e

600
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Fig. 1 
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, Phase analysis. Here n is the number of reflexions in  each 10* 
and NdOo-a.I) is the normalized cumulative function for each 
of ioa-flc l..where «o is the phase from the Bijyoet effect, ae the 
t- . . -  , ^flnal phase calculated.



gap th ro u g h  hydrogen  bonds betw een  w a te r m olecules 
an d  th e  ac tive  groups a t  th e  ends o f th e  side chains. T he 
te rm in a tin g  a tom s o f tw o o f th e  acetam ide  groups occupy 
a lte rn a tiv e  d isordered  sites an d  m an y  o f th e  w a te r m ole
cule positions also show  d isorder. T here does n o t ap p ear 
to  be an y  obvious fea tu re  o f th e  m olecu lar a rrangem en t 
th a t  w ould  suggest th e  position  o f th e  carboxylic acid 
groups am ong th e  am ides. D irec t observation  o f th e  
elec tron  d ensity  m aps favours a  definite o rien ta tio n  o f

a

Fig. 3. Projection of atomic positions on the least squares plane through 
cobalt, N 21, N22, N23 and N24. Solid line, B ,. monoacld; dotted line, 

cyanocobalamin (both a ir dried).

each of th e  th ree  acetam ide groups in  ag reem ent w ith  th e  
n eu tro n  d iffraction  d a ta  below ; th e  longer side chains, 
how ever, are  less w ell defined in  position  an d  conclusions 
from  th e  peak  heigh ts or in te ra tom ic  d istances a re  u n 
reliable here.

T he general atom ic d is trib u tio n  in  th e  m olecule is closely 
sim ilar to  th a t  in  cyanocobalam in w ith  one qu ite  in te restng  
difference. T his is illu s tra ted  b y  F ig . 3, w hich show s a  . 
p ro jection  o F th e  atom ic positions on to  a  ca lcu la ted  least 
squares p lane  passing  th ro u g h  th e  cobait an d  fo u r inner 
n itrogen  a tom s. W hen th e  corresponding p ro jec tion  of 
cyanocobalam in is com pared  w ith  th is , i t  is clear th a t  
th e re  is a  v a ria tio n  in  th e  position  o f th e  nucleotide-like 
side chains in  th e  tw o molecules. T he phospha te  an d  sugar 
group p a rticu la rly  have  m oved a b o u t 1  Â  re la tive  to  th e  
positions th e y  occupy in  cyanocobalam in^. T he benz- 
im inazole, sugar, phosphate , an d  propano lam ine  groups 
a re  ra th e r  flexible an d  th e  new  positions m ay  rep resen t no 
m ore th a n  an  ad ju s tm en t to  new  packing  conditions 
w ith in  th e  p resen t c ry s ta l s tru c tu re . T hey  do n o t seem 
to  be  connected  specifically w ith  th e  p osition  of th e  acid 
group.

W e th a n k  D r. E . L ester S m ith , Professor B ernhauer, 
D r. B e isbarth  an d  D r. W agner fo r crysta ls  u sed  in  t h i s ^  
research  an d  for in teresting  discussions. C om puting  w£^*^ 
carried  o u t on  th e  K D F 9  com puter. U n iv ers ity  o f Oxford?* 
One of us (S. R .) th an k s  th e  Science R esearch  Council for 
th e  aw ard  o f  a  senior research  fellow ship.

/

C. K . N o c k o l d s  T. N . M. W a t e r s  
S. R a m a s e s h a n  j . M. W a t e r s '  i
D o r o t h y  C r o w f o o t  H o d g k i n

Fig. 2 . Projection of the atomic positions found in air dried crystals of the 
B i, monoacid: a, aiong [010]; 6, along [100]. Filled circles represent 

atoms a t I/, open circles a t y +
Chemical C rystallography  L abora to ry , 
U n ivers ity  o f Oxford.
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(Reprinted jrom  Nature, Vol. 214, No. 5084 , pp. 130- 133, April 8 , 1967)

Crystal and M olecular Structure from  N eutron  Diffraction Analysis
T he d is tinc tion  betw een an  am ide an d  a  carboxylic 

acid can  be m ade m ore easily by  n eu tro n  diffraction th a n  
by  X -ray  d iffraction. I n  co n tras t to  X -ray  sca ttering , th e  
coheren t n eu tro n  sca tte rin g  leng ths o f n itrogen  (6 =  9 4f*) 
and  o f oxygen (6 =  5-8f) are  w idely d ifferent an d  in  a d 
d ition  th e  coheren t neu tro n  sca tte ring  leng th  o f hydrogen 
(6 =  3-8f), a lthough  negative, has a  m agn itude  ap p ro x i
m ate ly  equal to  th a t  o f o th e r a tom s. C onsequently  i t  has 
been possible b y  neu tro n  d iffraction  to  define in  de ta il th e  
s tru c tu re  o f th e  m onocarboxylic acid deriva tive  of 
cyanocobalam in.

described using th e  num bering  system  given in  I I .  Con
to u rs  are  d raw n  a t  in te rva ls of 1 fermi/Â® an d  hydrogen 
atom s w hich have a  negative  sca ttering  leng th  are rep re 
sen ted  b y  broken  contours.

P ig . 4 shows a  com posite F ou rier m ap  over th e  corrin  
nucleus. I n  co n tras t w ith  th e  X -ray  case, th e  cen tra l cobalt 
a to m  (6 =  2-5f) is th e  “ lig h te s t” a to m  in  th e  m olecule an d  
th e  n itrogen  a tom s, (6 =  9-4f) th e  “ heav iest” . O f p a rticu la r 
in te re s t are  th e  hydrogen  a tom s bonded to  carbon  a tom s 
3, 8, 10, 13, 18 an d  19 an d  th e  absence of hydrogen a tom s 
a t  positions 1, 4, 5, 6, 9, 11, 14, 15 and  16. T hese dem on -

Fig. 4 . Neutron scattering density over the corrin nucleus.

T he n eu tro n  d iffraction  d a ta  for th is  purpose were 
m easured  using a  w et c ry s ta l o f w eight 11 m g an d  density  
1-339 g/c.c. AU un ique refiexions from  p lanes w ith  in ter- 
p la n a r  spacings, d >  1-3 A, w ere inves tiga ted  an d  1,531 
reflexions w ere classed as observable. T he m ean  peak  
(including background) to  background  ra tio  for th e  
observable reflexions w as 1 3  : 1, b u t th e  co u n t ra te  was 
sufficient to  give a  frac tional s ta n d a rd  dev ia tion  o ( / ) /P ~  8 
per cen t for th e  s tru c tu re  am plitudes a fte r counting  for 

m in  equally  d iv ided betw een peak  an d  background.
^  T he s tru c tu re  analysis is sum m arized  in  th e  flow sheet.

TThe n eu tro n  P a tte rso n  syn thesis first ca lcu lated  proved, 
as expected , to  be un in te rp re tab le  because th e re  are 
m an y  a tom s p resen t in  th e  u n it cell, sca tte ring  w ith  b o th  
positive an d  negative phase and  no h eavy  a to m  dom inating  
in  n eu tro n  sca tte rm g  pow er. F ir s t atom ic co-ordinates 
were therefore  derived  from  th e  paralle l X -ray  investiga
tio n  an d  used  to  o b ta in  app rox im ate  in itia l phases for th e  
first n eu tro n  F ou rie r synthesis. T his syn thesis w as used 
solely to  refine th e  co-ordinates o f th e  e igh ty-four n o n 
hydrogen  a tom s used  in  th e  in itia l phasing. Subsequent 
neu tron  Fourier an d  difference F ou rier m aps were used to  
ob ta in  fu r th e r atom ic positions and  to  refine th e  s tru c tu re . 
O f th e  228 a tom s in  th e  crysta l asym m etric  u n it, of form ula 
CeaHajOisNigPColGHaO, th e  co-ordinates o f all th e  a tom s 
in th e  acid  m olecule have  been determ ined  and  fourteen  
w a te r oxygen atom s an d  eleven w ate r hydrogen atom s 
have been located. Because 820 param eters  have been 
determ ined  using 1,531 observations, th e  s tan d a rd  dev ia 
tions of these p aram eters  are large an d  th e  analysis has 
been te rm in a ted  a t  th e  seven th  Fourier synthesis while 
fu r th e r d a ta  are  being collected.

The accom panying d iagram s, of th e  nuclear sca ttering  
density  over different p a rts  o f th e  m olecule, illu s tra te  
various fea tu res em erging from  th e  analysis. These will be

♦ f = 10-“  cm (fermi unit).

s tra te  clearly  th a t  a  conjugated  single-bond/double-bond 
sequence ex tends from  a to m  X21, th ro u g h  a tom s 4, 5, 6, 
N 22, 9, 10, 11, N23, 14, 15 an d  16 to  a tom  N24, an d  does 
n o t ex tend  beyond  a tom s N21 and  N24.

T he m eth y l group C53, 53H i, 53H2 an d  5 3 H 3 bonded to  
C l5 is illu s tra ted  in  F ig . 5. As w ith  all th e  o th e r m eth y l 
g roups in  th e  m olecule, th e  analysis has  show n th a t  th e  
group does n o t have  a  range o f o rien tations corresponding 
to  free ro ta tio n  ab o u t th e  C15-C53 single bond . T his is 
show n by  th e  definite peaks corresponding to  th e  hydrogen  
atom s 53H i, 5 3 H 2 an d  5 3 H 3 . I t  is doub tfu l w hether th e  
elongation o f th e  hydrogen peaks corresponds to  a  sm all 
degree o f ro ta tio n a l freedom  ab o u t th e  C15-C53 b o n d ;' th e  
effect is observed on all hydrogen peaks in  th e  F o u n e r 
m aps an d  p robab ly  arises from  th e  low resolution  o b 
ta in ab le  from  th e  d a ta .

Figs. 6a an d  b illu s tra te  th e  chem ical assignm ent of th e  
a tom s in  th e  acetic group bonded  to  a to m  C7 o f ring  B .  
Fig. 6a is a  com posite Fourier m ap  phased  w ith  a tom s 39 
an d  40 as oxygen atorns an d  w ithou t hydrogen atom s. T he 
peak  corresponding to  a tom  40 is significantly higher th a n  
th a t  corresponding to  a tom  39 an d  there  are  also tw o  
negative peaks corresponding to  hydrogen atom s bonded  to

Fig. 5. Neutron scattering density over methyl group centred on C53.
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I . Structure found for B «  monoacid E 2.

a to m  40. T he group w as therefore  assigned as an  am ide 
/N H ,

group I 11 I w ith  a to m  40 as th e  n itrogen  atom -

F ig . 6 6  is a  com posite F ou rie r m ap  phased  using all a tom s 
o f th e  group w ith  th e ir ap p ro p ria te  sca tte ring  lengths.

F lo w  s h e e t ,  s t r t t c t u r k  d e t e r m i n a t i o n  f r o m  n e u t r o n  d i f f r a c t i o n  d a t a

N eutron diffraction feasibility study. 
Neutron data  collection, data norm a
lization and reduction.
(D ata with d> 1-3 A collected)

Neutron Patterson syn
thesis
(uninterpre table)

X -ray data  collection (wet crystal) 
(Weissenberg)

X -ray Patterson synthesis 
(Co-ordinates of cobalt, phosphorus 
and four nitrogen atoms deter
mined w ith the assistance of the co
ordinates determined in the X-ray 
study  of dry crystals)

X -ray Fourier synthesis 1 (84 
atom ic positions determined)

Neutron Fourier synthesis 1 
(Refinement of the 84 atomic positions 
determined from X -ray Fourier syn
thesis 1)

Determ ination and refinement of atomic 
positions using Fourier and  difference 
Fourier methods

II .  Numbering scheme used.

Fig. 6. Neutron scattering density over acetamide group attached to 
C7 : a, phased with 39 and 40 as oxygen atoms and with no hydrogen 
atoms included; b, phased with all atoms given appropriate scattering 

lengths.

Neutron Fourier synthesis 7 (final). 
Ail vitam in atomic co-ordinates 
determined. Total of 205 atoms 
(including 98 hydrogen atoms)' 
located.
Discrepancy index Iî = 0-23

A lthough  all th e  acetic groups w ere read ily  assigned as 
being acetam ide  groups, th e  assignm ent of th e  propionic 
groups w as n o t definite u n til th e  s tru c tu re  h ad  been 
refined considerably. F ig. 7 gives con tour m aps from  th e  
seven th  F ou rie r synthesis. F igs. 7a-c correspond to  
com posite F ou rie r m aps over th e  propionic groups 
bonded  to  rings A ,  B  an d  G  respectively . I n  th e  phase 
calculations for th e  F ou rier synthesis, th e  te rm ina l n o n 
hydrogen  a tom s o f each group were given th e  sca ttering  
leng th  of oxygen an d  th e  te rm ina l hydrogen  atom s were 
n o t included.

In  th e  Fourier m ap  over th e  propionic group bonded  to  
r ing  A  (Fig. 7a), th e  peak  corresponding to  a tom  34 is

stronger th a n  th a t  corresponding to  a to m  33 an d  has tw o 
negative peaks corresponding to  tw o feasible hydrogen 
a tom  positions near it. T his group is therefore  a  p rop ion
am ide group.

T he F ourier m a^  over th e  propionic group bonded  to  
ring  B  (Fig. 76) ind icates th a t  th e re  is d isorder of th e  
term inal a tom s betw een th e ir respective positions. The 
peaks corresponding to  atom s 44 an d  45 are  b o th  higher 
th a n  expected  for an  oxygen a to m  an d  lower th a n  expected  
for a  n itrogen  atom . In  add ition  th ere  are  hydrogen  peaks 
near b o th  of th e  positions 44 an d  45. A gain a  propionam ide 
group is indicated . I t  seems likely th a t  th e  d isorder is due 
to  th e  position  of th is group betw een tw o negative  atom s 
w hich do n o t bear hydrogen atom s, th e  cyanide n itrogen 

' a to m  an d  a n  oxygen a tom  o f th e  rem ain ing  side chain; 
th e  tw o a lte rn a tiv e  positions for th e  am ide n itrogen  atom s 
p erm it d ifferent ty p es o f hydrogen  bonded  con tac t. \

T he evidence from  th e  F ou rier m ap  over th e  propionic 
group bonded to  ring  O  (Fig. 7c) ind icates th a t  th is  group 
is a  p rop ionate  ion. B o th  te rm ina l peaks are only slightly
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Fig. 7. Neutron scattering density over propionamide and propionate groups attached to: a, ring b, ring B; and c, ring C.
I

Juw er th a n  expected  for oxygen a tom s an d  th ere  is no 
y v idence  for te rm ina l hydrogen  atom s. O n th e  o ther hand , 
a  peak  o f he igh t — 2-3f appears in  th e  neighbourhood of 
fche phosphate  oxygen atom , P 5 , to g e th er w ith  a  sm aller 
one, he igh t — l-8f, near P4, w hich ind icates th a t  th e

phosphate  group here is uncharged y P x  an d  again
/  ^'OH

there  m ay  be som e disorder betw een = 0  and ,—  OH.
T h a t th e  prop ionate  group on ring  C  is th e  acid  group in 

our m onocarboxylic acid as in  F orm ula  I  is in  agreem ent 
w ith  th e  view  recen tly  expressed b y  B ernhauer et al.^. 
This view  w as based on observations o f reactions o f th e  
m onocarboxylic acid w hich appear to  involve in terac tion  
betw een th e  phosphate  group an d  th e  acid group w ithin 
the  molecule. T hus th e  acid, le ft in aqueous solution, is 
slowly hydrolysed w ith  loss of th e  nucleotide-like group to  
give incom plete corrinoid  com pounds, w hereas cyano
cobalam in an d  th e  isom eric acid, E i ,  are  qu ite  unchanged 
under these conditions.
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Anharmonic vibration and forbidden reflexions in 
silicon and germanium

B y  B . D a w so n

D i v i s i o n  o f  C h e m i c a l  P h y s i c s ,  C . S . I . R . O .  C h e m i c a l  R e s e a r c h  L a b o r a t o r i e s ,

M e l b o u r n e ,  A u s t r a l i a

AND B .  T .  M . W il l is  

A t o m i c  E n e r g y  R e s e a r c h  E s t a b l i s h m e n t ,

H a r w e l l ,  B e r k s h i r e ,  E n g l a n d

{ C o m m u n i c a t e d  b y  W .  C o c h r a n ,  F . R . 8 . — R e c e i v e d  3 F e b r u a r y  1966—  
R e v i s e d  2 2  S e p t e m b e r  1966)

An appraisal is given of antisymmetric features of vibrational anharmonicity in Ge and Si 
which could be manifested by Bragg reflexions in neutron diffraction studies conducted at 
elevated temperatures. The discussion is based on the generalized structure factor and the 
implications of effective one-particle potentials of the form

7^(r) =  VQ,j +  ict^{x^+y^->rZ^)+PjXyz 
required to satisfy the symmetry of the atomic sites. Values of the a-parameter, derived 
from the characteristic temperatures 0̂  ̂of Ge and Si, are similar to the results for clq and 
ttp found in the vibration analysis of neutron data for the fluorite structures UOj and CaFg 
(Dawson, Hurley & Maslen 1967). This «-similarity is used to develop a ‘fluorite-like’ 
appraisal of possible vibrational anharmonicity in Ge and Si by assuming a /(-parameter 
which satisfies the ratio |/ff|/a ~  1-3 found earlier for both UOg and CaFg. The resultant 
predictions for Bragg scattering at temperatures in excess of ©jif are examined for the 
conditions relevant to both mosaic and perfect crystal specimens. It is shown that the 
two types of specimen offer different opportunities for detecting anharmonic phenomena, and 
that the perfect specimen could manifest strong scattering associated with the ‘forbidden’ 
reflexions 666 and 864 in experiments conducted at high temperatures.

1. INTRODUCTION

T w o  a p p l i c a t i o n s  o f  t h e  g e n e r a l i z e d  s t r u c t u r e  f a c t o r  ( D a w s o n  1967 a )  h a v e  y i e l d e d  

n e w  i n f o r m a t i o n  o n  s t r u c t u r a l  d e t a i l s  i n  s y s t e m s  o f  q u i t e  d i f f e r e n t  t y p e .  I n  d i a m o n d  

( D a w s o n  19676 : h e r e a f t e r  I ) ,  t h e  a p p r o p r ia t e  X - r a y  v e r s i o n  o f  t h e  s t r u c t u r e  f a c t o r  

p e r m i t s  a  d e t a i l e d  s t u d y  o f  t h e  e l e c t r o n i c  c h a r g e  d i s t r i b u t i o n  a s s o c i a t e d  w i t h  c o v a 

l e n t  b o n d in g  i n  t h a t  s t r u c t u r e .  I n  U O g  a n d  C a B g  ( D a w s o n ,  H u r l e y  & M a s le n  

1967 : h e r e a f t e r  I I ) ,  t h e  v e r s i o n  r e l e v a n t  t o  n e u t r o n  d i f f r a c t io n  a l lo w s  u s  t o  r e s o l v e  

i m p o r t a n t  a n h a r m o n ic  p a r a m e t e r s  i n  t h e  e f f e c t i v e  o n e - p a r t i c l e  p o t e n t i a l s  e x p e r i 

e n c e d  b y  t h e  a n i o n s  ( o f  jP  ̂ s i t e  s y m m e t r y )  i n  t h e s e  i o n i c  s t r u c t u r e s .

I n  t h i s  p a p e r ,  w e  b e g i n  t h e  e x t e n s i o n  o f  t h e  r e s u l t s  o b t a i n e d  i n  I  a n d  I I  b y  e x 

a m i n i n g  f e a t u r e s  o f  v i b r a t io n a l  a n h a r m o n i c i t y  i n  s i l i c o n  a n d  g e r m a n i u m  t h a t  

c o u l d  b e  m a n i f e s t e d  i n  h i g h - t e m p e r a t u r e  n e u t r o n  s t u d i e s  o f  t h e s e  c o v a l e n t  s y s t e m s .  

T h e  a t o m i c  s i t e s  h a v e  s y m m e t r y ,  a n d ,  f o l l o w in g  I I ,  w e  e x p l o r e  t h e  c o n s e q u e n c e s  

o f  e f f e c t i v e  o n e - p a r t i c l e  a n h a r m o n ic  p o t e n t i a l  f i e ld s  o f  t h e  f o r m

b(r) =  Voj +  \otj{x^ +  f  +  z2) . (1)
[ 307 ]
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w l i i c h  s a t i s f i e s  t h i s  s i t e  s y m m e t r y .  V a l u e s  o f  t h e  a  p a r a m e t e r  f o r  b o t h  S i  a n d  G e  

( a v a i la b l e  f r o m  d e t e r m in a t i o n s  o f  0^,^, t h e  D e b y e  c h a r a c t e r i s t i c  t e m p e r a t u r e  fo r  

d i f f r a c t io n  s t u d i e s )  a r e  n u m e r i c a l ly  s im i la r  t o  t h e  r e s u l t s  f o u n d  f o r  ccq a n d  a j .  in  

I I ,  s o  t h a t  t h e  c o m b i n a t i o n  o f  t h e s e  a  p a r a m e t e r s  w i t h  t h e  i n f o r m a t i o n  i n  I I  

p r o v i d e s  a  ‘ f l u o r i t e - l i k e ’ b a s i s  f r o m  w h i c h  t o  j u d g e  r e s u l t s  g i v e n  b y  S i  a n d  G e  in  

a p p r o p r ia t e  h i g h - t e m p e r a t u r e  n e u t r o n  e x p e r i m e n t s .  A  f e a t u r e  o f  s p e c i a l  i n t e r e s t  

i n  t h e s e  s t r u c t u r e s  i s  t h a t  s i g n i f i c a n t  v i b r a t io n a l  a n h a r m o n i c i t y  i m p l i e s  t h e  g e n e r a 

t i o n  o f  t h e  ‘ f o r b i d d e n ’ s e r ie s  {h  +  k  +  l )  =  ^ n  +  2  ( w i t h  n o  z e r o  i n d e x ) .  T l i i s  i s  t h e  

n e u t r o n  c o u n t e r p a r t  o f  t h e  X - r a y  s i t u a t i o n  w h e r e  o n l y  222  o c c u r s ,  a n d  i t  i s  u s e f u l  

a t  t h i s  s t a g e  t o  a s s e s s  w h a t  c o n d i t i o n s  s h o u l d  b e  s a t i s f i e d  i f  t h e s e  r e f l e x i o n s  a r e  t o  

b e  f o u n d .  T h e  a p p r a i s a l  w h i c h  w e  g i v e  b e l o w  c o n s id e r s  b o t h  m o s a i c  a n d  p e r f e c t  

c r y s t a l  s p e c im e n s .

