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INTRODUCTION.

Modem t h e o r ie s  o f  atom ic s tr u c tu r e  may he sa id

to  have begun w ith  th e  exp erim en ta l e sta b lish m e n t o f

th e  e x is te n c e  o f  th e  e le c tr o n  j u s t  b e fo re  th e  opening

o f  th e  p r e se n t  cen tu ry . I t  was shown to  be a n e g a t iv e ly

charged p a r t i c l e  o f  mass o n ly  t h a t  o f  th e  hydrogen
1838

atom. D enari in  1903 showed th a t  cathode rays cou ld  be 

made to  p e n e tr a te  a th in  alum inium  window w hich le d  him 

to  conclude t h a t  s w if t  cathode rays could  p a ss  f r e e ly  

through  thousands o f a tom s, assum ing fo r  th e  s i z e  o f  th e  

atom th e  m agnitude deduced from th e  k in e t ic  th e o ry  o f  

g a s e s .  Thus i t  appeared th a t  th e  g r e a te r  p a r t o f an atom  

must be empty. As a R esu lt o f  experim ents on th e  s c a t t e r in g  

o f  oC p a r t i c l e s ,  R utherford in  1911 su g g es ted  a model o f  th e  

atom as c o n s is t in g  o f a  p o s i t i v e l y  charged n u c le u s , v ery  

sm a ll compared w ith  th e  s i z e  o f th e  com plete atom , 

surrounded by a d i s t r ib u t io n  o f  e le c tr o n s  whose number was 

eq u al to  th e  n u c le a r  charge ( I f  exp ressed  in  u n it s  o f  

e le c tr o n  charge) . T h is m odel may be compared w ith  a  

p la n e ta r y  sy stem  w ith  th e  c e n tr a l  n u c leu s corre%  ondi ng to  

th e  su n . I t  was l a t e r  shown th a t  fo r  an atom o f  atom ic  

number N ( corresp on d in g  to  i t s  p o s i t io n  in  M e n d e le je ff’ s  

p e r io d ic  t a b l e ) , th e  n u c leu s  would have p o s i t i v e  charge Ne 

where - e  » -4 .8 0 3  x  10“3.0 e . s . u .  i s  th e  Sharge on an e le c tr o n

s.



BOER’ S THBORY Off THS ATOM 1913.

Bohr develop ed  h is  th e o ry  o f  th e  atom in  an 

attem pt t o  in t e r p r e t  th e  l in e  sp e c tr a  o f  e le m en ts .

The Balmer s e r i e s  had been th e  f i r s t  s e r i e s  o f  

l i n e s  to  be d isco v ered  in  th e  hydrogen spectrum . Balmer 

had shown t h a t  th e  fr e q u e n c ie s  o f th e  fo u r  l in e s  occu rr in g  

in  th e  v i s i b l e  spectrum  could  be rep resen ted  by th e  sim p le  

e m p ir ic a l form ula

where m could  have th e  v a lu e s  3 , 4 ,  5 , 6 corresp on d in g  to  

th e  fo u r  l i n e s  and R was c a l le d  Rydberg’ s co n sta n t and had 

th e  v a lu e  3 «29201 . 10^®.

l a t e r  th e r e  were d isco v ered  o th er  hydrogen s e r ie s ;  

th e  lyman s e r i e s  in  th e  u l t r a v io l e t  g iv en  by th e  form ula

Kn- 3 ........

th e  Baschen s e r i e s  in  th e  in f t a  red w ith

hx-. 4; S'..

and th e  B rack ett s e r i e s  w ith

A l l  th e s e  form ulae cou ld  he r ep resen ted  hy the g en era l form ula

Where 71



#
T h is su g g ested  th a t  a g en era l law  could  be s ta te d  

w hich s in c e  has been shown to  be exact fo r  a l l  th e  s p e c tr a l  

l in e s  o f  a l l  e le m e n ts . T h is com bination p r in c ip le  o f  H itz  

s ta te d  th a t  th e  freq u en cy  o f  each s p e c tr a l  l i n e  was equal to  

th e  d if f e r e n c e  between two s p e c tr a l  term s c h a r a c t e r is t ic  o f  

th e  body e m itt in g  the r a d ia t io n . Bor hydrogen, th e  s p e c tr a l  

term s would have th e  form ^  where n » 1 ,  Z . . . .  She 

problem  remained o f  how to  e x p la in  th e s e  s p e c tr a l  s e r i e s  by 

means o f  an atom ic m odel.

In  th e  ca se  o f  R u therford’ s  model o f  th e  atom, 

a cco rd in g  to  th e  law s o f  c la s s i c a l  m ech an ics , t h e  system  o f  

e le c tr o n s  and n u c leu s composing an atom , sh ou ld  o n ly  have 

reached f i n a l  eq u ilib r iu m  when th e  e le c t r o n s  had f a l l e n  in to  

th e  n u c le u s . B efore th e  f i n a l  e q u ilib r iu m , th e  e le c tr o n s  

would d e sc r ib e  o r b it s  o f  d im in ish in g  s i z e  about th e  n u c le u s , 

c o n tin u o u s ly  e m it t in g  energy as r a d ia t io n . The fr e q u e n c ie s  

in v o lv ed  in  th e  m otion  o f  th e  e le c t r o n s  would th en  g r a d u a lly  

change during th e  em iss io n  o f  l i g h t ,  a f a c t  in co m p a tib le  on 

th e  c l a s s i c a l  th e o r y  w ith  th e  sh a r p ly  d efin ed  fre q u en c ie s  

o f  s p e c tr a l  l i n e s .

Bohr had th e  id ea  o f a p p ly in g  th e  quantum law s t o  

R utherford»s model o f  th e  atom.

P lan  ok had p r e v io u s ly  announced ( in  1900) th a t  th e  

d is t r ib u t io n  o f en ergy  w ith  freq u en cy  o f  r a d ia t io n  in  

thermodynamic eq u ilib r iu m  w ith  m atter  (b la c k  body r a d ia t io n )

#.



oouLd be rep resen ted  by th e  eq u a tio n

/ ^  V V____ _ c/y
c '  e ^ - l

in  w hich V was th e  freq u en cy  o f  th e  l i g h t ,  k was Boltzmann’ s  

c o n s ta n t , T  th e  a b so lu te  tem perature and K was a co n sta n t  

c a l le d  P lan ck ’ s c o n s ta n t . T h is eq u a tio n  was n o t th a t  w hich  

was obtained  from c l a s s i c a l  s t a t i s t i c a l  m echanics; P lanck  

showed th a t  i t  could  be d er iv ed  i f  th e  fo llo w in g  assum ption  

were m adei-

th a t  r a d ia t io n  was n o t em itted  c o n tin u o u s ly  by r e so n a to r s  in  

eq u ilib r iu m  w ith  r a d ia t io n  but on ly  in  d is c r e t e  p o r t io n s  o f  

m agnitude Kv , each  p o r t io n  b e in g  c a l le d  a l i g h t  quantum.

The p h o t o e le c t r ic  e f f e c t  was in te r p r e te d  by E in s te in  in  1907 

and he showed that th e  maximum v e lo c i t y  o f  the em itted  

e le c tr o n s  corresponded to  th e  co n v ersio n  in to  k in e t i c  energy  

o f  ju s t  th e  energy  hv  o f  one l i g h t  quantum. In  b oth  th e se  

c a s e s ,  th e  system  e m it t in g  or ab sorb in g  r a d ia t io n  in  quanta.^ 

changed d is  c o n tin u o u s ly  from a s t a t e  w ith  a giv% i energy to  

one w ith  en ergy  kV g r e a te r  or l e s s .

Bohr a p p lie d  the same kind o f  quantum c o n d it io n s  to  

th e  case  o f  an atom ic system  and h is  two p o s tu la te s  may be 

ex p ressed  a s  f o l lo w s .

(1 ) An atom ic system  can e x i s t  in  c e r ta in  s ta t io n a r y  

s t a t e s ,  each  one corre(p on d in g  to  a d e f i n i t e  v a lu e  o f  th e

energy W o f  th e  system ; an4 t r a n s i t io n  from one s t a t e

6 .



to  an o th er  i s  accom panied by th e  e m iss io n  or a b so rp tio n  as  

r a d ia t io n , or the tr a n s fe r  to  or from an oth er  sy stem , o f  an 

amount o f energy  equal to  th e  energy  d if fe r e n c e  o f  th e  two 

s t a t e s .

(2 ) The freq u en cy  o f th e  r a d ia t io n  em itted  by a 

system  and a s s o c ia te d  w ith  the t r a n s i t io n  from an i n i t i a l  

s t a t e  wîbüienergy , to  a f i n a l  s t a t e  w ith  en ergy  W ^ is

. Wj “

(11
In  order to  determ ine th e  e n e r g ie s  o f  s ta t io n a r y  

s t a t e s ,  Bohr assumed t h a t  th e  e le c tr o n  behaved as a p o in t  

charge ob eying  th e  laws o f Newtonian dynam ics, but he 

r e s t r ic t e d  th e  number o f p o s s ib le  m otions by in tr o d u c in g  

th e  quantum r u le s .  Taking f i r s t  th e  s im p le s t  ca se  o f  

p e r io d ic  m otion which i s  d e fin ed  by a s in g le  v a r ia b le  q , 

th en  th e  quantum c o n d it io n  was w r it te n

^  |c> cLcĵ  K. 'Vl =
( B )

where p i s  th e  momentum con ju gate  to  th e  v a r ia b le  q , h i s  

P lan ck ’ s co n sta n t and th e  in t e g r a l  i s  tak en  over a coQ ^lete  

c y c le  o f  m d tlon ,

A p ply ing  t h i s  to  th e  c ir c u la r  o r b it s  o f th e  hydrogen

atom w hich c o n s is t s  o f  a  n u c leu s o f  charge ' h e  m d  & 

p la n e ta r y  e le c tr o n  o f  charge -̂ e accord in g  to  th e  R utherford



m

atom ic m odel, th e  fo l lo w in g  eq u a tio n  itf ob ta in ed ;

= n j u  (3 )
a ir

where ^  i s  th e  an g le  w hich r e p r e se n ts  the p p s ^ io n  o f  

th e  e le c tr o n  on a c ir c u la r  o r b it  o f  ra d iu s r  and m̂  i s  th e  

mass o f  th e  e le c t r o n .  The a n g u la r  momentum o f  an e le c tr o n
I

on a s t a b le  o r b it  i s  thu s assumed to  be a m u lt ip le  o f

The law s o f  dynamics g iv e  th e  r e la t io n

71^7 s ’' = (4 )

The energy o f  th e  n**  ̂ o ir o t i la r  (luantiaed  m otion i s  g iv en  hy

th e  sum o f  th e  p o t e n t ia l  and k in e t i c  e n e r g ie s  o f  th e  

e le c tr o n

on s u b s t i t u t in g  from eq u ation s (3 ) and ( 4 ) .

Prom eq u a tio n  (1 ) th e  fr e q u e n c ie s  o f  th e  hydrogen 

l in e s  shou ld  be g iv en  by th e  g en era l r e la t io n

w hich i s  Seen to  a g r ee  w ith  th e  e m p ir ica l form ula



Good agreem ent was found between th e  v a lu e  o f H determ ined

from th e  hydrogen spectrum  and th e  v a lu e   ----- ^ -------

c a lc u la te d  from th e  known v a lu e s  o f  m^, e and h.

In  order to  d e a l w ith  th e  more g en era l case  o f  

e l l i p t i c  o r b i t s ,  th e  quantum c o n d it io n s  must be a p p lie d  t o  a 

system  o f  two v a r ia b le s ,  th e  rad ius v e c to r  n  and th e  azim uth  

an g le  & . The quantum c o n d it io n s  fo r  a system  o f  x  d egrees

o f  freedom are  rep resen ted  by th e  x  eq u ation s

L~   ^  (8 )

Por an e le c tr o n  on an e l l i p t i c  o r b i t , th e  k in e t ic  energy  

T i s  g iv e n  by

and th e  momenta con ju gate  to  th e  v a r ia b le s  r  and 9 are by 

d e f in i t io n

b y -  ^ -  b i . f  a 'h c l  Pt.' ^  "hio f-~" #

A p plying th e  quantum c o n d it io n s  o f eq u a tio n  (8 )  g iv e s

^  ^ d r  ? (9 )

n^ i s  u s u a l ly  denoted by k  and i s  c a l le d  th e  azim u thal 

quantum number. As th e  e le c tr o n  i s  moving in  a c e n tr a l  

f i e l d  o f  fo n e ,  th e  an gu lar  momentum i s  c o n sta n t , so  th a t

th e  f i r s t  c o n d it io n  becomes

9.



'ül

(10)

T his i s  th e  same as Bohr’ s  c o n d it io n  fo r  c ir c u la r  o r b i t s .

In  order to c a lc u la t e  the second in t e g r a l  o f  

eq u a tio n  (9 ) th e  energy i s  exp ressed  as

and s u b s t i t u t in g  from eq u ation  (10)

a,
€

^  + % ) -

During th e  m otion th e  ra d iu s v e c to r  r  v a r ie s  betw een th e  

v a lu e s  r_ and r->. Supposing ^  r«

c  " r * ,  L _
5  '  :  / s M i f . t - J -  V (

a-

= — (71,|k 4 -  . r n  U
J a M £ |

Then
a,

'*'1̂ 1. k '’ (11)

where %^ng th e  energy o f  th e  s ta t io n a r y  s t a t e  

corresp on d in g  to  quantum numbers n^ and n g . As /n ^ /  and %  

are  p o s i t i v e  in te g e r s  o r  zero (but n o t s im u lta n e o u s ly  z er o )  

one can put

Hi 1 - y\ (b -  Ijâ,.,...]

10.



#
S u b s t it u t in g  t h i s  in  eq u ation  (11 ) one ob ta in s e x a c t ly  th e  

same energy l e v e l s  as in  Bohr’ s e a r ly  th e o r y  o f  c ir c u la r  

o r b i t s .

I f  th e  same c a lc u la t io n  i s  c a rr ie d  out fo r  an atom  

o f  a tom ic  number N w hich has been io n iz e d  t im e s ,  th e

fr e q u e n c ie s  o f  th e  s p e c tr a l  l i n e s  are g iv en  by

(13)

in s te a d  o f  by eq u a tio n  (6)1

11.



AMOMâLIBS.

R u therford’ s p la n e ta r y  model o f  the at )m w hich was 

made p r e c is e  hy Bohr’ s th e o r y  was a b le  to  e x p la in  

s a t i s f a c t o r i l y  much ex p er im en ta l e v id e n c e . I t  was apparent 

l a t e r  however th a t  t h i s  model o f  a hydrogen atom c o n s is t in g  

o f  an e le c t r o n  r o ta t in g  round th e  p o s i t iv e  n u cleu s in  an 

e l l i p t i c  or c ir c u la r  o r b it  was too  sim ple to  e x p la in  

e v e r y th in g . Anom alies in  gyrom agnetic exp erim en ts, th e  f in e  

s tr u c tu r e  o f th e  hydrogen spectrum , th e  d o u b le ts  in  th e  

sp e c tr a  o f  th e  a l k a l i e s ,  th e  anomalous Zeeman e f f e c t  and 

c e r ta in  fe a tu r e s  in  Zray sp e c tr a  could  n o t be in te r p r e te d .

I t  was s u g g e s te d , perhaps by an a logy  withlfche p la n e ta r y  

system  o f  th e  su n , th a t  th e  e le c tr o n  had n o t o n ly  an e l l i p t i c  

p ath  about th e  n u c leu s  but a ls o  a r o ta t io n a l  m otion for  sp in )  

about i t s  01#  a x i s .  We s h a l l  se e  how th e  th e o r y  o f  e le c tr o n  

Bpiii was brought forward in  ord er to  e i^ la in  th e  d i f f i c u l t i e s  

d escr ib ed  above.

12.
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(1 ) GYEOMAGEBTIG M O m ilB S .

Ovilng to  th e  m otion o f an e le c tr o n  in  an atom , a 

m agnetic  moment i s  produced and th e  r a t io  o f t h i s  to  th e  

an gu lar  momentum o f th e  m otion can e a s i l y  he c a lc u la te d .

L et us c o n s id er  a p a r t i c l e  o f  mass and charge e 

t r a v e r s in g  a p lan e  c lo se d  o r h it  under a C entra l force tow ards  

a p o in t  0 . Then from c l a s s i c a l  dynam ics, th e  r a te  a t  w hich  

area  i s  sw ept out hy th e  ra d iu s v e c to r  i s  c o n sta n t .

0

1In  f ig u r e  I  l e t  M stnd M r ep re sen t th e

f ig u r e  I .

p a r t i c l e  a t  two in s t a n t s .  The area  o f  t r ia n g le  01#^ i s

i  MM', ox ■- VcLt 1* sCvxOt

where V  = v e l o c i t y  and d t i s  t h e  sm a ll e lem ent o f  tim e to  

tr a v e r s e  th e  d is ta n c e

d pi - ycUc-y. $ùy\ o( ̂Ï COyisCâ f - H
<Wr 3.



e

where M i s  th e  angu lar moment-mm and eq u a ls

T h erefore  as M i s  co n sta n t we can in te g r a te  over a l l  th e

p er iod  T o f th e  m otion

ft . Ü  T
"I (14)

where A i s  th e  t o t a l  area  o f  th e  o r b i t .  The m otion o f  

th e  charge e i s  s u i v a i e n t  t e s  cu rren t I  where

L ' T

i f  e i s  in  e le c tr o m a g n e tic  u n it s  or

c ___
c T

(15)

where e i s  in  e l e c t r o s t a t i c  u n i t s . from s t a t i o n s  (14) and

(15)

L -
M

w\,

from t h e  m agnetic  p o in t  o f  v ie w , t h e  cu rren t i s  e q u iv a le n t  

to  a m agnetic  s h e l l  o f s tr e n g th  i  and area  A, T h erefore  th e  

m agnetic  moment yu. i s  g iv en  by

y  â

T h is r e la t io n  i s  v ^ lid  in  

v e c to r s  m  and M .

m agnitude and d ir e c t io n  fo r  th e



I t  can be dem onstrated in  a more g en era l way th a t

i f  one c o n s id e r s  an assem b ly  o f  p a r t i c l e s  o f  th e  same mass

m^and th e  same charge e form ing a system  in  a s ta t io n a r y

s t a t e ,  th e  above r e la t io n  i s  s t i l l  v a l id  between th e  t o t a l

m agnetic  moment A  and th e  t o t a l  co n sta n t an gu lar  momentum 
-jt
n  o f  th e  sy stem . By Bohr^s th e o r y , atoms c o n ta in  

e le c tr o n s  in  m otion  in  s ta t io n a r y  s t a t e s  so  i t  sh ou ld  be 

p o s s ib le  to  ap p ly  th e  above r e la t io n  to  a tom s. A ccording to  

B oh r's th e o r y , th e  t o t a l  an gu lar  momentum o f  th e  atom i s  an 

in t e g r a l  m u lt ip le  o f  ^  Thus

SIT 3 w-c .

