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A b stra c t

A g e n e ra l method o f  approach to  re so n an t n o n - l in e a r  o p t ic a l  phenomena 

in v o lv in g  t r a v e l l i n g  waves has been  developed , lîax w ell’ s eq u a tio n s  a re  so lved  

fo r  th e  e l e c t r i c  f i e l d  in  a s p h e r ic a l  P ab ry -P ero t ty p e  o p t ic a l  r e s o n a to r ,  

which e n c lo se s  u n ia x ia l  a r i s o t r o p i c  m edia. The s p e c i f i c  case o f 

p ro p a g a tio n  p e rp e n d ic u la r  to  th e  o p t ic  a x is  i s  co n sid ered  b u t th e  th e o ry  

can be ex tended  to  cover th e  g en e ra l case in c lu d in g  double r e f r a c t io n .  In  

th e  p re sen ce  o f  more th a n  one o p t ic a l  f i e l d  o f  t h i s  form , when th e  medium 

en c lo se d  in  th e  re s o n a to r  i s  n o n - l in e a r ,  by expanding th e  p o la r i s a t io n  in  

te rm s o f  th e  e l e c t r i c  f i e l d  in  th e  normal way coupled mode eq u a tio n s  a re  

o b ta in e d  f o r  am p litu d es  o f  th e  eigenmodes concerned.

T h is  g e n e ra l form alism  i s  th e n  used  to  examine re so n a n t second 

harm onic g e n e ra tio n  in  th e  sm all conversion  approxim ation  from a 

fundam ental beam in  th e  low est o rd e r 0-0 mode. A n a ly tic a l s o lu tio n s  a re  

o b ta in e d  in  th r e e  l im i t in g  c a se s , weak fo c u ss in g , s tro n g  fo c u ss in g  and 

th e  fo cu s  removed i n f i n i t e l y  from th e  n o n - lin e a r  medium. The g e n e ra l case 

i s  so lv ed  n u m e ric a lly . From th e  r e s u l t s  th e  v a lu es  o f  th e  v a r ia b le  

p a ram ete rs  can be o b ta in e d  which g iv e  th e  maximum o u tp u t in  any g iv en  node. 

Graphs a re  p re se n te d  g iv in g  th e  ou tp u t v a r ia t io n  in  0-0  and 0-2 modes 

w ith  focus  p o s i t io n ,  phase m atching, fo cu ss in g  and spo t s iz e .  From th e re  

i t  can be seen  th a t  th e  optimum fo c u ss in g  fo r  th e  0-0  mode o ccu rs  a t

= 5 . 6 5  (1 c r y s ta l  le n g th , zo one h a l f  th e  confocal p a ram e te r) .



Secondly d eg en e ra te  p a ra m e tric  a m p lif ic a tio n  betw een two low est o rd e r 

inodes i s  examined under th e  approx im ation  th a t  th e  pump beam i s  

u n d e p le te d . An a n a ly t ic  s o lu tio n  i s  o b ta in ed  fo r  th e  s in g le  pass  

a m p lif ic a t io n  in  th e  weak fo cu ss in g  l im i t  and p re lim in a ry  r e s u l t s  o f 

num erical com putations fo r  th e  g en e ra l case a re  g iv en . From th e se  

r e s u l t s  a v a lu e  f o r  th e  optimum th re s h o ld  c o n d itio n  i s  c a lc u la te d .
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(c) Nleinrnans Symmetry C ondition  /g

1 . 4  P ro p ag a tio n  o f  e le c tro m a g n e tic  r a d ia t io n

in  d i e l e c t r i c  medium 20

(a) Medium w ith  L in ea r Response 2. |

(b) A bso rp tion  • 2 S’

(c) Medium w ith  Q uad ra tic  Response X(>

1 . 5  Enhancement o f N o n -lin e a r E f fe c ts  3 0

C hapter I I

The Modes o f  th e  O p tic a l R esonator

2.1 In tro d u c t io n  ^ %

2 .2  D e riv a tio n

(a) M irro r F ie ld  D is t r ib u t io n  3 4

(b) T ra v e ll in g  wave in  th e  re s o n a to r  3 7

(c) The g e n e ra l sp h e r ic a l m irro r  re s o n a to r  4  %

(d) Resonant Frequency 4 3

2 . 3  The S o lu tio n  o f  Maxwells E quations f o r  th e  R esonato r

(a) L o ss le s s  I s o t r o p ic  Media 4  4

( i )  Lowest Order Mode 4-S*

( i i )  H igher O rder Modes, 4 7



S ' !

S ':

(b) V a lid i ty  o f th e  A pproxim ation

(c) T ran sv e rse  n a tu re  o f  th e  P o la r iz a t io n  o f

th e  s o lu t io n  S'o

(d) N o rm alisa tio n

( i )  Two Dimensions

( i i )  Three Dimensions 5-3

(e) O rth o g o n a lity

2 . 4  P ro p ag a tio n  in  A n iso tro p ic  Media

(a) Two D im ensions S' 6

(b) Three Dimensions S' 9

2 . 5  E f fe c t  o f  A bso rp tion  6 4

C hapter I I I

D e riv a tio n  o f  th e  Coupled Mode E quations and th e  

C a lc u la t io n  o f  th e  Coupling C o e ff ic ie n ts

3 .1  Two d im ensions 4 7

(a) Second Harmonic G enera tio n  7 o

( i )  Coupled Mode E quations

( i i )  Energy C onservation  R e la tio n  7 2

( i i i )  E v a lu a tio n  o f th e  Coupling C o e ff ic ie n ts  7 3

(b) P a ra m e tr ic  A m p lif ica tio n

( i )  Coupled Mode E quations 8 3

( i i )  E v a lu a tio n  o f  th e  Coupling C o e f f ic ie n ts  § ^

3*2 Three Dim ensions 9 ^

3 . 3  E f fe c t  o f  A bso rp tion  ,93



C hapter IV

Second Harmonic G enera tion

4 .1  I n tro d u c t io n  ^

4 . 2  N ear F ie ld  -  weak Focussing  L im it q 4

(a) Lowest Order Mode q 7

(h) H igher Order Modes 9 g

4 . 3  F ar F ie ld  L im it io/

4*4 I n f i n i t e  C ry s ta l -  S tro n g  Focussing  L im it ' o i

4 . 5  G eneral Formula

(a) 0-0  mode lo3

(h) 0-2  mode /o7

4 . 6  C a lc u la t io n  o f  th e  R esonato r Output fo#

C hapter V

P a ra m e tr ic  A m p lif ic a tio n

5 .1  I n tro d u c t io n  1/2

5 . 2  Near F ie ld  -  Weak F ocussing  L im it

5 . 3  P re lim in a ry  G eneral R e s u lts  120

5 . 4  C a lc u la t io n  o f  T h resho ld  and R esonator Output '' '̂1



Appendix I

E v a lu a tio n  o f  th e  Coupling C o e ff ic ie n t I n te g r a l  S'

Appendix I I

N um erical I n te g r a t io n  o f  th e  Second Harmonic I n te g r a l  *'2.9

Appendix I I I

N um erical I n te g r a t io n  o f  th e  P a ram e tric  Coupled 

D i f f e r e n t i a l  E quations 

G raphs *4-7

C onclusion 

Aclmowledgeraents 

R eferen ces

!ù(f.

lC(a



C hapter 1

1.1  In tr o d u c tio n

The term " n o n -lin ea r  o p tic s"  i s  used  in  t h i s  t h e s i s  to  d esc r ib e  

p r o c e s s e s  in  which energy exchange occu rs betw een a number o f  o p t ic a l  

f i e l d s  a t  d if f e r e n t  fr e q u e n c ie s . The d isc o v e r y  and developm ent o f  

l a s e r s  made a v a ila b le  f o r  th e f i r s t  tim e ex trem ely  h ig h  e l e c t r i c  

f i e l d s  1 OOEv/cm a t o p t ic a l  fr e q u e n c ie s  which a lth ou gh  s t i l l  sm all 

compared w ith  atom ic f i e l d  s tr e n g th s  1O^Kv/cm make th e c l a s s i c a l  

assum ption  o f  a l in e a r  response o f  the m a ter ia l to  the f i e l d  u n tru e .

When th e  n o n - l in e a r i t i e s  are in c lu d ed  in  th e th eo ry  th ey  not o n ly  

m odify th e  l in e a r  e f f e c t s  but a ls o  g iv e  r i s e  to  co m p le te ly  new non­

l in e a r  e f f e c t s .

The f i r s t  o b se r v a tio n  o f  th ese  e f f e c t s  was made by Franken e t  

a l  (1 )  in  1961 u s in g  a ruby la s e r  fo c u sse d  in to  a quartz c r y s t a l .  The 

em ergent l i g h t  was found to  co n ta in  r a d ia t io n  not o n ly  a t  0 .6943  

m icron s, the ruby la s e r  w avelen gth , but a ls o  a t 0 .3 4 7 2  m icrons the  

second harmonic w avelen gth . S ince then  many o th er  n o n -lin e a r  p r o c e s se s  

have been  o b se r v e d .2 , 3> 4> 5*

I f  a d i e l e c t r i c  medium i s  su b jec ted  to  an o p t ic a l  e l e c t r i c  f i e l d  

E w hich i s  sm all i t  s e t s  up a p o la r iz a t io n  in  th e  medium th a t  i s  

l in e a r  in  th e  f i e l d .

( 1 .1 )  P = ( ig n o r in g  th e v e c to r  nature o f  th e e l e c t r i c  f i e l d )

At h ig h e r  f i e l d  s tr e n g th s  we have to  i n s i d e r  th e r ig h t  hand s id e  o f



1*1 a s  th e f i r s t  term in  a power s e r ie s  expansion  o f  P in  term s o f  E

so th a t  in  g en era l ( 1 .2 )  P = ^ ........................................

The non l in e a r  o p t ic a l  e f f e c t s  a r is e  from th e h ig h er  order term s o f  

t h i s  s e r i e s .

We s h a l l  co n s id e r  o n ly  non l in e a r  e f f e c t s  which a r is e  from the  

second  term , s p e c i f i c a l l y  second harmonic g en era tio n  and param etric  

a m p lif ic a t io n .

1 .2  Won L inear O s c i l la t o r  Model

The c l a s s i c a l  th eo ry  o f  l in e a r  d isp e r s io n  (6 , 7* ) g iv in g  r i s e  to  

e q . * 1 .1  i s  based  on a model due to  Lorentz th a t p ic tu r e s  each e le c tr o n  

in  a d i e l e c t r i c  medium as b e in g  h e ld  in  i t s  eq u ilib r iu m  p o s i t io n  by 

a harmonic r e s to r in g  fo r c e .  When an e l e c t r i c  f i e l d  i s  a p p lied  to  the  

d i e l e c t r i c  the e le c tr o n  moves acco rd in g  to  the eq u ation  o f  m otion .

1 .3

_  2  O ,  r  =  -  -  E

Where r  i s  th e  d isp lacem ent o f  th e  e le c tr o n  from i t s  eq u ilib r iu m  

p o s i t io n ,  m i t s  m ass, e i t s  c h a r g e ,(0 .the n a tu ra l freq u en cy  o f  i t s  

m otion and ^ a damping param eter.

From t h i s  eq u a tio n  the p o la r iz a t io n  d e n s ity  o f  th e medium can be 

c a lc u la te d .

1 .4  P = Wer, W e le c tr o n  d e n s ity .  To extend  t h i s  to  produce 

non l in e a r  e f f e c t s  we co n sid er  th a t i f  th e  e le c tr o n  has a la r g e  enough  

d isp lacem en t th e  r e s to r in g  fo r c e  i s  no lo n g er  l in e a r  and can be w r it te n  

in  th e  form



1 .5  F = -Cûo^r + > r   ...............  ( sm a ll)

and th e  d isp lacem ent o f  the e le c tr o n  i s  now governed hy th e  eq u a tio n . 
2

1 .6  d ^  ^ o » dr . 2 \  2 -eE
2 rdt*- ^

The s o lu t io n  o f  which fo r  an e l e c t r i c  f i e l d  o f  the form

I S

1.8
- e  E ( u J  e ^r  = —   ̂ 1 _̂_______________  + complex conjugate

( “ o -  2 i< 3rs )

e f  e 2 ( c j^ )  e
+ 2 ' ------------------------------------------------------

-  4 % ^  -  4 0 i ^ ) ( 0 o^ -

+ —  )E )

+ complex conjugate +■  .......... ..

I t  can he seen  th a t  we have new term s over th e s o lu t io n  to  th e  

l in e a r  eq u ation  which are q u ite  d i s t in c t  from th e  l in e a r  term s. The 

f i r s t  w i l l  g iv e  r i s e  to  a p o la r iz a t io n  o s c i l l a t i n g  a t  th e f i r s t  harmonic 

freq u en cy  o f  th e  a p p lied  e l e c t r i c  f i e l d  and the second a co n sta n t  

p o la r iz a t io n  p ro p o r tio n a l to  the m agnitude o f  th e  a p p lie d  e l e c t r i c  

f i e l d .