2, T h e o r e t ic a l

U s i n g  t h e  n o t a t i o n s  o f  I  a n d  I I ,  t h e  n e u t r o n  s t r u c t u r e  f a c t o r s  f o r  d i a m o n d  s t r u c 

t u r e s  c a n  b e  w r i t t e n  i n  c o n d e n s e d  f o r m  ( s e e  I )  a s

.F(S) =  X(u6^iZl,,^(S)-Kc6^?:,,^(S)). (2)
T h e  A  s u b s c r i p t  d e n o t e s  t h e  A  t y p e  a t o m s  o f  S i  o r  G e  i n  a c c o r d  w i t h  f ig u r e  1 o f  I .  

S i n c e  n u c l e a r  s c a t t e r i n g  a m p l i t u d e s  a r e  i n v o l v e d ,  6^  =  63  s o  t h a t  w e  n o w  d r o p  

t h e  s u b s c r i p t  f r o m  t h i s  q u a n t i t y .  T h e  B r a g g  r e f l e x i o n s  f a l l  i n t o  t h r e e  d i s t i n c t  

c a t e g o r ie s ,  w i t h  (2 ) h a v i n g  t h e  f o r m s

(i)  J ’( S )  =  A i 6T ,^ ^ (S ) f o r  { h  +  k  +  l )  =  4 n ,

( i i)  F { S )  =  K ^ b T a ^ ^ iS )  f o r  { h + k  +  l )  =  4 tn  +  2 ,  n o  i n d e x  z e r o ,

( in )  ^ ( S )  =  X g 6 ( T ,,^ ( S )  +  T „ ,A (S ))  f o r  { h  +  k  +  l )  =  4 n + l { a ) ,

^ ( S )  =  A g 6 (3 ^ ^ ^ (S )  — ? ^ ^ ( S ) )  f o r  ( h + k  +  l )  =  4 n — l { b ) ,

(3 )

w h e r e  =  8 a n d  \K ^ \  = 4 ^ 2  ( s e e  t a b l e  1 o f  I ) .  I n  t e r m s  o f  ( 1) , w e  h a v e  ( fr o m  I I )  

t h a t ,  a t  t e m p e r a t u r e s  { T )  i n  e x c e s s  o f  ,

^A(S) = j
w h e r e  =  S T r W /a ^  =  Stt^ < w |> ^ , (4 a )

t h e  k  i n  ( 4 a )  a n d  t h e  d e n o m i n a t o r  o f  T „ ,a (S )  b e i n g  t h e  B o l t z m a n n  c o n s t a n t .  F u r t h e r  

f r o m  I I ,  =  « 3  b u t  =  — ^ 3 , s o  t h a t  w e  c a n  a l s o  d r o p  t h e  A  s u b s c r i p t  f r o m  q u a n 

t i t i e s  d e p e n d e n t  o n l y  o n  t h e  a  p a r a m e t e r .  S in c e  t h e  o r i e n t a t i o n  o f  t h e  A  t y p e  

t e t r a h e d r o n  h e r e  i s  e q u i v a l e n t  t o  t h a t  i n v o l v e d  i n  t h e  Y '  s u b s e t  o f  I I  ( c o m p a r e  

f ig u r e s  1 o f  I  a n d  I I ) ,  o f  (1 )  i s  a  p o s i t i v e  q u a n t i t y .

T h e  e n d  r e s u l t  i s  t h a t  (3 )  p r e d i c t s  a n h a r m o n ic  f e a t u r e s  i n  t h e  o d d  i n d e x  r e f l e x io n s  

w h i c h  f o l lo w  t h e  p a t t e r n  o b s e r v e d  i n  t h e  f lu o r i t e  s y s t e m s :  a t  a n y  v a l u e  o f  8  

( =  2 s i n ^ /A ) ,  t h e  ( 4 w - | - l )  m e m b e r s  s h o u ld  b e  s t r o n g e r  t h a n  t h e  { 4 n - l )  m e m b e r s ,  

t h e  d i f f e r e n c e s  d e p e n d i n g  o n  t h e  s i z e s  o f  t h e  i n d e x - p r o d u c t  h k l  i n v o l v e d  i n  e a c h  

c a s e .  I n  a d d i t i o n ,  (3 )  a l s o  p r e d ic t s  a  (4 % +  2 ) s e r ie s  a s s o c i a t e d  s o l e l y  w i t h  t h e  a n 

h a r m o n ic  v i b r a t io n a l  m o t i o n  im p l i e d  b y  t h e  s i t e  s y m m e t r y :  a g a i n ,  t h e  m e m b e r s
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o f  t h i s  s e r ie s  a r e  g o v e r n e d  b y  t h e  i n d e x - p r o d u c t ,  f r o m  w h i c h  i t  f o l l o w s  t h a t  o n l y  

m e m b e r s  w i t h  n o  z e r o  i n d e x  c a n  a r i s e .  T h i s  s e r i e s  d e s c r ib e s  ‘ f o r b i d d e n ’ a s p e c t s  

o f  n e u t r o n  d i S r a c t i o n  h e r e  s i n c e ,  w i t h  t h e  c u s t o m a r y  a s s u m p t i o n  o f  h a r m o n ic  

v i b r a t i o n ,  (3 )  i s  r e p l a c e d  b y  t h e  s i m p l e r  p r e d i c t i o n s

(i) F(S)  =  (B);
( ü i )  F { S )  =  K , b T ^ i S ) , ;

w h e r e  i s  e q u i v a l e n t  t o  T c { 8 )  i n  ( 4 ) ,  t h e  d i f f e r e n t  s u p e r s c r i p t  b e i n g  u s e d  (a s

i n  I I )  t o  u n d e r h n e  t h e  h a r m o n i c  b a s i s  o f  ( 5 ) .  T h e  n e u t r o n  p r o s p e c t s  f o r  d i a m o n d  

s t r u c t u r e s  a r e  c l o s e l y  a n a l o g o u s  t o  t h e  X - r a y  p o s s i b i l i t i e s  w h i c h  w e r e  e x p l o i t e d  i n  

I .  T h e  m o s t  n o t a b l e  d i f f e r e n c e  i s  f o r  t h e  ‘f o r b i d d e n ’ n e u t r o n  r e f l e x io n s :  t h e  d e 

p e n d e n c e  o n  t h e  i n d e x - p r o d u c t  m e a n s  t h a t  i t  i s  h ig h e r  m e m b e r s  o f  t h i s  c la s s ,  r a t h e r  

t h a n  222  i t s e l f ,  w h i c h  a r e  m o r e  l i k e l y  t o  b e  d e t e c t e d  a t  e l e v a t e d  t e m p e r a t u r e s .

T h e  a  p a r a m e t e r s  o f  ( 1) f o r  S i  a n d  G e  c a n  b e  d e r i v e d  f r o m  t h e  X - r a y  s t u d i e s  o f  

B a t t e r m a n  &  C h ip m a n  ( 1962 ) w h o  o b t a i n e d ,  o v e r  t h e  t e m p e r a t u r e  r a n g e  3 0 0 -  

1 1 0 0  ° K ,  v a l u e s  ( i n d e p e n d e n t  o f  t e m p e r a t u r e )  o f  5 4 3  ±  8 ° K  f o r  S i  a n d  2 9 0  +  5  ° K  

f o r  G e .  T h e ir  r e s u l t s  a r e  a v e r a g e d  o v e r  m e a s u r e m e n t s  m a d e  o n  e i t h e r  e v e n  i n d e x  

p l a n e s  o r  o d d  i n d e x  p l a n e s  w h o s e  i n d e x - p r o d u c t s  a r e  s m a l l :  5 3 1  a l o n e  f o r  S i ,  a n d  5 3 1  

t o g e t h e r  w i t h  t h e  d o u b l e t  5 1 1 - 3 3 3  f o r  G e . W e  t h e r e f o r e  i g n o r e  t h e  a n t i s y m m e t r i c  

i m p l i c a t i o n s  o f  ( 3 ) ( i i i )  f o r  t h e s e  l a t t e r  p l a n e s  a n d  r e l a t e  0 ^  t o  a  b y  r e c a l l i n g  t h a t  

D e b y e - W a l l e r  t h e o r y  e x p r e s s e s  t h e  v a r i a t i o n  o f  (u % y  w i t h  t e m p e r a t u r e  b y  t h e  

e q u a t i o n
(u ^  =  {Zh^Tl4Tîhnk®lf){^{x) +  \x \,  (6)

w h e r e  h  a n d  k  a r e  t h e  P l a n c k  a n d  B o l t z m a n n  c o n s t a n t s ,  m  i s  t h e  m a s s  o f  t h e  v i b r a t in g  

a t o m ,  T  i s  t h e  a b s o l u t e  t e m p e r a t u r e  (o r , p e r h a p s  t h e  r e d u c e d  t e m p e r a t u r e  ( P a s k i n  

1957 ) c o n c e r n e d  w i t h  m a k i n g  0 ^^ i n v a r i a n t  w i t h  t e m p e r a t u r e  a s  t h e  t h e o r y  s p e c i 

f i e s ) ,  X =  0 j i f / T ,  a n d  t h e  t e r m  i n  c u r l y  b r a c k e t s  i s  t h e  D e b y e  f u n c t i o n  a s  g i v e n  i n  

t a b l e  V .  1 o f  J a m e s  ( 1948 ). S i n c e  t h e  v a l u e  o f  t h e  D e b y e  f u n c t i o n  r a p i d l y  a p p r o a c h e s  

u n i t y  f o r  t e m p e r a t u r e s  i n  e x c e s s  o f  0 ,̂̂ ,̂ w h i c h  i s  s i m p l y  t o  s a y  t h a t  t h e  v i b r a t i o n  

p r o b l e m  c a n  b e  t r e a t e d  c l a s s i c a l l y  a t  s u c h  t e m p e r a t u r e s ,  w e  h a v e  t h e  ‘ h i g h  t e m 

p e r a t u r e  ’ r e l a t i o n  t h a t
a  =  4 7 r % w P 0 |f/3 A ^  (7 )

( s e e  D e b y e  1914) . T h e  v a l u e s  o f  a  f o r  t h e  t w o  s t r u c t u r e s  a r e  t h e n  f o u n d  t o  b e

a g i  =  7 -8 5  (0 -2 3 )  X 1 0 -1 2  e r g /Â 2 ,1

“ o e  =  5'79 (0-20) X 10-12 erg/A2.J

S i n c e  t h e s e  a  p a r a m e t e r s  a r e  n u m e r i c a l ly  s im i la r  t o  t h e  r e s u l t s  i n  I I  f o r  U q  a n d  

ajg. ( a s  w e  m u s t  e x p e c t  f r o m  t h e  g e n e r a l  s i m i l a r i t y  o f  t h e  f o u r  0 ^  ̂v a l u e s ) ,  a  s u i t a b l e  

s t a r t i n g  p o i n t  f o r  s t u d y i n g  t h e  i n  ( 1) i s  t o  a s s u m e  v a l u e s  w l i i c h  s a t i s f y  t h e  r a t i o  

| / ? | / a  1 - 3 Â - 1  f o u n d  i n  I I .  T h i s  w i l l  p r o v i d e  a  ‘ f i u o r i t e - h k e ’ b a s i s  f o r  a p p r a i s in g

p o s s i b l e  a n h a r m o n i c  p h e n o m e n a  i n  B r a g g  s c a t t e r i n g ,  a g a i n s t  w h i c h  w e  c a n  j u d g e  

r e s u l t s  o f  a c t u a l  e x p e r i m e n t .  F o r  c o n v e n i e n c e ,  w e  a d o p t  t h e  c o m m o n  v a l u e

=  4 - 1 -0  X 1 0 -1 1  erg /A ®  f o r  S i  a n d  G e  e v e n  t h o u g h  t h i s  g i v e s  | / ? | / a  =  1*7 A - i  f o r  

G e . T h e  e f f e c t  o f  r e d u c i n g  t h e  /? e s t i m a t e  w i l l  e m e r g e  b e lo w .
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F o r  t h e  c e l l  d i m e n s i o n  i n  ( 4 ) ,  w e  t a k e  a ( S i )  =  5 * 4 4 5  A a n d  a ( G e )  =  5 * 6 7 8  A: t h e s e  

a r e  t h e  r e s u l t s  o b t a i n e d ,  a t  7 0 0  a n d  6 0 0  °C  r e s p e c t i v e l y ,  o n  u s i n g  t h e  r o o m  t e m p e r a 

t u r e  d a t a  g i v e n  b y  S w a n s o n  &  F u y a t  ( 1953 ) a n d  S w a n s o n  &  T a t g e  ( 1953 )* B o r  t h e  

n e u t r o n  w a v e l e n g t h ,  w e  r e t a i n  t h e  v a l u e  A =  1 * 0 3 8  A e m p l o y e d  e a r l i e r  ( W i l l i s  

1963  a ) .  T h e  c o h e r e n t  n u c l e a r  s c a t t e r i n g  a m p l i t u d e s  a r e  =  0 * 4 2  x  10“ i 2 e m  a n d  

^Ge =  0 * 8 4  X 1 0 ~ i 2 c m  ( B a c o n  1962 ).

F i n a l l y ,  w e  l i m i t  c o n s i d e r a t i o n s  t o  t e m p e r a t u r e s  a b o v e  4 0 0  °C  s o  a s  t o  s a t i s f y  t h e  

c l a s s i c a l  o r ig in s  o f  (4 )  a n d  (4  a )  ( s e e  I I ) .  T h e  m e l t i n g  p o i n t s  o f  S i  a n d  G e  a r e ,  r e s p e c 

t i v e l y ,  a p p r o x i m a t e l y  1 4 2 0  a n d  9 6 0  °C , s o  w e  s t i l l  h a v e  a  w i d e  r a n g e  o f  p o t e n t i a l  

o b s e r v a t i o n  w i t h  e x p e r i m e n t a l  f a c i l i t i e s  e x t e n d i n g  u p  t o  1100  °C  ( W i l l i s  1963 6) .

3 .  E s t im a t e s  o f  B r a g g  s c a t t e r in g  from : S i  a n d  G e

AT HIGH TEIVEPERATURES

(a )  M o s a i c  c r y s t a l  s c a t t e r i n g  

T h e  B r a g g  i n t e n s i t i e s  a r e  r e l a t e d  t o  t h e  q u a n t i t i e s

j ; » ( S )  =  |F ( S ) | 2 c o s e c 2 ^ ,  (9 )

w h e r e  6  i s  t h e  B r a g g  a n g le .  C o n s id e r  f i r s t  t h e  o d d  i n d e x  s t r u c t u r e  f a c t o r s  o f  (3 )  i n

i ? ( S )  =  r j Æ ( ) + A J ’„ ( S ) .  ( 1 0 )

u s i n g  A F „ ( S )  t o  d e n o t e  t h e  c o m p o n e n t  i n v o l v i n g  t h e  f a c t o r  o f  ( 4 )  a n d  F f , S )  

a s  a n  a l t e r n a t i v e  e x p r e s s i o n  f o r  (5 )  t o  e m p h a s i s e  t h e  i s o t r o p i c  c e n t r o s y m m e t r i c  

n a t u r e  o f  t h e  h a r m o n i c  v e r s i o n  o f  t h e  s t r u c t u r e  f a c t o r .  T o  f i r s t  o r d e r ,  w e  t h e n  h a v e

; U S )  =  7 1 ( B )  +  2 % B )  A F J S )  c o s e c  2 0  (1 1 )

a n d  a / ; ( S )  =  ( / ; { S ) - / ; ( S ) ) / 4 ( Æ ' )  =  2a f „ ( S ) / J ; ( S ) ,  ( 12)

w h e r e  7 1 ( B )  i s  t h e  F^  a n a l o g u e  o f  ( 9 ) .  H e n c e ,  t h e  m e a s u r e m e n t  o f  i n t e n s i t i e s  r a t h e r  

t h a n  s t r u c t u r e  f a c t o r s  f o r  t h e s e  o d d  i n d e x  r e f i e x i o n s  e n h a n c e s  t w o f o l d  t h e  c h a n c e s  

o f  d e t e c t i n g  t h e  p r e s e n c e  o f  v i b r a t io n a l  a n h a r m o n i c i t y  i n  B r a g g  s c a t t e r i n g  a t  h ig h e r  

t e m p e r a t u r e s .

‘M o s a ic  ’ r e s u l t s  f o r  G e  a t  6 0 0  a n d  8 0 0  °C  a r e  s h o w n  i n  f ig u r e  1 f o r  b o t h  o d d - i n d e x  

a n d  (4% 4- 2 )  r e f l e x i o n s .  T h e  B  f a c t o r s  a t  t h e s e  t e m p e r a t u r e s  a r e  ( u s in g  (6 )  a n d  ( 4 a )  

w i t h  o f  G e )  1 *65  a n d  2 * 0 2  A ^  r e s p e c t i v e l y ,  a n d  t h e  r e s u l t a n t  v a r i a t i o n s  o f  o d d  

i n d e x  7 1  v a l u e s  w i t h  s i n  d j X  a r e  s h o w n  b y  t h e  b r o k e n  l i n e s  i n  f ig u r e  1 a .  T h e  d i s c r e t e  

p o i n t s  s c a t t e r e d  a b o u t  t h e s e  l i n e s  a r e  t h e  a n h a r m o n ic  / I  v a l u e s  w h i c h  f o l l o w  o u r  

c h o i c e  o f  a n d  t h e r e  a r e  c o n s i d e r a b l e  d e p a r t u r e s  f r o m  t h e  h a r m o n i c  v a l u e s .  

F i g u r e  1 c  d i s p l a y s  t h e  r e s u l t a n t  A / 1  v a l u e s ,  a n d  t h e  g e n e r a l  d e p e n d e n c e  o n  t e m p e r a 

t u r e  a n d  s i n  d j X ,  a n d  t h e  e x p l i c i t  d e p e n d e n c e  o n  t h e  i n d e x  - p r o d u c t  T ik i, a r e  e v i d e n t :  

t h e  o v e r a l l  p a t t e r n  f o r  t h e s e  r e f l e x i o n s  i s  s im i la r  t o  t h a t  d i s c u s s e d  i n  I I  f o r  f lu o r i t e  

s t r u c t u r e s .

T h e  / I  v a l u e s  o f  t h e  (4% 4- 2 )  r e f l e x i o n s  a r e  s h o w n  i n  f ig u r e  1 6 ,  a n d  a  n o t a b l e  

f e a t u r e  i s  t h e i r  n u m e r ic a l  s m a l l n e s s .  H e r e ,  t h e r e  i s  t h e  p r o b le m  t h a t  t h e  s q u a r e  o f  a
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Fiottre 1. 7^ data for Ge at 600 °C (O) and at 800°C (A), (a) Comparison of 7^ data with 
7^ data (broken lines) for isotropic vibration for odd-index reflexions. (&) The 7^ data for 
the ' forbidden’ reflexions, (c) The ratios for the various reflexions of (o).

s m a l l  q u a n t i t y  i s  a  m u c h  s m a l l e r  q u a n t i t y ,  a n d  t h e  a d v a n t a g e s  o f  m o s a i c  s c a t t e r i n g  

s u m m a r i z e d  i n  ( 11) a n d  ( 12) n o  lo n g e r  a p p l y .  T h e  o n l y  ‘ f o r b i d d e n s  ’ w h i c h  a r e  a t  a l l  e x 

p e r i m e n t a l l y  a t t r a c t i v e  a r e  t h e  t w o  w i t h  la r g e  in d e x - p r o d u c t s :  666  a t  s i n  6  =  0 * 9 1 5 1  

a n d  8 6 4  a t  s i n 0  =  0 * 9 4 8 4  ( fo r  t h e  s u b s id ia r y  p a r a m e t e r s  i n  § 2 ) . F o r  t h e s e  t w o ,  t h e
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r a t i o  o f  t h e i r  v a l u e s  t o  t h e  1 ^  v a l u e  o f  t h e  a d j a c e n t  ( in  s i n  0 /A )  t r i o  o f  c o n 

v e n t i o n a l  r e f l e x i o n s  7 5 5  e t c ,  i s  a p p r o x i m a t e l y  20  a n d  10 %  a t  8 0 0  a n d  6 0 0  °C  

r e s p e c t i v e l y .