The m agnetic  moment o f  th e  atom would th e r e fo r e  a lw ays be an 

ex a ct m u lt ip le  o f  a c e r ta in  u n it  c a l le d  th e  "Bohr magneton" 

and eq u a l to
■e k

The e x is te n c e  o f  t h i s  u n it  Bohr magneton was v e r i f i e d  by th e  

experim ents o f  B tern  and G erlach franmneasurements o f  th e  

d e f le c t io U  o f  a stream  o f  atoms in  a nonhomogeneous m agnetic  

f i e l d .

l e  s u i t  a o f  exp eriim n ts on th e  gyrom agnetic e f f e c t  

do n o t however v e r i f y  th e  r e la t io n

- t
2 c



i

in  a g e n e ra l and com plete way. As an an gu lar  momentum i s  

a s s o c ia te d  w ith  th e  m agnetic moment o f each  atom , th en  i t  

seems p o s s ib le  th a t  th e re  may be gyrom agnetic e f f e c t s  fo r  

m atter in  b u lk .

Let o( and be th e  m agnetic moment and an gu lar  

momentum o f  a rod o f m a te r ia l ,  th e  m a g n e tisa tio n  b e in g  due 

to  " c a r r ie r s"  o f  m agnetic moment and an gu lar momentum M. 

The rod i s  assumed to  be i n i t i a l l y  unm agnetised  and a t  r e s t  

{<^-0  ̂ o ) . The p r o c ess  o f m a g n e tisa tio n  c o n s is t s  in

th e  p a r t ia l  or com plete alignm ent o f  th e  c a r r ie r s .  L et
/yU be th e  r e so lv e d  m agnetic  moment o f  a c a r r ie r  in  th e  

d ir e c t io n  o f  th e  a x is  o f  th e  rod

The change in  th e  r e s u lta n t  an gu lar  momentum o f  th e  c a r r ie r s  

on m a g n e tisa tio n  o f  the rod must be compensated by an eq^ual 

and o p p o s ite  change in  th e  an gu lar  momentum o f  th e  rod as 

m w h o le , t h e t o t a l  an gu lar  momentum communicated by th e  f i e l d  

bëâUg %ero.

f i- . m '=

As th e  m a g n e tisa tio n  changes , th e  cou p le  a c t in g  on th e  rod i s  

g iv en  by

C = #  -  R  ^
X t



f

I f  th e  m a g n e tisa tio n  o f th e  rod i s  changed su d d en ly  hy an 

amount S ^  , a r o ta t io n a l  im pulse w i l l  he g iv en  to th e

rod.

-  -  M.
* yU J  èX ytA

I f  th e  r o ta t io n a l  im pulse im parted to  a rod fo r  a g iven

change o f  m a g n e tisa tio n  can he m easured, a va lu e  can he
Mob ta in ed  fo r  th e  gyrom agnetic r a t io  o f  th e  c a r r ie r s ,

A r e la t e d ,  though not strictOLy c o n v e r se , e f f e c t  i s  

ob ta in ed  by th e  r o ta t io n  o f  a rod . As in  th e  u su a l  

trea tm en t o f  g y r o sc o p e s , r o ta t io n  w i l l  tend to  a l ig n  th e  

axes o f  th e  c a r r ie r s  in  th e  d ir e c t io n  o f the a x is  o f  r o ta t io n ,  

SO) b e in g  e q u iv a le n t  in  i t s  e f f e c t  to  a m agnetic f i e l d .  Let 

^  be the an gu lar  v e lo c i t y  o f th e  rod . S in ce  no couple  

i s  a p p lie d  to  th e  c a r r ie r s ,  th e  e q u a tio n  o f  m otion o f th e

c a r r ie r s  r e la t iv e  to  f ix e d  axes (denoted  by s u f f i x  ^  ) w i l l

be '

-  ^ 0

d eferred  to  a x es m oving w ith  an gu lar  v e lo c i t y  ' ( th a t  i s ,  

f ix e d  in  th e  rod) th e  eq u a tio n  becomes

+  [ a x M j  -  0

Where M J r e p r e se n ts  th e  v e c to r  product o f  üu and M



[ A x X ]
<k)c 

JiMlow  T P  g iv e s  th e  e f f e c t i v e  couple on the c a r r ie r s .  T his  

may he a l t e r n a t iv e ly  exp ressed  hy  ̂J The e f f e c t  o f

r o ta t io n  i s  th u s e q u iv a le n t  t o  a f i e l d  H such  th a t

[ / x h ]

n o ta t io n  o f  a rod w i l l  r e s u l t  in  m a g n e tisa tio n  such a s would  

he produced hy a f i e l d  o f  t h i s  m agnitude H in  a s ta t io n a r y  

rod. I f  th e  v a lu e s  o f th e  f i e l d s  a re  found w hich are  

req u ired  t o  produce in  a s ta t io n a r y  rod th e  same 

m a g n e tisa tio n s  as are produced hy g iv e n  sp eed s o f r o ta t io n ,  

th en  th e  gyrom agnetic r a t io  o f the c a r r ie r s  can he 

determ ined .

The f i r s t  experim en ts t o  g iv e  rea so n a b ly  d e f in i t e  

r e s u l t s  ( th o s e  o f  B arn ett in  1914 and o f  E in s t e in  and 

de Haas) showed th a t  ^  was n e g a tiv e ,, th e  d ir e c t io n  o f  M 

r e la t iv e  toyU  corresp on d in g  to  th e  r o ta t io n  o f  a n e g a t iv e  

ch arge, but th a t  th e  m agnitude o f  the r a t i o ,  fo r  th e  

ferro m a g n etic s  in v e s t ig a te d  was ap p rox im ate ly  ÿw ice th a t

c a lc u la te d  fo r  an o r b i t a l  e le c tr o n  i , e , —  in s te a d  o f  ^
*̂ 0̂  a  mo G

T h is d iscrep a n cy  betw een th e  observed and exp ected  r e s u l t ,  

th e  gyrom agnetic anom aly, was one o f  th e  reascm s w hich le d  to

th e  id e a  o f  an e le o tr o a  h av in g  m  in t r in a ie  sp in  and m agnetlo

, 18-  '
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moment fo r  which the r a t io  was oe th a t  fo r  th e
M

o r b i t a l  m otion .

19.



(2 ) IX)ÜBLBT3 IE ALKALI SPBOTM.

Bydberg showed th a t  th e  s p e c tr a l  term s o f  e lem en ts
Ro th er  thaix hydrogen could  be w r it t e n  in  th e  form 

where B was th e  same co n sta n t as fo r  hydrogen, n was a

p o s i t i v e  in t e g e r  and A  was a number (n o t a n i in te g e r )  a b le  

t o  ta k e  s e v e r a l  d i f f e r e n t  v a lu e s  fo r  each  e lem en t. E itz
K

su g g ested  a more e x a c t  form ula rri~+  A  +  w ith  S
I 'Tt*'/

an oth er number, f o r  a g iv e n  v a lu e  o f n ,  i  could

in  g en era l tak e  s e v e r a l  d i f f e r e n t  v a lu e s ,  so th a t  to  th e  same

v a lu e  o f  n would correspond s e v e r a l  s p e c t r a l  term s. 

S p e c tr o a c o p is ts  d e s ig n a te  p o s s ib le  v a lu e s  o f  A .  by a s e r i e s  

o f  l e t t e r s  s ,  p , d , f ,  g , h so  th a t  th e  ta b le  o f  

s p e c t r a l  term s i s

( I s )  (S s) (3 s )  (4 s )  (5 s )

(Bp) (% ) (4p) (5p)

(3d) (4d) (5d) (16)

( 4 f )  ( 5 f )

As fo r  hydrogen th e  fr e q u e n c ie s  o f  l i n e s  o f  th e  same s p e c tr a l  

s e r i e s  a re  alw ays ob ta in ed  by ta k in g  th e  d if f e r e n c e  between  

th e  o o n sta n t term  c h a r a c t e r i s t i c  o f  th e  s e r i e s  and one 

v a r ia b le  term . I t  i s  found th a t  a s e l e c t io n  r u le  a p p l ie s ,  

th a t  in  u su a l c o n d it io n s  of e m iss io n  n o t  aU  p o s s ib le



?

oo îtb in a tion s betw een s p e c t r a l  term s occur but on ly  th o se  

where A  changes to  one or o th er  o f  i t s  n e igh b ou rin g  

v a lu e s ,

B oh r's th eo ry  was extended to  t r y  to  e x p la in  th e  

S p ectra  o f the a lk a l i  m e ta ls . The g e n e ra l analagous  

c h a ra cter  o f  th e  spectra* o f  a l l  e lem en ts and th e  fa c t  t h a t  in  

each  form ula th e  same fiydberg c o n sta n t E a p p ears, le d  to  th e  

c o n c lu s io n  th a t  th e  p la n e ta r y  model so  u s e fu l  fo r  th e  

hydrogen atom should  be used fo r  o th er  e le m en ts .

The f i r s t  assum ption made was th a t  in  an atom o f  

atom ic number 3  , th e  (ÎT -  1) o f  th e  p la n e ta r y  e le c t r o n s  

^ o u ld  be co n sid ered  as r o ta t in g  n ear th e  n u cleu s and fo im in g  

around i t  an atom ic c o r e , w h ils t  th e  p la n e ta r y

e le c tr o n  c a l le d  th e  " o p t ic a l  e le c tr o n "  wculd have i t s  o r b it  

outside th e  e lec tro n ic  s h e l l*  The p assage o f  an o p t ic a l  

e le c tr o n  from one s ta t io n a r y  s t a t e  to  an oth er  would determ ine  

th e  spectrum  o f  th e  e lem en t. Then i t  was assumed t t a t  th e  

a c t io n  o f  th e  n u c leu s o f  charge 4 - Ee and th e  s h e l l  o f  

charge *-(F -  l ) e  was e q u iv a le n t  ap p rox im ate ly  to  th e  a c t io n  

o f a c e n tr a l charge 4 - e . The problem was th u s reduced  

t o  th e  problèan o f th e  hydrogen atom w ith  a s in g le  quantum 

number.

To o b ta in  a second ap p rox im ation , Sommerfeld to o k  

account o f  the f a c t  th a t  near th e  s h e l l  o f  e l e c t r i c i t y ,  th e

Z l .



charge o f  th e  n u c leu s and th a t  o f the. s h e l l  would not  

e x a c t ly  compensate to  a charge - f - e .  He showed th a t  th e  

o r h it  o f th e  e le c tr o n  would no lo n g e r  he c lo se d  and i t  would 

he n e c e ss a r y  to  in tro d u ce  a second quantum^k, th e  azim u thal 

quantum number corresp on d in g  to  n , in  B oh r's th e o ry  o f  th e  

hydrogen atom. I f  th e  o r b it  p en etra ted  th e  s h e l l  o f  

e l e c t r i c i t y ,  i t  would th en  c o n s is t  o f  a segment o f  one 

K epler e l l i p s e  in  th e  o u ter  r eg io n  and a segm ent of an oth er  

K epler e l l i p s e  in  th e  in n er  r e g io n . As a r e s u l t  o f th e  

pen e t  r a t i  oh, th e  o u ter  e l l i p t i c a l  segm ent would then  undergo 

an e f f e c t i v e  p r e c e s s io n  about an a x is  normal to i t s  p lan e as 

sho?m in  f ig u r e  I I .

f ig u r e  I I .

Sonm erfeld c a lc u la te d  th e  term  v e lu e s  in  t h i s  way 

and ob ta in ed  a g a in  th e  em p ir ica l fo im u la  o f  Bydberg and 

B itz  g iv en  above. By rea so n in g  based on B ohr's



?

correspondence p r in c ip le ,  i t  was shown th a t  th e  o n ly  

t r a n s i t io n s  i/Æiich should  take p la c e  were th o se  fo r  which  

G = i t  I , and t h i s  agreed  w ith  experim ent. B ohr's and 

Som m erfeld's t h e o r ie s  hy in tr o d u c in g  th e  two quantum 

numbers n and k were a b le  to  in t e r p r e t  th e  s p e c tr a l  term s o f  

th e  Rydberg R itz  form u la . Som m erfeld's th e o r y  and o th er  

v e r s io n s  of th e  old  quantum th eo ry  su g g ested  th a t  the  

azim u th a l quantum number k corresponded to  th e  d iv e r s  v a lu e s  

( s ,  p , d . . . )  in  th e  fo l lo w in g  way

k = 1 2 3 4 5 6 ........................

= 0 p d f  g h ........................

Thus each  s p e c t r a l  term  (n , A  ) cou ld  be w r it te n  in  th e  form  

(Ti, k ) .

However th e  ta b le  (16)  ob ta in ed  from the %pd.berg 

R itz  form ula i s  on ly  a f i r s t  app rox im ation . P rogress in  

sp ec tro sco p y  showed th a t  l in e s  con sid ered  sim p le  in  th e  

Rydberg R itz  scheme were in  r e a l i t y  formed by a group o f  

n eig h b o u rin g  l i n e s  c o n s t i t u t in g  m u lt ip le t s .  In  th e  a lk a l i  

s p e c tr a , most o f  the s p e c t r a l  term s o f  th e  Rydberg R itz  

scheme are  doubled . The v a lu e  s  o f  the q u a n tity  A  alw ays 

rem ains s in g le  but th e  v a lu e s  o f  p , d , f , g . . .  are a l l  

d o u b le . Table (16) has th e r e fo r e  to  be rep laced  by the  

fo l lo w in g  ta b le :



( i s ) (2 s ) (2 s ) (4g) , .

(2 p i) ( s p p (4pQ^). .

(2pg) (2Pg) ( 4 p g ) . .

(3 d i) ( 4 d i ) . .

(sa g ) (Adg) . .

( 4 f l ) . .

( 4 f g ) . .

(17)

In  order to  c h a r a c te r ise  ea ch  o f th e  m u lt ip le  s p e c tr a l  

term s corresp on d in g  to  the same term o f ta b le  ( 1 7 ) ,  i t  would 

be n e c e ssa r y  t o  in tro d u ce  a th ir d  quantum number. At th e  

tim e o f  th e  o ld  quantum th e o r y , t h i s  th ir d  quantum number j was 

in trod u ced  in  q u ite  an e m p ir ica l way. The two n eigh b ou rin g  

v a lu e s  o f  A  w hich corresponded to  a c e r ta in  va lue o f  n 

and k sh ou ld  be c h a r a c te r ise d  by d i f f e r e n t  v a lu e s  o f  the  

quantum number j . To th e  two n eigh b ou rin g  s p e c tr a l  term s 

were a t t r ib u t e d ,  the two v a lu e s  o f  j

j - -  k - l  -  1  t  ±  i

i f  we put ~t ' k — I

There were now two s e l e c t io n  r u le s  which gave th e  p o s s ib le  

t r a n s i t i o n s .

' b k  = + 1  - I  “ I

In  th e  o ld  quantum th e o ry  th e  m eaning o f  th e  number 

3 remained unknown. I t  req u ired  th e  h y p o th e s is  o f  a



m agnetic  and sp in n in g  e le c tr o n  to  r e v e a l i t s  s ig n i f i c a n c e .  

Thus the reason  fo r  th e  d ou b le t ch a ra cter  o f  th e  a l k a l i  

sp e c tr a  could  not he understood  w ith o u t th e  co n c ep tio n  o f  

e le c tr o n  s p in .



(3 ) THB m o m io u s  ZBEMAU BFFEOT.

In  th e  p resen ce  o f  a m agnetic f i e l d ,  i t  i s  found  

th a t a s p e c t r a l  l in e  w hich i s  o r ig in a l ly  sL n g le  becomes s p l i t  

up in to  a number o f com ponents. On th e  b a s is  o f the o ld  

quantum th e o r y , th e  expected  fre q u en c ie s  o f  th e se  components 

can be c a lc u la te d .

Suppose an e le c t r o n  in  an atom i s  in  a s ta b le  s t a t e  in  

th e  absen ce o f an e x te r n a l m agnetic f i e l d .  l e t  IL be th e
. . . . . .  . . . . . .  t '

en ergy  o f t h i s  e le c tr o n  and yx. th e  m agnetic moment 

corresp on d in g  to  i t s  o r b i t a l  m otion . In  th e  presen ce  o f  a 

uniform  e x te r n a l  m agnetic f i e l d  H, th e  energy o f th e  e le c t r o n ic  

o r b it  w i l l  be

 ̂ ~ L\a . H )

where j /x , H )  r e p r e se n ts  th e  sc a la r  product o f  th e  two 

v e c t o r s .  As

/k - K1
& c

t h i s  may be w r it te n

V |, -.' Wo +  ( m , h )

C onsider th e  component o f M a3Long th e  d ir e c t io n  o f  th e  f i e l d .

T h is component should  be by th e  o ld  quantum th e o r y , a
,......................................  U  -  ' ■

m u lt ip le  o f



(18)

where m i s  a quantum number c a lle d  the m agnetic quantum 

number.

C onsider the s p e c tr a l  l in e  produced by the p assage  

o f  an e le c tr o n  from a s ta b le  s t a t e  o f  energy to  a s t a b le  

s t a t e  o f  l e s s  energy  In  th e  absence o f  an e x te r n a l

m agnetic f i e l d , t h i s  s p e c tr a l  lim e  would have th e  frèq u en cy

v/o "Wo'

In  the p resen ce  o f  a uniform  f i e l d  t h i s  becomes

Under o rd in a ry  c o n d it io n s  to  account fo r  o b serv a tio n s a s e l e c 

t io n  p r in c ip le  must be in trodu ced  a cco rd in g  to  w hich

« 0 ,

T h is r u le  i s  su g g es ted  by correspondence p r in c ip le  r ea so n in g .