I I

1 .3  The S u s c e p t ib i l i t y  T ensors.

(a )  D e f in it io n .  S ince we w i l l  he d e a lin g  w ith  o p t ic a l  f i e l d s  which  

are monochromatic or n e a r ly  monochromatic i t  i s  more con ven ien t to  work 

w ith  th e  F o u rier  transform  o f  the e l e c t r i c  f i e l d .

eO 

—06

than  w ith  the e l e c t r i c  f i e l d  i t s e l f .

From 1 . 9  i t  fo l lo w s  th a t

E ( r , o  ) =E ( r , -  o  ) s in c e  E ( r , t )  i s  r e a l .

The F o u rier  transform  o f  th e monochromatic f i e l d  d e fin e d  in  eq u ation

1 . 7  i s  g iv e n  hy

1 .1 0  E ( o )  = e"  ̂ S ( -6 o )  + e “ ^ ( 0 .J+0 )

The p o la r iz a t io n  resp on se o f  the medium in  terras o f  th e  F ou rier  

tran sform s o f  th e  e l e c t r i c  f i e l d  i s  g iv en  hy:

(1 ) f o r  th e l in e a r  resp on se

1.11 ( t )  = 1 d w  ( 0 ) ( w ) eij) ( l o t )
-06

w hich d e fin es  th e l in e a r  s u s c e p t i b i l i t y  te n so r .

^ i j  (c o )  

f o r  th e  second order resp on se:

«. 00

1 . 1 2  P ® t )  = d6i^ d O g  “ 2 ) ® j(“ l ) ( " 2 )
J  j  —60 _»

d e f in in g  th e 2nd order s u s c e p t i b i l i t y  te n so r .

S in ce  P ^ ft)  i s  r e a l  we have



12.

1.13 X. j (  w  ) = X ( - u )

1.14 X. ^ (L x ,, Og) = (-"^1' ~ ^ 2 >

The o rd e r o f  w r it in g  th e  e l e c t r i c  f i e l d s  in  eq u a tio n  1.12 has no 

s ig n if ic a n c e ,  th e re fo re

1.15 X. ( o . , ,  dig) -  X. (d ig , d i p

The F o u r ie r  tran sfo rm  o f  th e  p o la r iz a t io n  i s  d e fin e d  as

r
p . ( t )  exp ( i  ^ t )  d t1.16 P, ( d) ) = 4

2 t t
— flb

S u b s t i tu t in g  f o r  ( t )  from 1.12 and c a rry in g  out two o f th e  in te g r a t io n s

we have
fîb 1

1 . 1 7  P^ ( ) = X ^ . ( c o )  E.  ( t o )  and s u b s t i tu t in g  w fo r

1 .18  P. ^  ( o )  = 
1 ^ d ( t o \  d )-  co^) Fj (co^) E^ ( to^)

To show th a t  t h i s  co rresponds w ith  th e  normal d e f in i t io n  o f  th e  non l i n e a r

s u s c e p t i b i l i t y  co n s id e r th e  case o f  sum mixing o f two monochromatic f i e l d s .

CJ> ^ 60 .
1 .1 9 ^  ) = -g- E ^  (&)- ) + -  ̂ E o (  ^

1 .20  B (6Jg) = i  E ^ 5 (4 ) -  Wg) + O  + d)^)

S u b s t i tu t in g  in to  1,18 and carry ing  out the  in te g ra t io n  p ick ing  out th e

c o e f f ic ie n ts  of S' (to -  6 0  ̂ + Ù) ^) and S*( to + + O^)



to . O to

60 . to 6 0 - t O

1.21 P ,® r “ l 1 =  $ H j k ( ^ 1 '  ^ z ) L  \  '  + t% ijk (^ 2 ' '  ^k >

X+d3g) + 4 x ; . y w ^ , O g ) f  X  ^  3

s  ( + d).l + Ubg)

where O  y = H  + 4)
J  I 2.

u s in g  th e  i n t r i n s i c  syimnetry o f X ijk  and changing th e  dummy s u f f ic e s .  

1.22  P , ® ( d 2 p  .  iX..^^ (d3^ ,d1g)E." ' '  g ( o - d 3 ^ + O p

if  .y  ^  M .y  to  p

+ i^ i jN  ) ^ 2}  ^

v/hich i s  ju s t  th e  form f o r  monochromatic p o la r i s a t io n  a t  frequency  

to = to^ + to^

to — to . top

1-23 h  = h .ik  ( ^ 1 '  ^ 2) L  \

and we can v /r i te

 ̂ .jk

1 . 2 4  (a) = -gP  ̂ ^ ^  ( to -  to^) + -JP^ ^ S '( do + Cù^

For second harm onic g e n e ra tio n

^  ( to^) = -g-E ^ S * ( t o . j - t o )  + -J-B  ̂ S (to  ̂ + to )

so th e  p o la r i z a t io n  a t  th e  harm onic frequency  i s

p .  ( 2 . ^ )  =  i - X . j ^  ( o ^ ,  o p  (  < o p  (  < o p  o  -  2  o p

+ i'Xĵ j]̂  Ej ( c o p E j ^ ( c - > p  S ( o j +  2 o p

SO th a t

1. 24(b) p2 ‘̂  ̂ = *X^j;^ ( o . | ,  o p  Bj  ̂ Ej ‘̂̂ 1

T his d e f in i t i o n  i s  th e  same as  Bloemhergen, 9 , Robinson, 11, h u t w il l

d i f f e r  from th a t  o f  Kleinman, 12, when th e  d^^ te n s o r  i s  d e fin e d  in



i f  th e  medium has in v e rs io n  symmetry th e  s u s c e p t i b i l i t y  te n s o r s  must 

he in v a r ia n t  under t h i s  tra n s fo rm a tio n .

h j k  “ 2 ^

h j k  = °

= ( - 1)  ̂  ̂ th e re fo re

so th e  second o rd e r  te n s o r  v an ish es  id e n t ic a l ly .

In  g en era l th e  p ro c e ss  o f  f in d in g  a l l  th e  r e s t r i c t i o n s  i s  r a th e r  

te d io u s  so we w il l  co n s id e r  one s p e c ia l  case th a t  o f L ithuirn h io h a te  

L i Ilb O y  f o r  re a so n s  which w i l l  become apparen t l a t e r .  L ithuirn li io b a te  

has p o in t group symmetry 3m, , a th re e fo ld  a x is  o f  symmetry w ith

th r e e  r e f l e c t i o n  p la n e s  p a ss in g  th ro u g h  th e  r o ta t io n  a x is .

0x2

px

OXf

The diagram  re p re s e n ts  a p ro je c t  o f  a sphere w ith  p o in ts  marked 

on th e  top  s u rfa c e  a t  th e  p o s i t io n s  marked by th e  = s ig n s .  The axes 

a re  ta k e n  a s  shown w ith  th e  Ox, a x is  b e in g  th e  a x is  o f  th r e e fo ld  

symmetry v e r t i c a l  th rough  th e  c e n tre .

The r o ta t io n  tra n s fo rm a tio n  i s  g iven  by th e  m a trix



e q u a tio n  1 . 3^» 

b . S p a t ia l  S.-'/mmetry.

The s u s c e p t i b i l i t y  te n so rs  tran sfo rm  between d i f f e r e n t  c o -o rd in a te  

system s acco rd in g  to  th e  u su a l tra n s fo rm a tio n  laws f o r  p o la r  te n s o r s .

I f  we tra n s fo rm  th e  te n s o r  w ith  a symmetry tra n s fo rm a tio n  o f  th e  medium 

th e  new te n s o r  must be id e n t ic a l  w ith  th e  o ld  one. Hence t h i s  r e s t r i c t s  

th e  v a lu e s  o f  th e  elem ents o f  th e  te n s o r .  A f u l l  d e s c r ip t io n  o f 

symmetry groups i s  g iv en  in  th e  I n te rn a t io n a l  T ab les f o r  X -ray 

C ry s ta llo g ra p h y , 13, and Hye, 12.

The tra n s fo rm a tio n  laws a re  e a s i ly  d e riv e d . C onsider two c o -o rd in a te  

system s which a re  r e l a t e d  to  each o th e r  by a r o ta t io n .  The c o -o rd in a te s  

o f  a p o in t w ith  re s p e c t  to  th e  f i r s t  s e t  o f axes w i l l  be r e la te d  to  th o se  

o f  th e  second s e t  by an o rthogonal l i n e a r  tra n s fo rm a tio n .

1.25 x /  = A. . X.
1 i j  J

The e l e c t r i c  f i e l d  and p o la r iz a t io n  b e in g  b o th  p o la r  v e c to rs  

tra n s fo rm  in  th e  same way as  th e  c o -o rd in a te s .

1.26 P ^ h t )  = A .j P j ( t )

E . h < o )  = A , .  E.  (co)

Thus u s in g  1 .11 , 1 .12 , th e  s u s c e p t i b i l i t y  te n so rs  tran sfo rm  as

1.27 x ' l j  ( o )  .  A .^ A.^ (co)

%^ijk ('^ 1 ' ^2^ " h r  h s  h rt h s t   ̂ “ l ’

As a g e n e ra l example we co n sid e r th e  in v e rs io n  tra n s fo rm a tio n



1.28

A = -  i  4 -  0

\ 0 0 1 

and th e  r e f l e c t io n  tra n sfo rm a tio n s

1 .2 9  E = ^-1 0 0  ] 

0 1 0 

0 0 1

AR and A R

and A

C onsider th e e f f e c t  o f  the r e f l e c t io n  on

h s i  °  h i  h j  h k  h j k

/4

21 “2 r  “  h j 1  ( “ i*  “ 2^= R .. R,

1 .3 0  • • %221 (^"1 ) a  0

S im ila r ly  any elem ent which has an odd number o f  su b s c r ip ts  eq u al 

to  one i s  id e n t i c a l ly  zer o .

1 . 3 1

T his red u ces th e two te n so r s  to  

^  f  Y 0  0  \
^ 1  

0  X,22 h s

°  h a  h s
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1 . 3 2  X ®  = / - 0  0  0  0  0  X,

^211 ^222 ^223 ^233 ^232 

^311 ^322 ^333 5  23 ^332

21

0 0 0 0 

0 0 0 0 j

a p p ly in g  th e  r o ta t io n  tran sform ation  th e se  reduce fu r th e r  to

1 . 3 3  X ®  = / x , ^  0 0 1

0 X„ 0

0 0 X33

and

1 . 3 4  X ®  = |  0 0 0 0 0 X, 3  ̂ X, , 3  -X 2 2 2  -X 2 2 2

-X ggg Xg22 0 X,^3 X^21 0 0 0 0

h i i
X3 1 1  X3 3 3  0 0 0 0 0 0

f o r  th e  case  o f  second harmonic g e n e r a tio n  we are d e a lin g  w ith  the te n s o r  

^ ijk  ( ^ 1  ) ) which from eq u ation  1*15 i s  sym m etric in  j and k .

T his symmetry red u ces the number o f  independant e lem en ts  o f  X s t i l l  

fu r th e r  s in c e  X̂   ̂ = Xj^.j and we can w r ite  th e  te n s o r  in  a reduced

form s im ila r  to  th a t  u sed  fo r  p ie z o  e l e c t r i c  te n so r s  ( 3 3 )*

D efin e d̂ ^̂  = ^ ) when j = k .

1-35  ( ‘" 1 » “ i>  * h k j  ( " r  ‘^ i »

i 4 k

when m i s  g iv en  by

m = 1 2  3 4  5  6

when jk  = 11 22 33 23 31 12
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Thus f o r  c r y s ta l s  w ith  symmetry p o in t group 3m as  L ithuirn IJiohate

1.36 im 0  0  0  0 - d 22

- ‘̂ 22 ^22 0 0 0

\  ^31 ^31 *33
0 0 0

The 3 % ^ m a trix  d. o p e ra te s  on a column v e c to r  (E E) where im ' m

(3 (E E)g = E g t  ( e e ) ^  = B g t

(E E)^ = E^Ej, (E E)g = E^ and (B B)g .  Eg.

c. Kleinman* 3 S^nmetry C ondition

In  a d d i t io n  to  th e se  symmetry r e s t r i c t i o n s  th e re  a re  o th e r  

r e s t r i c t i o n s  which app ly  when th e  non l i n e a r  p o la r i z a t io n  i s  o f 

e l e c t r o n ic  o r ig in  r a th e r  th a n  io n ic  and th e  c r y s ta l  i s  non ab so rb in g  

fo r  a l l  th e  o p t ic a l  f i e l d s  concerned in  th e  in te r a c t io n .

So th e  power lo s s  P o f th e  f i e l d  ( : ^ t )  i s  z e ro . These 

r e s t r i c t i o n s  were f i r s t  p u t forw ard by Kleinman, 12, and th e  argument 

g iv e n  h e re  fo llo w s th a t  g iven  by him, I 5 .