F i g u r e  2  c o m p a r e s  r e s u l t s  f o r  S i  a n d  G e  w h i c h  f o l l o w  t h e  c o m m o n  y 0 - a s s u m p t io n .  

F o r  t h e  h i g h  a n g l e  t r i o  o f  o d d  i n d e x  r e f l e x i o n s ,  f ig u r e  2 c  s h o w s  h o w  t h e  A / ^  r a t i o s

F
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FiGtTBE 2, T he v a ria tions w ith  tem p era tu re  o f anharm onic phenom ena for h igh-angle d a ta  in  
(i) Ge, (ii) Si. (a) T M  u p p er curves show  th e  dev iations o f F  values for 755, 771 an d  933 
from  th e  com m on F  va lue  (full line). T he low er curves show  F(666) an d  F(864) for Ge 
an d  F(666) fo r Si. (6) C orresponding resu lts  for values, (c) T he ra tio s  AZ^ for 755, 771 
an d  933, an d  th e  ra tio s  for 666, 864.
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a r e  m a r k e d l y  d e p e n d e n t  o n  t e m p e r a t u r e .  T h e  g r e a t e r  s p l i t t i n g s  s h o w n  f o r  G e  a r e  

l a r g e l y  a  c o n s e q u e n c e  o f  u s i n g  t h e r e  t h e  | / ? | / a  r a t i o  o f  1-7 Â -1  i n s t e a d  o f  l - s A - i  

a s  i n  S i .  U s i n g  t h e  s m a l l e r  r a t io  f o r  G e  ( b y  r e d u c in g  /? t o  /? (G e )  =  7-5 x  lO - i^ e r g /A ^ )  

r e d u c e s  t h e  f e a t u r e s  i n  f ig u r e  2 c  b y  a b o u t  o n e  q u a r te r ,  s o  t h e  ‘f i u o r i t e - l i k e ’ p r e d i c 

t i o n s  f o r  t h e s e  r e f l e x i o n s  i n  b o t h  s t r u c t u r e s  a r e  q u i t e  s im i la r .

F o r  t h e  (4% -t- 2 ) d a t a  o f  f ig u r e  2 , t h e i r  i n t e n s i t i e s  d e p e n d  o n l y  w e a k l y  o n  t e m p e r a 

t u r e ,  b u t  n o w  t h e r e  i s  a  s t r o n g  d e p e n d e n c e  o n  t h e  v a l u e  a s s u m e d  f o r  /?. A  t w o f o l d  

r e d u c t i o n  i n  t h i s  p a r a m e t e r  m e a n s  a  f o u r f o ld  r e d u c t i o n  i n  t h e  7 ^  v a l u e s  o f  t h e s e  

r e f l e x i o n s ,  s o  t h a t  t h e  r e s u l t s  s h o w n  f o r  G e  i n  f ig u r e s  2 6  a n d  2 c  a r e  h a l v e d  o n  u s i n g  

t h e  /0 (G e )  v a l u e  a b o v e .  A l t h o u g h  t h i s  c h a n g e  h a s  t h e  e f f e c t  o f  m a k i n g  t h e  p r e s e n t  

p r e d i c t i o n s  m o r e  s im i la r  i n  t h e  t w o  s t r u c t u r e s ,  t h e  m a j o r  p o i n t  o f  n o t e  i s  t h e  s m a l l 

n e s s  o f  t h e  q u a n t i t i e s  i n v o l v e d .  W i t h  t h e i r  s t r o n g  /? d e p e n d e n c e ,  i t  i s  c le a r  t h a t  

e x p e r i m e n t a l  r e s o l u t i o n  o f  t h e s e  r e f l e x io n s  i n  m o s a ic  s c a t t e r i n g  m u s t  b e  a  d i f f i c u l t  

t e c h n i c a l  p r o b le m .  T h e  a d v a n t a g e s  o f  u s in g  h i g h  t e m p e r a t u r e s  l i e  m a i n l y  i n  t h e  w a y  

t h e  t e m p e r a t u r e - s e n s i t i v e  c o n v e n t i o n a l  r e f l e x io n s  a r e  r e d u c e d  t o  t h e  p o i n t  w h e r e  

t h e i r  i n t e n s i t i e s  a r e  n o  lo n g e r  g r o s s l y  d i f f e r e n t  f r o m  t h e  ‘ f o r b i d d e n ’ o n e s .  T h i s  i s  

s h o w n  b y  t h e  c u r v e s  o f  f ig u r e  2 c: f o r  S i ,  i2 „ j (6 6 6 )  v a r i e s  f r o m  1 t o  20  %  i n  t h e  

r a n g e  4 0 0 - 1 1 0 0  °C . W i t h  t h i s  r e f l e x io n ,  t h e r e  i s  t h e  s u b s i d i a r y  p r o b le m  t h a t  

s i n 0  =  0 9 9 0 6  f o r  A =  1 - 0 3 8  A, a n d  t h i s  r e g io n  m a y  n o t  b e  a c c e s s i b l e  e x p e r i m e n t a l l y :  

t h i s  c a n  b e  o v e r c o m e  b y  u s i n g  a  s h o r t e r  w a v e l e n g t h ,  t h e r e b y  m a k i n g  8 6 4  f o r  S i  

a l s o  a c c e s s i b l e .  T h e  g e n e r a l  c o n c lu s io n  r e m a in s ,  h o w e v e r :  w h i l e  m o s a i c  s c a t t e r i n g ,  

p a r t i c u la r ly  a t  l i i g h  t e m p e r a t u r e s ,  f a v o u r s  t h e  d e t e c t io n  o f  a n h a r m o n i c i t y  i n  t h e  

o d d  i n d e x  r e f l e x i o n s ,  s u c c e s s  i n  d e t e c t in g  t h e  m o s t  f a v o u r a b l e  ‘ f o r b i d d e n s  ’ w i l l  

d e p e n d  c r i t i c a l l y  o n  t h e  /?-v a l u e  r e s p o n s ib le  f o r  t h e i r  o r ig in .

(6 ) P e r f e c t  c r y s t a l  s c a t t e r i n g

H e r e ,  t h e  B r a g g  i n t e n s i t i e s  a r e  r e l a t e d  t o  t h e  q u a n t i t i e s

I p { S )  =  | F ( S ) |  c o s e c  2 0 ,  ( 1 3 )

a n d  t h e  p o s s i b i l i t i e s  o f  m e a s u r in g  v i b r a t io n a l  a n h a r m o n i c i t y  a r e  n o w  r a t h e r  

d i f f e r e n t .

F o r  t h e  o d d  i n d e x  r e f l e x io n s ,  w e  h a v e  A / ^  a n a lo g u e s  o f  ( 12) w h i c h  a r e  o n l y  h a l f  

a s  l a r g e ,  s i n c e  n o w  A f ; ( S )  =  A F ^ { S ) I F , { S ) .  ( 1 4 )

A t  a n y  t e m p e r a t u r e ,  t h e  r e s u l t  o f  (1 4 )  i s  t h a t  t h e  A l p  e s t i m a t e s  a r e  s im i la r  t o  t h e  

e a r l ie r  A / ^  e s t i m a t e s  a p p r o p r i a t e  to  a  t e m p e r a t u r e  a b o u t  3 0 0  t o  4 0 0  d e g .  C  l o w e r .  F r o m  

t h e  d i s c u s s i o n  i n  ( a ) ,  t h e  o p e r a t i o n  o f  (1 3 )  t h u s  d e m a n d s  t h a t  s u c h  r e f l e x i o n s  b e  

s t u d i e d  a t  a s  h i g h  a  t e m p e r a t u r e  a s  p o s s ib le .

T h e  a d v a n t a g e  o f  ( 1 3 )  s h o w s  i t s e l f  i n  t h e  (4 w -) -2 )  r e f l e x io n s .  A l t h o u g h  t h e  i n 

t e n s i t i e s  o î a l l  r e f l e x i o n s  f r o m  a  p e r f e c t  s p e c im e n  a r e  m u c h  s m a l le r  t h a n  t h o s e  f r o m  

t h e  m o s a i c  s p e c i m e n ,  w e  n o w  h a v e  a  s i t u a t i o n  w h e r e  t h e  ‘ f o r b i d d e n ’ r e f l e x io n s  

c o n s t i t u t e  a n  a p p r e c i a b l y  la r g e r  f r a c t io n  o f  t h e  t o t a l  s c a t t e r i n g  t h a t  c a n  b e  s t u d i e d .  

I n  c o n t r a s t  t o  t h e  t e m p e r a t u r e - v a r i a t io n  o f  t h e  r a t i o  q u o t e d  i n  { a )  f o r  666  i n  

S i ,  t h e  B p  a n a l o g u e  h e r e  v a r i e s  f r o m  1 8  t o  6 7  % . A g a i n  t h i s  v a r i a t i o n  i s  d u e  p r i m a r i ly  

t o  t h e  r e d u c t i o n  i n  t h e  o d d  i n d e x  s c a t t e r i n g  w i t h  t e m p e r a t u r e ,  b u t  t h e  m u c h
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la r g e r  p r o p o r t i o n  o f  ‘ f o r b i d d e n  ’ s c a t t e r i n g  i s  a  f a v o u r a b l e  f e a t u r e  t o  b a l a n c e  a g a i n s t  

t h e  p r o b l e m s  p o s e d  b y  t h e  o v e r a l l  w e a k n e s s  o f  s c a t t e r i n g  f r o m  a  p e r f e c t  s p e c i m e n .  

M o r e o v e r ,  t h e  e f f e c t s  o f  /9 - c h a n g e  o n  t h e  m a g n i t u d e s  o f  t h e  (4% -f- 2 ) r e f l e x i o n s  a r e  

n o w  l i n e a r  r a t h e r  t h a n  q u a d r a t i c  a s  i n  ( a ) .  J u d g e d  i n  t h e s e  t e r m s ,  t h e  p e r f e c t  

c r y s t a l  i s  p o t e n t i a l l y  m u c h  m o r e  f a v o u r a b l e  f o r  s e e i n g  t h e  ‘ f o r b i d d e n ’ a s p e c t s  o f  

a n h a r m o n i c  v i b r a t i o n .  W h i l e  k e e p i n g  i n  m i n d  t h e  n e e d  f o r  a  h i g h  d e g r e e  o f  e x p e r i 

m e n t a l  s e n s i t i v i t y ,  i t  i s  c le a r  t h a t  t h e  s e a r c h  f o r  t h e  s t r o n g e s t  m e m b e r s ,  666  a n d  8 6 4 ,  

c a n  n o w  t o l e r a t e  q u i t e  a  l a r g e  d e p a r t u r e  o f  ^  f r o m  t h e  v a l u e  w h i c h  s a t i s f i e s  t h e  

l ^ l / a - d a t a  o f  I I .

4 . D is c u s s io n

I t  w i l l  b e  i n t e r e s t i n g  t o  c o m p a r e  t h e s e  a n h a r m o n ic  p r e d i c t i o n s  w i t h  a c c u r a t e  

e x p e r i m e n t a l  r e s u l t s  a t  e l e v a t e d  t e m p e r a t u r e s .  P r e l i m i n a r y  s t u d i e s  o f  p e r f e c t  

c r y s t a l  s p e c i m e n s  w h i c h  w e  h a v e  m a d e  t o  d a t e  a r e  s t i l l  i n c o n c l u s i v e  b e c a u s e  o f  t e c h 

n i c a l  d i f f i c u l t i e s  o f  e x p e r i m e n t a t i o n  w h i c h  w e  h a v e  e n c o u n t e r e d .  W e  t h e r e f o r e  

d e f e r  d i s c u s s i o n  o f  e x p e r i m e n t a l  r e s u l t s  u n t i l  s u c h  d i f f i c u l t i e s  h a v e  b e e n  r e s o l v e d .

O u r  p u r p o s e  h e r e  h a s  b e e n  t o  a s s e s s  a n h a r m o n i c  p o s s i b i l i t i e s  i n  t h e s e  c o v a l e n t  

d i a m o n d  s t r u c t u r e s  o n  t h e  b a s i s  o f  t h e  r e s u l t s  i n  I I  f o r  i o n i c  f l u o r i t e  s t r u c t u r e s .  

T o  t h i s  e n d ,  w e  h a v e  u s e d  t h e  /^ - in fo r m a t io n  f r o m  I I  i n  t h e  m a n n e r  d i s c u s s e d  a b o v e ,  

a n d  t h i s  i n v o l v e s  a n  e x t r a p o l a t i o n  o f  t h e  p r e s e n t  i n f o r m a t i o n  t o  s y s t e m s  o f  t o t a l l y  

d i f f e r e n t  b o n d in g  c h a r a c t e r .  W e  h a v e  s e e n  t h a t  t h e  a  p a r a m e t e r s  h e r e  a n d  i n  I I  

a r e  n u m e r i c a l l y  s i m i la r ,  s o  t h e  m a i n  c o n c e r n  i s  w h e t h e r  t h e  /? a s s u m p t i o n s  h e r e  a r e  

r e a s o n a b l e  i n  t h e  l i g h t  o f  o t h e r  p h y s i c a l  e v i d e n c e  f o r  S i  a n d  G e  c o m p a r e d  w i t h  

CaFgandUOa.
O n e  u s e f u l  q u a l i t a t i v e  g u i d e  o n  t h i s  p o i n t  i s  p r o v i d e d  b y  t h e  l i n e a r  e x p a n s i o n  

c o e f f ic ie n t s ,  %, o f  t h e s e  s y s t e m s ,  a n d  w e  c a n  i n v o k e  t h e s e  i n  t e r m s  o f  t h e  a n h a r m o n i c  

e f f e c t i v e  o n e - p a r t i c l e  p o t e n t i a l s  i n  t h e  f o l lo w in g  w a y :  t h e  a p p r o a c h  i s  a  n o v e l  o n e ,  

b u t  i t  g i v e s  r e s u l t s  s i m i la r  t o  t h o s e  p r o v i d e d  b y  s t a n d a r d  s i m p l e  t r e a t m e n t s  o f  

t h e r m a l  e x p a n s i o n  b a s e d  o n  v i b r a t i o n  i n  a  d i a t o m i c  m o l e c u l e  ( s e e  K i t t e l  ( i 960 ) 

a n d  F e r m i  ( 1966 ) ) .  I n  t h e  d i r e c t i o n s  ( 111> , t h e  s y m m e t r y  o f  t h e  l^ (r )  ( w e  c o n s id e r

o n l y  t h e  a n i o n s  i n  t h e  f l u o r i t e  s t r u c t u r e s )  g i v e s  t h e  r e s u l t

1 ^ (1 1 1 ) =  Fo,3- +  |(Z ^a;2+/9^a:3, ( 1 5 )

a n d  w e  a r e  i n t e r e s t e d  i n  ( x ) p  t h e  a v e r a g e  d i s p l a c e m e n t  o f  t h e  a t o m ,  a l o n g  e a c h  a x i s ,  

f r o m  i t s  e q u i l i b r iu m  p o s i t i o n  a s  a  f u n c t i o n  o f  t e m p e r a t u r e .  A t  h i g h  t e m p e r a t u r e s  

w h e r e  c l a s s i c a l  s t a t i s t i c a l  m e c h a n i c s  i s  v a l i d ,

r+ao I  /» +  oo
x e x p { - V j { l l l ) l k T } d x l  j  e x p { - V ^ { l l l ) l k T } d x .  ( 1 6 )  

F o r  s m a l l  d i s p l a c e m e n t s  w e  t h e n  h a v e ,  a p p r o x i m a t e l y ,

( 1 6 « )

a n d  t h e  a t o m s  m o v e  p r e f e r e n t i a l l y ,  i n  t h e  ( 111)  d i r e c t i o n s ,  t o w a r d s  t h e  ‘ h o l e s ’ 

i n  t h e  f l u o r i t e  a n d  d i a m o n d  s t r u c t u r e s :  t h e r e  a r e  f o u r  ‘ h o l e s ’ p e r  u n i t  c e l l  i n  t h e  

f o r m e r ,  e a c h  b o u n d e d  b y  e i g h t  a n i o n s  i n  c u b ic  c o o r d i n a t io n ,  a n d  e i g h t  p e r  u n i t  c e l l
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i n  t h e  l a t t e r ,  e a c h  o f  w h i c h  i s  s u r r o u n d e d  t e t r a h e d r a l l y  b y  a d j a c e n t  a t o m s .  I n  

b o t h  s t r u c t u r e s ,  t h e  e q u i l ib r iu m  d i s t a n c e  ( ^ ( 3 ) a / 4 ) b e t w e e n  ‘h o l e - c e n t r e ’ a n d  

n e i g h b o u r s  i s  t h u s  d i m i n i s h e d  b y  ^ ( 3 )  a n d ,  i f  w e  in t e r p r e t  t h i s  d i m i n u t i o n  

a s  f o r c i n g  a n  e q u i v a l e n t  e x p a n s i o n  o f  t h e  u n i t  c e l l ,  t h e n  t h e  l in e a r  e x p a n s i o n  c o 

e f f i c i e n t  c a n  b e  w r i t t e n  a s

X  =  ( 1 7 )

s o  t h a t  =  3a%<%/4&. ( 1 7 a )

U s i n g  t h e  % -d a ta  f o r  S i  a n d  G e  g i v e n  b y  S t r a u m a n i s  & A k a  ( 1 9 5 2 ) a n d  t h e  a  a n d  

a  p a r a m e t e r s  l i s t e d  e a r l ie r ,  ( 1 7 a )  p r e d ic t s  t h e  a v e r a g e  |/9[ / a  r a t i o  f o r  t h e s e  t w o  s t r u c 

t u r e s  a s  1 0 3  (0  0 5 )  A “ ^, w h e r e  t h e  f ig u r e  i n  b r a c k e t s  i s  t h e  d e p a r t u r e  o f  t h e  i n d i v i d u a l  

r a t i o s  f r o m  t h i s  m e a n .  T h e  a p p r o x i m a t e  n a t u r e  o f  ( 1 7  a )  i s  e v i d e n t  i n  t h e  f a c t  t h a t  

t h e  c o r r e s p o n d in g  r e s u l t  f o r  C a F g  a n d  U O g  i s  2 -5 8  (0 -3 4 )  A - \  s o  w e  u s e  i t  o n l y  t o  

c o m p a r e  i t s  p r e d i c t i o n s  f o r  t h e  t w o  s y s t e m s  o f  s u c h  d i f f e r e n t  c h a r a c t e r .  T h e  %- 

e v i d e n c e  u s e d  i n  t h e  f o r m  o f  (1 7  a )  t h u s  s u g g e s t s  a  r o u g h l y  t w o f o l d  d i f f e r e n c e  i n  

t h e  a n h a r m o n i c  f e a t u r e s  o f  t h e  t w o  s y s t e m s ,  w h i l e  ( 1 7 )  s h o w s  h o w  t h e  h a r m o n ic  

a s p e c t s  o f  ( 1 5 )  a r e  i n v o l v e d  i n  %. A n a lo g o u s  r e l a t i o n s  a n d  r e s u l t s  a r i s e  i n  t h e  c u s t o m 

a r y  ( d i a t o m i c  p o t e n t i a l )  in t e r p r e t a t i o n s  o f  e x p a n s io n  n o t e d  a b o v e , f  a n d  t h e r e  i s  

n o  c h a n g e  i n  t h e  q u a l i t a t i v e  c o n c lu s io n  t h a t  t h e  a d o p t i o n  h e r e  o f  t h e  ‘ f i u o r i t e - l i k e ’ 

b a s i s  i s  u n l i k e l y  t o  b e  i n  e r r o r  b y  m u c h  m o r e  t h a n  a  f a c t o r  o f  t w o .

D e t a i l e d  e v i d e n c e  o f  t h e  a c t u a l  | / ? | / a  r a t io s  i n  S i  a n d  G e  m u s t  a w a i t  e x p e r i m e n t a l  

s t u d i e s .  T h e  i m p o r t a n c e  o f  t h e s e  s y s t e m s  l i e s  i n  t h e i r  c o v a l e n t  c h a r a c t e r ,  a n d  t h e i r  

e x a m i n a t i o n  w i l l  p r o v i d e  a  v a l u a b l e  c o m p le m e n t  t o  t h e  a n h a r m o n ic  i n f o r m a t i o n  

a v a i l a b l e  i n  I I .
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t  Although the present approach to thermal expansion of cubic structures appears inapphc- 
able when all atoms have Vj(T) of 0^ rather than symmetry, this is not so. Then, however, 
it does imply that the anharmonic U(r) must be anisotropic, but this is quite consistent with 
Oft symmetry.
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( c )  - U N IT E D  K IN G D O M  A T O M IC  E N E R G Y  A U T H O R I T Y  - 1966 
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1 .  I n t r o d u c  t  i o n

A  m a j o r  l i m i t a t i o n  o f  n e u t r o n  d i f f r a c t i o n  a s  a p p l i e d  t o  t h e  d e t e r 

m i n a t i o n  o f  c r y s t a l  s t r u c t u r e s  i s  t h e  d i f f i c u l t y  o f  d e t e r m i n i n g  t h e  p h a s e s  

o f  t h e  n e u t r o n  r e f l e x i o n s .  N e a r l y  a l l  t h e  n e u t r o n  s t u d i e s  r e p o r t e d  s o  

f a r  h a v e  b e e n  r e s t r i c t e d  t o  c r y s t a l s  f o r  w h i c h  t h e  m a i n  f e a t u r e s  o f  t h e  

s t r u c t u r e  w e r e  a l r e a d y  k n o w n  f r o m  X - r a y  w o r k .  A f t e r  a p p l i c a t i o n  o f  

a p p r o x i m a t e  p h a s e s . ,  c a l c u l a t e d  f r o m  t h e  X - r a y  s t r u c t u r e ,  r e f i n e m e n t  o f  t h e  

n e u t r o n  s t r u c t u r e ,  i n c l u d i n g  t h e  l o c a t i o n  o f  l i g h t  a t o m s  s u c h  a s  h y d r o g e n ,  

w o u I d  f o i l o w .  •,

I n  t h i s  r e p o r t  w e  s h o w  t h a t  t h e  a n o m a l o u s  d i s p e r s i o n  m e t h o d  c o u l d  b e  

u s e d ,  i n  c e r t a i n  c a s e s ,  t o  d e t e r m i n e  t h e  p h a s e s  o f  t h e  n e u t r o n  r e f l e x i o n s  

a b  i n i t i o , w i t h o u t  h a v i n g  r e c o u r s e  t o  t h e  r e s u l t s  o f  a  p r i o r  X - r a y  

s t r u c t u r e  d e t e r m i n a t i o n .