C la s s ic a l ly ,  the an gu lar  momentum M a s s o c ia te d  w ith  a 

c ir c u la r ly  p o la r is e d  wave system  ( th a t  em itted  by an e le c tr o n  

r o ta t in g  in  a c ir c u la r  o r b it  w ith  frequ en cy  V ) i s  r e la te d  to  

th e  energy W by th e  éq u ation

a . . ~ L
w aivv ■ ■

80
87.



so  th a t  fo r  a change in  momentum o f th e  r a d ia t in g  system

A W

T h is su g g e s ts  t h a t ,  onthe quantum th e o r y , s in c e
I

a change in  M o f  ^  (or  in  m o f u n ity )  w i l l  r e s u l t  in  

o ir c u la t ly  p o la r is e d  r a d ia t io n . On th e  o th er  hand, r a d ia t io n  

a r is in g  from a l in e a r l y  v ib r a t in g  e le c t r o n ,  c l a s s i c a l l y ,  

has no a s s o c ia te d  an gu lar  momentum, su g g e s t in g  th a t  / \  }n  ̂ 0  ' 

corresponds to  l in e a r  p o la r is a t io n .  These c o n s id e r a t io n s  

g iv e  some t h e o r e t ic a l  su pp ort fo r  the e% perim entally  

j u s t i f i e d  r e s t r i c t i o n  o f  (SO ). The r e s u l t  of th e  s im p le  

quantum theory trea tm en t i s  th en  g iv e n  by (19) and (SO); 

and to  th e s e  should  be added

A  m = "i 1 — ^ c ir c u la r  p o la r is a t io n

A  m = 0  —  ̂ l in e a r  p o la r is a t io n

These are e x a c t ly  the same c o n c lu s io n s  as are ob ta in ed  from

th e  c la s s i c a l  th e o r y . The c a se s  in  which t h i s  th e o ry  i s

v e r i f i e d  are c a lle d  exam ples o f  the ’’normal Zeeman e f f e c t ” .

However i t  i s  o n ly  v e r i f i e d  in  a sm a ll number o f  

c a s e s ,  the m a jo r ity  g iv in g  a s o - c a l le d  ”anomalous” Zeeman 

e f f e c t .  The exp erim en ta l s tu d y  o f  t h i s  le d  t o  tw o im portant 

g e n e r a l is a t io n s .  A ccord in g  to  P r e s to n ’ s r u le  (1 8 9 9 ) , a l l  

th e  l in e s  o f  th e  same s e r i e s  o f  an elem ent undergo th e  same ■ 

s p l i t t i n g  in  a m agnetic f i e l d , a s  a ls o  corresp on d in g  l in e s

m .



o f  d i f f e r e n t  e lem en ts w ith  an alogou s s p e c tr a . Runges 

r u le  s t a t e s  th a t  th e  se p a r a t io n  o f  th e  components from th e  

zero p o s i t io n  (measured in  fr e q u e n c ie s )  i s  a sm a ll m u lt ip le  

o f  an a l iq u o t  p art o f th e  normal se p a r a tio n ;  th a t  i s

A V  .  | t |

where a and h are in t e g r a l .  lande^ summarised th e  r e s u l t s  

o f  experim en ts in  a weak m agnetic f i e l d  by th e  form ula

Where (n , 1 ,  j)^  i s  th e  v a lu e  o f  a c e r ta in  s p e c tr a l  term  

c h a r a c te r ise d  by th e s e  quantum numbers in  th e  absence o f  a 

m agnetic  f i e l d ,  ( # ,  1 ,  j ) g  i s  th e  v a lu e  in  th e  p resen ce  o f  a 

uniform  f i e l d  H and th e  term  can tak e  ( 2 3 + 1 ) v a lu e s ,  

g  i s  c a l le d  th e  L ande^factor and has th e  v a lu e

and in  th e  c a se  o f  an a l k a l i  t h i s  red u ces to

a s  a = f and 3 s  1 i  f

The o ld  quantum th e o ry  was no b e t t e r  a b le  to  e x p la in  

th an  th e  c l a s s i c a l  th e o r y  th e  in tr o d u c t io n  o f  th e  f a c t o r  g . 

To in t e r p r e t  t h i s  r e q u ir e s  th e  in tr o d u c t io n  o f  th e  i n t r i n s i c

and m agnetism  o f  th e  e le c t r o n .  The relatio
29.



betw een th e  m agnetio moment and an gu lar  momentum w hioh  

would g iv e  th e  exp erim en ta l r e s u l t s  fo r  th e  anomalous Zeeman 

e f f e c t  i s

T h is le a d s  us to  th in k  th a t  con n ected  w ith  an gu lar  momentum 

and m agnetic  moment, th e r e  e x i s t s  som ething w hich i s  n ot 

r e la te d  by th e  r a t io

^ iTAo C

one can no lo n g e r  suppose th a t  a l l  th e  atom’ s m agnetism  

comes from th e  c ir c u la t io n  o f  e le c tr o n s  con ceived  as p o in t  

ch a rg es.

So.



( 4 )  THB g i r o  STRUOTURE OP THE HIDROgM 3PB0TRÜM.

On c lo s e r  exam ination  o f  th e  Balmer s e r i e s  o f  

hydrogen i t  was d isco v ered  th a t  th e  s p e c tr a l  l i n e s  o r ig in a l ly  

c o n sid ered  a s s in g le  r e a l ly  had a f i n e  s tr u c tu r e ,  Bohr’ s  

th e o r y , d isc u sse d  ab ove , was a b le  to  e x p la in  s a t i s f a c t o r i l y  

th e  fr e q u e n c ie s  o f  th e  l in e s  o f  th e  s e r i e s  in  g e n e r a l ,  but 

i t  could  n o t  e x p la in  th a t  each o f  th e  l i n e s , a t  f i r s t  

con sid ered  as s in rp le , was in  r e a l i t y  a l i t t l e  d o u b le t .

Sommerfold t r ie d  to  u se  r e l a t i v i s t i c  m echanics 

in s te a d  o f  c l a s s i c a l  m echanics t o  e3q>lain th e  e f f e c t .  T h is  

was j u s t if ie d a â t^  in  th e  Bohr atom , th e  speed  o f  e le c tr o n s  in  

t h e ir  o r b it s  was coBÇ>arable to  th e  v C o  c i t y  o f l i g h t .

l e t  m̂  be th e  r e s t  mass o f  th e  e le c tr o n  and V i t s

v e l o c i t y  where

( 22 )

i f  r  and 9 are  th e  p o la r  c o -o r d in a te s  o f  i t s  p o s i t io n  

r e la t iv e  to  th e  n u c le u s . I f  1  i s  th e  r e l a t i v i s t i c  

la g ra n g la n  fu n c t io n , th en  th e  momenti# pĵ  con ju ga te  to  th e  

v a r ia b le  i s  d e fin ed  by

L- — U_

itfiere



I f  L L  i s  th e  p o t e n t ia l  en ergy . In  th e  prohlem o f  th e  

■hydrogen atom , th e  p o t e n t ia l  energy does n ot depend on th e
è
a^*s and one has

/ \
h _ NL c -  ̂ / M o f
Ir '

U . —aihJ:--------- ,
ro ' \À  "  n  \  '

C-  (23 )

s y  1 - ^ :  j é ■ V 1 - ^ 1

The gjiantnm c o n d it io n s

are th e r e fo r e  in  t h i s  ca se

71,K and h  , ^  (24 )
L J  j  I -

/. A d e ta i le d  s tu d y  o f  th e  m otion shouts th a t  th e

e le c tr o n  d e sc r ib e s  an e l l i p s e  w ith  r o ta t io n  o f  the p e r ih e l io n ,  

th e  e l l i p s e  un d ergo in g  an e f f e c t i v e  p r e c e s s io n  about an a x is  

normal to  i t s  p la n e  as shown in  f ig u r e  I I I .

H g u r e  I I I .



The raâltLB v e c to r  v a r ie s  between two v a lu e s  and but

th e  tim e th a t  i t  ta k e s  t o  d e sc r ib e  th e  c y c le  r  r .  r1 8  1
i s  a l i t t l e  longer than the time taken for & to  

increase by • The motion i s  th erefore  quasi p eriod ic  

and the o rb it not ex a ctly  c lo sed .

The an gu lar  momentum about th e  n u c leu s i s  c o n s ta n t .  

The f i r s t  c o n d it io n  o f  eq u a tio n  (24 ) th e r e fo r e  g iv e s

p5 ' j  l - x :  '' ' âü- (25)

The t o t a l  energy W i s  equal to  th e sum of the in tern a l 

energy m the k in e t ic  energy and the p o te n tia l energy.

W = ?  (26 )

0
(Tip C____  _ _

" T

TTslng eq u a tio n s (22 ) and (2 3 ) th e  v a lu e  o f  W becomes

W -  ̂\/̂ p 3 -  — (27)
T'" T

l e t  2  be th e  energy  W minus th e  r e s t  energy m^o^ so  t h a t  

2 i s  t h e  energy su ch  as d e fin e d  in  c l a s s i c a l  m ech an ics, 

l e t  W  be r e p la c e d  by (B +m ^o^) in  eq u a tio n  (2 7 ) and s o lv e  

f o r  Py.

J a +  ^  %

w ith  th e  n o ta t io n

-k
c"

& “ TV



Sommerfeld c a l l e d  À - 31iV
he th e  ’’f i n e  s t m c t u r e

, a.
co n sta n t*  and in trod u ced  i t  in to  th e  c a lc u la t io n .  ^  i s  

n tim er iea lly  eg p a l to  5 .S  x  10** o . g . s .  im ita .

-

I t  i s  found th a t

TF- ^ 'f-'
.. -  4

from eq u a tio n  (24 ) t h i s  must eq ual n^h. R ep lac in g  A , B and 

0 by t h e ir  v a lu e s  i t  i s  fbund th a t

E . /I +1+ (^ \+ v /V ^ F )

- 13.
(2 8 )

$ h ia  form ol»  glT ea th o  en ofgy  S  in  a  s ta t io n a r y  s t a t e  d e fin e d  

by th e  quantum numbers and n^ .

As th e  q u a n t ity  ®C^is v e r y  s m a ll ,  a  f i r s t  

approxim ation  w ould c o n s i s t  in  n e g le c t in g  th e  term s o f

degree greater than one in  oi 

formula

  Mo

The non r h la t iv is t lc

((VI,1

i s  obtained again and there i s  no f in e  stru ctu re .

A b e tte r  approximation co n s is ts  in  keeping terms 

in  by w ritin g

1 +
i K +

t  i - A

34.
.jdÉi



S u b s t it u t in g  t h i s  v a lu e  in to  e q u a tio n  (08)

m 0 n
.110 (29)

The th ir d  term  in  th e  hr ach eta  e x p la in s  th e  f in e  s tr u c tu r e  

o f  th e  Balmer s e r i e s  as i t  depends s e p a r a te ly  on /n ^ /  and 

Ug and n o t o n ly  on 4 -  n g ) .

The number n * /n ^ /4 -  n^ i s  c a l le d  th e  " t o t a l  

quantum number” and k  = /n ^ /  i s  c a l le d  th e  " asim u tb al 

quantum number” . Bach l e v e l  o f  q u a n tised  energy can be 

c h a r a c te r ise d  by numbers n  and k  in s te a d  o f  numbers n^ and  

n^. form ula (09 ) can th en  be w r it te n

In  th e  o ld  quantum th e o ry  i t  i s  assumed th a t  k  can  

n ev er  ta k e  th e  v a lu e  zero; fo r  th e  c ir c u la r  tra je c to z iea  

ng = 0 o r  n  = k  and f o r  th e  e l l i p t i c a l  t r a j e c t o r i e s  

0 < ’f c ^ n .  form ula (30 ) shows t h a t  each  s ta t io n a r y  o r b it  

i s  c h a r a c te r ise d  by energy Bnir #L ioh  no lo n g e r  depends o n ly  

on n  but a ls o  on k . As o i ^ i s  v ery  sm a ll compared to  

u n it y ,  th e  d iv e r s  s p e c t r a l  term s corresp on d in g  to  th e  same 

v a lu e  o f  n  are  v ery  c lo s e  to g e th e r  and th u s a f in d  S tru ctu re  

o f  th e  l i n e  i s  o b ta in ed . The Bohr s p e c tr a l  term
-V- .

corresp on d in g  to  a g iv e n  v a lu e  o f  n i s  s p l i t  up in to  n 

n eig h b o u rin g  te r m s, a s w ith  n  f ix e d  k  can ta k e  th e  n V a lu e s ,

1* 0 . . . .  n# The separation  o f  neighbouring terms becomes
 ̂ ' ,

3 5 .



sm a lle r  a s  n In c r e a se s  because i s  in  th e  denom inator o f  

th e  term  in

In  th e  Balmer s e r i e s ,  th e  fr e q u e n c ie s  o f  l i n e s  are  

g iv en  as a f i r s t  approxim ation  by th e  form ula

BAs a second approxim ation  th e  s p e c tr a l  term  . .  must ber
r e p la c e d  by

1  
S’-

aand th e  term  ^  by

i + 7j‘

There i s  th e r e fo r e  in  th e  Balmer s e r i e s  a f in e  s tr u c tu r e  w ith
4-
a co n sta n t w id th  show ing th e  double l e v e l  o f  th e  f i r s t  

f ix e d  ^ e c t r a l  term  and an oth er  f in e  S tr u c tu r e  w ith  d e c r e a s in g  

se p a r a t io n  on r i s in g  in  th e  s e r i e s  due to  th e  co m p lex ity  o f  

th e  seocn d  v a r ia b le  s p e c t r a l  term . T his secondary f i n e  

s tr u c tu r e  i s  a lm ost in o b se rv a b le  a s  i t  i s  so  f in e .  The f i r s t  

corresponds t o  a deco% #osition  o f  each o f  th e  l in e s  fo r e se e n  

by Balmer* s  form ula in t o  a d ou b let w ith  a co n sta n t s e p a r a t io n  

fo r  a l l  th e  s e r i e s  eq u a l t o

14- ^  (‘f ' " ! ; ) - 1 1 ( A- ' i )
; 1 a  4-/^'  &

numerical c a lcu la tio n  o f

- 3-6 .--

/(a

giTeSiA.Sesom**^



on rep la  oing f  req̂ uenc les "by wave numbers and th is  value is  in

q u ite  good agreement w ith  th e  exp erim en ta l v C u e .  S ü ô re fo re  

on oom p letin g  Bohr*s th e o ry  by th e  in tr o d u c t io n  o f  

r e l a t i v i t y ,  an in t e r p r e t a t io n  i s  ob ta in ed  o f  th e  e x is te n c e  

o f  d o u b le ts  in  th e  Balmer s e r i e s .

. However a c lo s e r  exam in ation  o f  th e  d o u b le ts  o f  th e  

Balmer s e r i e s  showed th a t  th e s e  d o u b le ts  were n o t c o r r e c t ly  

in te r p r e te d  by Sommerfeld^s th e o r y . l e t  us c o n s id e r  th e  

l i n e  o f  th e  Balmer s e r i e s  which a r is e s  from a t r a n s i t i o n  

from a s ta t io n a r y  s t a t e  n -  3 to  a s ta t io n a r y  s t a t e  n = 2 .  

T h is l i n e  i s  r e a l ly  m u lt ip le  and Sommerfeld’ s  th e o ry  g iv e s  

fo r  th e  f in e  s tr u c tu r e  o f  t h i s  l in e  th e  fo llo w in g  scheme 

shown in  f ig u r e  IT .

F igu re IT

s e l e c t io n  r u le  SH - i  \ th e  th r e e  l i n e s  shown

are  p r e d ic te d  fo r  th e  f i n e  s tr u c tu r e  o f  th e  Hq l i n e .  

Som merfeld*s dou b let i s  formed by th e  l i n e  1 and th e  

com bination  o f  th e  two l i n e s  2 and 3 w hich are  o f  su ch  c lo s e  

fr e q u e n c ie s  th a t  th e y  cannot u s u a l ly  be d is t in g u is h e d  as two 

l i n e s .



I f  however a th ir d  quantum number j  i s  in tro d u ced  

a s was found n e c e ssa r y  t o  e x p la in  th e  occu rren ce o f  d o u b le ts  

in  th e  case  o f  th e  a l k a l i  sp e c tr a  (d isc u s se d  a b o v e ) , th e  

fo llo w in g  scheme o f  f in e  s tr u c tu r e  i s  p r e d ic te d  as shown in  

f ig u r e  7 .

n%3

T .

The s e l e c t io n  r u le s

a llo w  th e  sevm i l i n e s  marked on f ig u r e  7 .  However in  th e  

c a se  o f  hydrogen, t h e o r ie s  o f  th e  m agnetic  and sp in n in g  

e le c tr o n  show t h a t  l e v e l s  w ith  th e  same 3 and d i f f e r e n t  k 

v a lu e s  Should be co n sid ered  a s coming to g e th e r . The

S im p lif ie d  scheme o f  f ig u r e  7 j  i s  th u s  o b ta in ed .
/

58.
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F ig u re  Ti,

T h is th e o r y  th e r e fo r e  p r e d ic t s  f i v e  componentB in  th e  f in e
Is tr u c tu r e  o f  th e  l i n e  w h ils t  Sonunerfeld* s  th e o r y  o n ly  

p r e d ic t s  th r e e .  The c a r e fu l  s tu d y  o f  t h i s  f in e  s tr u c tu r e  

has shown th a t  th e r e  are  more th an  th r e e  l i n e s ,  th u s  

con firm in g  th e  new scheme and not th a t  o f  Som m erfeld.

In  th e  case  o f  io n is e d  h e liu m , th e  s e p a r a t io n  o f  th e  

d o u h le ts  i s  s ix t e e n  tim es g r e a te r  than in  th e  Balmer s e r i e s  , 

so  th a t  th e  f i n e  s tr u c tu r e  i s  much more e a s i l y  o b se r v e d .,  

i t u d y  o f  t h i s  has confirm ed th e  new th e o r y  and n ot th a t  o f

Thus i t  i s  s e e n  t h a t  th e  f in e  s tr u c tu r e  o f  hydrogen  

can n o t be e % la in e d  s im p ly  In  term s o f  a r e l a t i v i t y  

c o r r e c t io n  t o  B ohr's s im p le  th e o r y  but an o th er  fa c to r  comes i n ,  

dependent on th e  id e a  o f  an e le c t r o n  having m agnetic  moment



(5 )  VQJBmTB OF X RAY 3PB0TBA.

We s h a l l  n o t d is c u s s  Xray s p e c tr a  in  d e t a i l  here but 

m erely  m ention  th e  Zray f in e  s tr u c tu r e  a s  one o f th e  l i n e s  o f  

ev id en ce  # i i c h  h e lp s to  confirm  th e  th e o r y  o f  e le c t r o n  

m agnetio moment and s p in .

Xray sp e c tr a  show rou gh ly  th e  same g e n e r a l  

c h a r a c t e r i s t ic s  as o p t ic a l  s p e c tr a .  The com b ination  p r in c ip le  

i s  a p p lic a b le  t o  them; s e r ie s  are  formed by com bining a  

f ix e d  s p e c t r a l  term  w ith  a v a r ia b le  s p e c tr a l  term ; s e l e c t io n  

r u le s  a g a in  o ccu r .