The average power lo s s  in  tim e 2T i s  g iven  by

r
1 . 3 7  P = -

1
2T

\ A  E j ( f t ) .  L  ( f t ) .

and must be zero  under our approx im ations. R ep lacing  E_ and JP by t h e i r  

F o u r ie r  tra n s fo rm s ,
•6

iTT
f r

P = ^ d r d o d to ^  E ^  ( r ,  ( r ,  to^) to

-<0 Zpi)



where

as ^  ( n  ) -4. £  ( n )
T

• • f o r  T la r g e  enough

P « i  

s u b s t i t u t in g  from I . I 8 .

î- I  A- j  d o  ( r, o  ) P3 ( r ,  o )  o

1.38 P = 1 j  dr J d ( r ,  o  ) (Oj  ̂ w -  o ^ )

1 1w r it in g  63 = ho + ( w  -  ôù ) Sc«ce

X i s  sym m etric in  the l a s t  two s u b s c r ip ts ,  We see  th a t  the in t e g r a l
1 1w ith  i s  eq u al to  th a t  w ith  &) -  co ^

P « 2 i dr ic3 d 10 E^* ( r , * w )  X^^^ ( w \  to'*)

1 1
X E . ( r  ) ^  ) E , ( r ,  c o - u j )

u s in g  B ( r , to ) = B* ( r ,  -  to ) and re -a rra n g in g  we have
10 16
r

1 .3 9  P = - 2 i  dr j ik
:n a-(•

X E. ( r ,  10 ) Eĵ  ( r ,  U  -  o h

but s in c e  P « 0

comparing w ith  I . 38 , th ey  are both  equal to  zero, th e r e fo r e  we have

( 60̂  ) 4 ( -  ^ )  4 -j
^ j i k  ^  ^  -  CO ) s  ^ i j k  (  ^  ) cO -  u 3  )

or w r it in g  X w ith  i t s  th ree  a s so c ia te d  fr e q u e n c ie s .
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^ j ik  ( ^ 2 '  ^ 3 '  ^1 ) “ ^ ijk  ( ^ 3 '  ^ 2 '  ^ 1  )

Armstrong e t  a l , a t 6 , and o th e r s  have c a r r ie d  out Quantum M echanical 

c a lc u la t io n s  fo r  th e form o f  the X* s under the c o n d it io n s  we have 

s ta t e d  and found t h i s  symmetry and a ls o  th e  fu r th e r  symmetry,

1.41 O j) = ( o ^ ,  (Og, d3^) i s  p r e d ic te d .

Ward and Franken, 19 , have d isc u sse d  th e se  sym m etries in  the  

p resen ce  o f  d is p e r s io n  and ab sorp tion  and concluded th a t  th ey  are  

r e l a t i v e l y  in s e n s i t iv e  to  sm all amounts o f  d isp e r s io n  and a b so rp tio n . 

The measurements th a t  have been c a rr ied  out seem to  v e r i f y  th ese  

p r e d ic t io n s .  S evera l t a b le s  o f  v a lu e s  appear in  th e l i t e r a t u r e ,  e .g .  

R obinson, 11 , and and T a riv , 20, (Y ariv  d e f in e s  h i s  v a lu e s  as

Kleinm an, 1 5 , e t  a l ,  R obinson, 11 , a s  Bloembergen e t  a l l ,  9 ) 1*4.

P rop agation  o f  E.M. r a d ia t io n  in  a D ie le c t r ic  medium

The p rop agation  o f  e lec tro m a g n etic  r a d ia t io n  in  a d i e l e c t r i c  whose 

m agnetic p o la r iz a t io n  i s  n e g lig a b le  i s  d escr ib ed  by s o lu t io n  o f  

M axw ell’ s eq u a tio n s .

a  .  -  &  #

1 . 4 2  z  g  .  ^  0

where D = E + 4 TT P

E lim in a tin g  th e  m agnetic f i e l d  H from th e së  eq u a tio n s in  th e  u su a l way 

produces th e  eq u ation

V  X ( V  X E) + -p  2^
dt^ C" dt

. A :  .  A  
2 .^2  ^2 , . 2
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fo r  th e  e l e c t r i o  f ie ld #

Where E and P are fu n c tio n s  o f  x  and t# Taking the F ou rier

transform  o f  t h i s  eq u a tio n  i t  produces

2 2 
1=44 V i  ( \ 7  X E ( r ,  o  ) -  ^  E( r , lO ) .  P ( r ,  <J)

under th e  same c o n d it io n s  o f  convergence a s  eq u ation  1*9 which are

d is c u s se d  hy B utcher, 22 , P ( r , to) a s  we have seen  can he expanded in

term s o f  th e  e l e c t r i c  f i e l d  E and the s u s c e p t i b i l i t y  te n s o r s ,  

a . Medium w ith  l in e a r  resp on se

The p o la r iz a t io n  in  t h i s  case  i s  g iv en  by

1 .4 5  P ( r ,  w )  = X ®  (<o) E( r ,  u )

s u b s t i t u t in g  in to  1 .4 4  and dropping th e e x p l i c i t  freq u en cy  la b e l ,  which

i s  an u n n ecessa ry  co m p lica tio n  in  th e l in e a r  regim e, we have

1 . 4 6

a . ^  X ( VX E) — —̂  6 ' E = 0 

where

b . 6 = 1 + 4 TTX

To in v e s t ig a t e  th e prop agation  o f  a p lan e wave in  t h i s  medium we

w r ite

1 . 4 7  B « E a exp (  1  )

where r  i s  the p o s i t io n  v e c to r , n th e d ir e c t io n  o f  p rop agation  and ^  

th e r e f r a c t iv e  in d ex , d th e  d ir e c t io n  o f  th e  p o la r iz a t io n  which are to  be

o b ta in e d . S u b s t itu t in g  1 . 47  in to  I .4 6  we o b ta in  F r e s n e l’ s eq u ation

1 .4 8  ( n I  ( n X ^ ) )  + 6 - a .  = 0
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At t h i s  p o in t  we assume th a t 6  i s  reg ,l, i . e .  th e  medium i s

n o n -a b so rb in g . Equation 1*48 r e p r e se n ts  a system  o f  sim ultaneous

homogenous l in e a r  eq u a tio n s  fo r  a = (a^ , a^, a ^ ). The eq u a tio n s

are s im p li f ie d  by ch oosin g  axes a lon g  th e  p r in c ip a l axes o f  th e

d i e l e c t r i c  ten so r^ th ey  w i l l  be the same as  th o se  o f  ( o )  from

1 . 4 6 ( b ) .  A pplying the c o n s is te n c y  c o n d it io n  g iv e s  a q u ad ratic  eq u ation  
2

f o r  ^  .  For an is o t r o p ic  medium where

6 0 0 

0 ^ 0  

0 0 €

( f -  e f

/
2

The eq u a tio n  fo r  ^  red u ces to

0 s u b s t i tu t in g  t h i s  in to  I .48  we have a • n = 0

d eterm in in g  a .

In  a u n ia x ia l  medium, such as th e  p rev io u s  exam ple^lithuirn n io b a te  , 

th e  d i e l e c t r i c  te n so r  has th e  form o f  eq u a tio n  1 . 33

é  = /  0  0  )

0  0 

\  °  °  ^2

The o r ie n ta t io n  o f  the x  and y  p r in c ip a l axes i s  a r b itr a r y  and i t  i s  

co n v en ien t to  choose them so th a t  n l i e s  in  the Oxz p la n e  and we can  

put

n = s in ©   ̂n = 0 , n = co s  ©

where © i s  th e  an g le  betw een the z a x is  and the d ir e c t io n  o f
2

p ro p a g a tio n . In  t h i s  case  th e eq u a tio n -fo r  ^  red u ces to



>23

M

1-2

y

z

,1-3

:w



M

1 . 4 9  ^  ̂ G + £ ^ s in ^ 0  ) -  6^ £  = 0

2
Thus f o r  one s o lu t io n  ^  = £   ̂ which i s  independent o f  the d ir e c t io n

o f  p r o p a g a tio n . For t h i s  s o lu t io n  from I .48

1 . 5 0  a = (O; 1) 0 )

i . e .  a i s  orth ogon al to  b oth  th e d ir e c t io n  o f  p rop agation  and the z

a x is  a s  in  f ig u r e  1 . 1 .

The second s o lu t io n  has r e f r a c t iv e  in d ex  g iv en  hy.

2 2 
r-^ 1 COS 0 s in  e1.51 - T  =

q2 é  J Ê ^

T his i s  th e ex tra o rd in a ry  wave fo r  which th e  r e f r a c t iv e  depends on the  

d ir e c t io n  o f  p ro p a g a tio n . The s o lu t io n  fo r  a has a^ = 0 and

1 . 5 2  a g &

a 2y  s in  6> co s  o

So th a t  a li%  in  th e p lan e o f  0 and n and i s  in c l in e d  to  n a t2 ' ~

an a n g le  o f  ^  -  cx where

1 .5 3  ta n  cx = (?— 2!“  ) Gin 2©
2 1

The en ergy  f lu x  due to  th e  wave i s  g iv e n  hy

1 . 5 4  .
S = ^  B X H^ /j.'TT  ̂ ^

from 1 . 4 2  H i s  p a r a l l e l  to  n x  a so th a t  S l i e s  in  the p lan e  

o f  n and th e  z a x is  hut in c l in e d  to  n a t  the an g le  g iv en  hy 

1.53* That i s  th e energy o f  the ex tra o rd in a ry  wave prop agates a t  an 

a n g le , cx , to  th e d ir e c t io n  o f  phase p rop agation  o f  th e  wave (see  

f ig u r e  1 . 2 ) .  F igure 1 .3  r e p r e se n ts  th e r e f r a c t iv e  in d ex  as d is ta n c e
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from th e  o r ig in  o f  hoth  ord in ary  and ex tra o rd in a ry  waves w ith  

th e d ir e c t io n  o f  p rop agation  fo r  a n e g a tiv e  u n ia x ia l  c r y s t a l ,  

h . A bsorption

The im aginary p a rt o f  £  accounts fo r  a b so rp tio n . S ince fo r  

any medium o f  in t e r e s t  a b so rp tio n  w i l l  be sm all we can c o n s id e r  i t  a s  a 

sm all p er tu r b a tio n  on th e  p rev io u s  th e o r y . Let the perturbed  

r e f r a c t iv e  in d ex  be IT and p o la r iz a t io n  v e c to r  be b .  So F resn e l* s  

eq u a tio n  becomes

1 .5 5  (n X (n X b )  + 6 ^ ' b  + i  6^^- b  =  0

where we have w r itte n

£  * + i

Taking th e  s c a la r  product w ith  a ^the o ld  p o la r iz a t io n  v ec to r ,a n d  u s in g  

th e symmetry o f  £   ̂ ( i . e .  a - * b  =  b  - a )  we can w r ite

1 .5 6  (a  . n X (n x  b ) )  -  ^^b . (n x  (n x  a ) )  + i  a -  b

=  0 

rea rra n g in g

^ •5 ^  „  2  ,  1 , .
(n z  a)(n

11
assum ing a i s  very  n e a r ly  equal to  b and £  i s  sm all we can

w r ite  u s in g  th e b inom ial expansion

ÏÏ irr '^ + ±Z

1 .5 8  where

K = 3. • g  .•■■S-----

2 ^ (a  I  a )

S u b s t itu t in g  t h i s  in to  th e o r ig in a l  form f o r  the wave 1 . 4 7 ,  we have
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1 . 5 8  a .  E = E a e%p(  ̂ ^  ^  n • r ) e]q,( -  S ' ^ )

° C I ~ -  20 ^ ( n  I  a ) 2

SO K i s  th e  e x t in c t io n  c o e f f i c i e n t  o f  th e wave, 

c .  Medium w ith  Q uadratic Response

In c lu d in g  the q u ad ra tic  response o f  th e  p o la r iz a t io n  to  the  

e l e c t r i c  f i e l d  in to  M axw ell's eq u ation s 1*42 we can w r ite  eq u ation  1,4& 

more g e n e r a lly  as

1 . 5 9
2 2 

\7 X (  Z  ~  6  ^ — P®(r, i j )£  (w  ) B ( r , , j )  .  ^
c ‘

The s o lu t io n  to  t h i s  eq u ation  fo r  i n f i n i t e  p lan e waves has been s tu d ie s  

by many a u th o rs , 16 , 17 , 18 , 21. We w i l l  c o n s id e r  h e re  th e  main 

p o in t s .