T h e  t h e o r y  o f  t h e  a n o m a l o u s  d i s p e r s i o n  m e t h o d  i s  d e s c r i b e d  i n  t h e

f i r s t  p a r t  o f  t h i s  p a p e r ,  a n d  i n  t h e  s e c o n d  p a r t  t h e  t h e o r y  i s  a p p l i e d  t o

1 1 3  1 4 9
t h e  s o l u t i o n  o f  h y p o t h e t i c a l  s t r u c t u r e s  c o n t a i n i n g  e i t h e r  C d  o r  S m  

a s  a n o m a l o u s  s c a t t e r e r s  o f  s l o w  n e u t r o n s .

2 .  P h a s e  d e t e r m i n a t i o n  i n  X - r a y  d i f f r a c t i o n  b y  t h e  a n o m a l o u s  d i s p e r s i o n  
m e  t h o d

( 1 )
R a m a s e s h a n  h a s  r e v i e w e d  t h e  u s e  o f  a n o m a l o u s  d i s p e r s i o n  i n  X - r a y  

d i f f r a c t i o n .  We  s h a l l  d e s c r i b e  h e r e  t h e  p r i n c i p l e  o f  t h e  a n o m a l o u s  d i s 

p e r s i o n  m e t h o d  f o r  d e t e r m i n i n g  t h e  p h a s e  a n g l e s  o f  t h e  X - r a y  r e f l e x i o n s  . 

f r o m  n o n - c e n t r o s y m m e t r i c  c r y s t a l s .

T h e  a t o m i c  s c a t t e r i n g  f a c t o r  f o r  X - r a d  i a  t  i o n  c l o s e  t o  a n  a b s o r p t i o n  

e d g e  o f  t h e  s c a t t e r i n g  a t o m  c a n  b e  e x p r e s s e d  a s

f i= f ^  + A f  + i A f " ,  . . . ( 1 )

w h e r e  f ^  i s  t h e  n o r m a l  s c a t t e r i n g  f a c t o r  f o r  w a v e l e n g t h s  v e r y  f a r  f r o m  t h e  

a b s o r p t i o n  e d g e ,  a n d  A f '  a n d  A f "  a r e  t h e  r e a l  a n d  i m a g i n a r y  d i s p e r s i o n  

c o r r e c t i o n  t e r m s  a r i s i n g  f r o m  d i s p e r s i o n  e f f e c t s .  T h e  v a r i a t i o n  o f  A f '  

a n d  A f "  w i t h  w a v e l e n g t h  A i s  s h o w n  i n  f i g u r e  1 ; t h e  p r e c i s e  f o r m  o f  t h e s e  

c u r v e s  v a r i e s  w i t h  t h e  w a v e l e n g t h  A ^  o f  t h e  a b s o r p t i o n  e d g e  a n d  w i t h  t h e  

n a t u r e  o f  t h e  s c a t t e r i n g  a t o m ,  b u t  t h e  f i g u r e  i s  r o u g h l y  c o r r e c t  f o r  a n y  K

- 1 -



a b s o r p t i o n  e d g e .  T h u s  A f ,  t h e  r e a l  d i s p e r s i o n  c o m p o n e n t ,  i s  n e g a t i v e  f o r

X > A„ and i s  e i t h e r  n e g a t i v e  o r  o n l y  s l i g h t l y  p o s i t i v e  f o r  A < A^. The

i m a g i n a r y  c o m p o n e n t ,  A f " .  i s  p h a s e d  9 0 °  a h e a d  o f  t h e  r e a l  p a r t  o f  f  ( =  f ^

+  A f ' )  a n d  i s  p o s i t i v e  f o r  A < Aj^ a n d  z e r o  f o r  A > A ^ .  N e a r  a n  a b s o r p t  i o n

e d g e  ( A  = A ) t h e  m a g n i t u d e s  o f  A f  a n d  A f "  a r e  a b o u t  e q u a l ,  e a c h  c o n t r i b u i
K

i n g  a p p r o x i m a t e l y  t w e n t y  p e r  c e n t  t o  t h e  m a g n i t u d e  o f  t h e  t o t a l  s c a t t e r i n g

f a c t o r  f . We  s h a l l  s e e  l a t e r  t h a t ,  a l t h o u g h  n e u t r o n  a n o m a l o u s  s c a t t e r i n g

c a n  b e  e x p r e s s e d  b y  a n  e q u a t i o n  o f  t h e  s a m e  f o r m  a s  e q u a t i o n  ( 1 ) , t h e

r e l a t i v e  m a g n i t u d e s  o f  t h e  a n o m a l o u s  d i s p e r s i o n  c o e f f i c i e n t s  a r e  u s u a l l y

m u c h  l a r g e r  f o r  n e u t r o n  s c a t t e r i n g  c l o s e  t o  r e s o n a n c e .

L e t  u s  s u p p o s e  t h a t  t h e  a s y m m e t r i c  u n i t  o f  a  c r y s t a l  c o n t a i n s  o n e

a n o m a l o u s  s c a t t e r e r ,  a t o m  A ,  a n d  t h e  r e m a i n i n g  a t o m s ,  R ,  s c a t t e r  t h e

r a d i a t i o n  n o r m a l l y .  I f  A  a n d  R  a r e  a r r a n g e d  a c e n t r i c a l l y  i n  t h e  u n i t  c e l l

t h e  s t r u c t u r e  a m p l  i  t u d e  - p h a s e  d i a g r a m  f o r  t h e  h k l  r e f l e c t i o n ,  a n d  f o r  i t s

i n v e r s e  h k l ,  i s  a s  r e p r e s e n t e d  i n  f i g u r e  2 .  T h e  c o n t r i b u t i o n  o f  A  a l o n e

t o  i s  F ^  = F ^  ^  a n d  F ^  a r e  t h e  r e a l  a n d  i m a g i n a r y  p a r t s

o f  F ^ .  S i n c e  F ^  i s  p h a s e d  9 0 °  a h e a d  o f  F ^  t h e  i n t e n s i t i e s  o f  h k l  a h d  h k l ,

2 2
p r o p o r t i o n a l  t o  F ^ ^ ^  a n d  F ^ Iô T  ’ n o t  e q u a l  ( B i j v o e t  e f f e c t ) .

P r o v i d e d  t h e  p o s i t i o n  o f  t h e  s i n g l e  a t o m  A  i s  k n o w n ,  t h e  p h a s e  o f  h k l

I h iT T

F
~ h k l

( a n d  h k l )  c a n  b e  d e t e r m i n e d  b y  m e a s u r i n g  t h e  q u a n t i t i e s

e x p e r i m e n t a l l y .  T h e  p r i n c i p l e  o f  t h i s  p h a s e  d e t e r m i n a t i o n  i s  b e s t

^ a n d

i l l u s t r a t e d  b y  c o n s t r u c t i n g  t h e  s o - c a l l e d  M a r k e r  d i a g r a m .

T h e  b a s i c  e q u a t i o n  t o  b e  s o l v e d  i s  t h e  v e c t o r  r e l a t i o n s h i p

- h k l  ■ I h k T  =  ^  E ' l

w h e r e  a n d  t h e  m a g n i t u d e s  b u t  n o t  p h a s e s  o f  F , ,  ,  a n d  F r r T  a r e  k n o w n .
~ h k i  ~ h k l

T w o  c i r c l e s  a r e  d r a w n  ( f i g u r e  3 ) ,  o n e  w i t h  r a d i u s  F , ,  ,  a n d  w i t h  t h e  e n d -
~  h k  1

p o i n t  o f  t h e  v e c t o r  2 F ^  a s  c e n t r e ,  a n d  t h e  o t h e r  w i t h  r a d i u s  F j ^  a n d  w i t h  

t h e  s t a r t i n g - p o i n t  o f  2 F'j^ a s  c e n t r e .  T h e  p o i n t s  o f  i n t e r s e c t i o n  o f  t h e s e  

t w o  c i r c l e s  d e f i n e  t w o  p o s s i b l e  p h a s e s  f o r  h k l  ( a n d  h k l )  , a n d  o n e  o f  t h e  

t w o  p h a s e s  i s  t h e  c o r r e c t  o n e .  R a m a s e s h a n ^ ^ ^  h a s  d i s c u s s e d  p o s s i b l e  w a y s  

o f  r e s o l v i n g  t h i s  a m b i g u i t y :  o n e  w a y  i s  t o  m a k e  a  t h i r d  i n t e n s i t y  m e a s u r e

m e n t  w i t h  t h e  a n o m a l o u s l y  s c a t t e r i n g  a t o m  r e p l a c e d  b y  a  n o r m a l  a t o m .

- 2 “



We  c a n  d e r i v e  a n  a n a l y t i c a l  e x p r e s s i o n  f o r  t h e  p h a s e  a n g l e  o f  h k l  

u s i n g  f i g u r e  4 ,  w h i c h  i s  e q u i v a l e n t  t o  f i g u r e  2  w i t h  t h e  l o w e r  h a l f  

r e f l e c t e d  a c r o s s  t h e  O x  a x i s .  L e t  6  b e  t h e  a n g l e  b e t w e e n  t h e  v e c t o r s  

a n d  F " . T h e n

^ h k l
2

= O P ^ + p  II 2 + 2  O P .
^ a "

c o s  0

a n d . . . ( 2 )

%
2

= O P ^ + - a "  1 '
- 2 0 P .

^ a ”
c o s  0  ,

s o  t h a t

c o s  0 : | ^ h k l
2

^ h ï ü
2

A F ^

' 4 O P 4 F ' E II
A .  .  .  ( 3 )

T h e  n u m e r a t o r  i s  e q u a l  t o  t h e  d i f f e r e n c e  i n  t h e  a b s o l u t e  i n t e n s i t i e s  o f  t h e  

h k l  a n d  h k l  r e f l e x i o n s ,  a f t e r  c o r r e c t i n g  f o r  t h e  L o r e n t z - p o 1 a r i s a t i o n  

f a c t o r .  F ' i s  t h e  r e a l  p a r t  o f  t h e  s t r u c t u r e  a m p l i t u d e ,  r e p r e s e n t e d  b y

3 p .

W h e r e  a n o m a l o u s  s c a t t e r e r s  a r e  c e n t r o s y m m e  t r i c a l l y  r e l a t e d  t h e  t w o  

p o s s i b l e  v a l u e s  o f  t h e  p h a s e  a n g l e  a r e  g i v e n  b y

a .  = a .  + 9 0  ±  0 ,
I , Z , A

. . . ( 4 )

t h e .  a l t e r n a t i v e  s i g n s  o f  0  a r i s i n g  f r o m  t h e  c o s i n e  f o r m  o f  0  i n  e q u a t i o n

( 3 ) .  I f  t h e  p o s i t i o n  o f  t h e  a n o m a l o u s  s c a t t e r e r  A  i n  t h e  u n i t  c e l l  i s  

k n o w n ,  a .  c a n  b e  c a l c u l a t e d  a n d  t h e  p h a s e  d e t e r m i n e d  f r o m  ( 3 )  a n d  ( 4 ) .

3 .  A n o m a l o u s  s c a t t e r i n g  o f  n e u t r o n s  .

X - r a y  a n o m a l o u s  s c a t t e r i n g  i s  e l e c t r o n i c  i n  o r i g i n ,  w h e r e a s  t h e  

a n o m a l o u s  s c a t t e r i n g  o f  n e u t r o n s  i n v o l v e s  n u c l e a r  i n t e r a c t i o n s .  T h e  

s i n g l e - l e v e l  B r e i t - W i g n e r  d i s p e r s i o n  r e l a t i o n ^ ^ ^  g i v e s  t h e  n u c l e a r  

s c a t t e r i n g  a m p l i t u d e  i n  t h e  f o r m  . . .

b  = b ^  +  A b '  +  i A b " .

T h e  t e r m  b ^  i s  i n d e p e n d e n t  o f  t h e  e n e r g y  E  o f  t h e  i n c o m i n g  n e u t r o n  a n d  

r e p r e s e n t s  p o t e n t i a l  o r  h a r d - s p h e r e  s c a t t e r i n g .  T h e  r e m a i n i n g  t e r m s  A b ' ,
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A b "  a r e  t h e  d i s p e r s i o n  t e r m s ,  w h o s e  v a r i a t i o n  w i t h  e n e r g y  i s  v e r y  s m a l l

e x c e p t  i n  t h e  n e i g h b o u r h o o d  o f  a  r e s o n a n c e  ( i . e .  n e a r  E  = ^ q * w h e r e  E ^

i s  t h e  r e s o n a n c e  e n e r g y ,  o r  t h e  n e u t r o n  e n e r g y  r e q u i r e d  t o  e x c i t e  a  s i n g l e

l e v e l  o f  t h e  c o m p o u n d  n u c l e u s ) .  T h e  o n l y  e l e m e n t s  o f  i n t e r e s t  a r e  t h o s e

w i t h  r e s o n a n c e s  n e a r  t h e  t h e r m a l  e n e r g y  r e g i o n  a n d  a r e  l i s t e d  i n  T a b l e  I

( 2 )
( a f t e r  P e t e r s o n  & S m i t h  ) .  O f  t h e s e  e l e m e n t s , c a d m i u m  a n d  s a m a r i u m  o n l y  

w i l l  b e  d i s c u s s e d  b e l o w ,  a s  e x p e r i m e n t a l  d a t a  r e l a t i n g  t h e  v a r i a t i o n  o f  

A b ’ a n d  A b "  w i t h  w a v e  l e n g t h  a r e  l a c k i n g  f o r  e u r o p i u m  a n d  g a d o l i n i u m .

T h e  d i s p e r s i o n  c u r v e s  f o r  C d ^ ^ ^  a n d  Sm^ a r e  s h o w n  i n  f i g u r e s  5 a n d

6 .  A b ’ , t h e  r e a l  c o m p o n e n t ,  i s  g r e a t e s t  a t  a n d  i t  i s  p o s i t i v e  o n

t h e  l o w  w a v e l e n g t h  s i d e  o f  r e s o n a n c e ,  g o e s  t h r o u g h  z e r o  a t  r e s o n a n c e  a n d  

i s  n e g a t i v e  a t  h i g h  w a v e l e n g t h s .  T h e  i m a g i n a r y  c o m p o n e n t  A b "  i s  a l w a y s  

p o s i t i v e  a n d  i s  g r e a t e s t  a t  r e s o n a n c e .

T a b l e  I

R e s o n a n c e  w a v e l e n g t h s  a n d  A b "  v a l u e s  f o r  v a r i o u s  e l e m e n t s

e 1 e m e n t
w a v e l e n g t h  a t  

r e s o n a n c e
A b "  a t  r e s o n a n c e

n a t u r a l 0 . 6 8  Â 0 . 5 8  X  1 0 " ^ ^  c m .  
4 . 7 0

n a t u r a l
0 . 9 2 0 . 8 8

6 . 3 0

n a  t u r a 1
S ' » ' ~ 0 , 6 1 . 3 1  

2 . 7 4

n a t u r a l
S ' » ’

- 1 . 8 1 . 2 6
6 ,  6 o

T h e r e  a r e  a  n u m b e r  o f  i m p o r t a n t  d i f f e r e n c e s  b e t w e e n  t h e  X - r a y  

d i s p e r s i o n  c u r v e s ,  f i g u r e  1 ,  a n d  t h e  n e u t r o n  d i s p e r s i o n  c u r v e s ,  f i g u r e  5 

a n d  6 .  W h e r e a s  w i t h  X - r a y s ,  t h e  r a t i o s  A f ' / f ^  a n d  A f " / f ^  n e v e r  e x c e e d  

- 0 . 2 0  a n d  0 . 3 2  a t  s i n  6 / A  =  0 ( a l t h o u g h  t h e  c o n t r i b u t i o n  o f  a n o m a l o u s  

s c a t t e r i n g  g r a d u a l l y  i n c r e a s e s  a s  a  f u n c t i o n  o f  0 ) ,  t h e  r a t i o s  A b ' / b
o

a n d  A b " / b ^  f o r  n e u t r o n s  c a n  b e  a t  l e a s t  t w e n t y  t i m e s  g r e a t e r .  F o r  e x a m p l e  

C d ^   ̂ ^ s h o w s  v a l u e s  o f  A b ' / b ^  e q u a l  t o  2 . 8  a t  A = 0 . 5 5  Â  a n d  - 3 , 3  a t  . 0 . 8 0  Â ,  

a n d  A b " / b ^  i s  7 . 6  a t  r e s o n a n c e  ( A  = 0 . 6 8  A ) .  T h e  m u c h  l a r g e r  a n o m a l o u s  

s c a t t e r i n g  e f f e c t  w i t h  n e u t r o n s  l e a d s  t o  t h e  p o s s i b i l i t y  o f  d e t e r m i n i n g

- 4 -



c r y s t a l  s t r u c t u r e s  o f  l a r g e  m o l e c u l e s  b y  t h e  n e u t r o n  a n o m a l o u s  d i s p e r s i o n

( 3 )
m e t h o d .  T h i s  p a r t i c u l a r  f a c t  w a s  f i r s t  p o i n t e d  o u t  b y  o n e  o f  u s  i n  

1 9 6 4  a  1 t h o u g h  P e  t e r  s o n  a n d  S m i t h ^ . ^ ^  m a d e  i t  c l e a r  t h a t  a n o m a l o u s  n e u t r o n  

s c a t t e r i n g  e f f e c t s  c o u l d  r e a d i l y  b e  a p p l i e d  t o  s o l v i n g  p r o b l e m s  o f  s t r u c t u r e  

a n d  o f  a b s o l u t e  c o n f i g u r a t i o n .

N o t e  t h a t  A b ’ / b ^  c a n  b e  b o t h  s t r o n g l y  n e g a t i v e  a n d  p o s i t i v e  w i t h  

n e u t r o n s ,  b u t  n o t  w i t h  X - r h y s ,  T h i s  c h a r a c t e r i s t i c  o f  n e u t r o n s  i s  i m p o r t 

a n t  i n  r e s o l v i n g  t h e  p h a s e  a m b i g u i t y  i n  e q u a t i o n  ( 4 ) .

4 .  P h a s e  d e t e r m i n a t i o n  b y  n e u t r o n  a n o m a l o u s  d i s p e r s i o n

E x a c t l y  t h e  s a m e  t h e o r y  a s  t h a t  d e s c r i b e d  i n  s e c t i o n  2  a p p l i e s  t o  

p h a s e  d e t e r m i n a t i o n  b y  n e u t r o n  a n o m a l o u s  d i s p e r s i o n .  I t  i s  o n l y  n e c e s s a r y  

t o  r e p l a c e  t h e  X - r a y  s c a t t e r i n g  f a c t o r s  f  b y  t h e  n e u t r o n  s c a t t e r i n g  

a m p l i  t u d e s  b ,

T h e  M a r k e r  d i a g r a m  c o r r e s p o n d i n g  t o  f i g u r e  3 i s  d r a w n  i n  f i g u r e  7  

f o r  t h e  t h r e e  n e u t r o n  w a v e l e n g t h s  A = A ^  , A^ a n d  A ^ . A ^  i s  t h e  r e s o n a n c e  

w a v e l e n g t h  a n d  A^ ,  A ^  a r e  t h e  m a x i m u m  a n d  m i n i m u m  p o s i t i o n s  o f  t h e  r e a l '

p a r t  o f  t h e  d i s p e r s i o n  c u r v e .  T h e  p r o p o r t i o n a l  c h a n g e  A I / I  i n  t h e

i n t e n s i t i e s  o f  h k l  a n d  h k l  i s  u s u a l l y  g r e a t e s t  f o r  A = A ^ ,  b u t  t h e  

r e s o l u t i o n  o f  t h e  p h a s e  a m b i g u i t y  i s  a c c o m p l i s h e d  m o s t  r e a d i l y  b y  w o r k i n g  

a t  t h e  t w o  w a v e l e n g t h s  A  ̂ , A ^  o n  e i t h e r  s i d e  o f  r e s o n a n c e .  A l l  s i x

c i r c l e s  i n  f i g u r e  7 ,  c o r r e s p o n d i n g  t o  t h e  m e a s u r e d  v a l u e s  o f  |  a n d

I ^ h k T I  ^ ^  t h e  t h r e e  d i f f e r e n t  w a v e l e n g t h s ,  p i a s s  t h r o u g h  t h e  s i n g l e  p o i n t  

0 ;  c l e a r l y ,  o n l y  t h r e e  c i r c l e s  a r e  r e q u i r e d  t o  l o c a t e  0  a n d  t o  r e s o l v e  

t h e  p h a s e  a m b i g u i t y .