To a f i r s t  approxim ation  Zray s p e c t r a l  term s can be. 

rep resen ted  by th e  fo l lo w in g  e:^ r e s  s i  on ’wtoich i s  a sta tem en t  

o f  M o se le y 's  law .

n  " 1 ,  2 . . . .  (31 )
=8

Where B = B ydberg's c o n sta n t and IT = atom ic number o f  e m itter , 

The occu rren ce o f  th e  co n sta n t B in d ic a t e s  th e  c lo s e  

r e la t io n s h ip  o f  Zray t o  o p t i c a l  s p e c tr a .

A c tu a lly  th e  e x p r e ss io n  (31) fo r  s p e c t r a l  term s i s  

q u ite  a f i r s t  approxim ation  and th e  Z ray s p e c t r a l  term s 

r e a l l y  p r e s m t  th e  same d egree  o f  co m p lex ity  as th e  o p t ic a l  

S p e c tr a l  term s o f  th e  a l k a l i e s .  The r e g u la r  d o u b le ts  # i i c h  

occur, araeared  f i r s t  to  be eaq>lained by Sommerfeld* s th e o r y .  

I s  in trod u ced  r e l a t i v i t y  dynamics in  th e  p la c e  o f



c l a s s i c a l  d yn sm ios, a s  he d id  fo r  th e  ease  o f th e  hydrogen  

o p t ic a l  spectrum . A more c a r e fu l exam in ation  o f th e  f i n e  

s tr u c tu r e  showed t h i s  th eo ry  was i n s u f f i c i e n t .  By o n ly  

in tr o d u c in g  two quantum numbers n and k , th e  th e o r y  does not 

g iv e  enough l e v e l s  fo r  th e  Zray s p e c tr a .

In  order t o  g e t  a com plete th eo ry  t o  e x p la in  a l l  th e  

d e t a i l s  o f th e  f in e  s t r u c tu r e ,  th e  th ir d  quantum number J 

must be in tr o to o e d . In  o th er  w ords, not o n ly  must 

c o r r e c t io n s  be made to  th e  s im p le  form ula (31) b ecause o f  

r e l a t i v i t y ,  but a ls o  an oth er  fa c to r  must be brought in  

conneotéd  w ith  th e  m agnetic  c h a r a c ter  o f  th e  e le c tr o n .

41.



THSORIBS.

(1 ) üHIBHBEQg MID QOITieMIf HYPOTHESIS 1925.

To e x p la in  th e  v a r io u s  anom alies d3scussed  ab ove, 

Uhlenbeofc and G-oudsmit supposed th a t  th e  e le c tr o n  had a  sp in  

and th u s an i n t r in s i c  m agnetic  moment and an gu lar  momentum. 

Assuming a model o f  th e  c l a s s i c a l  t y p e ,  th e  e le c tr o n  was 

th ou gh t o f  as a sp here o f  e l e c t r i c i t y  in  r o ta t io n  around one 

o f  i t s  d ia m e ter s , i t s  an gu lar  momentum b e in g  

and i t s  m agnetic  moment M eq u a l t o  one Bohr magneton 

—  and th u s th e  r a t io  o f  t h e s e ,  ® i s  equal

t o  t h a t  o b ta in ed  e x p e r im e n ta lly  in  t h e  gyroÊ agh etic  e f f e c t .

t h e  id ea  o f  th e  e le c tr o n  having s p in  seems by 

a n a lo g y  w ith  th e  r o ta t io n  o f  th e  p la n e ts  about t h e i r  d iam eters  

a l i k e l y  m o d if ic a t io n  o f  B oh r's siup^le p la n e ta r y  m odel o f  th e  

atom . TThlenbeck and Gouiamit assumed t h a t  th e  m agnetic  

a x is  o f  th e  e le c tr o n  was alw ays normal to  th e  p lan e  o f  t h e  

t r a j e c t o r y .  T h is  a llo w s  tw o p o s s ib le  d ir e c t io n s  fb r  th e  

e le c t r o n ' s  an gu lar  momentum or sp in  v e c to r  and th u s th e r e  

correspond to  each  o r b it  w ith  quantum numbers n and k̂  two 

p o s s i b i l i t i e s .  As th e  t o t a l  an gu lar  momentum o f  th e  atom 

e q u a ls  th e  sum o f  th e  an g u la r  momentum o f  th e  e le c t r o n  in  i t s  

o r b it  and o f  th e  s p in  t h e  t o t a l  an gu lar

momentum

4 2 .



One nou ld  e x p e c t  to  put j = k i l l ’, but th e  new quantum 

m echanics le a d s  us to  r ep la c e  k by « ( k - 1 ) ,  so  th a t

3 = k -1  ± i  » f

THe number j appears a s  e x p r e ss in g  th e  t o t a l  an gu lar  momentum 

in  u n it s  o f  ^  • AS a r e s u l t  o f  th e  s p in ,  th e  o r b it  o f  th e  

e le c tr o n  no lo n g e r  rem ains p la n e  but th e  o r b i t a l  p lan e i t s e l f  

undergoes un iform  p r e c e s s io n  in  sp ace about th e  t o t a l  an gu lar  

momentum v e c to r  o f  th e  atom , whioh rem ains f ix e d  in  d ir e c t io n  

and m agnitude.

T his th eo ry  e x p la in s  th e  p resen ce  o f  d o u b le ts  in  both  

a l k a l i  o p t ic a l  sp e c tr a  and Zray sp e c tr a  as b e in g  due to  th e  

d i f f e r e n t  o r ie n ta t io n  o f  th e  sp in  a x is  r e la t iv e  to  the o r b it a l  

p la n e , f o r  th e  a l k a l i  o p t ic a l  sp e c tr a  t o  each  energy  l e v e l  

w ith  quantum numbers n and 1 ,  w i l l  correspond two l e v e l s  . 

d i f f e r in g  s l i g h t l y  in  energy corresp on d in g  to  j  = 1  +  1  

and j = 1 -  | .  However th e  energy s t a t e s  w ith  1 * 0 ,  a re  n o t  

s p l i t , th e y  are o n ly  d is p la c e d  a s  w ith  1 = 0 ,  j can o n ly  

ta k e # th e  v a lu e  -H |. T h is r e s u l t  show ing th a t  th e  a te im s  

a re  s in g le  but a l l  o th e rs  are double i s  in  agreem ent w ith  

exp erim en t.

The anomalous Zeeman e f f e c t  can a l s o  be e x p la in e d .

The change in  energy o f  an atom in  a magnetic f i e ld  H may be 

expressed in  the form

(32)

43.



where i s  th e  r e so lv e d  m agnetic  moment in  th e  f i e l d

d ir e c t io n .  I f  th e  r a t io  o f  m agnetic moment t o  a n g u la r

momentum i s  co n sta n t and eq u al to   ̂ t h i s  i s  e q u iv a le n t
Sm 0

t o  th e  r e s u l t  (18) g iv en  above, nam ely

% V!Q - j -  h r \  ■  • H

But s in c e  th e  r a t io  o f  m agnetic  moment to  an gu lar  momentum 

fo r  e le c tr o n  sp in  i s  double th a t  fo r  o r b its ^  m o tio n , th e  r a t io  

o f  m agnetic  moment to  an gu lar  momentum fo r  an atom as a Whole 

w i l l  depend on th e  manner in  w hich th e  s p in  and o r b i t a l  

moment are  combined t o  produce th e  r e s u l t a n t  moment.

The form ula fo r  th e  r a t io  w i l l  be here d erived  by  

a p p ly in g  th e  a p p ro p r ia te  quantum m ech an ica l m o d if ic a t io n  to  

th e  form ula o b ta in ed  on a  v e c to r  model b a s i s .  C onsider a

V ecto r  m odel atom in  w hich  th e  u su a l c o u p lin g  r e la t io n s  hold ;

l e t  1  and 3 be th e  r e s u lta n t  o r b i t a l  and ^ i h  moments and J

th e  t o t a l  r e s u lta n t  moment ( in  u n i t s  ^  ) .

l e t  be th e  m agnetic  moment o f  th e  atom ( in  u n it s  -------  ) .

The r e la t io n  between the vectors i s  shown in  fig u r e  TH .
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F igu re  VII,

â in o e  th e  r a t io  o f  th e  m agnetic  moment to  th e  an gn lar  

momentum fo r  th e  sp in  i s  donhle th a t  fo r  th e  o r b i t a l  moment

*3"- L cos ^3 - f  S OTs ^ s )

y/A * =  ̂ c<r2>(‘lTL) â. S ccrs ("XŜ

- I ^  ■ S ctrsC'^s)

J  T

How = J * 4 -a 2 -  M S ooa(JS)  

i u b s t i t n t i n g  f o r  oos (J3 )

7 ^  - 14 - " 5 i £ i H = 2

S in c e y j i  and J a re  in  th e  Same d ir e c t io n »  we îmre fo r  th e  

component a lo n g  th e  d ir e c t io n  o f  th e  f i e l d

m
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U sin g  th e  e x p r e ss io n  (32) and rememhertng th e  d i f f e r e n t  n n it s  

fo r  yu* and J

^he g.nantmi m eohanical v a lu e  fo r  th e  mean square o f  

th e  an gu lar  momentum i s  g iv en  by j ( j +  l ) j - ^ i  and i t  i s  

l e g i t im a t e  to  mate analogou s s u b s t i t u t io n s  in  th e  above  

e x p r e ss io n ;  w ith  th e  r e s u l t

w L - w ,  = M s h — u  f ]  ^
4"frm„c \

Thus

Wl i" yy\<\ H

where

a ,  1 .

T h is  e x p r e ss io n  fo r  th e  s p l i t t i n g  fa c to r  i s  s t r i c t l y  

v a l id  o n ly  when th e  norm al co u p lin g  r e la t io n s  hold» and when 

th e  a p p lie d  f i e l d  i s  weak; th a t  i s  wh%i i t s  e f f e c t  i s  

sm a lle r  th an  th a t  o f  th e  in t e r a c t io n s  o f  th e  sp in  and o r b i t a l  

moments in  th e  atom. A meastire o f  th e  atom ic I n te r a c t io n s  i s  

p rovided  by tSie n a tu r a l m u lt ip le t  w idth» and o f  th e  e f f e c t  o f  

th e  f i e l d  by th e  Zeeman se p a r a t io n . A f i e l d  i s  to  be 

c o n sid ered  weak # e n  th e  Zeeman se p a r a t io n s  a re  sm a ll compared 

w ith  th e  m u lt ip le t  w id th .

46.



In  t h e  0 8 8 6  o f  th e  a l k a l i  s p e c t r a ,  g  red uces

to  h 1 in  th e  eq u a tio n  
Z l i -  1

Thus th e  e m p ir ica l form ula (21) i s  o b ta in ed .

I t  has been shown how th e  hydrogen f in e  s tr u c tu r e  

could  be e x p la in ed  i f  th e  quantum number j i s  in tro d u ced ,

9̂ he sp in n in g  e le c t r o n  h y p o th e s is  e a p la in s  the s ig n if ic a n c e  

o f  j  and th e r e fo r e  g iv e s  an in te r p r e ta t io n  o f  th e  f in e  

s tr u c tu r e .

Thus th e  o r ig in a l  h y p o th e s is  o f  TJhlenbeck and 

Goudsmit a p p lie d  to  the o ld  quantum th e o ry  bad co n sid er a b le  

s u c c e s s .  However, owing to  rea so n s th a t  we s h a l l  e x p la in  

b elow , th e  o ld  quantum th e o r y  was r ep la c ed  by a wave 

m ech an ica l th e o r y . In  s p i t e  o f  th e  g r ea t su c c e s s  o f the  

h y p o th e s is  o f  th e  sp in n in g  e le c tr o n  in  th e  th e o r y  o f  s p e c tr a ,  

th e r e  are grave d i f f i c u l t i e s  encountered in  in te r p r e t in g  i t  

in  term s o f  th e  wave th e o r y .
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THS PHDT0IPLE3 Off WAVS MEOHAHIOS.

The o ld  quantuai th eo ry  t r i e d  to  combine c l a s s i c a l  

m echanics w ith  c e r ta in  quantum c o n d it io n s , th e  rea so n  fo r  

w hich cou ld  n o t be ex p la in ed  by c l a s s i c a l  m echan ics. Thus 

th e  quantum c o n d it io n s  appeared a r t i f i c i a l  and the th eo ry  

d id  n o t seem com p lete . A lthough a t  f i r s t  i t  had a s t r ik in g  

s u c c e s s  in  a c co u n tin g  fo r  th e  f in e  s t r u c tu r e ,  S ta rk  e f f e c t  

and Zeeman e f f e c t  o f  hydrogen and io n is e d  heliu m , i t  was 

l a t e r  found t o  be i n s u f f i c i e n t .  S e v e r a l p r e d ic t io n s  made 

u s in g  th e  o ld  quantum th e o r y  were found to  be in  d e f in i t e  

c o n tr a d ic t io n  w ith  o b se r v a tio n . T his showed th a t  th e  old  

quantum th e o r y  would have to  be abandoned in  favour o f a 

more p ow erfu l and a c cu ra te  th e o r y .

In  1924 De B r o g lie  had su g g e s te d  th a t  n a t t e r  m ight 

have a wave n a tu r e , L igh t had a lr e a d y  been shown to  

p o s s e s s  %oth wave and co rp u scu la r  a sp e c ts  and i t  seemed 

n a tu r a l t o  suppose th a t  m atter  m ight a ls o  have t h i s  double  

c h a r a c te r . The energy  ® o f  the p a r t i c l e s  was supposed  

r e la te d  t o  th e  freq u en cy  V by th e  same r e la t io n s h ip  as f o r  

l i g h t  p h o ton s.

The r e la t io n s h ip  betw een th e  m agnitude o f  th e  momentum | p ) 

and th e  w avelen gth  A  was supposed g iv e n  by
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A com parison betw een th e  p r in c ip le  o f  l e a s t  a c t io n  

in  c l a s s i c a l  m echanics and F erm at's p r in c ip le  fo r  g e o m e tr ic a l  

o p t ic s  le a d s  to  t h i s  r e la t io n s h ip .  Ferm at’ s p r in c ip le  

s t a t e s  th a t  a r a y  o f  l i g h t  in  p a s s in g  from a p o in t A to  a 

p o in t  B w i l l  d e sc r ib e  a p a th  fo r  w hich th e  tim e o f  t r a n s i t  

has a s t a t io n a r y  v a lu e . I f  V denote th e  v e lo c i t y  o f  

l i g h t  and ds  an elem ent o f th e  path :
e

I f  i s  th e  freq u en cy  and A th e  w avelen gth .

V - v A
S u b s t itu t in g  fo r  \ j

I
i f  th e  wave number i s  siqoposed t o  have components

f ^  ~x "ir ) 1% th e  Same way as cLs has componenbs 
^  ^  Is

(d x , dy, da) .

The p r in c ip le  o f  l e a s t  a c t io n  in  c l a s s i c a l  m echanics s t a t e s  

th a t  th e  in t e g r a l  4 -

49.
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when ta k e n  betw een two p o in ts  a lo n g  a m eo h a n io a lly  p o s s ib le  

p a th  i s  l e s s  than when tak en  betw een th e  same two p o in ts  a lon g  

a n e igh b ou rin g  p ath  w ith  w hich th e  same amount o f  energy i s  

a s s o c ia t e d ,  p .̂ p;^ p^ r e p r e se n t components o f  th e  momentum 

p o f  th e  p a r t i c l e .

S h ‘\ )  ^  (34)

Comparing eq .uations (33 ) and (34) one would con clu d e th a t

1°' " ' t

We m ight suppose by an a logy  th a t  ju s t  as the th e o r y  

o f  d i f f r a c t io n  comes to  th e  a id  o f g e o m e tr ic a l o p t ic s  when 

th e  d im ension s o f  th e  o b je c ts  co n sid ered  are  o f  th e  same 

order as th e  w avelen gth  o f  l i g h t ,  wave db ch an ios sh ou ld  be 

u sed  t o  a id  c l a s s i c a l  m echanics when d im ensions are  o f  th e  

order o f  th e  m echan ica l w avelen gth  ( i . e .  o f  atom ic d im en sion s), 

E xperim ents by Davisson and Germer ( 192 7 ) ,

G,P, Thomson (1928) and Rupp (1928) on th e  d i f f r a c t io n  of

e le c tr o n s  gave d ir e c t  ex p er im en ta l v e r i f i c a t i o n  o f th e  above 

r e l a t io n s ,  Dempster and S tern  showed th a t  n o t o n ly  cathode  

rays but a l s o  atom ic and m o lecu lar  beams were a s s o c ia te d  w ith  

w aves, and v e r i f i e d  th e  De B r o g lie  r e la t io n  betwean momentum 

and w avelen gth .
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We s h a l l  d e r iv e  th e  p rop agation  e q u a tio n  o f  wave 

nJeohanios fo r  a p a r t i c l e  in  a con stan t f i e l d  o f  fcwBB in  th e  

non r e l a t i v i s t i o  form in  th e  sim p le  case  o f  one d im ension  by 

u s in g  th e  above r e la t io n  betw een w avelen gth  and momentum.

‘i‘he g en era l eq u a tio n  fo r  wave p rop agation  in  one d im ension  i s

_ I
iac.'- ■ Y»- vr"

where V I s  th e  T e lf to ity  o f  th e  w ave, ^  th e  waxe a ikp litud e

and th e  d ir e c t io n  o f p rop agation  i s  a lo n g  th e  % a x i s ,  Row

V ^ v A

Where V i s  th e  freq u en cy . Assum ing 1|/* depends on th e  tim e  

by th e  r e la t io n

th en

y jL . .  - i f i r ’v ' Y  

"  I M

I f  B r e p r e se n ts  th e  t o t a l  energy o f  th e  p a r t i c l e  and LL th e
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p o t e n t ia l  energy th en

E  ̂ U

where v  i s  th e  v e l o c i t y  o f  th e  p a r t io le

and s u b s t i t u t in g  fo r  p , th e  p rop agation  eq u a tio n  becomes

W- K' '

In  th r e e  d im ensions t h i s  eq u a tio n  becomes the  

eq u a tio n  b e low , which i s  known as 5oh roed in ger*s eq u ation  

(p u b lish ed  19S6)

W ’- i'l’- k"

i f  Y*' r e p r e se n ts  th e  wave fu n c t io n  in  t h i s  c a s e .