We assume th a t none o f  th e fr e q u e n c ie s  in v o lv e d  approach the  

s i n g u l a t i t i e s  o f  th e  second order s u s c e p t i b i l i t y  te n so r . T his te n so r  

i s  th en  r e a l  and obeys K leinm an's symmetry c o n d it io n s  and P i s  sm all 

and can be regarded as  a p er tu rb a tio n  on the l in e a r  eq u ation  which we 

have seen  has s o lu t io n s  o f  th e  form 

E = a exp ( i  ^  ^  n  - r  )

We w r ite  the p erturbed  e l e c t r i c  f i e l d  a s   ̂ 22,

1 . 6 0  E = (̂ A( 5 ) a + c (  ̂ ) ) exp ( i ^  ^ % )

where ^ = Q .r  a c o -o rd in a te  in  the d ir e c t io n  o f  p rop a g a tio n . A( 5 )

i s  a s lo w ly  vary in g  am plitude fa c t o r ,  c ( $ )  i s  a s lo w ly  vary in g
(9)

c o r r e c t io n  term which a r i s e s  from th e components o f  P ^  orth ogon a l 

to  a .

S u b s t itu t in g  t h i s  in to  eq u ation  1 . 5 9  and u s in g  P r e s n e l 's  eq u ation



1 . 4 8  and some v e c to r  m an ip u la tion , 22, we o b ta in  th e eq u ation

f o r  th e  am plitude v a r ia t io n  o f  the f i e l d  a t  freq u en cy  U •

For th e  s im p le s t  ca se  when A (5  ) r e p r e se n ts  th e am plitude o f  th e  

second harmonic o f  a f i e l d  a t  freq u en cy  (» ^ / 2 ) .  th e p o la r iz a t io n  

ta k e s  th e  form.

^  X , , ,  h ,  . , )  L ,  b ,

2 w
ezp (  i  — ) S )

The d r iv in g  fundam ental f i e l d  b e in g  o f  the form 

CO. , CO.
-B

T herefore

ezp ( ± à k ^ )  where

2(0
1 . 6 4  d k  = ( /%( _ ^ ( 2 c o ^ ) )

The s o lu t io n  o f  t h i s  eq u ation  may be w r itte n  down im m ediately  i f  

we assume th a t  the second harmonic f i e l d  i s  sm all enough h o t to  a f f e c t  

th e am plitude o f  th e  fundam ental f i e l d  ( i . e .  i s  c o n s ta n t ) ,  then

]Sin  V 2

d k /2

We see  th a t  A ( ^ )  o s c i l l a t e s  s in u s o id a l ly  when Ak /  0 and grows
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l i n e a r ly  w ith  ^  when Ak = 0 . Most tran sp aren t o p t ic a l  m a te r ia ls

e x h ib it  normal d is p e r s io n . Thus th e c o n d it io n  o f  p e r fe c t  phase  

m atching A k = 0 cannot be ach ieved  in  an is o t r o p ic  medium or i f  

both  waves are th e same type in  a u n ia x ia l  or b ia x ia l  medium. However 

as f i r s t  p o in te d  out by Giordmaine, 51 and Terhune, 5 2 , th e  d ir e c t io n a l  

dependence o f  th e  ex tra o rd in a ry  r e f r a c t iv e  in d ex  can be employed to  

b alan ce out th e  e f f e c t s  o f  d isp e r s io n  in  some m a te r ia ls .  For 

potassium  dihydrogen phosphate one o f  the f i r s t  ^ m a ter ia ls  which proved  

s u ita b le  a second harmonic ex tra o rd in a ry  wave has th e same r e f r a c t iv e  

in d ex  a s  i t s  fundam ental ord in ary  wave when th ey  propagate a t an an g le  

o f  50^ to  th e o p t ic  a x is  fo r  a fundam ental w avelength  o f  0 .6943 m icrons. 

Then th e p o la r iz a t io n  v e c to r s  can be w r it te n  a = (O, 1 , O),

b  = (c o s  5 0 , 0 , "'•sin 5 0 ) n e g le c t in g  th e  sm all c o r r e c t io n  term . We 

see  from eq u a tio n  1 . 53  th a t  the energy con ta in ed  in  th e  second harmonic 

wave p rop agates a t an an g le  of to  th a t o f  th e  fundam ental wave so 

th e  in t e r a c t io n  betw een th e  two waves w i l l  cea se  a f t e r  some 

c h a r a c t e r is t ic  le n g th . T his i s  known as the aperture e f f e c t .  This 

drawback can be overcome i f  phase m atching cou ld  be ach iev ed  in  a 

direction  p erp en d icu la r  to  th e o p t ic  a x is  when of » 0 . This case  has

a ls o  th e  added advantage th a t phase m atching i s  not as c r i t i c a l  s in c e  

now th e  r e f r a c t iv e  in d ex  cu rves touch r a th e r  than in t e r s e c t .  The 

r e f r a c t iv e  in d ex  o f  lith iu m  n io b a te  i s  tem perature dependent and obeys 

th e S e llm e ie r  e q u a tio n s , 23,

1 . 6 6  y  .  4 . 1 9 1 3 0  +  1 . 1 7 3  =  l o f  +  1 . 6 2  :  1 0 - 2

-  ( 2 . 1 2  X 10^ + 2 .7  Z  10“  ̂ T ^ ) 2



-  2 .7 8  I  10"®

1 .6 7  -  4 .5 5 6 7  + 2 .605  I  10"^ T®

+ . + § '7 °  ^ „ g _ 2 .2 4  = 10-® A "
X -  (2 .01 X 10 + 5 .4  2: 10"^T )

X w avelength  10" cms. ( i . e .  nms. )

T Temperature °E

f o r  w avelength  betw een O. 4  and 4*0 m icrons and phase m atching can be

a ch iev ed  in  a p erp en d icu la r  d ir e c t io n  to  th e o p t ic  a x is  fo r  a v a r ie ty

o f  w avelen gth s ( 24 , 2 6 ) .

The p o la r iz a t io n  v e c to r s  f o r  t h i s  case  are a = (O, 1 , O),

t  = ( 0 , 0 , 1 ) and

i %ijk ( ^ 1 ' ^1 ) t  ^31 from 1 . 36 .

The p r o c e ss  in v o lv in g  t h is  te n so r  elem ent dom inates s in c e  the  

o th e r s  are not phase m atched.

For param etric  e f f e c t s  when th e medium i s  su b jec ted  to  two o p t ic a l  

f i e l d s  a t  fr e q u e n c ie s  and ^  o f  th e  form

E = b.j exp ( i  “  '̂  ( Î  )

E

01

""3 .  .  _= b^ e x p  ( i —

CO  ̂ >  CO.J > 0

th e  q u a d ra tic  p o la r iz a t io n  then  c o n ta in s  th e  d if fe r e n c e  freq u en cy  term
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= ®03 ®.01 ^ ijk  ^ '^3» “ '^1  ̂ 1^1k

z  e ip  (’ i  § /o  ( o ^  /y (  ) )  j

from eq u ation  1 .2 3

Again th e  in te r a c t io n  w i l l  depend on phase m atching term

A k  = ^  (<^3 ^ ( ^ 3 ) -  '=̂ 1 ^ ( “ 1 ) -

and th e d if fe r e n c e  freq u en cy  w i l l  o n ly  he e x ite d  to  a s ig n i f ic a n t  

amount i f  A k  = 0 .

A ttem pts a t  o p t ic a l  p aram etric a m p lif ic a t io n  have been made u s in g  

Lithium  M ob ate  25, f o r  th e degenerate case  co^ = In  t h i s  case

phase m atching occu rs i f  th e  pump wave a t  CJ^ i s  ex tra o rd in a ry  i . e .

= ( 0 , 0 , 1 ) and th e subharmonic wave i s  ord in ary  a « =

( 0 , 1 , 0 ) then  from 1 . 3 &

®*i ^ijk (^ 3 '  "^1^ ^3j ^1k “ ^15

a s  lo n g  a s  » ^ 1 3  which i s  tru e  under our assum ptions th a t

i s  much l e s s  than th e  fr e q u e n c ie s  o f  the e le c t r o n ic  t r a n s i t io n s .

Enhancement o f  H on linear E f fe c t s

The f i r s t  and most obvious way to  enhance the e f f e c t  i s  to  u se  

a fo c u sse d  beam. S evera l a u th o rs, 2 7 -3 1 , 5 3 , 54 have t r e a te d  second  

harmonic g en era tio n  by fo cu sse d  beams o f  l i g h t ;  th ey  co n sid ered  the  

fo c u sse d  beam as a sum o f  p lan e wave com ponents. Eleinman and Boyd,

15 , have tr e a te d  t h i s  in  g rea t d e t a i l  f o r  th e case  o f  a gaussian

fundam ental beam fo cu sse d  in to  a n o n lin ea r  c r y s t a l .  They have s tu d ied

the v a r ia t io n  and form o f  th e output w ith  fo cu s  p o s i t io n ,  fo c u s s in g ,
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le n g th  o f  c r y s t a l ,  phase m atching hoth  t h e o r e t i c a l ly  and ex p er im en ta lly  

and t h e ir  r e s u l t s  are s im ila r  to  th o se  ob ta in ed  h e r e .

The second method o f  enhancing th e  e f f e c t  i s  to  p la c e  the  

n o n lin e a r  c r y s t a l  in s id e  a reso n a to r  o f  i t s  own f i r s t l y  o u ts id e  th e  

la s e r  c a v i ty  u lt im a te ly  in s id e .  Ashkin, Boyd and B z ie d z ic ,  32 , have 

a p p lie d  t h e ir  work on fo c u sse d  beams to  the f i r s t  ca se  but t h i s  method 

o f  t r e a t in g  reson an t second harmonic g en era tio n  i s  ra th e r  clum sy and 

cannot be a p p lied  to  th e  g en era l c a se . w i l l  study t h i s  problem  

here by s o lv in g  M axw ell's eq u a tio n s fo r  th e f i e l d  in  th e reso n a to r  

c o n ta in in g  th e n o n lin ea r  c r y s t a l .  By b a s in g  the study on the modes o f  

th e r e so n a to r  we can avo id  th e  in h eren t d i f f i c u l t i e s  o f  th e  p lan e wave 

approach fo r  s o lv in g  th e g en era l case  when th ere  i s  more than one 

mode p r e s e n t .

T his th eory  can then  be a p p lied  w ith  minor changes to  th e th eo ry  

o f  param etric  a m p lif ic a t io n  and o s c i l l a t i o n .
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C hapter 2

The Modes o f  th e  O p tica l R esonator  

1 In tr o d u ctio n

The open reso n a to r  was f i r s t  proposed as a reson an t c a v i ty  fo r  

la s e r s  hy D ick e, 34 , and Shawlow and Townes, 35 , and Prokhurov, 3^, 

because even a t  o p t ic a l  freq u en cies,w h en  th e c a v ity  d im ensions must be 

much g r e a te r  than th e w avelength  o f  th e con ta in ed  ra d ia tio n ^ th e y  o n ly  

support r e l a t i v e l y  few  psuedo - e ig e n  modes o f  o s c i l l a t i o n .  Only 

waves which propagate a lo n g  th e a x is  o f  th e  reso n a to r  w i l l  be supported; 

any o th e r s  w i l l  have very  h igh  lo s s e s .  Pox and L i, 3 7 , by making 

s e l f  c o n s is t e n t  f i e l d  c a lc u la t io n s  based on Buygen's p r in c ip le  showed 

th a t  d is c r e t e  modes e x is t e d  both  fo r  th e p lan e p a r a l l e l  m irror  

re so n a to r  and th e s p h e r ic a l m irror re so n a to r  and in d ic a te d  th e f i e l d  

d is t r ib u t io n  over th e m irrors and the lo s s e s  o f  th e modes. Boyd and 

Gordon, 38 , Boyd and K ogeln ik , 39 , so lv e d  th e se  eq u a tio n s fo r  the  

s p h e r ic a l m irror reso n a to r  and gave an ex p r e ss io n  fo r  th e f i e l d  in  the  

r e so n a to r . I  s h a l l  g iv e  a b r ie f  o u t l in e  o f  t h e ir  method to  show th e  

way in  w hich the s o lu t io n s  a r is e  and then  go on to  d er iv e  them as  

s o lu t io n s  to  M axw ell's eq u a tio n s fo r  th e  r e so n a to r , f i r s t l y  fo r  th e  

ca se  when th e  reso n a to r  i s  f i l l e d  w ith  an is o t r o p ic  medium, seco n d ly  

a u n ia x ia l  medium.

* psuedo in  th a t  th ere  i s  a la r g e r  p o s s i b i l i t y  th a t  a photon w i l l  

s ta y  in  th e  mode fo r  a lo n g  tim e but not in d e f in i t e ly ,  4 0 .
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2 D er iv a tio n

a* M irror F ie ld  D is tr ib u t io n

We co n s id er  the s im p le s t  case a c o n fo c a l reso n a to r  (se e  

f ig u r e  2 .1 ) .  Two s p h e r ic a l m irrors, ra d iu s  o f  curvature h , sep arated  

"by a d is ta n c e  h . Because o f  the a x ia l  symmetry th ere  w i l l  he a p lan e  

p o la r iz e d  s o lu t io n  and we can use K iro h o ff* s  d i f f r a c t io n  th eo ry , 5 0 , to  

g iv e  th e  f i e l d  E (x) a t th e  p o in t P (x ) due to  th e d is t r ib u t io n  

E ( x  ) over th e f i r s t  m irror su r fa c e .