We  h a v e  a s s u m e d ,  o f  c o u r s e ,  t h a t  t h e  p o s i t i o n  o f  t h e  a n o m a l o u s

s c a t t e r i n g  a t o m  A  i n  t h e  u n i t  c e l l  i s  k n o w n .  T h i s  p o i n t  i s  d i s c u s s e d  v e r y

( 4 )
c l e a r l y  b y  R a m a s e s h a n  ,  w h o  d e s c r i b e s  t w o  m e t h o d s  f o r  l o c a t i n g  A .  I n  

t h e  f i r s t  m e t h o d ,  a  w a v e l e n g t h  i s  u s e d  f o r  w h i c h  t h e  r e a l  p a r t  o f  t h e  

s c a t t e r i n g  f a c t o r  o f  A  i s  f i v e  t o  t e n  t i m e s  t h e  s c a t t e r i n g  f a c t o r  o f  t h e  

r e m a i n i n g  a t o m s .  A  i s  t h e n  e f f e c t i v e l y  a  ’ h e a v y ’ a t o m  a n d  i t  c a n  b e  

r e a d i l y  l o c a t e d  b y  a  P a t t e r s o n  s y n t h e s i s .  T h e  s e c o n d  m e t h o d  r e q u i r e s  t h e  

c o m b i n a t i o n  o f  i n t e n s i t y  m e a s u r e m e n t s  o n  e i t h e r  s i d e  o f  t h e  r e s o n a n c e  

w a v e  1 e n g  t h .
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1 1 3  o
5 .  A n o m a l o u s  d i s p e r s i o n  m e t h o d  u s i n g  C d  a t  A = 1 , OA

W i t h  c o n v e n t i o n a l  n e u t r o n  d i f f r a c t i o n  a p p a r a t u s ,  u s i n g  a  c r y s  t a  1 -

m o n o c h r o m a t i z e d  b e a m ,  t h e  u s e f u l  w a v e l e n g t h  r a n g e  i s  0 . 7 5  t o  1 . 8  A .  T h e

r a n g e ,  c a n  b e  e x t e n d e d  b e  l o w  0 . 7 5  A  b y  u s i n g  a  h o t  s o u r c e  o f  n e u t r o n s ,  a n d

t h e  u p p e r  l i m i t  o f  1 . 8  Â  c a n  b e  e x t e n d e d  w i t h  m e c h a n i c a l  v e l o c i t y  s e l e c t o r s

( w h i c h  e l i m i n a t e  h i g h e r - o r d e r  c o n t a m i n a t i o n  o f  t h e  m o n o c h r o m a t i c  b e a m ) .

T h e  r a n g e  0 . 7 5  -  1 . 8  Â  c o n s i d e r e d  i n  t h i s  r e p o r t  l i e s  o u t s i d e  t h e  r e s o n a n c e  

1 1 3  1 4 9
w a v e l e n g t h  o f  C d  b u t  i n c l u d e s  t h e  r e s o n a n c e  w a v e l e n g t h  o f  S m

: a s u r e d  a t  a l l  t h r e e  w a v e l e n g t h s  A =  A ^  ,  A^ a n d  A ^ ,  a p p l i e s  o n l y  i n  t h e  

1 4 9

U n f o r t u n a t e l y ,  t h e  i d e a l  s i t u a t i o n  d e p i c t e d  i n  f i g u r e  7 ,  i n  w h i c h  A I / I  i s  

m e ;

c a s e  o f  S m '

( a )  A I / I .  a n d  u p p e r  l i m i t  o n  c e l l  s i z e

A t  1 . 0  A  t h e  a n o m a l o u s  s c a t t e r i n g  a m p l i t u d e s  a r e

Ab -  1 . 9 x 1 0
- 2

c m ,

a n d A b "  = 1 . 2 x 1 0
-2

c m .  ,

,12
g i v i n g  t h e  r a t i o s  ( b ^  = 0 . 6 2  x  1 0  c m )  :

Ab'
b = - 3 . 1 , Ab'

1 . 9 . . . ( 5 )

S u p p o s e  w e  h a v e  a  u n i t  c e l l  c o n t a i n i n g  o n e  a n o m a l o u s l y  s c a t t e r i n g  a t o m  ( A )  

a n d  N  n o r m a l  a t o m s .  T h e  s y m m e t r y  o f  t h e  c e l l  i s  P I .  We  s h a l l  a t t e m p t  t o  

a n s w e r  t h e  q u e s t i o n :  w h a t  v a l u e  o f  N  c o r r e s p o n d s  t o  a n  a v e r a g e  A I / I  v a l u e

o f  1 0  p e r  c e n t ?  1 0  p e r  c e n t  i s  c h o s e n  a s  t h e  m i n i m u m  v a l u e  o f  A I / I  w h i c h  

c a n  b e  m e a s u r e d  c o n v e n i e n t l y :  t h i s  c r i t e r i o n  s e t s  a n  u p p e r  l i m i t  o n  t h e

v a l u e  o f  N .

F r o m  e q u a t i o n  ( 3 )  I F
h k l

2
^ h k l l i e s  b e t w e e n  z e r o  a n d

F^ki j F ^ "  , . d e p e n d e n t  o n  t h e  v a l u e  o f  0 .  T h e  a v e r a g e  v a l u e  o f  

2
h k l h k l

o r

l ^ h k l  1
2

f 8

f '
h k l

2 "  %
< k l

• . . ( 6 )
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T h e  l e f t - h a n d  s i d e  o f  ( 6 ) i s  e f f e c t i v e l y  A I / I ,  a n d  p u t t i n g  A I / I  =

1
T o  ë ^ v e s

••/ a "   ̂ 1

N o w  t h e  m e a n  v a l u e  o f  f o r  N  r a n d o m l y  d i s t r i b u t e d  a t o m s  ( N >  > 1 )

o f  s c a t t e r i n g  a m p l i  t u d e  b  ' i s  v T T  b  ' , b  ' i s  e q u a 1 t o  0 . 3 8 ,  0 . 6 6  a n d
o  o  o

0 , 5 8  X  1 0   ̂ ^ c m .  f o r  h y d r o g e n ,  c a r b o n ,  o x y g e n  r e s p e c t i v e l y ;  w e  w i l l  a s s u m e  

a n  a v e r a g e  b  ’ v a l u e  o f  0 . 5 5 .  S u b s t i t u t i n g  i n  e q u a t i o n  ( 7 ) :

F A "

0 . 5 5  / N  2 5 . 5

B u t  A b "  = 1 . 2  a t  1 . o A  ( F ^ " )

h e n c e  / T T  = 5 6

N
o r  m a x  = 3 . 0 0 0  a t o m s »

We  c a n  c h e c k  t h a t  t h e  r e a s o n i n g  a b o v e  i s  a p p r o x i m a t e l y  c o r r e c t  b y  

r e f e r r i n g  t o  t h e  w o r k  o f  D a l e  a n d  P e  t e r s o n ^  ^  ̂ o n  t h e  d e t e r m i n a t i o n  o f  t h e

s t r u c t u r e  o f  c a d m i u m  b r o m a t e  d i h y d r a t e  b y  t h e  a n o m a l o u s  n e u t r o n  s c a t t e r i n g

m e t h o d .  A b "  f o r  c a d m i u m  a t  1 . 4 4 A ,  t h e  w a v e l e n g t h  u s e d  i n  t h e  e x p e r i m e n t ,  

i s  0 . 0 8 3  X 1 0   ̂ ^ c m .  T h e  m o l e c u l e  c o n t a i n s  o n e  c a d m i u m  a t o m ,  t w o  b r o m i n e s ,  

e  i  g h  t . o x y g e n s  a n d  f o u r  h y d r o g e n s .  T h u s  N  = 1 5 ,  t h e  a v e r a g e  v a l u e  o f  b ^ ' i s  

0 . 5  3  X  1 0   ̂ ^ c m .  , a n d

o

a v e r a g e =  / I T  X  0 . 5 3  X  1 0 " ^ ^

S u b s t i t u t i n g  i n  e q u a t i o n  ( 6 ) ;  .

A I  8 A b "  8 X  0 . 0 8 3

 ̂ ^ % X  /I T  X  0 . 5 3
= 0 . 1 0 4 .

T h i s  e s t i m a t e d  v a l u e  o f  1 0 . 4 ^  c o m p a r e s  v e r y  w e l l  w i t h  t h e  e x p e r i m e n t 

a l l y  d e t e r m i n e d  v a l u e .  F o r  e x a m p l e ,  o f  t h e  5 4  s t r o n g e s t  i n t e n s i t i e s  

o b s e r v e d  i n  t h e  [ 2 k l ]  z o n e  ( o r  t h o r h o m b  i  c  c e l l ,  P 2  ^ 2 ^ 2 ^ )  2 8  s h o w  a  A I / I  

r a t i o  g r e a t e r  t h a n  a n d  2 6  l e s s  t h a n  1 0 . 4 % .

( b ) A b s o r p t i o n ,  a n d  l o w e r  l i m i t  o n  c e l l  s i z e

T h e  r e s o n a n c e  s c a t t e r i n g  p r o c e s s  i s  a c c o m p a n i e d  b y  r e s o n a n c e  a b s o r p t i o n
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a n d  t h i s  a b s o r p t i o n  s e t s  a  l o w e r  l i m i t  o n  c e l l  s i z e  ( i . e .  a n  u p p e r  l i m i t  

o n  t h e  d e n s i t y  o f  a n o m a l o u s  s c a t t e r i n g  c e n t r e s ) .  T h e  i n c i d e n t  b e a m  f l u x  

i s  v e r y  l o w  i n  n e u t r o n  d i f f r a c t i o n  a n d  t h e  l i n e a r  a b s o r p t i o n  c o e f f i c i e n t  

p  m u s t  n o t  b e  s o  h i g h  t h a t  a b s o r p t i o n  a p p r e c i a b l y  r e d u c e s  t h e  o v e r a l l  

s c a t t e r i n g  a m p l i t u d e  o f  t h e  h k l  r e f l e x i o n .  U s i n g  a  s p h e r i c a l  c r y s t a l  o f  

r a d i u s  R ,  a n d  a s s u m i n g  a  m a x i m u m  p e r m i s s i b l e  i n t e n s i t y  r e d u c t i o n  o f  t w o 

f o l d  b y  a b s o r p t i o n ,  w e  h a v e

P R 0 . 5  o r  p  = 5  c m .
- 1 . . . ( 8 )

f o r  a  c r y s t a l  o f  1 m m .  r a d i u s .

T a b l e  I I  l i s t s  t h e  a t o m i c  a b s o r p t i o n  c r o s s - s e c t i o n s  f o r  a  c r y s t a l  

c o n t a i n i n g  o n e  a t o m  o f  C d ^ ^ ^ ,  % N  h y d r o g e n  a n d  % N  n o n - h y d r o g e n  a t o m s *  

T h e  n e t  v a l u e  o f  p  i s  e q u a l  t o  2 N ^  0  s u m m e d  o v e r  a l l  t h e  a t o m s ,  w h e r e  

i s  t h e  n u m b e r  o f  e a c h  k i n d  o f  a t o m  1 c c .

T h u s  f r o m  T a b l e  I I

p = ^ x  2 . 3 x 1 0 ^  + 2 . 1

a n d  e q u a t i n g  t h i s  t o  5  c m .  ̂ f r o m  e q u a t i o n  ( 8 ) g i v e s

^  X  2 . 3  x l O ^ =  2 . 9
N  . 

o r  m i n  = 8 0 0  a t o m s .

. . . ( 9 )

T a b l e  I I

A t o m i c  a b s o r p t i o n  c r o s s  s e c t i o n s  ( a t  1 A )

a  t o m a b s o r p t i o n  
c r o s s - s e c t i o n ,  C

n u m b e r  o f  
a  t o m s / c c . ,

N o

N  0  
o

C d " 2
2 . 3  X  1 0 " ^ °  c m ?

1 _ _ ' ^ 3  - 1
^  X  2 . 3  X  1 0  c m .

h y d r o g e n 4 0  X  1 0 " ^ ^ 5 . 1 0 ^ ^ 2 . 0

( d e u  t e r  i u m ) 6  X

n o n - h y d r o g e n  
( c a r b o n ,  o x y g e n ,  
n i  t r o g e n . . . )

~  2  X  1 0 " ^ ^ 5 . 1 0 ^ ^ 0 . 1

* W e 2  3
a s s u m e  a p p r o x i m a t e l y  10  a t o m s  o f  a l l  k i n d s  p e r  c c .



I f  h a l f  t h e  h y d r o g e n  i n  t h e  c r y s t a l  i s  r e p l a c e d  b y  d e u t e r i u m ,  t h e

a b s o r p t i o n  c r o s a  -  s e c  t  i  o n  f o r  h y d r o g e n  d r o p s  f r o m  4 0  b a r n s / a t o m  t o  2 3  b a r n s /

a t o m  a n d  t h e  s e c o n d  t e r m ^  o f  ’' e q u a t i o n »  ( 9 )  i s  r e d u c e d  t o  1 . 2 5 ,  I n  t h i s  c a s e  •

t h e  m i n i m u m  v a l u e  o f  N  i s  a b o u t  6 0 0  a t o m s .

T h e  c o n c l u s i o n  f r o m  s e c t i o n s  S-  ( a ) -  a n d  5 ( b )  i s  t h a t  f o r  a  1 m m .

r a d i u s  c r y s t a l  t h e ,  o p t i m u m  v a l u e ' o f  N  i s  a r o u n d  1 , 5 0 0  a t o m s ;  h i g h e r  v a l u e -

o f  N  g i v e  A I / I  v a l u e s  w h i c h  a r e  v e r y  d i f f i c u l t  t o  o b s e r v e ,  a n d  l o w e r  v a l u e s

o f  N  g i v e  I v a l u e s  w h i c h  a r e  r e d u c e d  t o o  m u c h  b y  a b s o r p t i o n ,

( c ) S t a t i s t i c s  o f  c o u n t i n g .  T i m e  t o  m e a s u r e  A I / I  f o r  e a c h  r e f l e x i o n

T h e  s t a t i s t i c s  o f  c o u n t i n g  i s  m u c h  m o r e  f a v o u r a b l e  i f  t h e  c r y s t a l  i s

d e u t e r a t e d .  ' A b s o r p t i o n *  o f  . . t h e  b e a m  b y  h y d r o g e n  i s  n o t  t r u e  a b s o r p t i o n ,

i . e .  n e u t r o n  c a p t u r e  b y  a n  n - Y  p r o c e s s  : t h e  ' a b s o r p t i o n *  a r i s e s  f r o m

i s o t r o p i c  i n c o h e r e n t  s c a t t e r i n g .  E a c h  B r a g g  r e f l e x i o n  i s  o b s e r v e d  o n  a

b a c k g r o u n d  o f  t h i s  i n c o h e r e n t  » s e a  t  t e r  i h g , w h  i c h  w i l l  b e  m u c h  l a r g e r  t h a n

t h e  c o h e r e n t  B r a g g  s c a t t e r i h g  ' f o r  l a r g é  m o l e c u l e s . T h u s  t h e  a v e r a g e

s  i  g n a l -  t o - b a c k g r o u n d  r a t i o  f o r  r e f l e x i o n s  f r o m  a  v i t a m i n  B ^ ^  m o n o a c i d

c r y s t a l ^ ,  o b s e r v e d  a t  a  f l u x  o f  2 . 7  x 1 0 ^  n e u t r o n s  c m . ^ s e c . ^  i n  t h e

0 r a n g e  0 - 3 0 °  w a s  1 . 4 : 1  ; • t h e . b a c k g r o u n d  c o u n t  ( i n c o h e r e n t  s c a t t e r i n g )  w a s

4 0 0  c o u n t s  p e r  m i n u t e  a n d  t h e  a v e r a g e  c o h e r e n t  i n t e n s i  t y  w a s  1 5 0  c o u n t s  p e r

m i n u t e .  N o w  f o r  t h i s  c r y s t a l  N  — 4 0 0 ,  a n d  i f  N  i s  i n c r e a s e d  f r o m  2 0 0  t o

2 , 0 0 0  t h e  b a c k g r o u n d  c o u n t  r a t e  f o r  t h e  s a m e  s i z e  o f  c r y s t a l  r e m a i n s

1
4 0 0  c . p . m .  w h e r e a s  t h e  c o h e r e n t  c o u n t  r a t e  i s  x  1 5 0  = 3 0  c . p . m .  W i t h  

s u c h  p o o r  s i g n a  1 - t o - n o i s e  r a t i o s  t h e  s t a t i s t i c s  o f  c o u n t i n g  i s  e x t r e m e l y  

u n f a v o u r a b l e  : h e n c e  t h e  n e e d  t o  d e u t e r a t e  t h e  s a m p l e ,  i f  a t  a l l  p o s s i b l e .

T o  e s t  i m a t e  t h e  t  i m e  t o  m e a s u r e  A I / I  w e  s h a l l  a s s u m e  a  f i f t y  p e r  c e n t  

d e u t e r a t e d  s a m p l e  w i t h  a  b a c k g r o u n d  c o u n t  r a t e  o f  2 0 0  c . p . m .  We  r e q u i r e  

t o  m e a s u r e  A I / I  v a l u e s  o f  a r o u n d  1 0  p e r  c e n t ,  a n d  s o  t h e  c o u n t i n g  s t a t i s t i c s  

m u s t  b e  g o o d  e n o u g h  t o  g i v e  I a c c u r a t e  t o  b e t t e r  t h a n  1 0  p e r  c e n t  -  s a y ,  

f i v e  p e r  c e n t .  , '

I n  o r d e r  t o  r e s o l v e  a d j a c e n t  B r a g g  r e f l e x i o n s ,  i t  i s  n e c e s s a r y  t o  

t i g h t e n  t h e  c o l l i m a t i o n  o f  t h e  n e u t r o n  b e a m  a s  t h e  v a l u e  o f  N  r i s e s .  I f  

t h e  l o n g e s t  c e l l  e d g e  i s  d o u b l e d  b e t w e e n  N  = 4 0 0  ( v i t a m i n  B   ̂ ^ ) a n d  N  =  2 0 0 0  

t h e  c o l l i m a t i o n  a n g l e  m u s t  b e  r e d u c e d  a c c o r d i n g l y .  T h i s  w i l l  c a u s e  a  d r o p
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o f  a b o u t  2  i n  t h e  n e u t r o n  f l u x  b u t  i s  p a r t l y  c o m p e n s a t e d  f o r  b y  i m p r o v e d  

r e s o l u t i o n  o f  t h e  p e a k s .  W e  c a n  s a y ,  t h e r e f o r e ,  t h a t  I  i s  a b o u t  2 0  c . p . m .  

f o r  a  m o l e c u l e  e x a m i n e d  u n d e r  t h e  s a m e  c o n d i t i o n s  ( r e g a r d i n g  r e s o l u t i o n  

a n d  p r i m a r y  n e u t r o n  i n t e n s i t y )  a s  i n  t h e  c a s e  o f  v i t a m i n  ^  ^  t o t a l  o f

4 ,0 0 0  c o u n t s  m u s t  b e  a c c u m u l a t e d  o n  t h e  p e a k  t o  o b t a i n  a  s t a t i s t i c a l  

u n c e r t a i n t y  n o t  e x c e e d i n g  5 % .  T h e  t o t a l  c o u n t i n g  t i m e  r e q u i r e d  p e r  

r e f l e x i o n  i s  4 0 0 0 / 2 0  m i n u t e s  o r  a b o u t  S j  h o u r s .  T h i s  c o u n t i n g  t i m e  i s  

f a i r l y  r e a s o n a b l e ,  a n d  i n  f a c t  i s  a b o u t  s i x  t i m e s  t h a t  a d o p t e d  i n  t h e  ^  

w o r k .  T h i s  a s s u m e s  t h a t  p e a k  c o u n t  r a t e s ,  a n d  n o t  i n t e g r a t e d  i n t e n s i t i e s ,  

a r e  u s e d  t o  d e t e r m i n e  A I / I .

6 ,  A n o m a l o u s  d i s p e r s i o n  m e t h o d  u s i n e  S m ^ ^ ^  a t  A  =  0 . 9 2  A  ( r e s o n a n c e )

1 1 3
T h e  s i t u a t i o n  h e r e  i s  m o r e  f a v o u r a b l e  t h a n  f o r  C d  ,  a s  w e  c a n  

m e a s u r e  A I / I  c l o s e  t o  r e s o n a n c e .  W e  s k e t c h  b e l o w  t h e  r e s u l t s  o f  c a l c u 

l a t i o n s  o f  t h e  s a m e  t y p e  a s  t h o s e  g i v e n  i n  s e c t i o n  5 ,  a n d  a l s o  d i s c u s s  

t h e  p o s s i b i l i t y  o f  r e s o l v i n g  t h e  p h a s e  a m b i g u i t y  b y  m e a s u r i n g  A I / I  a t  t w o  

w a v e l e n g t h s ,  A  =  A ^  ( 0 . 9 2  A )  a n d  A  =  A ^  ( 1 . 1 2  Â ) .