T h is e q u a tio n  may be ob ta in ed  from th e  energy  eq u a tion

—̂
where pyp% are th e  components o f th e  momentum I f  one

r e p la c e s  p ^ b y  th e  o p era to r  — jq

K  h -  JL-.

and Pa by Jû- X -
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When th e  energy i s  ex p ressed  as a fu n c t io n  o f  th e  

c o o rd in a tes  o f  th e  p a r t ic l e  and th e  components o f  momenta, 

i t  i s  c a l le d  th e  H am iltonian fu n c t io n  H(x,  y ,  z ,  t ,  p ^ , Py ,  )

I f  p^ jpy pg are  rep la ced  by th e  correqp ending op era tors  

then

i s  c a l le d  th e  H am iltonian  o p e r a to r . The wave eq u a tio n  i s  

ex p ressed  by

where i s  th e  w avefun otion  o f th e  p a r t i o le ,  or

more e x p l i c i t l y

. 4-1Ï( 1̂ . I k .
I n I h

I f  U i s  n o t dependent on th e  tim e so  th a t  th e  e x te r n a l f i e l d  

i s  c o n s ta n t , th e  wave eq u a tio n  has monochromatic s o lu t io n s  

w h ich  o n ly  depend on th e  tim e by a fa c to r  o f th e  form

t  ‘
V\

Such a  m onochrom atic wave s a t i s f i e s  8oh roed in ger*s eq u a tio n

^  Y  '̂ 0 ( £ " U.) - 0

We suppose th e  wave fu n c t io n  1|/" i s  alw ays ’̂ normalised* 

by th e  c o n d it io n  Cqyov* ’ I
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(where ^  r e p r e se n ts  th e  q u a n tity  w hich i s  th e  com plex

co n ju g a te  o f  ^  ) .  T h is e x p r e sse s  th e  f a c t  th a t  th e  p a r t i c l e

must he p r e se n t aomen^ere in  ap ace .

U sin g  S oh roed in ger’ s  eq u a tio n  we s h a l l  determ ine th e

en ergy  v a lu e s  fo r  th e  hydrogen spectrum  on th e  b a s is  o f

wave m ech an ics . Assuming th e  hydrogen atom c o n s is t s  o f  a

c e n tr a l  n u c leu s  o f p o s i t iv e  charge e and an e le c tr o n  o f

charge «-e a t  a d is ta n c e  r  from i t   ̂th en  th e  p o t e n t ia l  energy
8U o f  th e  e le c t r o n  w i l l  be @ i f  we assume a Coulomb law  o f

r
A ttr a c t io n , S u b s t itu t in g  in  ^ ch roed in ger’ s  e q u a tio n  we

obtain

V \ +  Y  - 0H'
On tra n sfo rm in g  ^  -w in to  p o la r  o o o r d in a te s  T 6  and ^  t& is  

taoom es

J -  +  ^  - t  — L

+  ) k  = 0

To a iv e  t h i s  eq u ation  one s u b s t i t u t e s

where & i s  a fu n c t io n  o f  r  o n ly , ®  i s  a fu n c t io n  o f  6 o n ly  

and ^  o f  f  o n ly . The e q u a tio n  becomes

54.



R h + g, i  ® if ) fv L 'e  i f

+  - 0  ( 3 5 - )

M u lt ip ly in g  by r  s in  6  th e  eq u a tio n  becomes

jü=C 8.i_  Ap'jR i i -  Ag)) -+-
R Ar ' 1 ? / ^  ®  46 ' 'i&l T

4 -  = 0

The o h ly  term  in  t h i s  eq u a tio n  w hich c o n ta in s  <p i s

so th a t  in  s o lv in g  fo r  ^  t h i s  must equal a 

co n sta n t sa y  - d f

_ L  X £  .  _
1

and sa lv in g

a.

"o

where A and B a re  c o n s ta n ts ,  She wave fu n c t io n  ^  must 

he s in g le  va lu ed  and th e r e fo r e  J  must he s in g le  v a lu ed  and 

th e  c o n d it io n  fo r  t h i s  i s  t h a t  d^must he an in t e g e r .  

M u ltip ly in g  eq u a tio n  (35 ) by r* and s u b s t i t u t in g  fo r  ^
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i ,  A  I +

I 91T

r

fL /siAng 1®  )  i
d(0

_ r ^ f i
' T

5,;%" 8

0 (36)

The o n ly  term s in  O' are

-— !-------d. fs 1^6 I    ^0 -
®  5£̂ 0 i6  ' d& /  

ao in  s o lv in g  fo r  © t h i s  must equal a c o n s ta n t , l e t  t h i s

co n sta n t he -f(f" i~  1 ) ,  th en  f o r ©  to  he a s in g le  va lu ed

fu n c t io n  o f  & , f  must he an in t e g e r .  On s u b s t i t u t in g  in

e q u a tio n  (36 ) t h i s  becomes

-h = 0

or

A 2 K -t  a JR +  
r  <u

‘21T M ,
R -- 0

When r  i s  v e r y  la r g e  th e  Q goation reduoes t o

a"R 4- g. g  ̂ 0
A / r ^  h

w ith  so lu t io n

R: c,ov\sb<iY\*C € wktf t E =  - t

Thus fo r  r  not v ery  la r g e  we sh ou ld  ex p ect a s l u t  io n  o f  th e  

form

R'- X  ( t )  t
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where %(r) i s  a fu n c tio n  o f  r  and ten d s to  a co n sta n t v a lu e  

when r  —̂  oO . S u b s t itu t in g  th is ^ th e  equation becomes

1 - ( . , 4 ]  g  ^
T

4 #

T h is eq u ation  i s  o f  th e  form

4 1^

where

4- r

4
n j ^ o E

r

L"- i K - )

T h is e q u a tio n  in  X may be so lv e d  by s e r i e s ,  by p u tt in g

X ,  ............ A,
ô-r5c

o' ■ ' ‘I r ‘‘X ‘ '    ‘ 'So ^
S u b s t itu t in g  fo r  X in  th e  eq u a tio n  and eq u atin g  th e  c o e f f i c i e n t  

o f  th e  term  in  to  zero we f in d

= 1 4 + ' ]

so  th a t

E q uating  th e  c o e f f i c i e n t  o f  th e  tezm in  T 

t o  zero  we f in d

n __  A
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The c o n d it io n  fo r  th e  s e r i e s  to  term in a te  i s  fo r  one o f  the  

c o e f f i c i e n t s  t o  be z e r o , so  th a t  a l l  su bseq uent term s w i l l  

be z e r o .

I f  AgQ = 0 ,  th e r e  a re  Sq term s in  th e  s e r i e s  and 

and s u b s t i t u t in g  fo r  â  ̂ and a^

( , . 4 4 %  _  l & f T

o r

We have se en  gg = f  or  # ( f + l )  and i s  an in te g e r  and s^ ,  

b e in g  th e  number o f  term s in  th e  s e r i e s  must be an in te g e r ,  

n = ^nust th e r e fo r e  be an in t e g e r .  Then

f ,
ztoere n i s  an in te g e r

t h i s  g iv e s  e x a c t ly  th e  energy  v a lu e s  fo r  S o f  Bohr’ s th e o r y .  

However in s te a d  o f  th e  a r b itr a r y  quantum c o n d it io n s  o f  

Bohr’ s  th e o r y , th e  d is c r e t e  energy  v a lu e s  appear here  

n a t u r a l ly  a s  th e  o n ly  ones fo r  w hich a s o lu t io n  o f  th e  wave 

e q u a tio n  i s  p o s s ib le .

The p o in t  o f  v iew  o f wave m echanics i s  q u ite  d i f f e r e n t

that Of oiaasioax meohanioa In
5 8 . “



c l a s s i c a l  m echanics one c o n s id e r s  p a r t i c l e s  as having a t  each  

in s ta n t  a w e l l  d e fin e d  p o s i t io n  in  sp ace so th a t  u s in g  th e  

law s o f  m otion and knowing th e  fo n es a c t in g  on th e  p a r t i c l e  

and c e r ta in  i n i t i a l  c o n d i t i o n s , i t  i s  p o s s ib le  t§i p r e d ic t  th e  

whole cou rse  o f  the m otion o f  th e  p a r t i c l e .  In  wave 

m echanics how ever, th e  q u a n t i t ie s  a s s o c ia te d  w ith  th e  p a r t io le  

su ch  a s  i t s  c o o r d in a te s , i t s  en erg y , i t s  momentum components 

have n o t in  g en era l e x a c t ly  determ ined v a lu e s . I t  i s  no 

lo n g e r  p o s s ib le  to  speak o f  i t s  e x a c t  p o s i t io n  a t  each  

in s ta n t  One can on ly  a s s ig n  a t  each  in s ta n t  to  each  o f  th e  

q u a n t i t i e s  a s s o c ia te d  w ith  th e  p a r t i c l e  a c e r ta in  number o f  

p o s s ib le  v a lu e s ,  each  having a c e r ta in  p r o b a b i l i t y .  T h is  

p o in t  o f  v ie w  i s  ex p ressed  in  H eisen b erg ’ s " u n c er ta in ty  

r e la t io n s "  w hich w i l l  be m entioned l a t e r .
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IHOOMPlETmaS OP EARDY FORM OF WAVE MEOBAHIOS.

W h ilst wave m echanics e x p la in s  n a tu r a l ly  th e  Bohr 

energy  l e v e l s  o f  hydrogen, i t  does not in  t h i s  e a r ly  form  

è x p la in  th e  f in e  s tr u c tu r e  o f  th e  hydrogen spectrum  n or th e  

v a r io u s  anom alies we have enumerated ab ove , w hich have le d  t o  

th e  id ea  o f  sp in  and m agnetic moment a s s o c ia te d  w ith  th e  

e le c t r o n .  Thus wave m echanics must remain in com p lete  w h ils t  

i t  does n o t c o n ta in  some elem ent corresp on d in g  to  e le c tr o n  

S p in , However w h ils t  th e  model o f  a r o ta t in g  e le c tr o n  i s  

p e r m is s ib le  w ith  th e  c o n c ep tio n s  o f  th e  o ld  quantum th e o r y ,  

one cannot tra n sp o se  such  in to  wave m echanics because in  t h i s  

th e o r y  one cannot s t a t e  p r e c i s e ly  t h a t  th e re  i s  an e le c tr o n  

a t  a p a r t ic u la r  p la c e  a t  a p a r t ic u la r  t im e . In stea d  o f  

assum ing U hlenbeok and Goudsmit’ s h y p o th e s is , i t  i s  n e c e ssa r y  

somehow t o  in tro d u ce  th e  id e a  o f  sp in  in to  th e  framework o f  

wave m ech an ics.

S oh roed in ger’ s  wave e q u a tio n  i s  ev identaiy  a ls o  n o t  

c o m p le te ly  s a t i s f a c t o r y  a s  i t  i s  n o t in  accordance w ith  th e  

p r in c ip le  o f  r e l a t i v i t y .  E a r ly  a ttem p ts to  s l i g h t l y  m odify  

th e  e q u a tio n  to  make i t  conform to  th e  r e l a t i v i t y  p r in c ip le  

were n o t  a u o e e s s fu l.  To o b ta in  th e  wave e q u a tio n  o f  

r e l a t i v i s t i o  wave m ech an ics, one would e x p e c t t o  a p p ly  a
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s im ila r  method to  th a t  shown above fo r  th e  d e r iv a t io n  o f  

S oh roed in ger’ s  e q u a tio n , but in s te a d  o f  s t a r t in g  from th e  

form ulae o f  c l a s s i c a l  dynamics to  s t a r t  from th o se  o f  

r e l a t i v i s t i o  m ech an ics. P er a p a r t i c l e  o f  charge e in  an  

e le c tr o m a g n e tic  f i e l d  th e  r e l a t i v i s t i o  eq u ation  o b ta in ed  in  

t h i s  way i s

V r  K ^  tk T T ^ T i  (37 )

_ _  y%/_, r ( v " -  f l ' l l Y =  0
h t  h c  ^  L c -  J  I

where th e  e l e c t r i c  f i e l d  E and th e  m agnetic f i e l d  l l  can be 

d efin ed  by th e  p o t e n t ia l  s c a la r  T(%$ y ,  z ,  t )  and th e  

p o t e n t ia l  v e c to r  A ( x ,  y ,  * ,  t )  a cco rd in g  t o  th e  r e la t io n s

i f  i \ /  LH  ̂ CUTI A and E * — V 7 htr

tfe s h a l l  d is c u s s  l a t e r  th e  reason  f o r  A% Ay A% and V o c cu rr in g  

in  t h i s  manner in  th e  e q u a tio n .

When th e r e  i s  no e le c tr o m a g n e tic  f i e l d  so  th a t  7  and A are  

zero th e  eq u a tio n  becomes

V V  ^  - -kCT C'- 'Jt'-

The eq u a tio n  (37) i s  n o t s a t i s f a c t o r y  a s  n o t  o n ly  

does i t  p r e d ic t  r e s u l t s  n o t in  agreem ent w ith  experim ent but 

a ls o  t h i s  eq u a tio n  i s  o f  th e  second order w ith  r e s p e c t  t o  

tim e w h i l s t  D irac has shown th a t  th e  c o r r e c t  p rop agation
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eq u a tio n  sh ou ld  he o f  th e  f i r s t  order w ith  r e sp e c t  

t o  t im e .
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BATOI’ S THEORY 1987 .

Remaining in  th e  framework o f  o la s  s i o a l  concep t io n s ,  

U hlenheck and Goudsmit had im agined th e  e le c t r o n  as a  l i t t l e  

Sphere o f  n e g a t iv e  e l e c t r i c i t y  in  r o ta t io n  about a d iam eter  

w ith  an gu lar  momentum -A- ^  and m agnetic  moment about th eel oiTr
same a x  i s  eq u al t o  one Bohr magneton

In  wave m echanics i t  appears th a t  one must n o t r ep r e se n t th e  

e le c tr o n  so  p r e c i s e ly  but must alw ays in tro d u ce  th e  3d ea o f  

p r o b a b i l i t i e s .

In  order t o  d is c u s s  an an alogou s problem we may 

c o n s id e r  th e  meaning o f  th e  p o la r is a t io n  o f  a  l i g h t  quantum 

a c c o r d in g  to  th e  p r in c ip le s  o f  wave m ech an ics , l e t  us im agine  

a p lan e  p o la r is e d  beam o f  l i g h t  to  be propagated in  th e  

d ir e c t io n  OS. l e t  OX and OT be two a xes p erp en d icu la r  t o  OS, 

The l i g h t  v e c to r  normal to  OS w i l l  be o f  th e  form

and i t s  components a lo n g  OX and OT w i l l  have a n ^ litu d e s  g iv en  

by
-  Cto ^  ^ ^

i f   ̂ i s  th e  a n g le  betw een th e  l i g h t  v e c to r  and OX. The 

I n t e n s i t y  o f  th e  beam I s  I f  a  n i c o l  w hich a llo w s  o n ly
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v ib r a t io n s  p a r a l le l  to  OX t o  p ass i s  p laced  in  th e  p a th  o f  

th e  beam, th e  l i g h t  v e c to r  a f t e r  tr a v e r s in g  th e  n ic o l  i s  

reduced to  ) and th e

in t e n s i t y  i s  I f  th e  n ic o l  i s  then  tu rn ed

through  90®, th e  l i g h t  v e c to r  in  th e  waves tra n sm itted  w i l l  

be p a r a l l e l  t o  OY and eq u a l to  v ((r--^

th e  tr a n sm itte d  i n t e n s i t y  b e in g

TKS q u e s t io n  a r i s e s  as to  how a l l  t h i s  should be 

in te r p r e te d  i f  one assum es th e  e x is t e n c e  o f  p h o to n s. I f  one 

a t t r ib u t e s  a p o la r is a t io n  to  each  in d iv id u a l p h oton , an 

e x p la n a tio n  o f  th e  cause o f  the phenomenon becomes im p o ss ib le . 

In  th a t  c a se  one must a t t r ib u t e  in  some way to  th e  in c id e n t  

photon a p o la r is a t io n  dependent on th e  l i g h t  v e c to r  o f  th e  

in c id e n t  wave and i t  becomes* v e r y  d i f f i c u l t  to  e i^ la in  why 

c e r ta in  photons do n o t  tr a v e r s e  th e  n ic o l  w h i ls t  o th ers do. 

However from th e p r o b a b i l i ty  p o in t  o f  v iew  o f  wave m ech an ics, 

one cannot a t t r ib u t e  an e x a c t ly  determ ined p o la r is a t io n  to  

th e  in c id e n t  photon . One can o n ly  d e fin e  w ith  the h e lp  o f  th e  

a s s o c ia te d  l i g h t  w ave, th e  p r o b a b il i ty  fo r  th e  photon a f t e r  

c r o s s in g  th e  n i c o l  to  be r ev e a le d  as havin g  a p o la r is a t io n  

p a r a l l e l  to  OX. T h is p r o b a b i l i t y  i s  One can sa y

th a t  when th e  photon has passed  through th e  n i c o l ,  i t  has a 

p r o b a b i l i ty  ^'^0- o f  b e in g  r ev e a le d  w ith  p o la r iS a tt  on 

p a r a l l e l  to  OX and p r o b a b i l i t y  o f  b e in g  r e v e a le d

w ith  p o la r is a t io n  p a r a l l e l  t o  OT.
6 4 ,
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L e t  us now r e tu r n  to  th e  oase o f  th e  sp in  o f  th e  

e le c tr o n . The h y p o th e s is  o f  th e  m agnetic and sp in n in g  

é le c tr o n  le a d s  one t o  a s s o c ia t e  w ith  an e le c t r o n ,  two d ir e c te d  

q u a n t i t ie s  p r o p o it io n a l  t o  one a n o th er , th e  m agnetic  moment 

and an gu lar  momentum. W h ilst  fo r  th e  photon p o la r is a t io n  

i s  d e fin ed  by d ir e c t io n  but no sen se  i s  s p e c i f i e d ,  fo r  th e  

v e c to r  s p in  o f  th e  e le c t r o n ,  both  d ir e c t io n  and se n se  must be 

s t a t e d .  However in  th e  same way th a t  we cannot a t t r ib u t e  

to  a photon a d e f i n i t e  d ir e c t io n  o f  p o la r is a t io n ,  we a ls o  

sh ou ld  n o t in  making th e  th e o r y  o f  th e  m agnetic  e le c tr o n  

conform t o  th e  g en era l p r in c ip le s  o f  wave m ech an ics, a ttrib u te  

a d e f in i t e  sp in  t o  an in d iv id u a l  e le c t r o n .  We c%n o n ly  s t a t e  

th e  p r o b a b i l i t y  th a t  an experim ent made t o  determ ine th e  

d ir e c t io n  o f  sp in  o f  th e  e le c t r o n  sh ou ld  g iv e  su ch  and su ch  

r e m i t .  On t h i s  e s s e n t i a l  id e a ,  P a u li  founded a f i r s t  

t e n t a t iv e  th e o r y  o f  the sp in n in g  e le c t io n  in  th e  framework 

o f  wave m ech an ics.