B (x) = ^2*' -  4T, ^
"s

Q -ikr 1

where K = —-----  r  = 1 (x  -  x  ) |

and ~  r e p r e se n ts  d i f f e r e n t ia t io n  a lo n g  th e outward normal to  the  

m irror su r fa ce  S, S ince p  < < k a t o p t ic a l  fr e q u e n c ie s  and

= V■ ■  ̂ co s  © a n  or
\  g - ik r  ^ -ik r

we can w r ite  2 .2  ( — ) = ik c o s ©  — and to  the f i r s ton ' r r

ord er ,

2 .3  ( E ( î ) )  = - ik E  ( x b

s u b s t i t u t in g  in to  2.1 we have

r r  ik r
2 .4  E (x )  -  ^  E ( j ) | - ,  (1 + o o s ô )  ds

J J j
fo r  th e  re so n a to r  © n ever dep arts very  fa r  from zero and S i s  a 

square m irror o f  s id e  a .
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"I
By symmetry i f  E (x  ) i s  an e ig e n  mode o f  th e  re so n a to r  the  

f i e l d  d is t r ib u t io n  w i l l  reproduce i t s e l f  on the second m irror apart 

from some l o s s  fa c to r*  In  the u su a l fa sh io n  s o lv in g  fo r  e ig e n  modes 

we assume

® ( £  ) = ) Sn )

and so th e f i e l d

® ( ; )  = ^  (y  ̂ )

where

E. b e in g  the eigenme

v a lu e  o f  th e  eq u a tio n . T herefore a a

Ik  g - ik r  )g^ (y”’ )dx”̂ à j
2 i t t ' n

—  «  — Ck

from th e  diagram 2.1 to  th e  f i r s t  o r d e r t -  i s  g iv en  by

V = t  (1 _ n l ÿ t - z z l  + ....................  )

s u b s t i t u t in g  t h i s  in to  2 .7  and sep a ra tin g  th e in te g r a ls

S„ (y )  =
ik e

2TTb

- ik b

e «n (y  '>

in  term s o f  d im en sio n less  v a r ia b le s

A  " 2
c = 2Tra^ -tr x ^ y  =

Fm (%) -  (^ ) ^  (F )



. - ik b
2-9 C n F *  (%) G* (?) =

r
2 tT

1\ iXX
Fm (% ) * ÔX

X G% (?) * dY

The s o lu tio n  to  t h is  equation v /i l l  be the product o f  the so lu tio n s  to  

two equations o f  the form

ikb

P (X^)em dX

4P
These are given  by, 4 I > the angular and ra d ia l wave fu n ction s in  

p r o la te  spheroidal co -ord in a tes . The f i e l d  g iven  by th ese  fu n ction s  

f a l l s  away q u ite  rap id ly  from the a x is  so th at we can approximate 2 .10  

by tak ing the l im it s  o f  the in teg ra tio n  to  in f in i t y  and then th e so lu tio n  

i s  g iven  by

2 .12  P (X) = 0 H (X)
-&X2

m m

where (X) i s  th e  Hermite polynom ial o f degree m, C a con stan t. Under 

t h is  approximation the f i e l d  d is tr ib u tio n  over each mirror w i l l  be g iven  

by ^

B = E ÏÏ (X) H (Y) exp -J- (X  ̂ + Y^) o m '  n '

2 .13  E = (X J "  ) ( i r y f  ) exp + ÿ2)

(fo r  a two dim ensional resonator we can apply the same theory to  a rr iv e  at
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b . T r a v e l lin g  wave in  th e  reso n a to r

U sin g  t h i s  s o lu t io n  fo r  th e f i e l d  d is t r ib u t io n  over th e  m irror  

we can now c a lc u la te  from eq u ation  2 .4  th e  form o f  th e  t r a v e l l in g  wave 

which i s  produced in  th e  c a v ity .  I f  we assume one o f  th e  m irrors i s  

p a r t i a l l y  tr a n sm itt in g  t h i s  w i l l  a lso  be th e  form o f  th e  wave o u ts id e  

th e  c a v i ty .

For th e  s im p lest ca se  o f  th e  lo w est order mode, in  th e  

approxim ation o f  i n f i n i t e  m irrors th e  d e fr a c t io n  in te g r a l  i s

2 .1 4  S (x, y , z )  = -  ik

2 TT

To th e  f i r s t  approxim ation from diagram 2 .2

2

exp -  lb  7

12
2 .15  r  = ^ + 2g + s i -  _ )

2 |  S

where z  + | ,  w''^ =

s u b s t i t u t in g  in to  2.14*

E (x ,y )  = M l  exp f  -  ^  f  j
2 î r |  (. 2Ç

X J exp f -  (gt, Zb  2Ç

X exp ( | ÿ  -  ^  ) y^ + ik y y l ]  dy^
—66

ta k in g  th e  f i r s t  o f  th e  in t e g r a l s ,  I^

2 .1 7  I^  = exp
-k x ]

— ù6

exp ) x  ̂ -  x  ̂ ( -g  (



ik x

■ 1 -  i
+ r ) ) ‘

! . .

changing th e v a r ia b le  o f  in te g r a t io n  to

2.18 1 , k ,1 -  i  . i  xv-l-
+ j ) y ik x

we have

2 .1 9  I exp -k x

* f ) J  J

r

exp - /t|

Wh;ere C i s  a s t r a ig h t  l in e  in  the complex ^  p la n e . T his in t e g r a l  

and a ls o  th e in te g r a l  which we o b ta in  fo r  th e h ig h er  mode ca se  i s  

tr e a te d  in  Appendix I .  U sing  th e  r e s u l t

2 .2 0  I
X

exp • -k x

n ote  th a t  th e ex p r e ss io n  fo r  E (x , y ,  z )  i s  g iv en  as th e product o f  two 

tw o-d im en sion a l term s, so th e two d im ensional r e s u lt  fo llo w s  im m ediately . 

The f i e l d  E (x , y ,  z . ) i s  now g iv en  by

2.21 E (x, y ,  z ) = 01_________

4)
exp -kw

( )

ikw

2 g
-  ik  f

S im p lify in g  and s u b s t i tu t in g  fo r  z -  ^ -  b /2
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2.22  E (x, y , z) =
(1 + i )

i T T E f
exD -k  + y ) _  1

i z  
bW i - ^ )

ik  (z + -  )

R ed efin in g  E q to  absorb  th e  c o n s ta n ts

•R
2 .23  E 2̂  z) =

1 ^ )
exp ' -k (x ^  + y^) -  ik z

b(1- )

S e p a ra tin g  th e  r e a l  and im aginary  p a r t s  t h i s  can be w r i t te n  a l t e r n a t iv e ly

as

2 .2 4  E (x , y , z) =
, 2  1 

( 1 + 4 - r

exp -k _ (x  + y_)

b (1 +

_ + ks tan-^ ( ^  )■

V/e see from t h i s  eq u a tio n  fo r  f ix e d  z th e  f i e l d  f a l l s  o f f  from th e  

a x is  o f  th e  re s o n a to r  as

exp -  k  (x^ + y^)
2

Lb (1 + )  .

We d e f in e  th e  sp o t s iz e  W o f th e  mode to  be th e  r a d iu s  v/here th e  f i e l d

has f a l l e n  to  — o f i t s  v a lu e  on th e  a x is ,  e

2 .2 5  T h ere fo re 4z

which can be w r i t t e n  = V/ ^ ( 1 + ' ' )

d e f in in g  = ( - ^  )% th e  minimum sp o t s iz e .  We can w r ite
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^  ~ kW ^ ~ 2 where ')| i s  th e  w avelength  and
o TT o

d e f in in g  and ^

2 .2 6  I  = and I -  -  f  -  f
o

These d e f in i t io n s  w i l l  be adhered to  throughout t h i s  t h e s i s  from 

t h i s  p o in t  on.

The beam spread i s  d e fin ed  by (se e  F igure 1 .3 )

2 .2 7  e =

u s in g  th e se  d e f in i t io n s  we can w rite  the g en era l t r a v e l l in g  wave form

fo r  th e  n m^  ̂ mode as
n + m

2 .2 3  ^ (x , y , z )  = °  I l i A U

^ \  ^  ^ f  ̂ -  Ik s
( (1 -  i ( )

or as 0 9 )*

X  exp -  i  (  -  (m + n + 1) tan  " [ f  )
W V W

■ ) ]
+ kz^

n ote  th a t  th e se  can be s p l i t  (ex cep t fo r  th e exp ( - ik z )  term ) to  g iv e  

th e  two d im ensional r e s u l t .
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^ 2

1
2 .3 0  (x,, z )  = E

>/2

(1 - i f )

^  2

m + 1
2

(
VSc  ̂

¥

exp -  X -  ik z

t %o (1 -  I f  )

o . The g en era l s p h e r ic a l m irror reso n a to r

Equation 2 .2 8  w i l l  a ls o  rep resen t th e f i e l d  in s id e  a reso n a to r  

w ith  a r b itr a r y  m irror sp a c in g  as lo n g  as th e m irrors l i e  on su r fa c e s  

o f  co n sta n t phase o f  th e e l e c t r i c  f i e l d .  The su r fa c e s  o f  co n stan t  

phase o f  th e  f i e l d  rep resen ted  by th e eq u ation  2.21 are g iv en  by

6  i —-2—  ̂^ + kz -  (m + n + 1 ) " ■tan
W

* co n sta n t = kz

1w hereas z i s  the p o in t  a t  which the su r fa ce  in t e r s e c t s  the z a x is ,  

IT egleoting  the term (m + n + 1 ) tan” ^^ , s in c e  i t  i s  sm all

compared w ith  k z , and r e -a r ra n g in g  t h i s  g iv e s :

+ y^ “ { z  -  z )  2z (1 + ^  2)

which r e p r e se n ts  a sp h e r ic a l su r fa c e , ra d iu s o f  curvature

R = Z (1 + ^ 2 )  =

2.31 i . e .  R = Z (1 +
Z

)

Thus i f  we are g iv e n  two m irrors rad iu s o f  curvature r.j rg  

r e s p e c t iv e ly  p la ce d  a d is ta n c e  apart d , d is ta n c e s  Z^, Z  ̂ from the  

beam w a is t  (s e e  f ig u r e  2 .4 )  then  the beam param eters can be 

c a lc u la te d  from 2.31
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— 2— = 2  ̂ = & ( r  t  -  + r  2 -(1)

( 3?1 + r  2 -  2d)^

from t h i s  e x p ress io n  we can o b ta in  the v a lu e s  o f  r .j ,  r  g , d which

support reson an ce. For a more d e ta i le d  treatm ent see  Bhawalker, 42 . 

d. Resonant Frequency

The p h ases o f  th e  wave a t the two m irrors r e la t iv e  to  the  

o r ig in  are (from eq u ation  2. 2 9 )

= -  kz.j + (m + n + 1 ) tan  ^  1

= kZg -  (m + n + 1 ) ta n  § 2

T herefore th e  phase change between the m irrors i s

_ 02 = -  "kan g   ̂ -  ta n

2 .3 2  “ î 2 “ kd -  (m + n + 1 ) tan
( r-i “d)(i‘ 2 -d.) J

u s in g  eq u a tio n  2.31* For resonance must be an in te g e r

m u lt ip le  o f  TT . T herefore

2 .3 3  qTT = kd -  (m + n + l )  tan  ( y )

Y i s  g iv e n  by 2 .3 2  and i s  a fu n c tio n  o f  th e  c a v ity  param eters o n ly . 

In g e n e r a l q w i l l  be la r g e  and th e reso n a to r  w i l l  support a number o f

lo n g t i t u d in a l  modes th e wave number sep a ra tio n  o f  which i s  g iv en  by

■= \  + 1 -  \  = ■ ?

E quation  2 .3 3  a ls o  shows th a t  the tr a n sv e r se  modes w i l l  have a wave



u

number s e p a r a t io n  o f

a

3» S o lu tio n  o f  M axwell*s E quations fo r  th e R esonator

(a )  L o s s le s s  I s o tr o p ic  Medium

M axwell»s eq u a tio n s fo r  a homogeneous, i s o t r o p ic ,  l in e a r  and 

non-m agnetic d i e l e c t r i c  reduce to

2 .3 4  y ^ E  ( r  t )  V   ̂ -  0

Taking th e F ou rier  transform  we have
2

2 .3 5  E ( r , u  ) +  - ^  E ( r ,  w  ) = 0

C on sid erin g  a p lan e p o la r is e d  wave t r a v e l l in g  in  the z d ir e c t io n  we 

can w r ite .