( a )  A I / I ,  a n d  u p p e r  l i m i t  o n  c e l l  s i z e

F o r  N  r a n d o m l y  d i s t r i b u t e d  a t o m s  ( h y d r o g e n ,  c a r b o n  . . . )  t h e  m e a n  

v a l u e  o f  i s  / N  x  0 . 5 5  x  1 0  ^  ^ c m .  ,  a n d  s o

AI 8 Ab" 8 6 . 6
 =  r  X  ----------

h k l  / N  X  0 . 5 5

I  “ 7L * F ’ ,  * • . . . ( 1 0 )

C h o o s i n g  A I / I  =  1 0 % ,  a s  b e f o r e ,  e q u a t i o n  ( 1 0 )  g i v e s

N  =  9 0 , 0 0 0  a t o m s ,
m a x

T h u s  t h e  a n o m a l o u s  d i s p e r s i o n  e f f e c t  i s  s o  s t r o n g  t h a t  t h e r e  i s

v i r t u a l l y  n o  u p p e r  l i m i t  t o  t h e  s i z e  o f  c e l l  w h i c h  c a n  b e  e x a m i n e d .  F o r

a  c e l l  c o n t a i n i n g  4 , 0 0 0  a t o m s  t h e  e x p e c t e d  a v e r a g e  v a l u e  o f  A I / I  i s  5 0 % .

( b )  A b s o r p t i o n ,  a n d  l o w e r  l i m i t  o n  c e l l  s i z e

T h e  a t o m i c  a b s o r p t i o n  c r o s s - s e c t i o n  o f  a t  r e s o n a n c e  i s  1 1 . 4  x

1 0  ^ ^ c m ^ .  T h i s  g i v e s  ( o f  e q u a t i o n  ( 9 ) )

H  X  1 1  . 4  X  1 0 ^  +  2 , 1

a n d  =  4 , 0 0 0  f o r  a n  u n d e u t e r a t e d  s a m p l e .
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F o r  N  l e s s  t h a n  t h i s ,  t h e  r e d u c t i o n  i n  i n t e n s i t y  b y  a b s o r p t i o n  i s  g r e a t e r  

t h a n  t w o - f o l d  a n d  i s  u n a c c e p t a b l e .  I f  t h e  s a m p l e  i s  h a l f  d e u t e r a t e d  N
m i n

f a l l s  t o  3 , 0 0 0  a t o m s ,  - ,

We  c o n c l u d e  f r o m  s e c t i o n s  6  ( a )  a n d  6  ( b )  t h a t  t h e  p e r m i s s i b l e  r a n g e  

o f  N  i s  r o u g h l y  3 , 0 0 0 - 9 0 , 0 0 0  a t o m s .  T h e  a b u n d a n c e  o f  t h e  r e s o n a n t  i s o t o p e

1 4 9
S m  i s  1 4 % ,  a n d  w e  w o u l d  e x p e c t  t o  l o w e r  t h e  v a l u e  o f  i n  t h e  s a m e

p r o p o r t i o n  b y  u s i n g  n a t u r a l  s a m a r i u m .

( c ) S t a t i s t i c s  o f  c o u n t i n g .  T i m e  t o  m e a s u r e  A I / I  f o r  e a c h  r e f l e x i o n

1 1 3
T h e  s i t u a t i o n  i s  m o r e  f a v o u r a b l e  t h a n  f o r  C d  ,  b e c a u s e  t h e  a n o m a l o u s  

d i s p e r s i o n  e f f e c t  i s  s t r o n g e r .  T h u s  f o r  a  5 0 %  d e u t e r a t e d  c r y s t a l  c o n t a i n i n g

1 1 3
2 , 0 0 0  a t o m s  p e r  u n i t  c e l l ,  p l u s  o n e  a t o m  o f  C d  ,  a  c o u n t i n g  t i m e  o n  t h e

p e a k  o f  3 }  h o u r s  p e r  r e f l e x i o n  i s  n e c e s s a r y  t o  m e a s u r e  I t o  a n  u n c e r t a i n t y

. 1 4 9
n o t  e x c e e d i n g  5 % .  F o r  t h e  s a m e  c r y s t a l ,  c o n t a i n i n g  S m  r a t h e r  t h a n  

1 1 3
C d  ,  A I / I  i s  c o n s i d e r a b l y  l a r g e r , a n d  s o  I  n e e d  o n l y  b e  m e a s u r e d  t o  m u c h  

l o w e r  p r e c i s i o n ,

{ d ) R e s o l u t i o n  o f  p h a s e  a m b i g u i t y  u s i n g  A = 0 . 9 2  A  a n d  1 . 1 2  A

T h i s  c a n  b e  d o n e  b y  c o m b i n i n g  m e a s u r e m e n t s  o f  A I / I  a t  t w o  d i f f e r e n t

w a v e l e n g t h s ,  A = A ^  a n d  A =  A ^ .  T h e  a m p l i  t u d e - p h a s e  ( M a r k e r )  d i a g r a m  i s  

d r a w n  i n  f i g u r e  8  f o r  t h e  w o r s t  p o s s i b l e  c a s e ,  w h e r e  t h e  a m b i g u i t y  i n  

p h a s e  i s  s u c h  t h a t  t h e r e  i s  a  m a x i m u m  d i f f e r e n c e  o f  1 8 0 °  b e t w e e n  t h e  t w o  

p o s s i b l e  p h a s e  s o l u t i o n s .  T o  r e s o l v e  t h e  a m b i g u i t y  t h e  r a t i o  P Q / O P  s h o u l d  

n o t  e x c e e d  t h e  u n c e r t a i n t y  i n  d e t e r m i n i n g  t h e  r a d i i  o f  t h e  v a r i o u s  c i r c l e s .  

T h u s  f o r  a  5% u n c e r t a i n t y  i n  m e a s u r i n g  I , o r  a  2 . 5 %  u n c e r t a i n t y  i n  F ,

^  < 0 . 0 2 5  . . . ( 1 1 )

W i t h  A b '  = 0  f o r  A = A ^  a n d  - 3 . 3  x  1 0   ̂ ^ c m .  f o r  A = .  A ^ ,  s c

t h a t  P Q  i s  3 . 3  x  1 0 " ^ ^ c m .  T h e  m a g n i t u d e  o f  O P  i s  x  0 , 5 5  x  1 0  ^ ^ c m .  

S u b s t i t u t i n g  i n  ( 1 1 ) :

3 . 3

/ N  X 0 . 5 5
< 0 . 0 2 5

o r  N  -  5 0 , 0 0 0  a t o m s ,  
m a x

I f  t h e  p r e c i s i o n  i n  m e a s u r i n g  I  i s  l o w e r e d  f r o m  5 % o t  1 5 % ,  i s

s t i l l  a s  h i g h  a s  2 , 8 0 0  a t o m s .  I t  w o u l d  a p p e a r ,  t h e r e f o r e ,  t h a t  t h e  r e s o l u 

t i o n  o f  t h e  p h a s e  a m b i g u i t y  b y  t h e  t w o - w a v e l e n g t h  m e t h o d  i s  q u i t e  f e a s i b l e .
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jm m AO m C  CONZZIBUTIUNS to  TTS DEEYE-WALLER FACTORS CE n o

BY

' K. D. ROUSE AND B. T, M* ¥ILLIS

Atomic Energy Research EstaUlislmiGnt j ïïarï-/0l l j  D idcot, England*

A ^ A .  . .

A*A.EoC, Research E stab lishm ent,  Lucas H eigh ts ,  HbS<,¥,, A ustra lia ,

A bstrac t

The integ-rated i n t e n s i t i e s  of UO , w ith  th e  cubic f lu o r i t e - ty p e  s t r u c tu re ,  

have been measvC'ed a t  20^C by neutron d i f f r a c t ic n o  I f  s t r u c tu re  f a c to r s  a re  

ca lc u la te d  assi'uiing harmonic tem perature f a c to r s  f o r  th e  uranium and oxygen 

atoms, th e re  avo system atic  d i f fe re n c e s  between th e  observed and c a lc u la te d  

i n t e n s i t i e s  of cdd-index re f le :c ions ,  v/hereas good agreement i s  obta ined f o r  

even-index re f lex ions»

These r e s u l t s  can be explained as  th e  e f f e c t  of enharmonicity on the  

tem perature f a c t o r  of th e  oxygen atoms, which occupy non-centrosymmetric s i te s»  

The in t ro d u c t io n  of one a d d i t io n a l  param eter to  d e sc r ib e  t h i s  anharmonic e f f e c t  

le a d s  to  good agreement ( R ~ ^ ^  f o r  a l l  measured r e f l e x io n s .

j\- (  '4̂ w Jl Pestsc L-lji  ' j  v j



1 » I n t r o d u c t i o n

The atom s o f  a  t h e r m a l l y  a g i t a t e d  c r y s t a l  may he d e s c r i b e d  a s  

sm eared  o u t  by  a. f u n c t i o n ,  th e  sm ea r in g  f u n c t i o n  't( ;g} , d e f in e d  a s  th e  

p r o b a b i l i t y  o f  f i n d i n g  th e  atom a t  a  d i s t a n c e  t  from i t s  e q u i l i b r i u m

p o s i t i o n *  I n  c a l c u l a t i n g  th e  i n t e n s i t y  o f  a  B ragg d i f f r a c t i o n  p eak ,  th e  '

t h  's c a t t e r i n g  a m p l i tu d e  o f  th e  j  atom in  t h e  u n i t  c e l l  i s  m u l t i p l i e d  by

th e  F o u r i e r  t r a n s f o r m ,  T . ( s ) ,  o f  t . ( r ) ,  where S i s  th e  * s c a t t e r i n g  .
* . 0 ■

v e c to r*  (1^1 = 2 s i n 0 / x ) *  One can  p r o p e r l y  b a s e  a  d i s c u s s i o n  o f  B ragg

i n t e n s i t i e s  on f u n c t i o n s  T . ( s ) ,  e a c h  p e r t a i n i n g  to  one atoms c o r r e l a -
- 3 ~

t i o n s  be tw een  th e  m o t io n s  o f  t h e  a to m s ,  so  c r u c i a l  i n  u n d e r s t a n d i n g

th e rm a l  d i f f u s e  s c a t t e r i n g ,  a r e  i r r e l e v a n t ®

F o r  an y  c r y s t a l  w i t h  harm on ic  I n t e r a t o m i c  f o r c e s ,  T. i s  G au ss ian  i n
J

form and can  be -w r i t te n  .

Tj = ex p  — (b ^ ^ h  + b g 2^  ^ ^-j-5^^) * » * ( O

•where th e  c o n s t a n t s  b^^ e tc *  a r e  th e  s i x  a n i s o t r o p i c  te m p e r a tu r e  f a c t o r s ,  

d e f i n i n g  th e  s i z e  and  o r i e n t a t i o n  o f  th e  th e rm a l  v i b r a t i o n  e l l i p s o i d *

I f  th e  a tom s occupy s i t e s  w i th  c u b ic  p o in t ,  sym m etry, th e  e l l i p s o i d  

d e g e n e r a t e s  i n t o  a  s p h e re  and  Ik  i s  c h a r a c t e r i s e d  by  a  s i n g l e  i s o t r o p i c
O , ■ ,

te m p e r a tu r e  f a c t o r  B . ,  where . , ■
 ̂ -

? j  = e x p (~  3 j  s i n ^ e / x ^ )  = e x p ( -  B^ S^)  ̂ ( 2 )

T h is  s p h e r i c a l  symmetry i s  a  consequence  o f  th e  in -v a r ian ce  o f  q u a d r a t i c  

fo rm s u n d e r  t r a n s f o r m a t i o n s  o f  a  c u b ic  p o i n t  group* T-Jhen th e  a to m ic

i n t e r a c t i o n s  a r e  anharm onic  ( i* e *  th e  f o r c e  on an  atom i s  no lo n g e r

p r o p o r t i o n a l  t o  i t s  r e l a t i v e  d i s p l a c e m e n t ) th e n  T i s  n o t  G a u ss ia n  and

I n  t h i s  p a p e r ,  we s h a l l  r e f e r  t o  T k  a s  th e  ' t e m p e r a tu r e  f a c t o r '  of. th e  
atom j , and  t o  Bj a s  i t s  'B - fa c tp r '* *  The te rm  ' D ebye-Ifal 1 e r  f a c t o r '  
r e f e r s  t o  a  r e f l e x i o n  ( i n  r e c i p r o c a l  s p a c e ) ,  r a t h e r  th a n  t o  an  atom 
( i n  d i r e c t  s p a c e ) : i t  w i l l  be u s e d  to  d e n o te  th e  r e d u c t i o n  in  i n t e n s i t y  
o f  a  r e f l e x i o n  c a u se d  by  th e rm a l  v i b r a t i o n *  - ,



s o ,  even  i n  a  c u b ic  c r y s t a l ,  d e p a r t u r e j  from s p h e r i c a l  symmetry a r e  

a l lo w a b le *  . . ■

A n is o t r o p y  in  th e  t e m p e r a tu r e  f a c t o r s  of a  c u b ic  c r y s t a l ,  w i th  

a tom s a t  s i t e s  o f  c u b ic  sym m etry , was f i r s t  o b se rv e d  by  W i l l i s  ( 1963 ) in  

a  h ig h ~ te m p a ra tu re  n e u t r o n  d i f f r a c t i o n  s tu d y  o f  UOg@ Ha showed t h a t  

s o m e ' r e f l e x i o n s  w i th  th e  same l .S j ,  b u t  b e l o n g in g  t o  d i f f e r e n t  s c a t t e r i n g  

v e c t o r s  g ,  were n o t  e q u a l  in .  i n t e n s i t y ,  a s  th e y  s h o u ld  be on th e  

.harmonic th e o ry *  Anharmonic e f f e c t s  were a l s o  o b se rv e d  i n  CaP^ ( W i l l i s , .

196 5 ) and  i n  n O g -  ( W i l l i s ,  1 9 ^ 4 ) .

' To a c c o u n t  f o r  th e  e f f e c t ,  o f  a n h a r m o n ic i ty ,  W i l l i s  a d o p te d  a  

g e n e r a l i z e d  f l u o r i t e  a r r a n g e m e n t ,  where e a c h  a n io n  i s  r e p l a c e d  by  f o u r  

J - a n i o n s  s e t  down a t  t h e  c o r n e r s  o f  a  s m a l l . t e t r a h e d r o n  a t  th e  a n io n  

s i t e s  ( s e e  f i g u r e  1 ) ,  T h is  a r t i f i c e  s im u la te d  th e  t e t r a h e d r a l  d i s t o r t i o n  

of th e  sm e a r in g  f u n c t i o n  o f  t h e  a n i o n ,  ' c a u s e d  by  th e  anharm on ic  i n t e r - - 

a c t i o n s  o f  th e  a n io n  w i t h  i t s  t e t r a h e d r a l  fram e of c a t i o n s * I t  p r e d i c t e d  

th e  p r e s e n c e  o f  anha rm on ic  c o n t r i b u t i o n s  t o  th e  s t r u c t u r e  f a c t o r s  of 

o d d - in d e z  ' r e f l e x i o n s , such  t h a t  r e f l e x i o n s  w i th  h  k  -{- 1 = 4^ + 1 ■ ■ . 

p o s s e s s  i n t e n s i t i e s  e x c e e d in g  th e  h a r m o n i c a l l y - c a l c u l a t e d  v a l u e s ,  

w h e reas  t h o s e  w i th  h  + k  + 1 = 4^  — 1 have i n t e n s i t i e s  lo w er  th a n  th e  

harm onic  v a lu e s *  These p r e d i c t i o n s  a c c o r d e d  q u a l i t a t i v e l y  w i th  t h e  

o b s e r v a t io n s *

W i l l i s ’ p ro c e d u re  was c r i t i c i z e d  by  H am ilton  (1 9 ^ 5 ) ;  who showed
Ù<L-Z

t h a t  i t  gave a  d i s p la c e m e n t  p a ra m e te r  0 ^ 5 m a r g i n a l  s t a t i s t i c a l  

s i g n i f i c a n c e ,  a t  l e a s t  i n  t h e  c a se  o f  th e  CaFg d a t a  a t  20^0* I t  ; i s  : 

u n f o r t u n a t e ■t h a t  H am ilton  f a i l e d  t o  e x te n d  h i s  a n a l y s i s  t o  th e  h i g h e r  

te m p e r a tu r e  r a n g e  f o r  CaP^ s^nd UO^, where th e  anharm onic  e f f e c t s  w ere . ■ 

much' s t ro n g e r®  .The f o r c e  o f  H a m il to n ’ s re m a rk s  l e d  Ia.de11 ( l 9 o 5 ) t o  ' 

s u g g e s t  t h a t  th e  n e u t r o n  m easurem en ts  on CaF^ were u n so u n d ,  and  t h a t  

t h e r e  vras no  e v id e n c e  f o r  anha rm on ic  b e h a v io u r*



The o r i g i n a l  i n t e r p r e t a t i o n  o f  W i l l i s  was a l s o  c r i t i c i z e d  hy 

P ry o r  ( I 9 6 6 ) on th e  g ro u n d s  t h a t  th e  h y p o t h e t i c a l  d i s p l a c e m e n t s ' o f  th e  

a n io n s  i n  th e  W i l l i s  t h e o r y  a r e  much l a r g e r  th a n  th e  u s u a l  e x p r e s s io n s ,  

f o r  i n t e r a t o m i c  p o t e n t i a l s  would l e a d  one t o  expect®

The o b j e c t i o n s  t o  th e  v a l i d i t y  o f  th e  e x p e r im e n ta l  r e s u l t s  and  t o  

t h e i r  i n t e r p r e t a t i o n  a r e  an sw ered  i n  th e  p r e s e n t  paper* I n  t h e  n e x t
o ’' s e c t i o n ,  we p r e s e n t  . f u r t h e r  e x p e r i m e n t a l  d a t a  on UO^ a t  20 0» These 

r e s u l t s  a r e  more a c c u r a t e  and ' e x te n d  t o  l o n g e r  s c a t t e r i n g  v e c t o r s  

. (i*e® h ig h e r  v a l u e s  o f  | S | )  th a n  b e f o r e * ' I n  th e  t h i r d  s e c t i o n ,  we 

o u t l i n e  th e  W i l l i s  th e o r y  o f  a c c o u n t in g  f o r  anharm on ic  e f f e c t s ,  and  i t s  

r e l a t i o n  t o  a  more co m p le te  an d  s a t i s f a c t o r y  th e o r y  p ro p o sed  by  

Dawson ( 19 6 7 )* In  s e c t i o n  d) we d e s c r i b e  th e  i n t e r p r e t a t i o n  o f  th e  new 

WOg r e s u l t s  b y  th e  Dawson t h e o r y ,  d e r i v i n g  a  v a lu e  f o r  th e  'an h a rm o n ic  

p a r a m e te r * , 0Q o f  oxygen ( r e p l a c i n g  th e  p a r a m e te r  6 i n  th e  W i l l i s  t h e o r y ) ,  

' w h ich  a g r e e s  w i t h  t h a t  deduced  b y  Dawson, Hur.ley and  îüaslen  ( 1 9 ^ 7 )« We 

d i s c u s s  b r i e f l y ^ i n ’th e  f i n a l  s e c t i o n ^ p r o p o s a l s ' f o r  e x p e r i m e n t a l  work 

w hich  w ould  s u b j e c t  Dawson’ s t h e o r y  t o  a  more c r i t i c a l  e x a m in a t io n  th a n  

t h a t  d e s c r i b e d  h e re*  '

2* S t r u c t u r e  F a c t o r s  o f  ITÔ  a t  20°C: i n t e r p r e t a t i o n  by harm onic  model 

A s p h e r i c a l  c r y s t a l  o f  r a d i u s  1 *6mm was chosen  f o r  th e  i n v e s t i g a 

t i o n s  i t  had  b een  exam ined  e a r l i e r  an d .w a s  Icnotm t o  be f r e e  o f  e x t i n c t i o n  

f o r  r e f l e x i o n s  o f  medium i n t e n s i t y  ( w i th  h  -r k  f  l  = 4 n + _ l )  and f o r  ■ 

weak r e f l e x i o n s  (h  + 'k  + 1 = 4-n ■}- 2 )*  Three d im e n s io n a l  m easu rem en ts  

were made w i th  th e  E i l g e r  an d  W atts / F e r r a n t i  a u to m a t i c  n e u t r o n  

d i f f r a c t o m e t e r *  As f a r  a s  p o s s i b l e ,  m easurem ents  o f  e a c h  r e f l e x i o n  were'

t a k e n  on 12 " v a r ia n ts " , d e f in e d  a s  s y m m e t r i c a l l y - e q u i v a l e n t  b u t d i s t i n c t
•  " '   ^

h k l  p la n e s  ( i* e *  'p e r m u ta t io n s  o f  h i d  n o t  i n c l u d i n g  b o th  h k l  and  h k l )*  ■

Because  o f  th e  lo w er  m u l t i p l i c i t y ,  o n ly  t h r e e  v a r ia n t s  o f  006 and  fo u r  

v a r i a n t s  o f  333 and  555 were m e a su re d 5 a p a r t  from th e s e  e x c e p t io n s  th e



F , v a lu e s  i n  T ab la  I  and  I I  a r e  a v e ra g e d  o v er  tw e lv e  v a r i a n t s *  obs -

• 1 0 -2 0 ,0 0 0  n e u t r o n  c o u n ts  were r e c o r d e d  f o r  e a c h  v a r i a n t ,  and  th e  

s t a n d a r d  d e v i a t i o n  o f  th e  d i s t r i b u t i o n  o f  m easurem ents  o v e r  tw e lv e  

v a r i a n t s  was u s u a l l y  f r a c t i o n a l l y  l a r g e r  th a n  th e  s t a n d a r d  d e v i a t i o n  

c a l c u l a t e d  from  th e  c o u n t in g  s t a t i s t i c s  f o r  a  s i n g l e  o b s e rv a t io n *  F o r  

exam ple ,  th e  s t a n d a r d  d e v i a t i o n  from  c o u n t in g  s t a t i s t i c s  was t y p i c a l l y  

1»0^ , and  t h a t  from th e  d i s t r i b u t i o n  was 1*0 t o  1*7^L

An im p o r ta n t '  s o u rc e  o f  e r r o r  i n  a c c u r a t e  B ragg  i n t e n s i t y  m easu re 

m ents  i s  d o u b le -B ra g g  s c a t t e r i n g *  I t  i s  w e l l  laiown t h a t  t h i s  w i l l  cause  

th e  i n t e n s i t y  t o  v a r y  w i th  th e  a z im u th a l  s e t t i n g  lÿ ( a n g le  o f  r o t a t i o n  - . 

a b o u t  t h e  n o rm a l )  o f  th e  r e f l e c t i n g  p lan e*  He checked  f o r  t h i s  e f f e c t  

b y  r o t a t i n g  a b o u t  th e  s c a t t e r i n g  v e c t o r  f o r  s e v e r a l  r e f l e x i o n s ,  b u t  

c o u ld  n e v e r  d e t e c t  i t *  As an  e x t r a  p r e c a u t i o n ,  how pver, we m easured  

e a c h  o f  t h e  tw e lv e  v a r i a n t ' s  o f  a  r e f l e x i o n  a t  d i f f e r e n t  v a l u e s  o f  ^  , 

in c r e m e n t in g  4 by  2*0^ b e tw een  e a c h  i n d i v i d u a l  m easurem ents

The p eak s  were sca n n e d  i n  an  to-20 mode u s i n g  a  c o u n t e r  a p e r t u r e  

1o2cm s q u a re  a t  a  d i s t a n c e  o f  25 cm from th e  c r y s t a l *  Background was 

c o u n te d  on e i t h e r  s id e  o f  th e  B ragg p eak ; i t - w a s  s u b t r a c t e d  from  th e  

peak  c o u n t s  t o  g iv e  the* i n t e g r a t e d  i n t e n s i t y ' ,  u n c o r r e c t e d  f o r  th e  

th e rm a l  d i f f u s e  s c a t t e r i n g ,  w h ich  r i s e s  t o  a  maximum a t  th e  c e n t r e  o f  

t h e  B ragg  p ea k . ' ' -

The n e u t r o n  m easurem en ts  were made i n  two g ro u p s s  

( i )  9 oddr-index (4n  + 1 ) r e f l e x i o n s  and 5 e v e n - in d e x  (4n  4-' 2 ) ,

■ m easured  a t  a  w a v e le n g th  of, 1 .0 3 8 ^ ;

( i i )  "17 o d d - in d e x  r e f l e x i o n s ,  a t  h ig h e r  s in ô /X  than  i n  ( i ) ,  

m easu red  a t  a  w a v e le n g th  o f  0 * 8 6 o f* .