I f  one c o n s id e r s  a system  o f  r e c ta n g u la r  a x e s , a l l  

exp erim en ts which p erm it one to  a s s ig n  a v a lu e  to  th e  

component o f  th e  sp in  an gu lar  momentum o f  th e  e le c tr o n  a lo n g  

03 w i l l  g iv e  th e  r e s u l t  e i t h e r  o r  — from

U hlenheck and Soudsm lt’ s  h y p o th e s is . P a u li  showed th a t  t o  

f in d  th e  p r o b a b i l i t l  es fo r  the t m  p o s s ib le  vsOiues o f  s p in ,  

one must c o n s id e r  a wave fu n c t io n  w ith  two components ,

ana - y  Buoh th a t  |T|/;p &x dy da i s  th e  p r o h a h il i ty
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o f  f in d in g  th e  p a r t io le  in  the elem ent o f volume dx dy dz 

w ith  sp in  a lo n g  03 and t h a t  I'Yzl dx dy dz i s  th e

p r o b a b i l i t y  o f f in d in g  th e  p a r t i c l e  in  th e  volume dx dy dz 

w ith  sp in  — ^  a lo n g  0 3 .

A r a th e r  c lo s e r  a n a logy  to  e le c tr o n  sp in  can be 

ob ta in ed  i f  we c o n s id er  in s te a d  o f  l in e a r  p o la r is a t io n ,  the  

c ir c u la r  p o la r is a t io n  o f  l i g h t .  In th e  oase o f  l i g h t ,  to  f in d  

th e  p r o b a b i l i t y  o f a photon having one kind o f  c ir c u la r  

p o la r is a t io n  a f t e r  passage through an a n a ly se r  o f  c ir c u la r ly  

p o la r is e d  l i g h t ,  we should  decompose th e  in c id e n t  wave in to  a 

wave w ith  r ig h t  c ir c u la r  p o la r is a t io n  and a wave w ith

l e f t  c ir c u la r  p o la r is a t io n .  Then would g iv e  us the

p r o b a b i l i t y  o f  r ig h t  c ir c u la r  p o la r is a t io n  o f  th e  photon. One 

m ight th in k  th e r e fo r e  th a t  th e  two p o s s ib le  s e n se s  o f  sp in  a lo n g  

03 would perhaps correspond to  c ir c u la r  p o la r is a t io n s  in  o p p o site  

se n s e s  in  the p lan e XOY.

P a u li  thus in trod u ced  the id e a  th a t  to  ta k e  account o f  

th e  sp in  o f th e  e le c t r o n , one must in c r e a se  th e  number o f  

fu n c t io n s  *\j/ . N a tu r a lly  th e  n o r m a lisa t io n  c o n d it io n  becomes

here

P a u l i ’ s th e o ry  fo r  in tr o d u c in g  sp in  in to  wave m echanics was 

in co m p le te , f i r s t l y  i t  was n o t in  accordance w ith  th e  p r in c ip le  

o f  r e l a t i v i t y ;  i t  o n ly  en v isaged  changes in  sp ace c o o id in a te s

and n o t tra n sfo r m a tio n s  o f  sp ace tim e c o o r d in a te s
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in  th e  r e l a t i v i s t i o  s e n s e , fu r th e r  i t  did n o t lea d  to  q u ite  

c o r r e c t  p r e d ic t io n s  in  th e  oase o f  th e  hydrogen spectrum . 

However i t  in d ic a te d  c l e a r ly  th e  way to  fo l lo w  to  tak e aoooount 

of s p in  and guided D irac in  th e  developm ent o f  h is  more 

com plete th e o r y .
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DIRâO’ S THEORY 1928

In tr o d u c tio n .

We have se en  th a t  in  n o n r e l a t iv i s t i c  wave m ech an ics , 

th e  g e n e r a l eq u a tio n  o f  p rop agation  o f  a p a r t i c l e  i s

where H i s  th e  H am iltonian o p e r a to r . In th e  case o f  a 

p a r t i c l e  o f mass d isp la c e d  in  a f i e l d  o f  p o t e n t ia l  energy  

U , t h i s  eq u a tio n  becomes

sir' V  k  - f  (39)

I f  th e  p a r t i c l e  c a r r ie s  a charge e and moves in  an e l e c t r o 

s t a t i c  f i e l d  o f  e l e c t r i c  p o t e n t ia l  V (x , y ,  z ,  t )  one has

U » eT 

and th e  e q u a tio n  becomes

I f  th e  charged p a r t i c l e  i s  an e le c tr o n  we can put above 

e ■ «e^. In  t h i s  non r ^ a t i v i s t i o  th e o r y , th e  n e c e s s a r i ly  

p o s i t i v e  q u a n tity  Y  ^  r e p r e se n ts  th e  p r o b a b il i ty  d e n s ity  

fo r  th e  p resen ce  o f  th e  pa r t i c l e  a t  a p o in t .  The t o t a l  

p r o b a b i l i t y  i s  conserved  in  th e  course o f  tim e and i s  eq u a l 

t o  u n ity .
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We Imve se en  (from  e q u a tio n  (3 7 ))  th a t  th e  e a r ly  

attem pt t o  o b ta in  a r e l a t i v i s t i o  p rop agation  eq u a tio n  gave th e  

f o l lo w in g  eq u a tio n  fo r  a p a r t ic l e  o f  mass m^and charge e 

d isp la c e d  in  an e le c tr o m a g n e tic  f i e l d  w ith  s c a la r  p o t e n t ia l  

7 ( x ,  y ,  z ,  t )  and v e c to r  p o t e n t ia l  A (x , y ,  z ,  t )

h-
I SfTc -  a  r  ' « A t

(41 )

#or an e le c tr o n  t h i s  ta k e s  th e  form  

In tro d u c in g  the n o ta t io n

we o b ta in  th e  eq u a tio n
.3

(42)

- - o (43)

I t  i s  se e n  th a t  in  th e  p resen ce  o f  an e le c tr o m a g n e tic

f i e l d ,  th e  momentum o p era to rs  Pg P^ are  m o d ified . In ste a d

o f  Pi * h: ^  as in  th e  ca se  o f  no f i e l d>  &iTi è%

' f t .p _  -  k .  L  +  i f
M■ M l c

and th u s  c o n ta in s  an e x tr a  term  dependent on th e  x  component

o f  th e  v e c to r  p o t e n t ia l .  We s h a l l  c o n s id e r  th e  reason  fo r  t h i s
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MODlflOATION Of MOMBNTUM 0PBBAT0B3 IN TfflS PBE3M0B Of AN 

2LB0TR0MAGEHITI0 fISL B .

I t  i s  f i r s t  n e c e ssa r y  to  c o n s id er  some g e n e r a lis e d  

p r in c ip le s  o f  c l a s s i c a l  m ech an ics . The eq u ation s o f  m otion  

fo r  a system  o f f r e e  p a r t i c l e s  may he ex p ressed  hy th e  

eq u a tio n s

-- (44)

Where d en otes th e  mass o f  th e  p a r t i c l e ,  7^ i t s

v e l o c i t y  and th e  fo r c e  a c t in g  on i t *  In  many o a ses th e

system  o f eq u a tio n s (44) are  e q u iv a le n t  t o  a v a r ia t io n

p r in c ip le ,  H am ilton’ s  p r in c ip le  w hich i s  exp ressed  hy th e  

sta tem en t

s ta t io n a r y  v a lu e  (45)

d 'iU \ L  _  Q

and th e  two s im ila r  eq u a tio n s in  y  and z  can he d erived  from  

t h i s  v a r ia t io n  p r in c ip le .  I» has to  he d e te m in e d  so th a t  

th e s e  eq u a tio n s (46) a g ree  w ith  th e  Newtonian eq u a tio n s (4 4 ) ,  

I f  th e  fo r c e s  have a p o t e n t ia l  U th en

i< - - 1^

Lagranges eq u a tio n s
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and we determ ine a fu n o tio n  o f  th e  ve loc  i t y  oomponents so  

th a t

-  4V, ' ir '  _  ' 4 1 * ,
” T j  " T ?  °'  Ô»’

E q u ation s (44 ) can th e n  he w r it te n  in  th e  form

i :  k i  _ _  k r  ^ 0

or
41 ICt L uO U T - u )  n

T h erefore  in  th e  v a r ia t io n  p r in c ip le  (45 ) we can put

Ib  T  - l l (47)

I f  ta k in g  no aoooxint o f  th e  th e o ry  o f  r e l a t i v i t y ,  mg 

i s  regarded  as c o n s ta n t , T i s  e q u a l t o  th e  k in e t i c  energy T, 

On th e  o th e r  hand, i f  in  accordance w ith  r e l a t i v i t y ,  we w r ite

mo
>n =

nT T ^

where i s  th e  r e s t  mass we have

T *=  ( i -  )

h e in g  a fu n c t io n  w hich d i f f e r s  from th e  k in e t i c  energy T

T  -- ( j 7 - v  - 1 )
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I f  b e s id e s  th e  eomponent K whioh can he d er ived  from a
-9 1

p o t e n t ia l  TJ, th e  fo r o e s  a ls o  co n ta in  a component Zr depending  

on th e  v e l o c i t i e s  (a s fo r  example in  th e  ca se  o f  m agnetic  

fo r c e s  a c t in g  on e l e c t r i c  ch arges) th en  th e  above th e o ry  has 

to  he m o d if ie d . We must determ ine a fu n c t io n  M ao  th a t

and th e  e x p r e ss io n

L - t ' - u - M  w ,

i s  s u b s t itu te d  in  th e  v a r ia t io n  p r in c ip le  ( 4 5 ) .  la g ra n g es  

e q u a tio n s  (4# th en  become

At hy- dJc

and th e  v a r ia t io n  p r in c ip le  i s  in  f a c t  e q u iv a le n t  t o  th e  

Newtonian eq u a tio n s o f  m otion

■ ji- (m i) -  ^  “ 0

L et us a p p ly  t h i s  g e n e r a l th e o r y  to  th e  oase o f  an 

e le c tr o n  o f  charge e  » in  a m agnetic  f i e l d  H, I t  w i l l  he 

su b je c t  to  th e  s o  ocOLled lo r e n t z  fo r c e  g iv e n  by

We have to  determ ine a fu n c t io n  M su ch  th a t



We f in d  th a t  th e  fu n c t io n

■  = _ ÿ  (A .f)=  - | i  (xji  4 -  Ayÿ

-9
has t h i s  p r o p e r ty , A i s  th e  v e c to r  p o t e n t ia l  o f  th e  

m agnetic  f i e l d  d e fin ed  hy  

H s  c u r l A

We have 

'

4 l %  u H - M i -  4 1
ijc. <) ist. o j

. i '
C.

I f  A^ does n o t c o n ta in  th e  tim e e x p l i o l t l y  a s in  th e  u su a l  

e a se  o f  a  co n sta n t f i e l d



 ̂ - £  f i  *̂ “4 ■" i  

= - %
\

X

as E = o u r l A

The t o t a l  fo r c e  on an e le c tr o n  In an e le c tr o m a g n e tic

f i e l d  i s
I

where E i s  th e  e l e c t r i c  f i e l d .  The la g ra n g ia n  fu n c t io n  hy  

eq u ation  (48 ) i s  in  t h i s  ca se  equal t o

1  = T -  u -  iÂ a ?  •+ ^ yy  +■ 4 #
w

TAking th e  Newtonian approxim ation

dX j X ^

P'j ’

A,

Thus in s te a d  o f  th e  momentum component mx h e in g  eq u a l to  p^, 

in  t h i s  ca se  i t  w i l l  eq u a l p -  -V e^A
Ô *

The momentum o p e r a to r  ""ik. k  i s  th e n  rep la eeS  hy
•  l u I

— k  y  4- t 'A y
M l c
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Ho a d d it io n a l  term  ooours in  th e  energy oorresponding  

to  th e  m agnetic  f i e l d ,  s in o e  th e  m agnetio fo r c e s  do no work. 

The e le c t i o n  ^ 1 1  however have p o t e n t ia l  energy  in  th e  

e l e c t r i c  f i e l d  w hich w i l l  eq iia l e^7 in  an e le c tr o m a g n e tic  

f i e l d  o f  S c a la r  p o t e n t ia l  V. Thus in  t h i s  case  w i l l  e q u a l

in s te a d  o f
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For th e  r e l a t i v i s t i o  eq u a tio n s o f  p ro p a g a tio n  ( 4 3 ) ,  

th e  p r o b a b i l i t y  d e n s ity  fo r  the p resen ce  o f  th e  e le c tr o n  a t  a  

p o in t  can no lo n g e r  be tak en  as , as in  th e  non re la tiT d a tic

case*  because the in t e g r a l  o f  t h i s  q u a n tity  throughout a l l  

Space i s  no lo n g e r  n e c e s s a r i ly  co n sta n t in  th e  cou rse  o f  t im e . 

In ste a d  a more co m p lica ted  e x p r e ss io n  fo r  th e  p r o b a b il i ty  

d e n s ity  must be u sed

*

(49)

Which red u ces to  when Ihe N ew tonian approxim ation  i s

s u f f i c i e n t .

JHrao c r i t i c i s e d  th e s e  eq u a tio n s  (4 1 ) (43 ) and (49 )  

e s p e c i a l ly  th e  eq u a tio n  (4#fbr the p r o b a b il i ty  d e n s i ty .  In  

t h i s  eq u a tio n  p  i s  n o t n e c e s s a r i ly  p o s i t i v e  w h i ls t  n e g a tiv e  

v a lu e s  o f  p  oottld e v id e n t ly  have no m eaning. A lso  th e

g e n e r a l p r in c ip le s  o f  quantum m echanics req u ire  t h a t  w hatever
/

th e  form o f  p rop agation  eq u a tio n  adopted* th e  p r o b a b il i ty  o f  

f in d in g  th e  p a r t i c l e  in  th e  sm a ll volum e between x  and 

X td x *  y  and y - td y ,  z and z4- dz sh ou ld  b e ' Ÿ ^  dy dz 

and t h i s  requirem ent does n o t a gree  w ith  fo im u la  (4 9 ) .

D irac  Sa id  t h a t  th e  p r o b a b i l i t y  ought t o  have alw ays th e

poaltiTti fo m  i f  the eadstenoe o f  aeT ersi t o t .  tjmttmafi
76 .



la  assumed th e  form

The non r e l a t i v i s t i o  d i f f e r e n t i a l  eq u a tio n  (40)  

i s  o f  th e  f i r s t  o rd er  w ith  r e j e c t  t o  tim e and th e
*

corresp on d in g  e x p r e ss io n  fo r  p r o b a b il i ty  d e n s ity  i s  

G iven th e  i n i t i a l  form (x ,  y , z* 0) o f  th e  wave fu n c t io n ,

th e  l a t e r  e v o lu t io n  o f  th e  p r o b a b i l i t y  d e n s ity  w i l l  be 

co m p le te ly  determ ined by the p rop agation  e q u a tio n . However 

in  th e  ca se  o f  th e  r e l a t i v i s t i o  eq u a tio n  (41 ) as i t  i s  

th e  second order in  t ,  i t  would be n e c e ssa r y  to  g iv e  v a lu e s  

b o th  o f  'Y o f  ^  a t  th e  i n i t i a l  in s ta n t  fo r  th e  wave

fu n c t io n  to  be d eterm in ed . In  t h i s  ca se  th e r e  i s  no 

au tom atic  o o n ser v a tio n  o f  th e  p r o b a b il i ty  in  th e  cou rse  o f  

t im e . D irac th u s concluded th a t  th e  p rop agation  eq u a tio n  

should  be o f  th e  f i r s t  o rd er  in  t ;  and a s  by th e  p r in c ip le  

o f  r e l a t i v i t y ,  i t  must alw ays be s y im e tr ic a l  in  th e  

c o o r d in a te s  o f  sp ace  and t im e , i t  ou gh tto  be  o f  th e  f i r s t  

order w ith  r e s p e c t  to  th e  fo u r  v a r ia b le s  x* y ,  z ,  t .  The 

same r e a so n in g  and c o n c lu s io n s  are v a l id  i f  th e r e  are  s e v e r a l  

fu n c t io n s  Y  &nd s e v e r a l  sim u ltan eou s p rop agation  e q u a tio n s .

D irac  f i r s t  oon sid ered  th e  case  o f  th e  f r e e  m otion o f  

an e le c t r o n  in  th e  absen ce Pf any e la c tro m a g n etio  f i e ld *  Then 

7  » A * 0 and th e  o p e r a to r s  B i o f  eq u a tio n  ( 4 2 ) ,  ( i f  sm%# 

l e t t e r s  are  used  to  denote th e  p ’ s  in  t h i s  c a se )  become

I"'"



The propagation equation (40) heoomea

( K ' - £ - !

w h ich , i f  one u see  th e  Newtonian appro^  m ation , red u ces in  

t h i s  case  to  th e  same form as th e  ord in ary  Soh roed in ger  

e q u a tio n . D irac supposed th a t  th e r e  were s e v e r a l wave 

fu n c t io n s  Y  ... each s a t i s f y i n g  th e  eq u a tio n

^   (51)

These second order equations should he derived from the  

true propagation equations which are o f  the f i r s t  order and 

which Dirac wrote in  the symbolic form

+  "i, pi -t- J’-V +  “.*3 1̂3 +' =' M - ’  0

The <Ui are m atrices o f  F rows and ÏÏ columns and the

operation Yh. i® defined by the formula
Kv/

1

where d e s ig n a te s  an elem ent o f  th e  m a tr ix  o/i w ith
R*\

in d ic e s  k ,  1 . The eq u a tio n  (62) shou ld  lea d  to  th e  

eq u a tio n s (51 ) and t h i s  ingposes c e r ta in  c o n d it io n s  on the  

m a tr ic e s .  A p p ly in g  th e  op erator

(P h- £ .  pi- "  • ^ - 0

to  e q u a tio n  (S g) have



3
(P l+ -  £ .  -  p!- 'Yr  ̂ ^

Bor t h i s  e q u a tio n  on exp an sion  to  c o in c id e  w ith  eq u a tio n  (51) 

we must have fo r  a l l  th e  cJtl's

oic - 1 (53)

For H l e s s  than fo u r ,  i t  i s  n o t  p o s s ib le  t o  f in d  

fo u r  h erm itia n  m a tr ic e s  w hich s a t i s f y  th e  c o n d it io n s  ( 5 3 ) .