2 .3 5  E = £ (x , y , z )  exp ( - ik z )  where th e  fu n c tio n  £  w i l l

re p r e se n t th e  d if fe r e n c e s  between the wave form we are c o n s id e r in g  

and a p lan e wave. ¥e assume £  i s  a s lo w ly  v ary in g  fu n c t io n  and

2 -3 7  ^  1 - ^  " h e r *

which i s  a reason ab le  assum ption s in c e  k i s  la r g e  ( ^ 1 C p )  a t  

o p t ic a l  f r e q u e n c ie s . S u b s t itu t in g  2.3& in to  2 .35  and u s in g  2 .3 7  we 

have

2 .3 8  -  2 ik  ^  = 0
OX o y  dZ



T his i s  the b a s ic  eq u ation  o f  th e  subsequent work which was f i r s t  

d er iv ed  by K ogelnik  and L i, 43* The p resen ce  o f  th e  r e so n a to r  g iv e s  

u s th e  boundary c o n d it io n s  fo r  the s o lu t io n  o f  2»38 . As we have 

a lr ea d y  p o in ted  out the boundary c o n d it io n s  are a x ia l ly  symmetric and 

so we can assume a p lan e p o la r iz e d  s o lu t io n .  Secondly th ey  in trod u ce  

an a x is  in to  th e problem and so the s o lu t io n  w i l l  a ls o  have an a x is .

In  th e  absence o f  th e se  boundary c o n d it io n s  th ere  w i l l  be no a x is  

so th a t  th e s o lu t io n s  which we w i l l  d er iv e  cannot be regarded as  

s o lu t io n s  o f  M axwell*s eq u a tio n s in  th e absence o f  the r e so n a to r .

( i )  L ow est-order mode

F o llo w in g  th e d e r iv a tio n  o f  the lo w est order mode g iv en  by 

K ogeln ik  and L i, 4 3 , we assume 0  can be w r it te n  in  th e form

2 .3 9  ê  = exp -1  (P + )

' 2  2 2 where r  = x  + y ,

P i s  a fu n c t io n  o n ly  o f  z and re p r e se n ts  a complex phase s h i f t

and q a fu n c t io n  o n ly  o f  0 which d e sc r ib e s  the v a r ia t io n  o f  e l e c t r i c

f i e l d  away from the a x is  and the curvature o f  the phase f r o n t .

S u b s t itu t in g  2 .39  in to  2 .3 8  we have

2 .4 0  -  -  ^-^5—  -  2k dP -  k^r  ̂ ( 1  ) = 0
^ q dz 2 dz q

E quating c o e f f i c i e n t s  o f  r

2.41 ( a )  = f -  (T) = I

2.41 (b ) can be in te g r a te d  im m ediately to  g iv e

2 .4 2  q = q,Q + B



4i>

guided  by th e p rev io u s  work (eq . 2 . 2 9 ) we s p l i t  ^  in to  i t s  r e a l  

and im aginary p a r ts

Î  i

R w i l l  be the ra d iu s o f  curvature o f  the phase fr o n t on th e  a x is  and 

w a measure o f  th e d ecrease  in  f i e l d  am plitude from th e a x is .  The 

in t e n s i t y  d is t r ib u t io n  i s  g a u ssia n  a t every  cro ss  s e c t io n  and ¥  can  

be d e fin e d  as th e  sp ot s iz e  or beam rad iu s a t a p a r t ic u la r  Z. ¥e 

s e t  up our axes a t the p o in t  where R = oh and d e fin e  th e  sp ot s iz e  

a t t h i s  p o in t  o f  the Z a x is  to  be ¥^. T herefore from 2 .4 3  and 2 .4 2

i  k¥o 

2
2

which g iv e s

2 .4 4  w2 = W 2 (1 + )
°  k T  ^o

2 .4 5  and R = Z (1 + o )
k^ ¥ . ‘̂  \ k^ ¥^ ¥. ^o

4z^ 4z

T his r e s u l t  corresponds e x a c t ly  w ith  our p rev io u s  d e f in i t i o n s .  

S u b s t itu t in g  fo r  q in to  eq u ation  2.41 (a )

dP - i

z +

i ?  = lo g  (1 - 2
k¥o
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2
2,1^6 = lo g  (1 + ) -  ta n   ̂  ̂ 2Z

o o

s u b s t i tu t in g  back in to  equation  2.39

f  exp f -  lo g  ) + 1 ta n  )9
kWo

W

2 .47  I  ‘  I . —  e x p j " ^  -  - - —2-Z + 1 t a n " ' '  (-SS— )
° w L vr k vrw kwo o

w hich co rresponds w ith  th e  low est o rd e r mode o f  eq u a tio n  2 . 2 9 »

= ^2 2 2 2Z’ = X + y ,  2
kW o

( i i )  H igher o rd e r  modes

To d e r iv e  th e  h ig h e r modes we have to  in tro d u c e  a  more g e n e ra l 

form in  th e  p la c e  o f  equ a tio n  2 ,3 9 . Guided by ex p erien ce  we pu t

2 ,48  f  ( " ^  ) g ( ^  ) exp - i  (p + )

s u b s t i tu t in g  t h i s  in to  eq u a tio n  2 ,38 and d iv id in g  th roughou t by f  g 

we have u s in g  2 ,43

i / ( f )  -  ‘ f  / ( i # ) )

• i  * /  «  < # »  -



2 i k  2 k c l P
 E------------- Î T ~  = °

S e p a ra tin g  o f f  th e  v a r ia b le  x and th e n  y and in tro d u c in g  th e  two

c o n s ta n ts  o f s e p a ra t io n  -2m, -2n  g iv e s  th e  eq u a tio n s

2 . 5 0  f  ^(X) -  2X f* (X) + 2mf (X) = 0

g "'(Y) -  2Tg^ (y) + 2ng (y) = 0  f o r  f  and g

Where X = and Y = . These a re  ju s t  th e  eq u a tio n s  f o r  th e

H erm ite po lynom ials o f degree m and n r e s p e c t iv e ly  so th a t

2.51 ,  ( f  ) -  H, ( f  )

« ( f  ) .  ( f  )

The eq u a tio n  fo r  P in  t h i s  case i s

dP - i  2 (m + n) 
d .  = q -  ^ ^ 2

g iv in g
2

2 . 5 2  iP  = lo g  (1 + ^  J— ) -  i  (m + n + 1) ta n   ̂ )
k̂  ̂ W 4 k W ^o o

Thus th e  g e n e ra l s o lu tio n  fo r  th e  t r a v e l l i n g  wave mode i n  th e  c a v i ty  i s  

g iv en  by
i r 2z

+ i  (m + n + 1 ) t an ( ■ 7
kW ^ / J  o

z z z. •e 2zchanging the  n o ta tio n  r  = x + y > <= o
k W  ̂o

th i s  corresponds to  equation 2 . 2 9
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(b ) V a lid ity  o f  the approxim ation

¥e have approxim ated by assum ing th a t

l ^ à ^ l  in  o b ta in in g

eq u a tio n  2.38* For s e l f  c o n s is te n c y  our s o lu t io n  2 .53  must obey  

t h i s  c o n d it io n . For th e  lo w est order m o d e ,c a lc u la tin g  th e d e r iv a t iv e s  

and s u b s t i tu t in g  in to  eq u ation  2 .5 4 ,g iv e s

2 1̂ 2 _ 4
I  (-1 + i2 .5 5  M -2  (2 -

IQ . Q. 4q.

( i )  a t  r  -  0 we o b ta in

I I I
^  I z + 120 I

s u b s t i t u t in g  fo r  q from eq u ation  2 .4 2 , q^ = Z^. At w orst t h i s

w i l l  g iv e  n
7 T ? o\  -TT z Since zo =

^  0  5

we have

2 .5 6  )\ << 0

( i i )  F in ite  r  S u b s t itu t in g  fo r  q = z + iz^  2 .55  

becomes

2 .5 7  I  ( , 2  _  z ,2  + k  r 2 z ,  _

k  (z2  + z 2 )



6T)

2 \ 
-  i  (k r z -  2 zz )

n  / < <  j -  z + i  (k r^  -  )

T h is  b reak s  dov/n in  two re g io n s  th e  f i r s t  n e a r  z = 0 and

2 Zk ]" -  __o = 0 . The second i f  f  i s  la rg e  enough. Region one i s
2

d efin ed  by (z^ + ( r  -  W . T h is  i so

r e l a t i v e l y  un im portan t s in ce  i t  i s  so sm all compared w ith  th e  beam 

p a ram ete r.

Region two i s  d e fin ed  by r^  "» kW^. The m agnitude o f  th e  f i e l d  i s
2 / 2

p ro p o r t io n a l  to  exp ( -  r  /Y/ ) .  So in  t h i s  re g io n  t h i s  f a c to r  i s  much 

l e s s  th an  exp (-k ) and th e  f i e l d  i s  so sm all th a t  t h i s  in c o n s is te n c y  can 

be n e g le c te d . Some e r ro r  in  th e  o u te r  re g io n s  can be expected  s in c e  we 

have approxim ated th e  f i n i t e  m irro rs  o f  th e  re s o n a to r  by i n f i n i t e  ones.

Thus th e  on ly  s ig n i f i c a n t  r e s t r i c t i o n  i s  g iv en  by e q u a tio n  2.56 th e  minimum s 

sp o t s iz e  must be much g re a te r  th a n  th e  w avelength o f  th e  l i g h t  o f  th e  

beam.

( i i i )  T ran sv erse  R~g.ture o f  th e  P o la r iz a t io n

O rie n tin g  th e  x and y a x is  so th a t  th e  f i e l d  in  th e  re s o n a to r  i s  

p o la r iz e d  in  th e  y d i r e c t io n  we can w rite  th e  d ivergence eq u a tio n  f o r  

th e  f i e l d  as

2 .5 8  —̂  ~  = 0 where E i s  th e  component o f  th e  f i e l d  a long  th e
^ y h z

d i r e c t io n  o f  p ro p a g a tio n . We assume th a t  

bE
^  % -  ikE .
b z  z

Taking th e  low est o rd e r  mode (eq u a tio n  2 .39) and c a lc u la t in g  th e  

d e r iv a t iv e  in  th e  y d i r e c t io n  we have



2*59 . .-7 _ -  i k y  ^y. so th a t from

eq u ation  2 .5 8  we can w r ite .

h Eyj = / e J

th e r e fo r e  as lo n g  as I y  I ^  ) q |

I I < <  I Ey I and th e mode w i l l  he tr a v e r s e ly  p o la r iz e d .

o 9 .1  Z 2 \ kV ¥
I q |  = (z  + z^ )2 = —  (1 + — 2 ) “ --

o z /  2o

T herefore the co n d itio n  reduces to

2 .6 0  |y l  ^ ^ o  ^
2

and again  th e id e a l  co n d it io n  breaks down fa r  from the a x is  when the  

f i e l d  i s  sm a ll. So th a t over th e reg io n  o f  in t e r e s t  i t  i s  a v a l id

approxim ation  to  assume th ere  i s  no component o f  the f i e l d  in  the

d ir e c t io n  o f  p rop agation .

( i v )  F orm aliza tion

We assume as b efo re  we have a mode prop agatin g  a lo n g  th e a x is  

o f  th e  re so n a to r  p o la r iz e d  in  th e y d ir e c t io n .

E « ( 0 , B, 0 ) to  the approxim ation o f  th e  l a s t  s e c t io n .  From 

M axw ell’ s eq u a tio n s the m agnetic f i e l d  H w i l l  have the form 

H = (H, 0 , 0)
C ■The P oynting  v e c to r  ^  E' x  H

and th e r e fo r e  S = ^  (O, 0 , -EH)

In th e  u su a l way we w r ite

E = Re ^  f  exp - i  (kz -  fiJt) ^



Cz

2.61 H = Re ^ X exp j [ - i  (kz - o t ) ]  J

and u s in g  M axwell’ s eq u a tio n s

^ f  = K

where ^  i s  th e  r e f r a c t iv e  index  o f  th e  medium. T h ere fo re  th e  one non­

zero  component o f  th e  energy f lu x

2'62 [  -21 ( kz - ut ) J  j
C C ^ 2. p  -j 1

+ —  + — —  exp 2 i (kz - ^ )  |

ta k in g  th e  tim e average

2.63 4 tt " 2

to  c a lc u la te  th e  t o t a l  energy flow  in  th e  p ro p ag a tin g  mode we now 

in te g r a te  2 .63  over th e  c ro ss  s e c tio n .