These r e s u l t s  a r e  l i s t e d  in  T ab le  I  (X = 1®038a) and Tab le  I I  

(X = 0 1 8 6 6 .2 ). A l l  . o b s e r v a t io n s  a t  a  g iv e n  w a v e le n g th  were m a d e . on th e  

same r e l a t i v e  s c a l e s  no  a t t e m u t  was made t o  d e te rm in e  i n t e n s i t i e s



Table I « ■ Structure - factors for U Op s me a. sure ment s at X = 1.038X

\
.h k l ^h 

\
^+k^+l^ F

obs
-rharm .Fĉ a lc F , -F ^ ^ ^00s c a lc

T_anh
^'calb

F -F^^^  obs c a lc

1
h+k4*l =

4n+1 4n -1  I

133 f 19 3.216
■■

0 .0 0 6  . 3 .220:' —Go004 ' 3.215 + 6 .001

333 .
I • 27

3.181 . 0 .0 0 3 3.176 4-0.005 • 3.178 +0.003  -

I I 5 I 3.166 . 0.007 3 .1 7 6 —Ü * 0 i 0 3.172 - 0.006

135 • i 35 3 .1 2 8 0.004 3^132 —0 * Ov4 3.132 - 0.004  •

43 3.082 . O0OO6 3 .0 8 8 - 0.006 3.078 +0.004

51
3.050 0 .0 0 6 3 . 04.6 +0.004 . 3.046 +0.004

155 1
3 .0 3 3 0.0Q 7 3 . 046 . - 0.013 3.040 - 0.007

355 ^
59

3 . 015 . 0.007 3.003 + 0 .0 1 2  • 3.016 - 0.001

' . 137 1 3 .0 0 2 0.0C 5 3.003 —0 .0 0 1 2.999 + 0.003  .

. I
h4-k+l = * 1 • '

4n+2 .

• 024 20 - 1.085 0.005 - 1.088 +0,003 - 1.088 +0.003  .
1

' 006
3 6 '

- 0.921 0 .0 1 2 - 0.937 "i-0 * 016 - 0.937 +0.016

244 ^ - 0.946 0.005 - 0.937 ' ' —0 0009 - 0.937 - 0 .0 0 9

1
226 ' 4 4 - 0 .8 6 0 0 .0 1 1 —0.865 + 0.005 —0 .865 + 0.005

. 046 1 52 - 0 .7 9 3 0.006 - 0.797 +0 * Gu4 - 0.797 +0 .0 0 4

a b s o l u t e l y ,  n o r  t o  d e te rm in e  e x p e r i m e n t a l ly  th e  s c a l e  f a c t o r  r e l a t i n g  th e

two s e t s  o f  o b s e r v a t io n s *  The two s c a l e  f a c t o r s  were o b ta in e d  from  a

l e a s t —s q u a r e s  a n a l y s i s ,  a s  d e s c r io e d  b e lo w , and  tn e  r e s u lv S  quoueu in

th e  t a b l e s  have been  m u l t i p l i e d  by th e  . a p p r o p r ia te  s c a l e  f a c t o r  t o

•b r in g  them t o  a n  a b s o l u t e  s c a le *  "^be ob se rv ed  s t r u c t u r e  f a c t o r ,

d e r i v e d  from  th e  mean o f  th e  i n t e n s i t y  m easurem ents  on th e  vc^rian ts*

o"(F , ) i s  th e  s t a n d a r d  e r r o r  o f  c a l c u l a oea from
0 0 8
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T able I I .  St r u c tu r e  f .1C t o r  5; f o r  iT0^ : m easurem ents a t  X = 0*8 66Z
'

1 ■ ■
. . . .  h k l .h

!

1 • 

^obs
) . -pbarm 
' *■ c a lc obs . c a lc

. _^.nh 
■^calc P 005 c a lc ,

1 . h-i-k+1 = 
i, 4n+1 4 n - 1 ■ ■

733 ' 67 2 .9 9 7 0 .0 2 0 2.981 +0.016 2.982 +0.015

751 '

555
" 75

2 .9 3 4

2.918

0.620

.6 .0 2 3

2.940

2.940

—0 .0 0 6  

- 0.022

2.936

2.904

. - 0.002  . 

+0 . 014

. 911 

753
83

2.896

2.879

O0OI2

0 .0 1 2

2.897

2.397

- 0 .0 0 1

- 0.018

2 .8 8 8

2.869

+0.008

+ 0 .0 1 0

i 755 2.845 0.005 2.816 +0.029  ' 2.845 0 .0 0 0  •

. 771
99

2.788 0.007 2.816 ' - 0 .0 2 8 2.804 —0.016

' 933 2.797  , 0.007 2.816 - 0.019 2.798  ' -0 .0 0 1

773

591
107

2.793

2 .7 5 4

0.025

0.025

2.776

2.776

+ 0.017

- 0 .0 2 2

2 .8 0 1

2.767

- 0.008

- 0 .0 1 3

1 1 ,1 ,1

775
123

2.723  '

2.684

0.024

0 .0 2 3

. 2.698 

2.698

+0.025

- 0.014

2.703

2 .6 6 0

+ 0 .0 2 0

+0.024

971 2.674 0 .0 1 0 2 .6 6 0 • +0.014 2.675 -0 .0 0 1

1 1 ,3 , 1 131 2.669 0.009 2 .6 6 0 +0.009 2 . 659 . ' + 0 .0 1 0

955 2 .6 3 1 0 .0 1 0 2 .  660 - 0.029 2 .6 2 8 •+ 0.003

1 1 ,3 ,3

973
139

2.645

2.591

0 .0 1 2

0 .0 1 2

2 .6 2 2  

' 2 .6 2 2

+ 0 .0 2 3

- 0.031

2.645

2.599

0 .0 0 0

- 0.008

m=n.
Z

\ m=1

•

n ( n - 1 )

where P i s  t h e  P - va lu e  o f  an i n d i v i d u a l  v a r ia n t  and th e  t o t a l ,  number o f  
. m

v a r i a n t s ,  n ,  i s  n o rm a l ly  12®

The f o u r t h  column in  T a b le s  I  and I I  g iv e s  ; "^be s t r u c t u r e

f a c t o r  c a l c u l a t e d  w i t h i n  th e  l i m i t s  o f  th e  harm onic  ap p ro x im a tio n *

^ a r m
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The efiQCiy ohermal v i b r a t i o n  o f  tn e  atoms i s  r e p r e s e n t e d  by  te rm s  o f  

th e  ty p e  g iv e n  by  e q u a t io n  ( 2 ) ,  so t hI ilex, 1/

C i o  “  e - p ( -  s i V e A b   ̂ ^

» • e 0 h + lc+ 1  =: 4 n  +  1 ■ '

=  4 b ^  e z p ( -  s i n ^ o / x ^ )  -  8 b ^  e x p ( -  s i n ^ o / x ^ )  \

i
» o « h+k+1 = 4n + 2  J

b_ and  b^  a r e  th e  c o h e r e n t  n u c l e a r  s c a t t e r i n g  a m p l i tu d e s  o f  u ran ium  and

oxygen, an d  B^ and Bq a r e  th e  i s o t r o p i c  (h a rm o n ic )  te m p e ra tu re  ,fsec to rs»

; V alues  o f  t h e  r a t i o  b-j^/o^, and o f B^ and B_, w e re , d e r iv e d  from a  l e s , s t — 

s q u a r e s  a n a l y s i s  o f . th e  1 .0382  d a t a ,b a s e d  on e q u a t io n s  ( 3 ) ,  t r e a t i n g  

th e s e  t h r e e  q u a n t i t i e s  and  an. o v e r a l l  s c a l e  f a c t o r  a s  a d j u s t a b l e  

p a r a m e te r s .  T ab le  I I I  g iv e s  th e  v a lu e s  of b g /b ^ ,  Bg and B^, w i th  th e  

e s t i m a t e d  s t a n d a r d  d e v i a t i o n s  in  b r a c k e t s .  F o r th e  a n a l y s i s  o f  th e  

• odd—in d e x  r e f l e x i o n s  i n  Thble I I ,  t h e r e  wore on ly  two a d j u s t a b l e  

p a r a m e te r s ,  t h e  s c a l e  f a c t o r  and B^s i t  i s  e n co u ra g in g  t h a t  th e  two 

v a lu e s  o f  Bg i n  T ab le  I I I ,  d e r iv e d  from two Indep en d en t s e t s  o f  d a t a  . 

over d i f f e r e n t  r a n g e s  o f  s i n ô / x ,  o v e r la p .  The com puter program u s e d  

. fo r  th e  l e a s t - s q u a r e s -  harm onic  a n a l y s i s  was t h a t  o f  B u s in g ,  Levy and 

M a r t in  ( 1962)1 i n d i v i d u a l  F , ^ ’ s were w e ig h ted  by th e  r e c i p r o c a l  o f  

. the  c r -v a lu e s  i n  T a b le s  I  and I I ,  b u t  th e  r e s u l t s  were o n ly  m a r g in a l ly  

a l t e r e d  by  r e p l a c i n g  th e s e  i n d i v i d u a l  w e ig h ts  by  u n i t  w eigh ts*
harm-

I n  s p i t e  o f  th e  a p p a r e n t l y  good agreem ent between F^^^ and F^^ ic^  

a  number o f  t h e  d i f f e r e n c e s  F —F'^T in  Table  I I  a r e  3 to  4 tames, tn e
0 0 3  C a 1C

s t a n d a r d  e r r o r  o f  P .. • F u r th e rm o re , f o r  th o se  g roups  o f  e i t h e r  ®v<o o r
CDS

2 2 2
t h r e e  r e f l e x i o n s  a p p e a r in g  a t  th e  same h + k  + 1  6n b o th  i a b l e s  I  

and I I ,  t h e  o b s e rv e d  F te n d s  t o  be l a r g e r  th a n  th e  c a rc u la .e u .  r  ^.or 

th e  member o f  t h e  g ro u p  w i th  h+k+1 = 4^4-1 and s m a l le r  .nan th e  

c a l c u l a t e d  F f o r  th e  member w i th  h+k+1 = 4^-1 « (For mhe haruionic 

model t h e  c a l c u l a t e d  F i s  i n v a r i a n t  w i th in  each  g r o u p é On th e  o th e r

-  7



Table I I I e R e s u l ts  of harmonie a n a ly s i s

Wave l e n g t h Dumber o f  , h r b
d )

'  ■ ( f )  ■ ■ ( S b

1 .0 3 8 14 1 . 4 4 0 ( 5 ) 0 . 209( 1 1 ) . 0 . 4 2 3 ( 1 1 )

0»866 17 - 0 . 214( 1 4 ) -

h a n d ,  th e  4n+2 r e f l e x i o n s  in  T ab le  I  have P v a l u e s  w h ich  a r e
0 u 3  Oci-JLO

l e s s  th a n  tw ic e  th e  s t a n d a r d  e r r o r  o f  , and  th e  ha rm on ic  model 

■expla ins  a d e q u a t e l y  th e  o b s e rv e d  i n t e n s i t i e s  of even—in d e x  r e f l e x i o n s »  

These s y s t e m a t i c  d i s c r e p a n c i e s  in  . th e  o b se rv e d  i n t e n s i t i e s  a r e  

s i m i l a r  t o  th o s e  r e p o r t e d  p r e v i o u s l y  i n  ThO^ an d  CaP^ a t  h ig h

te m p e r a tu r e  ( W i l l i s  1963, I 9 6 5 ) ,  and can  be e x p l a i n e d  i n  te rm s  o f  

anharm onic  c o n t r i b u t i o n s  t o  th e  Bragg i n t e n s i t i e s *  I n  th e  n e x t  s e c t i o n  

we s h a l l  d e s c r i b e  b r i e f l y  th e  methods u s e d  by  W i l l i s  a n d ,Dawson f o r

. '  ■ ' h ' :i n c l u d i n g  th e s e  c o n t r i b u t i o n s  i n  th e  a n a l y s i s  o f  th e  e x p e r i m e n t a l  d a .a »  

3» E x te n s io n  o f  c o n v e n t io n a l  v i b r a t i o n  t h e o r y  t o  i n c lu d e  anharm on ic  

e f f e c t s

a» W i l l i s  t r e a t m e n t

The anharm onic  c o n t r i b u t i o n s  t o  th e  t e m p e r a tu r e  f a c t o r s  a r e  

c a l c u l a t e d  by  im a g in in g  e a c h  a n io n  a s  b e i n g  r e p l a c e d  b y  f o u r '  

•4- a n i o n s I  th e  d i s t o r t i o n  o f  th e  s p h e r i c a l  s m e a r in g  f u n c t i o n .  t ( r ) ,  

a r i s i n g  from an h arm o n ic  i n t e r a c t i o n s ,  i s  th e n  s im u l a t e d  by  a l l o w i n g  

th e  % -an ions  to .  move s l i g h t l y  a lo n g  t h e  f o u r  t e t r a h e d r a l  d i r e c t i o n s  

i n  f i g u r e  l ( b ) »  I n  t h i s  way, th e  r e q u i r e m e n t s  o f  _43^1 p o i n t  

symmetry a r e  s a t i s f i e d ,  and  one e x t r a  p a r a m e te r  Ô i s  i n t r o d u c e d  

i n t o  th e '  s t r u c t u r e  r e f i n e m e n t ,  where % + S » » » a r e

th e  a to m ic  c o - o r d i n a t e s  o f  t h e  % -a n io n s  i n  th e  Fm3m sp ace  group»

The i n d i v i d u a l  a n io n ’s^ r e t a i n  s p h e r i c a l  sym m etry , so  t h a t  th e

— 8  —



tem p e ra tu re  f a c t o r s  f o r  th e se  -y-anions a re  s t i l l  iso tro p ic®  For 

0 = 0 ,  th e  4 -a n io n s  c o a le s c e  i n t o  whole io n s  occupying the  444c » ». 

p o s i t io n s *

The e x p re s s io n  f o r  th e  c a l c u l a t e d  s t r u c t u r e  f a c t o r ,  f o r  

r e f l e x i o n s  w i th  h+k+1. = 4h+1, i s :

G in ^ aA ^ )  ' ' '

+_ SIdq cos2nh(4+ 6 )co82%k(4+ 8)Go82n l (4+ 6)exp(-B g8in ^ 8 /h '" ) ***(4 )

The + s ig n  in  e q u a t io n  ( 4 ) i s  a s s o c i a t e d  w ith  4n+1 and the  -  s i g n ’.
\ -

w i th  4 n - 1 * Bq i s  th e  i s o t r o p i c  t e m p e r a tu r e  f a c t o r  o f  th e  4 - io n *

The d isp lacem en t à i s  sm a l l ,  ô << 1, and so ( 4 ) can he r e w r i t t e n  •

C L  "  s i n b A b  - ,

4% Sbg . ÔT? *. h k l  * eo:p(-Bg s in ^  e/h^) **• (5 )

In  th e  same way, th e  e x p re s s io n  f o r  th e  s t r u c t u r e  f a c t o r  of ev en -  ' 

in d ex  r e f l e x i o n s  w i th  h+k+1 = 4h+2 i s  .

^ c a lc  G3:p(-Bg s . in ^ e A ^ )  "  ^^0  s in ^ e /x ^ )

'+ 8bg* 2?c^0^* (h^+k^+1^)* exp(-Bg s in ^ ô A ^ )

A l l  term s of h ig h e r  power th an  Ô a re  ig n o red  in  d e r iv in g  ( 5 ) and 

(6)*  For 5 = 0 , ( 5 ) and (6 )  reduce  t o  th e  harmonic e x p r e s s io n s ,  . 

e q u a t io n  (3)*

From e q u a t io n  ( 4 ) ,  t h e r e  i s  a  d i f f e r e n c e  in  th e  c a l c u l a t e d  F 

v a l u e s '  of o d d - in d e x  r e f l e x i o n s  o c c u r r i n g  a t  th e  same 6 . The 

p re s e n c e  o f  th e  second  te rm  i n  ( 4 ) a c c o u n ts  f o r  th e  4n+1 i n t e n s i t i e s  

e x c e e d in g  th e  harm onic  v a l u e s ,  a n d . f o r  th e  4̂ 1—1 i n t e n s i t i . - o e i n g  • 

s m a l le r*  F or th e  even—index  r e f l e x i o n s  a t  th e  same ô (e*g* 6OO and 

4 2 2 ) e q u a t io n  ( 6 )  p r e d i c t s  th e  same i n t e n s i t y ;  t h i s ,  to o ,  i s
I

su p p o r te d  by the  o b se rv a tio n s*  We-can summarise 'the  - s i tu a t io n  by 

s t a t i n g  t h a t  the  Bebye-W aller f a c t o r s  a r e  i s o t r o p i c  ( i*e*  depend^on

9  -



th e  m agn itude  "but n o t  th e  o r i e n t a t i o n  o f  th e  o o a t t e r i n g  v e c t o r  S') 

f o r  e v e n - in d e x  r e f l e x i o n s ,  and  a r e  a n i s o t r o p i c  f o r  o d d - in d e x  

r e f l e x i o n s »

T h is  d i s t i n c t i o n  be tw een  th e  two ty p e s  o f  r e f l e x i o n  i s  a l s o  ■ 

p r e d i c t e d  by  th e  Dawson th e o ry »  . 

bo Dawson t r e a tm e n t  '

I n  th e  W i l l i s  t r e a t m e n t ,  th e  d i s t o r t i o n  o f  th e  s p h e r i c a l  

s m e a r in g  f u n c t i o n  i s  s im u la te d  by  an  a to m ic  d i s p la c e m e n t  from 444  

t o  4+ 5 ,  4 r o ,  4+5 . C l e a r l y ,  a  more s a t i s f a c t o r y  p ro c e d u re  i s  t o  

r e t a i n  4 4 4  &s th e  mean p o s i t i o n  o f  th e  a n i o n ,  and  t o  m od ify  th e

s m e a r in g  f-uno tion  d i r e c t l y  in  a c c o rd a n c e ’ w i th  th e  l o c a l  s i t e
/(Ühs '

, symmetry* T h is  p ro c e d u re  i s  a d o p te d  by  Dawson, who h a s  d e v e lo p e d  a '

t h e o r y  b a s e d  on g e n e r a l  symmetry a rg u m e n ts ,(D aw so n ,  I 9 6 7 ) ,  w hich

can  be a p p l i e d  to  an y  k in d  o f  c r y s t a l  s t ru c tu r -e »  Here we s h a l l

o n ly  d i s c u s s  i t s  a p p l i c a t i o n  t o  th e  f l u o r i t e  s t r u c t u r e  o f  IJO^»

¥e s t a r t  w i th  th e  c o n c e p t  o f  a  s i n g l e - p a r t i c l e  p o t e n t i a l  V ( r ) :

V( r )  g i v e s  th e  v a r i a t i o n ^ w i t h  d i s p la c e m e n t  r  from th e  mean a to m ic

p o s i t i o n j^ o f  th e  o v e r a l l  p o t e n t i a l  be tw een  th e  atom and  th e

s u r r o u n d in g  lÆrw&oO"» I n  a  c r y s t a l  w i t h  harm onic  f o r c e s ,  and  w i th

a tom s a t  s i t e s '  o f  c u b ic  symmetry, V ( r )  c o u ld  o n ly  be

w here a  i s  a  c o n s t a n t  d e p e n d in g  in  a  com plex way on th e  i n t e r a t o m i c  

p o t e n t i a l s »  (The r e l a t i o n  be tw een  a  an d  th e  'Born—von Karman f o r c e  

c o n s t a n t s  i s  o b ta in e d  from a  d e ta i le d *  sum o v er  th e  no rm al moues o f  . 

v i b r a t i o n ) »  Em ploying c l a s s i c a l  s t a t i s t i c s ,  th e  sm e a r in g  f u n c t i o n '  

t ( r )  i s

t ( r )  = D , e x p [ - ( v ( r )  -  7 g ) /6 ^ T ]

where 6^  i s  B o l tz m a n n 's  c o n s t a n t  and th e  n o r m a l i z i n g  c o n s t a n t  B i s

1 0  -



î r  =  ( 2 r . l g T / û ) - V 2  .