For n = 4 s e v e r a l  o f  th e s e  m a tr ic e s  are  p o s s ib le  and in  th e  

fo l lo w in g  th eo ry  we s h e l l  u se  th e  m a tr ic e s  oLc g iv en  by

/0 0 0 l\
j  _ 0010
*̂ 1 ■ 0100

f oo o +i.\ /  0 0  I o \ 1 ,1 0 0 0

' 4 a\lOOOj

D irac assumed th e r e  were fê u r  fu n c t io n s  s a t i s f y i n g  th e

fo u r  sim u ltan eou s eq u a tio n s (5 2 ) o f  th e  f i r s t  o rd er . U sin g  

th e  above m a tr ic e s  and assum ing th e  wave fu n c tio n s

form a m a tr ix  th e s e  fo u r  eq u a tio n s may be w r it te n

e x p l i c i t l y .  \ ^  |
\ % l

c )  1)/, I f  h i )  = °

( t > 4 . ' H ’x + ( P r ^ P ’- ) ■'I', -  Pj'H'.t = 0

(IP4. - w . O ' Y ?  Y ' "
(Pm- - m ,c l '\|/  ̂ 'ip, -  0
The eq u a tio n s  (54) are  o n ly  s u i ta b le  fo r  th e  c a se  where

th e r e  i s  no f i e l d .
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Dixao n e x t o o n slâ erea  th e  case  o f  an e le c tr o n  moving  

In  a f i e l d  d efin ed  hy a s c a la r  p o t e n t ia l  7  and a v e c to r  

p o t e n t ia l  A. For t h i s  he rep laced  th e  op era to rs p^ o f  th e  

form u lae (50)  hy th e  o p era to rs o f  form ulae (42)  in  

th e  sym h olic  e q u a tio n  ( 5 2 ) .  The p rop agation  eq u a tio n s in  an 

e le o tro m a g n etio  f i e l d  are th e n  symh o l io  a l l y  w r it te n

(55)

W ith

' airi hx c  oui c

(56)

3tiiw

B x p l i o i t l y  e q m t io n  (55)  may he w r it te n

(Ph. +  wv.cI'H'i +  ( 4 "  Yh- ^

Y i  -  i ^ Y t  ’  ^
4 '  m. c)  Tj-j H- ( f 1 fV) ’'1'̂  +  f’î  '^ 1  = 0

We s h a l l  s e e  th a t  th e s e  eq u a tio n s z h io h  have been o b ta in ed  

by g e n e r a l c o n s id e r a t io n s  q u ite  in d ep en d en tly  o f any e le c tr o n  

sp in  h y p o th e s is , c o n ta in  p r o p e r t ie s  o f  th e  m agnetic  and 

sp in n in g  e le c t r o n .  We s h a l l  t r y  t o  o b ta in  from th e s e

eq u a tio n s  th e  g e n e r a l second order e q u a tio n  (43 ) fo r  th e



%
ca se  o f  an e leo tro m a g n etio  f i e l d .  A p p ly in g  to  th e  sym h olic  

eq u a tio n  (55 ) th e  op erator  ^  we o b ta in

(Pq -  £ .  f’c — + £ [  Y  - 0

Q p q + *̂4 — £(J:J^PiP^+Jjàc Pj fi.) (57)
1 '

— =  0

On expanding t h i s  and reman her in g  th e  c o n d it io n s  (53 )

obeyed by th e  ole we f in d

*' J 51Tt C

where i s  a oomponent o f  th e  e l e c t r i c  f i e l d .  Then

i \   ̂ '  P̂ PO - -  aV l l  (=1, fx  +  f  ̂  + Jj 6^)

Where i s  th e  x  component o f  th e  m agnetio f i e l d .  Then

^  «^c j j  (Pc P i - P c )  - -  ^ 4 4 4 1 ^ ^ +  V i
 ̂ B ^uation (57 ) th e r e fo r e  becomes

\ J ^ .  ^  (*^1
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I f  th e  f i r s t  th r e e  terras o n ly  o f  th e  hraoket were p resen t we 

sh ou ld  a g a in  o b ta in  eq u a tio n  (43 )

(P £ - £ • r r - w . ,  0

w hich would be v a l id  fo r  each The new elem ent

in trod u ced  by D ira c ’ s th e o ry  i s  th e  a d d it io n  o f supplem entary  

term s in  eq u a tio n  ( 5 8 ) .  To understand th e  meaning o f  th e s e  

3‘cipPÎ.ementary term s, l e t  us c o n s id e r  the n o n r e l a t iv i s t i c  

e q u a tio n

k"

which can be w r it te n  in  th e  form

\pi — % h ) ,U .)  =  0 (59)

Comparing e q u a tio n  (5 9 ) w ith  eq u a tio n  (58 ) we se e  th e  

supplem entary term s can be oon sid ered  a s  terras o f  p o t e n t ia l  

en ergy  i f  we d iv id e  them by -2m^. The p o t e n t ia l  energy fo r  

th e  m agnetic  f i e l d  term s i s  th e r e fo r e

—  ^ H u )
4-ïïw\*C ' ^ d ? '

and fo r  th e  e l e c t r i c  f i e l d  terms



The p o t e n t ia l  energy terras f o r  th e  e l e o t r i o  f i e l d  are  

im aginary and s o  may he n e g le c te d  as n o t r e p r e se n t in g  

a n y th in g  o f  p h y s ic a l  s i g n i f i c a n c e .  For th e  p o t e n t ia l  energy  

term s o f  th e  m agnetic  f i e l d ,  l e t  us p u t

 ̂ » L aljolj ^  c  ̂ (60 )

Then the energy i s  expressed as   which
Wyy^,c ' ^

corresponds to  th e  p o t e n t ia l  en ergy  o f a body o f  m agnetio  

moment yU in  a m agnetic  f i e l d  H where

/ *  <“ >

Thus D ir a c 's  e q u a tio n s  a t t r ib u t e  a u to m a tic a lly  to  th e  e le c tr o n  

a m agnetic  moment r e la te d  to  th e  Bohr m agneton.

I t  can be proved t h a t  D ir a c 's  eq u a tio n s remain  

In v a r ia n t fo r  any g e n e r a l L orentz tr a n sfo r m a tio n , th e  new wave 

fu n c t io n s  b e in g  r e la te d  t o  th e  o ld  ones by a l in e a r  

tra n sfo r m a tio n  and th u s th e  eq u a tio n s oonfoim  to  th e  

p r in c ip le  o f  r e l a t iv i t y *
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I t  oazi be shown th a t  th e  t im e  d e r iv a t iv e  o f  any  

o p e r a to r  A i s  g iv e n  by

where ^  r e p r e se n ts  th e  p a r t i a l  d e r iv a t iv e  w ith  r e j e c t  to  

tim e i f  th e  o p era to r  A q on ta in s th e  tim e e x p l i c i t l y ,  and E 

ia  th e  H am iltonian o p e r a to r . The c o n d it io n  fo r  th e  p h y s ic a l  

q u a n tity  r ep resen ted  by th e  o p era to r  A to  be a co n sta n t  

i s  th a t  Eà, i s  a e r o , l e t  u s a p p ly  t h i s  r e s u l t  to  th e  ca se  o f  

th e  an gu lar  momentum o f  an e le c tr o n  about th e  02 a x is  i f  th e  

e le c t r o n  i s  m oving in  a f i e l d  o f  force w hich has c y l in d r ic a l  

symmetry about th e  2 a x i s .  We sh ou ld  e x p ect from th e  

c o n se r v a tio n  o f  an gu lar  momentum t h a t  t h i s  would be a  

oonm tant. I f  i s  th e  o p era to r  J l / u X -  —

o o rres ponding to  th e  a n gu lar  momentum about th e  OS a x is  , 

th en  we sh ou ld  ex p ect ü tg  t o  be z e r o . I f  HCz e q u a lle d  

zero  th e n  we sh ou ld  have

t  0  a s  H_ does n o t depœ d e x i& lo i t ly  on th e  t im e . 
"

$4 .
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We shall therefore investigate whether or not ^
is  zero, Wow from Dirao's equations

B c T T t ~-

H -

0

-  ci, _ cJ.i^  _ci  ̂^  4-'«.cX)

Expanding these expressions we find

-  + k ' - f21ÎC

ẐIJC] )
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As th e  f i e l d  has o y l in d r io a l  symmetry about th e  02 a x is

Thus M z i s  n o t zero  and th e  a n g u la r  momentum about 02 
Dt

i s  n o t o o n sta n t as we e x p e c te d .

l e t  us c o n s id e r  th e  op era to r  Wg -s Ht —

in s te a d  o f  Wg i s  a herm its o p era to r  and we s h a l l  show

t h a t  Wg i s  a oon stan t in  th e  c a se  c o n s id e r e d . I t  can be shown 

by expanding and because o f  th e  p r o p e r t ie s  o f  th e  I  ̂

th a t

K

and th e r e fo r e  i t  must eq u a l

One con clu d es th a t

Û tflVl '  ̂ W  L '
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Thus * 0 and Wg w i l l  be a o o n s ta n t. S im ila r  r ea so n in g
Dt

oan be a p p lie d  to  th e  an gu lar  momentum about th e  OX and OY eases, 

T h erefo re  in  D ir a c 's  th eo ry  th e  t o t a l  an gu lar  

momentum o f  th e  e le c t r o n  m ust be a  v e c to r  w ith  components

' V ® y
th e  o p era to rs  corresp on d in g  to  Kg e t c ,  b e in g

S x  - -  4 ^ 3 ^  -, -  J j  J ,

My and Mg are  th e  components o f  th e  " o r b ita l*  an gu lar

momentum o f  th e  e le c t r o n  and one i s  le d  t o  c o n s id er  S^ Sy S. 

as components o f  th e  i n t r i n s i c  an gu lar  momentum or " sp in " .

I f  a s  in  eq u a tio n  (60 ) we l e t

th en  th e  s p in  angtilar  momentum i s  ^  ^  In  eq u a tio n  (6 1 )

we found th e  i n t r i n s i c  m agnetio moment o f  th e  e le c tr o n  t o  be  

 — ----- (K The r a t io  o f  th e  two i s  s e e n  to  be ^‘tTv' ,̂c_ Mo c
th a t  w hich i s  assumed in  U hlenbeok and Soudan i t ' s  h y p o th e s is
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t o  e x p la in  gyrom agnetic anom alies and th e  anomalous Zeeman 

e f f e c t .  D ir a c 's  eq u ation s th u s a u to m a tic a lly  endow th e  

e le c tr o n  w ith  p r o p e r t ie s  th a t  accou nt fo r  th e  phenomena 

p r e v io u s ly  a sc r ib ed  to  a h y p o th e t ic a l  sp in n in g  m otion o f th e  

e le c t r o n .

88.
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l e t  us tak e  th e  case  o f  an e le c tr o n  moving in  a 

oon stan t c e n tr a l f i e l d  d er ived  from a p o t e n t ia l  7 ( r ) ,  Thus 

in  D ir a c 's  eq u a tio n s

A-g —- Ay •" Ag “ 0

As th e  f i e l d  i s  c o n sta n t the energy a ls o  w i l l  he o o n sta n t, 

eq u a l to  W Say. D ir a c 's  eq u a tio n s (44 ) w r it t e n  out  

6 x p ]jo it ly  th en  become

W  r  M ,c) I f .  -  ^

- r n , c ) %  -  +  Y '

,  0

W  ̂ c  .................  -  -  ■■ ' '
D irac so lv e d  th e s e  eq u a tio n s in- th e  case  o f  th e  hydrogen

atom and found a form ula fo r  f i n e  s tr u c tu r e  which i s  v ery  

s im i la r  to  Som m erfeld 's. The approxim ate form ula fo r  th e  

energy l e v e l s  o f  hydrogen to  th e  secon d  order in  d. i s

c r .  _  RVi
H-/J (62 )

Where J~ I s  th e  f i n e  a tro o tu re  o o n s ta n t . Som m erfeld's 

corresp on d in g  form ula (30 ) was

E ' - %

89,



The azim u thal quantum number k o f  th e  o ld  quantum 

th eo ry  has been rep la ced  by th e  w hole number (J +  J-j 

Som m erfeld's d o u b le ts  th e r e fo r e  occur betw een l e v e l s  # io 8 e  

j v a lu e s  d i f f e r  by u n i t y .  l e v e l s  on ly  d i f f e r in g  by th e  

azim u thal quantum number fk or 1) w i l l  c o in c id e . T h is  i s  

in  com plete agreement w ith  th e  a c tu a l f in e  s tr u c tu r e  o f th e  

l i n e s  o f  th e  BaLmer s e r i e s  e ,g ,  th e  l i n e  as we have s e m .

For a hydrogen l i k e  atom f i . e ,  an atom o f  atom ic  

number E io n is e d  (U -  1) tim es^ th e  form ula in s te a d  o f (6S) 

becomes

-  R h N  ' + fL_N f  yt __ 3

T h is  form ula e:iç)lains s a t i s f a c t o r i l y  th e  f in e  s tr u c tu r e  o f  th e  

Spectrum*

D ir a c 's  form ulae have p e m it t e d  th e  in te r p r e ta t io n  

o f  Zray sp e c tr a  and in  p a r t ic u la r  th e  e x is t e n c e  and v a lu e  o f  

th e  r e g u la r  d o u b le ts  w ith ou t coming a c r o ss  th e  d i f f i c u l t i e s  

w hich Som m erfeld 's o ld  th e o r y  en cou n tered .

D ir a c 's  th e o r y  a ls o  g iv e s  a co m p le te ly  s a t i s f a c t o r y  

in te r p r e ta t io n  o f  th e  anomalous Zeemai e f f e c t  fo r  th e  

a l k a l i e s .  I t  g iv e s  th e  same form ula as X ande's e m p ir ic a l  

form ula (21)

do



w ith  <xrz ^  -- in  th e  ease  o f  an a l k a l i .  For atoms where

i t  i s  n o t p o s s ib le  to  c o n s id e r  a s in g le  " o p tic a l*  e le c t r o n ,  

D ir a c 's  th e o r y  cannot p r e d ic t  th e  Zeeman e f f e c t  r ig o r o u s ly  

as t h i s  th e o r y  i s  n o t a b le  to  d ea l w ith  th e  case o f  a system  

o f  in t e r a c t in g  e le c t r o n s .

Thus th e  r e s u l t s  o f  D ir a c 's  th e o r y  are in  agreem ent 

w ith  th o se  p rev io u s t h e o r ie s  based on th e  sp in n in g  e le c tr o n  

m odel. D ir a c 's  th e o r y  however a p p lie s  quantum m echanics 

to  th e  p o in t  charge e le c t r o n  so t h a t  th e  whole o f  th e  

d u p l ic i t y  phenomena fo l lo w  w ith o u t a r b itr a r y  assu m p tion s.

The in co m p le ten ess  o f  p rev io u s t h e o r ie s  which le d  to  th e  

n e c e s s i t y  fo r  th e s e  a r b itr a r y  assu m p tion s was due t o  t h e ir  

disagreem ent w ith  th e  p r in c ip le  o f  r e l a t i v i t y  or a l t e r n a t iv e ly  

th e  g e n e r a l tra n sfo rm a tio n  th e o ry  o f  quantum m ech an ics.
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TOGATIYB MERGY STATES DT DIRAO'S THSORY.

However one Im portant d if f io u L ty  a r is e s  in  D ir a c 's  

th eo ry ; nam ely, th a t  fo r  th e  e le c t r o n ,  n e g a t iv e  energy  

s t a t e s  become p o s s i b l e .  T his occurs when one a ttem p ts to  

e x p la in  th e  phenomena p r e v io u s ly  a t tr ib u te d  to  s p in , on 

th e  b a s is  o f  quantum m echanics and in  o o n fo u n ity  w ith  

th e  p r in c ip le  o f  r e l a t i v i t y .

For a p la n e  m onochromatic wave corresp on d in g  to  th e  

c a se  where th e r e  i s  no f i e l d ,  th e  p o t e n t ia l  energy w i l l  be 

zero and a s o lu t io n  o f  D ir a c 's  eq u a tio n s may be g iv en  in  th e

Where W i s  th e  co n sta n t energy  and py pg are  th e  

components o f  th e  momentum. S u b s t itu t in g  in  D ir a c 's  

e q u a tio n s (5 4 ) th e s e  become

( ^ ' | ' i B o o ) a x +  (P x 4 " iP y )a 4  4 - Pza3 s  9  

( * +  (Px -  *• Pga* s  0
(6 3 )

#  -  m (,o)ag4- (Pjc 4 -  iP y )a g  4 - Pga^ « 0

(*  -  nigo)a4 4 -  (P x -  lP y ) » i  .  Pg&g * ®

T hese l in e a r  and homogeneous eq u a tio n s fo r  th e  oan

o n ly  be s a t i s f i e d  s im u lta n e o u s ly , (assum ing th a t  a l l  th e  

*s a re  n o t  zero ) i f  th e  determ inant

9E,



w +  mpo', 0 Pa ( Px +  IPj^

[W (Px -  iP y] -  Pa

Pa (Px +  iPy’)|ü -  mgo
0

(Px “ ^Py) -  Pa

(64)

l8  z e r o . T h is  determ inant 3s eq u al to

“ Pg^)G

and w i l l  equal z er o  i f  W lyand  Pg are  r e la te d  by th e  

w e ll  known eq u a tio n  o f  r e l a t i v i s t i o  m eohanics.

W® -  •  Py2 _ Pg8 .  (6 5 )
■?

I f  t h i s  r e la t io n  i s  s a t i s f i e d ,  th en  n ot o n ly  i s  th e  determ inant

(64) zero  but a ls o  a l l  i t s  m inors w i l l  a ls o  be z e r o . Thus 

two o f  th e  fo u r  a^’ s  may be a r b i t r a i l l y  ohosen . For ex a n p le , 

g iv in g  a r b itr a r y  v a lu e s  A and B to  a^ and a^ , th en  e q u a tio n s  

(63) w i l l  determ ine a^ and ag . We f in d  by p u tt in g

w -  4- 0 Px® 4- Py®-V- Pz® ( 6 6 )

th a t

P*A 4- (Px-V- lP y)B

i  4r m.o 
0

^(P x — ^Py)A — Pj{B 
W
“  +■
0
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But c o n d it io n  (63) oan a ls o  be s a t i s f i e d  by p u tt in g  

V m -mo J  +- ^  Py2 ^  Pjj2

In  t h i s  oase  th e  s o lu t io n ,  i f  0 and D are complex a r b it r a r y  

c o n s t a n t s , w i l l  be

8 1  = 0 ag = D  83 »
moO — 1  

o
(67)

84 - (Px-^ iPy) 0 PgD
moo — 2  

o’

I f  th® n o ta t io n  i s  now s l i g h t l y  m o d ified  and fo r  g iv en  v a lu e s  

o f  Px Py Pa we in  fu tu r e  alw ays d e f in e  W by form ula (66)  

w ith  p o s i t iv e  s ig n ,  th en  t o  ta k e  account o f  s o lu t io n  (67) 

we oan s a y  th a t  we have to  c o n s id e r  a t  th e  same tim e a wave 

o f  energy "3-W and a wave o f  en ergy  -W* W ith t h i s  new 

co n v en tio n  i t  w i l l  be n e c e s s a r y  in  eq u ation s (67) 

toohange+W  in to  -W.