( i )  In  two dim ensions £  i s  g iven  hy 2 .30 and

2 . 61+ S,T o ta l
c

\ TT

K exp

c
8 tt

r
K o  i '

— 06 0  + f

-2x^

T f
j d%

Wo

VT
l ^ o h

Hn

where ^ / 2 x5 = IT "

R:n ( S ) exp ( -  s  P  d §

C arry ing  ou t th e  in te g r a t io n  

2.65 S„ =  ^
'T o ta l 87T

For u n i t  energy f lu x

2̂  ni -Jrf I f  J



5-J

K l 2 8-n-

°  °  W nj 2"o

I t  i s  conven ien t a t  t h i s  p o in t  to  d e f in e  a new n o rm alised  
Ç

am plitude  so t h a t

th e re f o r e

o

and 2 .3 0  becomes

\  ( 1 -  iS )

le a v in g  ou t th e  exp ^ - i k z ')  te rra

( i i )  In  th r e e  d im ensions £, i s  g iv e n  hy 2 .2 8 . U sing t h i s  

e x p re s s io n  th e  r e s u l t i n g  e x p re ss io n  f o r  c o n ta in s  a double

in t e g r a t i o n  w hich i s  s e p a ra b le  in to  an in t e g r a t i o n  over y and an

in te g r a t io n  ov er x each o f  th e  form o f  th e  i n t e g r a l  in  eq u a tio n

2 .6 k . C arry in g  ou t th e se  in te g r a t io n s  v/e have
W ^

2-G9 —  K o '   ̂ 2"'^! 7 k ’ 2“ m \ y F

A gain we d e f in e  a new norm alized  am p litude  where

t  ' 2 ” '* ■ , .l  . !  ’’’

and th e  t r a v e l l i n g  wave mode i s  d e f in e d  a s



m + n

£  =  L l _______  ,2.70 IÜU .\
o-  ■ W„ + ) ^ + 1

P

T his n o r m a liz a tio n  i s  th e  most co n v en ien t and has heen u sed  a ls o  hy 

K o geln ik , 44*

The energy  f lu x  now i s  eq u al to

^   ̂ X 1 0 “ ”̂ w a tts  , and so

/£■ /  /  .I  ̂ TT 8 Z 10 7
2 .1 7  F = /  --------;-------------------  8m w a tts .

n > -‘■

O rth o g o n a lity

The n orm alised  modes = 1 )  are orth ogon a l s in c e  fo r  two

d im ensions

I  =

Oo
*

£ n  <£m ^

- O O  oo

^ /T "  /  I H f

-Oo

/ 2" + % n! m-’ TT

( -  p -  ) t o

Oo

J \  ( ^)  ^  ( $ )  exp ( - S ^ )  dS



and fo r  th r e e  d im ensions

r  * /
nô mk dx dy

n + m + 1 + k
2  ̂ (n ! m! 1 ! k j )* (1 + 5  )■

Ï  \  ( ' ^  ) ■iy = &mD '5'kÊ

S in ce  th e  Hermite fu n c t io n s  form a com plete s e t  over  th e  

in t e r v a l  ( -  cO, ) we can regard  th e  r e so n a to r  modes a s  form ing  

a com plete s e t  in  th e  c a v i ty  and th e r e fo r e  any t r a v e l l in g  waveform in  

th e  c a v i t y  can he expanded a s  a sum o f  th e  modes.

The g en era l s o lu t io n  o f  th e  d i f f e r e n t i a l  eq u a tio n  2*38 can he 

w r it t e n ,  th e r e fo r e  as

0»
^  ^  fo r  two d im ensions and

A
OO go

£' = S ]  ^  A r f  f o r  th ree  d im ensions' # »*»Tn ' vim

where th e  A*s are c o n s ta n ts  which fo r  a g iv e n  f i e l d  can he determ ined  

in  th e  normal way u s in g  th e  o r th o g o n a lity  o f  th e  (£^, ( .
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4 . P rop agation  in  A n iso tr o p ic  Media 

(a )  Two d im ensions

The p rop agation  o f  th e  lo w e st ord er two d im en sion a l g a u ssia n  

mode has heen tr e a te d  in d ep en d en tly  hy Bhawalker, Gambling and Sm ith, 

4 5 , in  some d e t a i l  hut h ere we are o n ly  in t e r e s t e d  in  th e p a r t ic u la r  

ca se  o f  p rop agation  p e r p en d icu la r  to  th e  o p t ic  a x is .  B e r g s te in  

and Zachos, 4 8 , 4 9 , have a ls o  s tu d ie s  p rop a g a tio n  in  an u n ia x ia l  

a n is o tr o p ic  media u s in g  a d i f f r a c t io n  th eo ry  approach.

We c o n s id e r  M axw ell’ s eq u a tio n s  fo r  an i n f i n i t e  u n ia x ia l  

l o s s l e s s  medium e n c lo se d  in  a re so n a to r  w ith  th e  o p t ic  a x is  o f  th e  

medium p erp en d icu la r  to  th e  a x ia l  p la n e  o f  th e  r e so n a to r . We s e t  up 

a system  o f  c o -o r d in a te s  so th a t  th e  r e so n a to r  i s  i n f i n i t e  in  th e  y  

d ir e c t io n ,  th e  o p t ic  a x is  l i e s  in  the x  d ir e c t io n  and the z  

d ir e c t io n  in  th e d ir e c t io n  o f  p ro p a g a tio n . These a x es  are p r in c ip a l  

a x es  o f  th e  d i e l e c t r i c  te n s o r  which can th e r e fo r e  he w r it t e n .

2 .7 2  / C  0 0 \

^  = 0 6 - 0  z

The F o u rier  tran sform s o f  M axw ell’ s eq u a tio n s  ( e .g .  I . 4 &) 

w r it te n  out in  f u l l  are

2 .7 3  (a )   ^ ~  \
c



ÎT7

2

à  z

l'Jote th a t  th e  equations decouple. The x and z component d e sc rib e  th e  

p ropagation  o f th e  ex trao rd in a ry  wave whose r e f r a c t io n  index v a r ie s  w ith 

d ire c t io n  o f p ropagation  and th e  y component d esc rib e s  th e  p ropagation  

o f th e  o rd in a ry  wave. The y component has ex ac tly  th e  form of th e  

is o t ro p ic  eq u a tio n  and hence th e  fo rego ing  th eo ry  a p p lie s  w ithout change. 

Using th e  divergence equation

2 .74  ^  + e  ^  .  c
c )X   ̂ c)z

The X and z components can be sep a ra ted , equation  2.73 (a) becoming

2.75 = o
a 31 ,j2O'

C>x2 o '  ^

We now co n sid er an e x tra o rd in a ry  wave p ropagating  in  th e  z d ire c tio n . 

Since we can assume i t  i s  tra n sv e rse  i t  w il l  be governed by t h i s  equation .

Let E = exp (- ik z ). where ^  i s  a slowly vary ing  fu n c tio n  of

X and z and k = /  S u b s ti tu tin g  in to  equation  2.75 and

u sin g  th e  p rev ious approxim ation 2.37 we o b ta in

2-76 \  -  2 ik  = 0
<̂ X



^■x /Making th e  s c a l e  change x  = ( /  ^  X we o b ta in  th e  tw o-

d im en sion a l analogue o f  eq u a tio n  2 .3 8

2 .7 7 2 ik

w hich has s o lu t io n s

P /

^ n  ^0 n + 1 ^  ' I f
) ezp

(1 -  i S )  '

T h erefore a mode p o la r iz e d  a s  an ex tr a o r d in a r y  wave p ro p a g a tes  as

!.7S £  = 6n

0  -  i f )
W

2 A

¥

no lo n g e r  r e p r e se n ts  the sp o t s i z e  o f  th e  beam, but we

d e f in e

1
2 .7 9  ¥  and now ¥  i s  th e  sp o t s iz e  as d e fin ed

p r e v io u s ly  (eq u a tio n  2 .2 5 )*

2z
a ls o  f  = ——T

k¥

2z

k

2 . 8 0  1 =  ^  ( ^ )
kW 2 s

o

so th a t  th e  beam spread i s  a lt e r e d  to

2.81 G -  t a n - 1  j J -  ( - ^  )
o z



The beam spread th e r e fo r e  i s  l e s s  fo r  an ex tra o r d in a r y  beam in  a 

n e g a t iv e  u n ia x ia l  medium, more fo r  an e x tra o r d in a r y  beam in  a p o s i t iv e  

u n ia x ia l  medium than th e  beam spread fo r  th e  ord in ary  beam.

The l i n e s  o f  co n sta n t phase o f  eq u a tio n  2 .7 8  are g iv e n  by 

( c . f ,  s e c t io n  2 ( c ) ) .

o 1 ^  ̂ 2
2 .8 2  I  = 2 (z  -  z )  z ■—  ( 1 -  ~  )

z  z

As b e fo r e  th e se  are c i r c l e s ,  now o f  ra d iu s  o f  curvature

6 ^  z^2
2 .8 3  E = Z - X  (1 _  _ 2 _  )

^ z

where z = -------  (— -  )
2

The sp o t s i z e ,  c o n fo c a l param eters e t c .  o f  a s e t  o f  modes produced by 

two g iv e n  m irrors can be c a lc u la te d  from t h i s  data  as in  s e c t io n  2 ( c )  

(s e e  r e fe r e n c e  45 f o r  e x p l i c i t  fo rm u la e ). B ote th a t  th e sp o t s i z e s  o f  

th e e x tr a o r d in a r i ly  p o la r iz e d  modes w i l l  be d i f f e r e n t  from th e  o rd in ary  

p o la r iz e d  ones fo r  a g iv e n  r e so n a to r .

The n o rm a liza tio n  o f  eq u a tio n  2 .7 8  can be c a r r ie d  ou t e x a c t ly  

as b e fo r e  and a l l  o th er  c o n c lu s io n s  o f  th e  e a r l i e r  work h o ld  fo r  t h i s  

c a s e .

Three D im ensions

C onsider a r e so n a to r  f i l l e d  w ith  u n ia x ia l  l o s s l e s s  d i e l e c t r i c  

w ith  a x es  o r ie n te d  as fo r  th e two d im en sion a l c a s e . Then eq u a tio n s

1 . 4 8  w r it t e n  out in  f u l l  are
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2.84

fa l  , 4 %  cv2 e  E .  0
\ /      -  +  - -■ - —    _  ——  —  — X X

^ x 4 z  4 i  3y o2

( 1 )  .  i X .  .  J î a  .  ^  0
N V  .  \  v 2  ^ 2 z yd y ax  o  z  à y  b Z OZ

M  Â  t  ,  . 0
2 \ 2 _2 a z

^ z 3 y  3 z ^ x  3 y  ^

and th e d iv erg en ce  eq u a tio n

3 e 3E 3E
(d ) @    + e   ^  + e  ------- - = 0' X z z

3z  ̂ y   ̂Z

U sin g  th e d iverg en ce  eq u a tio n  th e  o th e r s  can he reduced to

“ A - 4  * - & - 4  »
3 x  3 y  3z c

( ° )   ^  (1 _ _ i )  _  ^ 3 ^  -  ^  = 0

3 z 3; ^ z

¥e assume th a t  th e  a n iso tr o p y  i s  sm a ll i . e .  (1 -  1
^ z

and lo o k  f o r  a s o lu t io n  r e p r e se n t in g  an alm ost p lan e wave t r a v e l l in g



éj

in  th e  z d ir e c t io n .  We ex p ect two s o lu t io n s ,  ex tr a o r d in a r y  and 

o rd in a ry  w aves, th e r e fo r e  we put 

2.86
E

E
7

gg. ©2p ( -  i  z )

f y  exp ( -  i  k^ z)

E C ° exp ( -  i  k z )  + £  exp ( -  ik e z )

where <£^, <^, are s lo w ly  v a ry in g  fu n c t io n s  o f  x ,  y ,  z .

S u b s t itu t in g  th e se  in to  th e  d iverg en ce  eq u a tio n  2 .8 4  (d ) and u s in g  th e  

ap p roxim ation s

2 .8 7

o

P ^ z
I C l and .

e

^^z

3 zà z  .
« €

i t  becomes

2.88 {— — X -  -  i  k £ ° )  exp ( -  i  k  z )  + (•
à 0 z

c®

X exp ( -  i  k^ z)

T h is eq u a tio n  can be s p l i t  in to  two eq u a tio n s  i f  th e  change o f  

th e  q u a n t i t ie s  in  th e  b r a c k e ts  i s  n e g l ig ib le  over a p e r io d  o f  the  

e x p o n e n tia l term

exp j" -  i  (k^ -  k^) z |  w hich i s  2 xr /  (  k^ -  k^ )

T his c o n d it io n  w i l l  be tru e  s in c e  we have assumed th e  waves to  

be n e a r ly  p la n e  waves and th a t  are s lo w ly  v a ry in g

compared w ith  th e  exp ( -  i  k^ z ) .
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2 .8 8  becomes th e r e fo r e

2 .8 9  (a )  A _ i  _  i  k ^  °  = 0

<‘ ) h  ^  V  ■ »z à  z
and th e se  can be used v.n t h  th e  s u b s t i t u t i o n  

o f  2 .8 6  to  reduce eq u a tio n s  2 .85  to

€  2^ V 2,
2 . 9 0  (a )  — -  3 £ x  ^ 2 i  k

= :  3=2 3%2 -  a
% =  0

2

(8 ) -  2 1  k, ^  = 0

3 =  5 y  à z

E quation  (b ) corresponds to  th a t  found b y , 4 8 , fo r  th e  more g en era l 

c a s e ,  in c lu d in g  double r e f r a c t io n .