The l i m i t a t i o n  t o  c l a s s i c a l " s t a t i s t i c s  im p l ie s  t h a t  T ex c e a d s  th e  

Dchyc - jcm pera tu re  0 . -

hagv‘i*=-i<>mrpera^-urc—€Lprpi2,3r T h e  te m p sra ira r3 f a c t o r  

T ( s )  i s  th e  F o u r i e r  t r a n s f o r m  of t ( r ) s

T( S )  = e r p ( -  1  i l ^ / a . )

80 t h a t  can  he i d e n t i f i e d  w i th  th e  m ean-square  a to m ic  d i s p l a c e -
2 2

ment < r  > o r  w i th  B/8% » a v  '

i n  a  c u b ic  c r y s t a l  w i th  anharm onic  f o r c e s ,  th e  form o f  V ( r )

dep en d s  on th e  s i t e  symmetry® P er  th e  a n io n  i n  UO^, occu p y in g  a

s i t e  o f  t e t r a h e d r a l  43im sy-r.metry, th e  n e x t  te rm  a f t e r  th e  q u a d r a t i c

(h a rm o n ic )  te rm  i n  ( 7 ) i s  a  t h i r d - o r d e r  te rm  c o n t a i n i n g  r  r  r  .^  y  2

There i s  no  t h i r d - o r d e r  te rm  f o r  th e  c a t i o n ,  a s  th e  c e n t r e  o f  

sym m etry a s s o c i a t e d  w i th  m3m symmetry r e q u i r e s  t h a t  a l l  o d d - in d e x
t

te rm s  i n  t h e  p o t e n t i a l  e x p a n s io n  a r e  i d e n t i c a l l y  z e r o ;  th e  n e x t  

te rm s  a f t e r  th e  harm onic  term  a r e  two q u a r t i c  t e rm s ,  d e s c r i b i n g  mhe • 

e and  t ^ ' m o d i f i c a t i o n s  o f  th e  s p h e r i c a l  sm ea r in g  fu n c t io n *  . ¥a 

e x p e c t ,  t h e r e f o r e ,  t h a t .th e  p r i n c i p a l  anharm onic  c o r r e c t i o n  t o  th e  

s t r u c t u r e  f a c t o r  comes from th e  a n io n ,  where

|3 i s  th e  c o e f f i c i e n t  o f  th e  t h i r d - o r d e r  te rm  i n  th e  ex p an s io n '  o f  

7 ( r )  f o r  oxygen . I f  - t h i s  i s  th e  o n ly  c o r r e c t i o n ,  th e  e x p r e s s io n s  

f o r ’ F^^^^ a r e  (Dawson, I 9 6 7 ) :  ' ’ ..

+ .-8bQ e x p ( -3 g  s i ; P e / P )  ^  Pq ,

f o r  h+k+1 = 4zi +. T?

and

— 1



A a l o  “ exp(-B jj e i n b / A )  83^ e x p ( -S g  s i a ^ e / j R )  . . .  ( 9 )

f o r  h+k+1 = 4n + 2 ,  -

where Eg, a r e  th e  . i s o t r o p i p  te m p e ra tu re  f a c t o r s  f o r .u ran iu m , 

oxygen , and a^  i s  th e  edge o f  th e  u n i t  c e l l *  I t  i s  s t r a i g h t f o z n r a r d  .• 

t o  e x t e n d  ( 8 )  and  ( 9 ) t o  in c lu d e  h i g h e r - o r d e r  anharm onic  c o r r s c -  ' 

t i o n s ,  h u t  th e  e x p e r im e n ta l  d a t a  f o r  a l l  f l u o r i t e  sy s tem s  w hich  

have b e e n  exam ined t o  d a t e  do n o t  s u p p o r t  t h i s  e x te n s io n *

I n  th e  r e f in e m e n t  of th e  U0_ d a t a  b a s e d  on e q u a t io n s  ( 8 )  and  

(j  ;,- Pg m ust be t r e a t e d  a s  an a d j u s t a b l e  q u a n t i t y ,  i n  a d d i t i o n  t o  

th e  q u a n t i t i e s  Eg and  3^* F o r  a  l a t t i c e  w i th  no t h e r m a l  e x p a n s io n ,

Pq i s  in d e p e n d e n t  o f  te m p e ra tu re  f o r  a l l  t e m p s r a r a r e s  e x c e e d in g  th e  

Debye t e m p e ra tu r e  0*  To w i t h i n  the- same l i m i t a t i o n s ,  t h e  harm onic  

p a r a m e te r s

=  S d  a n d

a r e  a l s o  in d e p e n d e n t  o f  te m p e ra tu re *

I f  -wo i d e n t i f y  th e  'd i s p la c e m e n t  p a r a m e te r ’ , Ô, o f  th e  ¥ i l l i s  

t h e o r y  w i th  th e  q u a n t i t y

! o _  n
s d  ’ ^0

o f  th e  Dawson t h e o r y ,  e q u a t io n s  ( 5 ) and  ( 8 )  f o r  th e  o d d - in d e x  

r e f l e x i o n s  a r e  i d e n t i c a l  i n  th e  two t h e o r i e s *  However, t h e ' t w o  

e x p r e s s i o n s  f o r  the. even—in d e x  r e f l e x i o n s  ( e q u a t io n s  ( 6 j  an a  ( 9 ))  

a r e  n o t  th e  same, a l th o u g h  b o th  p r e d i c t  no  i n t e n s i t y  s p l i t t i n g  o f  

r e f l e x i o n s  o c c u r r i n g  a t  a  common 6* The Dawson t r e a t m e n t  i s  b a s e d  

.on so im d e r  p h y s i c a l  a s s u m p t io n s ,  and w i l l  b e -u s e d  i n  uhe n e x t  

s e c t i o n  f o r  th e  r e —i n t e r p r e t a t i o n  o f  th e  UOg d a ta*

4 . He- i n t e r p r é t â t io n  o f  B ragg i n t e n s i t i e s  u s i n g  Dawson (a n h a rm o n ic )

th e o ry  - ■ ■ ■ _

A f a l l - m a t r i x  l e a s t - s q u a r e s  com puter program b a s e d  on e q u a t io n s  (8 )

-  12 -



and ( 9 ) iras k in d ± y  / j r i t t o n  f o r  us  Dy H r. s ,  3 . B ra o h o r ,  TBs urogram

a llo u s . v a r ia t io n  o f any- comBination of the f iv e  paraneters h-Zo.,,' B...
t  0  u

Bg) pQ o v e r a ll  sc a le  factor® The la s t  two columns

I I  l i s t  the q u a n t i t i e s  and ?  ,c a l c  od;

of  Table  2 - 1 and

h a l o '  C l o
, m. /-I Os tru ctu re  fa c to r  c a lcu la te d  w ith th is  program# For the 1*0381 data in  - 

Table I ,  a l l  f iv e  parameters were varied® For the 0.866^ d ata , b .A ^
b' 0

and 3g were' f ix e d  a t  the va lu es g iv e n  by the 1. 036Î  a n a ly s is ,  and only  

three param eters (E g , and sca le  f a c t o r )  were v ar ied : t h i s  procedure 

was n ecessa ry  because no even-index r e f le x io n s  were m easured  a t 0 *866.2 . 

.Table IT  g i v e s  th e  f i n a l  v a lu e s , w ith  e s t i m a t e d  s t a n d a r d  d e v i a t i o n s  i n  

b ra ck e ts , o f  "bg/bg', Eg, and fo r  the 1*038f  d ata , and o f Bg and 

f o r  the 0 *866.2 d a ta .

T able  I T * R e s u l t s . o f  anharm onic  a n a l y s i s

H a v e le n g th
( i )  •

1 •

Humber o f '

^ o b s ' ®  ^0 ( f 2 )  '

b

( f )  ■

A

( 1 0 - 2  e r s  S ' b

1*038 14 1 ,4 4 0 (3 ) 0 .2 0 6 (6 ) ■ 0 . 4 2 6 ( 9 ) - 3 . 0 ( 3 . 0 )

0 . 8 6 6 17. ’ - 0 .2 0 2 (5 ) — —9 . 6 ^ 1 . 0 )

He 'n o t e  f i r s t  t h a t  th e  i n t r o d u c t i o n  of the Pg p a ra m e te r  l e a d s  to  an 

a p p r e c i a b l e  im provem ent in  th e  agreem ent betw een ooserved and c a l c u l a t e d  

s t r u c t u r e  f a c t o r s .  T h is  pan be e x p re s s e d  i n  te rm s  o f  th e  R—f a c u o r ,

d efin ed  By E = j i 'o b s
^ann
calx

w eigh ts (0 , , n &re the* r e c i p r o c a l s  of c ( F  , ) in  T ab les  I  an a  ml*' Tneh id  Ok/S

R—f a c t o r s  f o r  th e  anharm onic  a n a l y s i s ,  and f o r  tn e  narm onic  ana_Lysis 

({3q = O) d e s c r i b e d  i n  s e c t i o n  2 , a r e  l i s t e d  in  Ta o le  T. The n—̂ a. c t, or 

r a t i o , d e f i n e d  a s  th e  harm onic  E—f a c t o r  a i v i a e a  by one anna.rniO^B.u xl—

fa c to r ,  i s  fo r  the 1 . 038^ measurements and iv G ^ fo r  Lhe 0 *b66A
0 '

m easurem ents ,

• 1 3 -



J. Cî . IJ J- Ij: ‘ O :acT-oi?s

Have len g th
d )

Anharmonic
a n a ly s is

harmonic
a n a ly s is

E -fa cto r  i
r a t i o  !

1.038  . 0 ,21^ 0.29$% ' . ' I

0 .866 0 .32^ 0.68^6 2.12 1

The s i g n i f i c a n c e  o f  th e s e  E -factor r a t io s  can he e v a l u a t e d  by 

- p p l y i n g  th e  p ro c e d u re  d e s c r ib e d  by H am ilton  ( 1965) .  H e-w ish  to  t e s t  

th e  h y p o t h e s i s  Eg : The oxygen atoms have a n i s o t r o p i c  (an h a rm o n ic )   ̂

tem perature f a c t o r s .  -

One ex tra  parameter (|3g) i s  included ih  the anharmonic m odel,'and so  

the dim ension, o f the h yp oth esis  i s  1 /  There are fou rteen  measuremenus

a t  110382 and  f i v e  v a r i a b l e  parameters, g iv i n g  n in e  d e g re e s  of freedom , 

From H a m i l to n ’ s t a b l e  . ,

1 ,  9 ,  O . Q f O

a n a 1 , 9 , 0.0 2 5 - ' ' - 4

The o b s e rv e d  E -fa c to r  r a t i o  i s  1..S1 so th at we can accepm mne h yp oth esis  

a t  the; '̂ /̂  ̂ l e v e l  but r e j e c t  i t  a t th e  - l e v e l .  The 1 .0 3 8 ^  r e s u l t s ,  

t h e r e f o r e ,  do n o t  show c o n c lu s iv e ly  the need  to  r e f i n e  th e  aama w ith  

th e  a n h a rm o n ic  m odel; th is  i s  a lso  s u g g e s te d  by  Table IV  wner« ^nc 

value o f Pg, 1 8 .0' ( 3 . 0 ) x 10"'^ erg 2 ' ^  d i f f e r s  from zero b y . le s s

th a n  t h r e e  s t a n d a r d  d e v i a t i o n s .

The 0*8662 m easurem ents  a r e  more c o n c l u s i v e ,  d a re  tn e  numoer 01 

o B s e r v a t io n s  i s  17 and  th e  nnir.hen o f  a d ju s ta 'o le  pohraae ts rs  (3-^, % -a n d  

s o h le  f a c t o r )  i s  3 ,  g iv i n g  U  dognees of freedom . F ^ m i l t o n 's  t a p l e  g iv e s ,

b ,  1 4 ,  0 . 0 0 5  = ' ' ' ' '

t h e  o o s e rv e d  E - f a o t o r  r a t i o  i s  2 .7 2 ,  so t h a t  ve can r e a d i l y  a c c e p t  th e  

h y p c - fc s s is  HQ a t  th e  O .5Z I s V e l .  ih-is  ^ S ^ in  i s  r e f l e c t e d  i n  th e  r.ore ,



p rec ise  e stim a te  o f -  g .p  ( l . O )  x  erg r f  o o ta to e d  from t i e .

0 .8 6 6 2  d a t a .

he am  j_n g to Ta ole IT , we noze m a t the value o o f h /h  „ 3_, and 3 ^
u O' u 0

d i m  c r e n t  arom vhose o u h l i t i ie d  o a r  l i e r  ('Lipsoii and C ochran , ' \ yo6j t  

■ ~ * ( *0)ÿ .  B-g • = 0*31 ( 0 . 0 4 )2^3 Bg = 0 .4 9  (Oo06)2^,

These e a r l i e r  va lues-  m ust he considered a s  su p e rse d e d  by th e  f i g u r e s  i n

Table IV. The pg I’a lu e  in  th e  Table agrees s a t i s f a c t o r i ly  w ith the 

value

pQ = -  9*4 (1 *5) h  10 e r g  ST'" ,

d educed  by Dawson, H u rley  and H aslen  ( 1967) from the a n a l y s i s  of the • 

h i g h - t e m p e r a t u r e  XJO,̂  d a t a  o f  T i l l i s  ( l 9o3) *  '

There a r e  a t  l e a s t  th r e e  p o s s ib le  s o u rc e s  o f  s y s t e m a t i c  e r r o r ,  ' 

whose p r e s e n c e  w ould n o t  be r e v e a l e d  by th e  l e a s t - s q u a r e s  anharm onic  

a n a l y s i s ,  and  w hich  would cause  e r r o r s  in  the p a ra m e te rs  l i s t e d  in  

T ab le  IV . A v e r y  s m a l l  d eg ree  of e x t i n c t i o n ,  am oun ting  t o  a  red u ction  - 

i n  i n t e n s i t y  o f  t h e  low -sr ig le  r e f l e x i o n s  by one p e r  c e n t ,  c a n n o t  be 

r u l e d  ou t s t h i s  would be com pensated  in  th e  a n a l y s i s  by an a r t i f i c i a l  

r e d u c t i o n  o f  Bg and  Bg. Second, th e  n e g l e c t  of th e rm a l  d i f f u s e  

s c a t t e r i n g ,  w hich  r i s e s  t o  a  maximum'at th e  Bragg p o s i t i o n ,  h a s  th e  

o p p o s i t e  e f f e c t ,  l e a d in g  to  an o v e r - e s t im a te  o f  th e  B -fa c to rs \[B ey o r ,

1966) .  ■ A t h i r d  so u rc e  o f  e r r o r  i s  th e  a s su m p tio n  o f . a n  i n c o r r e c t
O ' .

n e u t ro n  w a v e le n g th  X, w hich can be d e te rm in e d  t o  +_ O.OO4 4 . He have r e —

determ ined ?  in  Table I I ,  assuming X = 0 .8702 in stea d  o f X = 0 .86 o 2 ,
obs  ̂ -

a..d liave re -a n a ly sed  the data by means qf the anharmonic model: the |3g 

v a lu e  was unch an g ed  from th e  f i g u r e  g iv e n  in  Table IV, but Bg in creased  

from 0 . 202( 0 . 005) to  0 . 227( 0 . 005)2 ^.

A sim ple r e la t io n  between Bg and Bg fo llo w s  from the assum ption  

th a t the s in g le - p a r t ic le  p o te n t ia ls  of uranium and ozqrgen include  

n e a r e s t  n e ig h b o u r  i n t e r a c t i o n s  o n ly . The a —p a ra m e te r  in  ecu w iio n  \'j')

-  1



i s  t ï - sn  d e r i v e d  t y  a d d in g  e i g h t  i n t e r a t o n i o  p o t e n t i a l s  f o r  th e  uranien,-. 

atom aiic. a. o u r  in te r a u o m ic  p o 'c o n t ia ls  fo p  oxygon» Tlius 2o

a = y i / S , so  t h a t  , ■

^  " 2 "0 '

This r e la t io n s h ip  i s  obeyed q u ite  w e ll by the f ig u r e s  in  Ta'cla IT® ' _

5 » Cone Inn  ion

I n  t h e  c a se  o f  IJO^ a t  20^0, anharmonic e f f e c t s  a r e  very s m a l l  : th e  

. clianges in . in t e n s i t y  are not much more than one per cen t, even fo r  the 

' most s e n s i t iv e  r e f le x io n s*  The anharmonic parameter was derived  from

th e  0 .8 6 o 2  m easu rem en ts  w i th  an  e s t im a te d  f r a c t i o n a l  s t a n d a r d  d e v i a t i o n  

o f  10^» F o r  th e  m easurem ents  at 1 »03c2, th e  anharm onic  e f f e c t s  were - 

b a re ly  s ig n i f ic a n t  : t h i s  i s  n o t  su rp r is in g , s in c e  few r e f le x io n s  in  

t h e s e  d a t a  p o s s e s s e d  h ig h  index-prbduots, h x k x I.' The purpose  o f  

th e  h ig h e r -w a v e  l e n g t h  m easurem ents  was t o  d e f in e  Bg and th e  r a t io  ' of 

th e  s c a t t e r i n g  l e n g t h s  by^/bg, so t h a t  th e s e  lvalues could then he u s e d  

in  th e  a n a l y s i s  o f  th e  low er-w avelength , o d d - in d ex  d ata . The v a lu e s  o f  

Bg a r e  th e  same fo r  both s e t s  o f  d a ta , w ith in  th e  e s t i m a t e d  l i m i t s  of  

e r r o r ,  b u t  th e  3—f a c t o r s  may p o s se s s  other s o u rc e s  o f  e r r o r  n o t  apparent 

in  a  l e a s t - s q u a r e s  a n a ly s is  ( s e e  s e c t i o n  4 )®

■ He have  shown th at i t  i s  p o s s i b l e  t o  m easure n e u t ro n  stru ctu re  

f a c t o r s  w i t h  an  e s t i m a t e d  e r r o r  n o t  l a r g e r  th a n  i t  i s  ted iou s to

do t h i s - -  the F . ' s  r e p r e s e n t  th e  mean of twelve in d e p e n d e n t  m e a su re -
0ÛS

m ents o f  th e  h k l  v a r i a n t s  — b u t  i t  i s  n o t  p a r t i c u l a r l y  d i f f i c u l t .

The r e s u l t s  d e m o n s t r a te  th e  p re se n c e  oz anharmo.nic 67.4. 30x3 

th e  i r  ■■ d ependence  on th e  in d e x —produc x . F u r th e r  p o i n t s  in  tne. tne ory 

.can on ly  be v e r i f ie d  by tak ing measurements over a range of tem pera- 

t u r e s .  I t '  i s  more p r o f i t a b l e  t o  do t h i s  on o th e r  f lu o r ite - ty p e  sy s te m s ,  

such a s B a F g ,  SrF^ and CaF^, where the s c a t te r in g  len gth  r a t io  (anion  

v e r s u s  c a t i o n )  i s  more f a v o r a b l e s  neutron s t u d i e s  oz t n e se c r y s t a l s  

w i l l  be r e p o r t e d  s e p a r a t e l y .  ■ .

». -îo — - • '
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(b) ( c )

Cj

□
c a t io n s  

v aca n t  site-.

? i a n n e  1 i n i c n  i n  th e  f i n e r  i t  e s t r u c t u r e  v i b r a t e s  p r e f e r e n t i a l l y  a lo n g  th e  f o u r  
t e t r a h e d r a l  d i r e c t i o n s  shorn  cy arro irs  ( a ) ,  t h i s  a s p h e r i c a l  n o t io n  i s  
r e p r e s e n te d  oy fo u r  "‘/h -a n io n i :  i n  th e  h i l l i s  t r e a tm e n t  ( o ) ,  and by a 
t e t r a h e d r a l l y - d i s t o r t e d  smearing f u n c t io n  in  .the Dans on th e o ry  i c ) .

i\. H, C-.