Thus fo r  a g iv e n  v a lu e  o f  p̂ g py and P g , W b e in g  

d e fin e d  by r e la t io n  ( 6 6 ) ,  we have to  c o n s id er  the p lan e

monochrom atic waves o f  p o s i t i v e  energy T" W d e fin ed  by

w ith  81  s  — P$A +  (P g  -t- ip y )B  «8 “ (p * -*  lP y)A  — p ,B
W w
-  +  ®o® -  "t" B«e
0 0

8g = A a* = B
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and th e  p la n e  monoohromatio wave w ith  n e g a t iv e  energy  

d efin ed  by ^

I -

W ith . _ . ^Ti

t , ’ C  b . . 5
c-

For th e  waves o f  p o s i t i v e  en erg y , th e  wave fu n c t io n s  

and Y a. w hich a re  zero  i f  th e  v e lo c i t y  i s  z e r o , on ly  

tak e  on im portance fo r  v e l o c i t i e s  comparable w ith  th e  

v e lo c i t y  o f  l i g h t ,  so th a t  th e  wave fu n c t io n s  Y 4 and 

predom inate. The c o n c lu s io n s  are  e x a c t ly  o p p o s ite  in  th e  

ca se  o f  waves o f  n e g a t iv e  energy as here and are  

preponderant and and o n ly  ta k e  on im portance when th e  

v e l o c i t y  approaches th a t  o f  l i g h t .

The e x is te n c e  o f  n e g a t iv e  en ergy  s t a t e s  in  D ira c ’ s  

th e o ry  c o n s t i t u t e s  a grave d i f f i c u l t y  as a p a r t i c l e  in  Such i 

s t a t e  would have str a n g e  p r o p e r t ie s  % ic h  have n ever  been  

observed  in  p r a c t ic e .  Such a p a r t i c l e  when p la ced  in  an 

e le o t r io  f i e l d  would have an a c c e le r a t io n  in  an o p p o site  

d ir e c t io n  to  th e  fo r c e ;  i t s  speed would be in crea sed  on
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w ithdraw ing energy; i t s  v e l o c i t y  would he in  th e  o p p o s ite  

d ir e c t io n  to  i t s  momentum. However th e s e  n e g a t iv e  en ergy  

s t a t e s  cannot he e a s i l y  e lim in a te d  from th e  th e o r y .

In non r e l a t i v i s t i o  wave m ech an ics, fo r  th e  ca se  o f  

no f i e l d  o f  f o r c e ,  any s o lu t io n  o f  th e  non r e l a t i v i s t i o  wave 

eq u a tio n  fo r  a f r e e  m a te r ia l p o in t  can he rep resen ted  hy a 

su p e r p o s it io n  o f  p lan e monochromatic waves i . e .  th e  p lane  

m onochrom atic waves c o n s t i t u t e  a "com plete” system .

In  D ir a c 's  th e o r y  t h i s  i s  n o t in  g en era l th e  c a s e ,  i f  

o n ly  th e  waves w ith  p o s i t i v e  en ergy  are  c o n s id e r e d . I f  

however th e  p lan e  waves o f  n e g a t iv e  en ergy  are  a ls o  co n sid ered , 

a  "com plete” system  o f p lan e  monochromatic waves i s  o b ta in ed .

One m ight th in k  th a t  th e  d i f f i c u l t y  o f  n e g a t iv e  energy  

s t a t e s  e x i s t s  even in  c l a s s i c a l  r e l a t i v i t y  where en ergy  i s  

d efin ed  a s  a  fu n c t io n  o f  momentum in  th e  absen ce o f  a f i e l d  

o f  fo r c e  by th e  eq u a tio n

T h is e q u a tio n  would g iv e  two v a lu e s  fo r  W, nam ely

w « ±  Pa®)

However from t h i s  eq u a tio n  th e  p o s s ib le  v a lu e s  o f  W a re  

com prised in  two sep a ra ted  r e g io n s  o f  t o  4 - ibqC® 

and t o  — The in t e r v a l  +  t o  m^o^ does

n o t oorre%  ond to  any p o s s ib le  v a lu e  o f  en ergy . In  o l a s s i o a l  

r e l a t i v i s t i o  dynam ics, m ech a n ica l q u a n t i t ie s  and in  p a r t ic u la r
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en e rg y , v a ry  in  a con tin u ou s way. Thus i f  a t  th e  b eg in n in g
g

th e  e le c tr o n s  had e n e r g ie s  in  th e  p o s i t i v e  r e g io n  -h mqo 

to  -h cO  no v a lu e  in  th e  n e g a tiv e  r eg io n  m^c^ to  

cou ld  appear s in c e  th e  two r e g io n s  are  sep a ra ted  by th e
A g

in t e r v a l  4- m^o —> —  m^c . T h erefore  in  c l a s s i c a l  

r e l a t i v i a t i c  m ech an ics , th e  d i f f i c u l t y  o f  n e g a tiv e  en ergy  

s t a t e s  i s  removed in  t h i s  way.

However in  quantum m ech a n ics , th e  p o s s i b i l i t y  o f  

abrupt t r a n s i t io n s  betw een s t a t e s  o f  d i f f e r e n t  en ergy  i s  

a d m itted . Thus i t  appears th a t  th e  p assage  o f  an e le c tr o n  

from a r e g io n  o f  p o s i t i v e  e n e r g ie s  t o  a r e g io n  o f  n e g a tiv e  

e n e r g ie s  m ight be p o s s ib le .
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THB DÆPOSSIBIIITY OF MBA3URDTG EITHER THE SPIIJ MGUIAR 

MOMMTIM OR THE mGUBTIO MOMENT OF TES BLBOTROH DIRBGTLY.

From th e  g e n e r a l p r in c ip le s  o f  wave m echanics i t  can 

he shown th a t  two m echan ical q u a n t i t ie s  a s s o c ia te d  w ith  a 

p a r t i c l e  can o n ly  be s im u lta n e o u s ly  measured w ith  p r e c is io n  

i f  f o r  th e  corresp on d in g  o p era to rs A and B,

AB = BA

The s im p le s t  and m ost im portant example o f  q u a n t i t ie s  

w hich are n o t s im u lta n e o u s ly  m easurable i s  t h a t  o f  a 

co o rd in a te  and the corresp on d in g  oomponent o f  momentum 

o f  a p a r t i c l e  because

which i s  n o t z e r o . A co o rd in a te  and th e  corresp ond ing  

momentum oomponent can th e r e fo r e  n ev er  be 3mown a t  a g iv en  

in s ta n t  ex cep t w ith  a p a r t ic u la r  u n c e r ta in ty  and ^  

which cannot both be zero  a t  th e  same tim e. I t  can be 

shown th a t  th e  fo l lo w in g  r e la t io n  h o ld s , a t  l e a s t  as to  

order o f  m agnitude.

T h is r e la t io n  and th e  two an alogou s r e la t io n s  fo r  y and z
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c o n s t i t u t e  th e  H eisenb erg  " u n c e r ta in ty  r e la t io n s " .  They 

were d er iv ed  by H eisen b erg  from o th e r  c o n s id e r a t io n s .

From arguments based on th e  " u n c e r ta in ty  r e la t io n s *  

Bohr has shown th a t  i t  must be im p o ss ib le  to  measure th e  

m agnetic  moment o f th e  e le c tr o n  due to ^ ta  s p in , because the  

e f f e c t s  produced cannot be d is t in g u is h e d  from th o se  due 

to  th e  t r a n s la t io n a l  m otion o f  th e  e le c t r o n .

In order to  f in d  th e  m agnetic moment o f  th e  e le c tr o n  

one m ight e i t h e r  t r y  to  measure i t s  e f f e c t  on a m agnetom eter  

or one m ight make th e  e le c tr o n  c r o ss  a non uniform  m agnetic  

f i e l d  and t r y  to  ob serve  th e  e f f e c t  o f  t h i s  f i e l d  on th e  

e le c t r o n  m agnet.

C on sid erin g  th e  f i r s t  m ethod, l e t  u s  im agine th e  i

d ir e c t io n  o f m otion o f  th e  e le c tr o n  to  be a lo n g  th e  Z a x is  j 

and th a t  a m agnetom eter i s  p laced  on th e  Y a x is  a t  a p o in t w itl: 

o r d in a te  y . |

^  #  M agnetom eter i

\L X
a ig u r e  V III ,

In  order th a t  th e  a c t io n  on th e  magnetom eter can be known 

e x a c t ly ,  i t  must be supposed th a t  th e  e le c t r o n  i s
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s u f f i c i e n t l y  w e l l  l o c a l i s e d ;  th a t  i s  th a t  th e  e le c tr o n  i s  

a s s o c ia te d  w ith  a t r a in  o f  waves ^  w ith  d im ension s which  

are  sm a ll coiapared w ith  th e  d is ta n c e  y . I f  Zioc i s  th e  

le n g th  o f  th e  t r a in  o f waves a lo n g  th e  OX a x is  t h i s  g iv in g  

th e  u n c e r ta in ty  in  th e  x  c o o rd in a te  o f  th e  e le c t r o n ,  one  

must have

^  ( 6 8 )

In  th e  same way i f  i s  th e  le n g th  o f  th e  wave t r a in  in

th e  OY d ir e c t io n  one must have

On p a ss in g  near th e  o r ig in  o f  c o o r d in a te s , th e  

e le c t r o n  w i l l  produce two e f f e c t s  on th e  m agnetom eter. One 

o f  th e s e  i s  due to  th e  m agnetic  f i e l d  caused hy th e  

t r a n s la t io n a l  m otion  o f  th e  e le c t r o n .  I t s  v a lu e  i®

eV;
o;

where T% i s  th e  x  om ponent o f  th e  e l e c t i o n ’ s v e l o c i t y .

5?he secon d  a c t io n  i s  due to  th e  m agnetic  moment o f  

th e  e le c t r o n  w hich produces a t  th e  m agnetom eter, th e  

m agnetic  f i e l d

b  -  -(.k I
(69 )

^he v a lu e  o f  i s  n o t known however p r e c i s e ly .  The



uncertainty in th is  (quantity is  given hy

(70)

S in ce  th e r e  must he an u n c e r ta in ty  in  th e  x  component o f  

v e lo c i t y  o f th e  e le c t r o n  and an u n c e r t a i n t y i n  i t s  

o r d in a te  Y. From H eisen b erg’ s r e l a t io n s ,  u s in g  th e  

H ewtonian ap p rox im ation , one has

4 0^  “j IT), (71 )

A lso  one must suppose

^  (72)

as o th e r w ise  th e  m otion would n ot he ap p rox im ate ly  a lo n g  th e  

2  a x i s .  Oomparing eciuations (6 9 ) and (70)

h

From t h i s  and u s in g  eg .nations (71) (68 ) and (78)

A H i  >  -Y
I ' 4 V

The u m e r ta in ty  in  th e  f i e l d  %  i s  th e r e fo r e  alw ays much 

g r e a te r  th an  th e  v a lu e  o f  th e  f i e l d  Hg. Thus thefnagnetic  

moment o f  th e  e le c tr o n  cannot he measured w ith  th e  

m agnetom eter.
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In  a s im ila r  way i t  can t e  shown th a t  th e  a c t io n  

o f  a non un iform  m agnetic  f i e l d  on th e  e le c tr o n  magnet i s  

c o m p le te ly  masked hy th e  L orentz fo r c e  so  th a t  one cannot 

measure th e  e le c t r o n ’ s  m agnetic  moment hy t h i s  method.

Darwin has p o in ted  out th a t  th e  same kind o f  

c o n s id e r a t io n s  ap p ly  to  th e  e le c t r o n ’ s an gu lar momentum due 

to  i t s  sp in

l e t  xm im agin e a r e c ta n g u la r  open in g  w ith  s id e s  o f  le n g th  

Aoc and in  a  p la n e  s c r e e n . We a ls o  suppose th a t  a p lan e  

monochrom atic wave a s s o c ia te d  w ith  an e le c tr o n  f a l l s  on th e  

l e f t  hand s id e  o f th e  screen *  th e  wave t r a in  o f  th e  e le c tr o n  

to  th e  r ig h t  o f  th e  soreeh lB w in g d im ensions -4a  and 

îh e  z  and y  components o f  th e  momentum o f  th e  e le c tr o n  a f t e r  

p a ss in g  th rough  th e  sc r e e n  #^11 have th e  u n e e r ta in t ie s

1 ' ^  F » 1  ^  ^ (73)

Xbs B oompoiisiit o f  th e  a n g o la r  momontum due t o  th e



t r a n s la t io n a l  m otion o f  th e  e le c tr o n  i s  

%  z sp y  -  yp%

The u n c e r ta in ty  A  Mz l i e s  th e r e fo r e  between zero and

AM -j :  A% lP%i

JProm eq u a tio n  (73)
1.

Aa th e  f r a c t io n  — i s  g r e a te r  th a n  u n ity ,
A ot A v4

one deduces °

The u n c e r ta in ty  in  th e  z component o f  th e  an g u la r  momentum

due t o  t r a n s la t io n a l  m otion  i s  th e r e fo r e  g r e a te r  than  th e
spin

z ooB^onent o f  th e^ an gu lar  momentum so t h a t  i t  i s  n o t  

p o s ^ b le  t o  measure th e  l a t t e r  q u a n tity  in  t h i s  way.

The same rea so n in g  can he a p p lie d  t o  th e  components 

X and y  o f  th e  sp in  an gu lar  momentum.

I t  has been shown more g e n e r a l ly  th a 6  an  experim ent 

in  Which i t  i s  p o s s ib le  to  t r e a t  th e  e le c tr o n  as a m a ter ia l  

p o in t  cannot le a d  t o  a measurement o f  i t s  m agnetic  moment 

or s p in .  I t  would be c o n tr a d ic to r y  to su p p ose  th a t  both  th e  

o ld  m echanics d e a lin g  w ith  p o in t  p a r t ib le s  c o u ld  be v a l id  and 

a t  th e  same tim e e f f e c t s  o h a r a c t e r is t ic  o f  sp in  could be
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BmUMASZ.

Bohr’ s  th e o r y  o f  th e  atom , p a r t ic u la r ly  when 

m o d ified  hy Sommerfeld t o  conform to  the p r in c ip le  o f  

r e l a t i v i t y  was a b le  to  g iv e  a good e x p la n a tio n  o f  th e  

g e n e r a l p r o p e r t ie s  o f  o p t ic a l  and Xray s p e c tr a .  However, 

c e r ta in  an om alies o f  th e  gyrom agnetio e f f e c t ,  d o u b le ts  

In  th e  a l k a l i  s p e c t r a ,  th e  anomalous Zeeman e f f e c t ,  

c e r ta in  f e a tu r e s  o f th e  f i n e  s tr u c tu r e  o f  th e  hydrogen  

spectrum  could  n o t be ex p la in ed  by i t ,  Bohr’ s  m odel o f  

th e  atom c o n s is te d  of e le c tr o n s  r o ta t in g  round th e  n u c leu s  

in  c ir c u la r  or e l l i p t i c  o r b i t s .  But i f  as TJhlenbeck and 

Goudsmit su p p osed , th e  e le c tr o n s  were a l s o  ta  have a sp in  

and m agnetic moment, th e s e  anom alies cou ld  be e x p la in ed .

T h is h y p o th e s is  was a u s e f u l  m o d if ic a t io n  o f  the  

o ld  quantum th e o r y  but w ith  th e  rqdacement o f  t h i s  th eo ry  

by wave m ech an ics , th e  id e a  o f  an e le c t r o n  b e in g  a sphere  

r o ta t in g  about a d iam eter cou ld  no lo n g e r  be d i r e c t ly  

a p p lie d . In  th e  e a r ly  form o f  wave m ech an ics,

S oh roed in ger’ s  wave eq u a tio n  was n o t a b le  to  ea p la tn  th e  

anom alies nor did i t  conform to  th e  p r in c ip le  o f  r e l a t i v i t y ,  

P a u li  in  h is  th e o r y , t r i e d  to  g iv e  a wave m echan ical 

in t e r p r e t a t io n  o f  the e le c t r o n ’ s  sp in  bast he was o n ly  

p a r t i a l l y  s u c c e s s f u l .  D irac reform ed Soh roed in gar’ s  e q u a tio n ,  

ta k in g  aooonnt o f  th e  p r in c ip le  o f  r e l a t i v i t y  and a ls o  o f
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m agnetic  fo r c e s  which depend n o t o n ly  on th e  p o s i t io n  o f th e  

p a r t i c l e  hut a ls o  upon i t s  v e l o c i t y .  The s o lu t io n  o f  D ir a c ’ s  

f i r s t  order d i f f e r e n t i a l  eq u a tio n s gave a s a t i s f a c t o r y  

e x p la n a tio n  o f  th e  an om alies m entioned éb o v e . The r e s u l t s  

were th en  in  agreem ent w ith  those p r e v io u s  t h e o r ie s  based on 

th e  S p in n in g  e le c t r o n  m odel, D ira c’ s  th e o ry  however a p p lie d  

quantum m echanics to  th e  p o in t  charge e le c t r o n  so  th a t  a l l  

th e  d u p l i c i t y  phenomena fo llo w ed  w ith o u t a r b itr a r y  

assu m p tion s.

I t  was shown from H eisen b erg’ s  u n c e r ta in ty  r e la t io n s  

t h a t  i t  i s  n o t p o s s ib le  to  d i r e c t ly  measure th e  s p in  m otion  

a p a rt from th e  o r b i t a l  m otion . Thus i t  seems th a t  th e  sp in  

m otion has no r e a l  e x is t e n c e  as som eth ing  independent o f  

t r a n s la t io n a l  m otion  but i s  a c t u a l ly  a  c e r ta in  a sp e c t  o f  i t .
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