The th ir d  eq u a tio n  i s  o f  n e g l ig ib le  o rd er . So under th e se  

ap p roxim ation s th e  eq u a tio n s  have s p l i t  a s  in  the two d im en sion a l 

c a s e ,  in to  one govern in g  th e  ord in ary  component and th e o th e r  th e  

e x tr a o r d in a r y . The o rd in a ry  component 2 . 9O (b ) a ga in  p ro p agates  a s  

f o r  th e i s o t r o p ic  c a s e .  Making a s c a le  change in  2 . 9O (a )

we can reduce i t  to  th e  i s o t r o p ic  ca se  and th u s th e  s o lu t io n s  o f

2 . 9 0  (a )  w i l l  be
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m + n

2-91 I  + 2 )

(1 -  i f  2 W ®x

( ^  ) exp -  )
W

w /  (1 -  i  !  )

We see  from t h i s  th a t  th e  beam i s  no lo n g e r  c ir c u la r ,  th e  cu rves  

o f  c o n sta n t in t e n s i t y  f o r  a g iv e n  z are g iv e n  by

2*92 — ^ y2 _ ^2 w hich i s  an e l l i p s e  w ith  semi axes

¥  and ¥ (  ^  .

The su rfa ce  o f  c o n sta n t phase which d e f in e  th e r e so n a to r  su r fa c e s  

are g iv e n  by

^ z  2 2 \ f  , 1( X + y  ) ^ + kz = kz
X

w , 2 (1 + S 2)

(a s  f o r  s e c t io n  2 .2  ( c ) )

R earranging 2
2 .9 3  —^  %2 + y2 = 2 (z 7 -  z )  Z (1 + — ^  )

^ x  z

T his i s  th e  su r fa ce  o f  an e l l i p s o i d ,  so th a t  a r e so n a to r  e n c lo s in g

a u n ia x ia l  medium needs to  have e l l i p s o i d a l  m irrors to  a ch iev e

resonance f o r  th e e x tra o r d in a r y  p o la r iz e d  modes. In  t h i s  s i t u a t io n  th e

ord in a ry  p o la r iz e d  modes w i l l  have g r e a te r  l o s s  due to  th e  wrong

cu rvatu re  o f  th e  m irrors and so e f f e c t i v e l y  th e r e so n a to r  w i l l  have



o n ly  one s e t  o f  modes. One p o s s ib le  way around th e  exp er im en ta l 

d i f f i c u l t y  o f  e l l i p s o i d a l  m irrors in  th e  s i t u a t io n  when th e  n o n - lin e a r  

p r o p e r i ie s  o f  a p a r t ic u la r  u n ia x ia l  medium are req u ired  would be to  

in c lu d e  a ls o  in s id e  th e  r e so n a to r  some medium o f  th e o p p o s ite  

u n ia x ia l  n atu re to  reproduce s p h e r ic a l wave fr o n ts  on th e  m irrors  

(s e e  diagram 2 .5 ) .  T h is would a ls o  en ab le  th e  ord in ary  p o la r iz e d  

modes to  r e s o n a te .

The n o r m a liz a tio n  o f  th e  mode w i l l  be changed by th e fa c to r  

£ /  é  w hich has now appeared . K eeping th e d e f in i t i o n  o f

o 2  ^

2z / « k = /y  . th e  n orm alized  form o f  L i se x t  2 nm

n + m

2 .9 4

o /

/  .  ____________£ 5 _______________________  0  -
nm ^  n + m + 1

w , ( 7 S -  (2"  + « -  2%! m! TT)* ( 1 - i O  b
Z (X

) ( ^  )* )  ( # )  exp f-
W ^ *0 2 (1 -  i , )  )

E f f e c t s  o f  A bsorption

The d e r iv a t io n  o f  eq u a tio n  2 .3 8  from eq u a tio n  2 .3 4  h o ld s  w ith ou t  

change when £  i s  complex* The s o lu t io n  to  eq u a tio n  2 .3 8  fo l lo w s  th e  

same l i n e s  ex cep t th a t  k  i s  now com plex s in c e

k = f  è *  » k ,  -  i

In s te a d  o f  eq u a tio n  2 .4 3  we d e f in e

2 .95  1 = 1 -   ̂ ^
« W2



and hence

i  k W  ̂ k  W ^r  o , r  oq =  2--------  + z and = ----- --------

2
The spo t s i z e  W i s  g iven  hy = W ^ ( 1 +

and th e  w avefront r a d iu s  o f  c u rv a tu re  R = z ( 1 + — ^—  )
4z

9 9 9
k W W "r  o

4z

The eq u a t io n  f o r  th e  f a c t o r  P o f  eq u a t io n  2*39 f o r  th e  g en e ra l  case  

rem ains  unchanged

dP _ 2 2  _ 2 (m + n)
da “ a ^ ,2

h u t  th e  s o lu t i o n  f o r  P , e q u a t io n  2*52, i s  a l t e r e d  to

2 .96  iP  .  lo g  C  - h  (m + n) ta n
k  W 4 \  Vk Î7

r  o 7-0

Thus th e  g e n e ra l  s o lu t i o n  f o r  th e  t r a v e l l i n g  wave modes a f t e r  some

m a n ip u la t io n  to  b r in g  out th e  im aginary  p a r t  o f  k  i s  g iven  by

( c . f .  e q u a t io n  2 ,33)

2-97 4 m  = \  ( ■ # )  f ÿ
^ r  o

+ i  (m + n + 1) t a n  ( — — p) [ f  (k )
k  W r  o



where

O

1 2z 1 
tan-1 (---------^ )  •'

k r  1 7 /

The e x p o n e n tia l terra f  i s  due to  th e  p resen ce  o f

a b so r p tio n . T'Jhen c o n s id e r in g  th e  e l e c t r i c  f i e l d  we w i l l  a ls o  have 

the term exp ( -  k^ z )  a r i s in g  from exp ( - i k z ) .  As we have 

remarked p r e v io u s ly  a l l  m a te r ia ls  o f  in t e r e s t  w i l l  n e c e s s a r i ly  have 

low  a b so rp tio n  th e r e fo r e  

k^ < <  1

T his im p lie s  th e  very  much s tro n g er  in e q u a l i t y  a t  o p t ic a l  fr e q u e n c ie s  

k . ^

A ll  th e  term s in  th e  second e x p o n e n tia l depend on th e f a c t o r  k ^ ^ / k^ 

and hence can be n e g le c te d .  T his le a v e s  o n ly  th e  term exp ( -  k^ z )  

which has been  in tro d u ced  by th e  a b so rp tio n  p r e s e n t .
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Chapter 3

D e r iv a t io n  o f  th e  Coupled Hocle E quation  and 

C a lc u la t io n  o f  th e  Coupling C o e f f ic ie n t s

1 Two d im ensions

Vfe c o n s id e r  now th e  p ro p a g a t io n  o f  th e  t r a v e l l i n g  wave modes which

were s tu d ie d  in  th e  l a s t  c h a p te r  i n  a r e s o n a to r  which c o n ta in s  a u n i a x i a l

medium w ith  a non l i n e a r  re sp o n se .  Prom Maxwell’ s eq u a t io n s  f o r  th e

media coupled e q u a t io n s  govern ing  th e  in te rc h a n g e  o f  energy between th e

v a r io u s  modes o f  th e  r e s o n a to r s  a re  d e r iv e d .  T h is  p ro v id es  a new d i r e c t

method f o r  s tu d y in g  th e  i n t e r a c t i o n  o f  o p t i c a l  f i e l d s  due to  th e  non

l i n e a r  medium when th e  i n t e r a c t i o n  i s  in s id e  a r e s o n a to r .  P r e v io u s ly  th e

th e o ry  o f  th e  non re so n a n t  e f f e c t  has been  ad ap ted  to  th e  re so n an t  case .

The o p t i c a l  f i e l d  a t  frequency  i s  s u b je c t  to  e q u a t io n  1,59«

3.1 V x  ( V x s “ ) g  ( P® '-'
C C

m (S
and w r i t i n g  D = E + 4 ^ P  + h^rP

th e  d ive rgence  e q u a t io n .

3 .2  V ' ( 6 M ' E ^  ) = - 4 - r rV 'P ^

S e t t i n g  up axes as  b e fo r e ,  we have th e  x a x i s  along th e  o p t i c  a x i s  

o f  th e  u n i a x i a l  medium, th e  z a x i s  i n  th e  d i r e c t i o n  o f  p ro p a g a t io n  and 

th e  yz p la n e  th e  a x i a l  p lan e  o f  th e  r e s o n a to r .  The x and y components 

o f  eq u a t io n  3«1 a re



3 . 3  (2 )

(■b)

2 k)
i f i .

a

"àx

A T

»x

43 CJ 7T£0
W

2 X

63 uj 43
q  4  = 4 ^ —  h

CO

and th e  d iv e rg en ce  eq u a t io n  
w

X

“ l i  .

a f t e r  s u b s t i t u t i n g  3*4 in to  3*3 ( 2 ) to  e l im in a te 3 . 3  (2 ) becomes

3.5
X

_ 4 i r h  P 
2 ^c

u
The term  —  ( V. P ) has  been n e g le c te d  f o r  th e  rea so n  t h a t

^ x  ~

because  P a r i s e s  from o p t i c a l  f o ld s  p ro p a g a t in g  in  th e  z d i r e c t i o n  

which v a ry  s low ly  i n  th e  x^y p la n e  th e  r e l a t i o n

3.6 h -  (v'.p ®  ) 
à x  ' "

IfTT CJ P w i l l  h o ld .

Hence we have th e  two e q u a t io n s  3»5 2nd 3®3 (b) govern ing  th e

p ro p a g a t io n  o f  th e  e x t ra o r d in a r y  and o rd in a ry  waves r e s p e c t i v e l y  i n  th e
\

r e s o n a to r .  Prom h e re  we can p roceed  a s  in  th e  l i n e a r  case p u t t i n g

= €
■ 7 0 , e ( -4ko,e%)

s u b s t i t u t i n g  in t o  3«5 2nd 3®3 (b ) .  T h is  g iv e s  on approx im ating  as  b e fo re
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_ CJ-iV p. 7  (a) - 4 ^ "  -  2 i q  V  =
OX c

(6) r  (ikeS )^ z d x  c

We have seen  t h a t  th e  g e n e ra l  s o lu t i o n  to  th e  e q u a t io n  w ithou t th e  

non l i n e a r  p o l a r i z a t i o n  can he r e p re s e n te d  hy an i n f i n i t e  sum over  th e  

r e s o n a to r  modes.

3 .8  £. = 7  A £  where th e  A a r e  c o n s ta n ts .^  n n n

S ince  th e  second o rd e r  p o l a r i z a t i o n  i s  " sm a l l” we can regard th e  s o lu t io n  

to  the non l i n e a r  e q u a t io n s  as  a p e r tu r b a t io n  o f  t h i s  s o lu t io n .  In  g en e ra l  

th e  non l i n e a r  te rm  couples  energy in to  o r  out o f  th e  wave as  i t  

p ro p a g a te s  so we in t ro d u c e  3*8 as  a s o lu t i o n  o f  th e  non l i n e a r  eq u a t io n  

a l lo w in g  th e  A to  he s low ly v a ry in g  fu n c t io n s  o f  z. T h is  coupled mode 

approach has heen used  in  th e  s tudy  o f  systems w ith  sm all non l i n e a r i t i e s .

55, 56,

O ^  CO
l e t  3 .9  £  ( x ,y , z )  = Z ,  K  (^) ( x ,y , z )'o '  n  ̂ on

o<a
^  to

(x ,y ,4 )  = <>̂ 1 (z) <̂ nervto

and s u b s t i t u t i n g  th e s e  in to  eq u a t io n  3*7 we have 

3.10  (a) 8 on = h
fl= O
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(t) £  -
dB J

G d z
n

(J
£en 7 = ^  ( i q . )

(O

omTakinn th e  s c a l a r  oreduct w i th  £  £  r e s p e c t i v e l y  we haveera "

3 . 1 1  ( a )

dA m - 2 tt i  43
dz

;r * " p dx exp ( ik  z) om '  o

(b)
dB

w
_m
dz

- 2 vt i  63

ke

n '

—oO

-OO

,0ft
w

^  P ^  dx 63:0 ( ik  z)
-e ra  X

t hThese e q u a t io n s  g ive  us th e  r a t e  o f  change o f  th e  m r e s o n a to r

mode ( (a )  o rd in a ry  (h) e x t ra o rd in a ry )  f o r  th e  f i e l d  a t  frequency  09 due

to  th e  non l i n e a r  p o l a r i z a t i o n  a t  t h a t  frequency .

(a) Second Harmonic G enera tion

( l )  Coupled Mode E q u a t io n : -  For second harmonic g e n e ra t io n  we have to  

c o n s id e r  two o p t i c a l  f i e l d s ,  f r e q u e n c ie s  43 and 2 60 S ince th e  o rd in a ry  

wave a t  43 w i l l  he n e a r  phase m atching to  th e  e x t ra o rd in a ry  a t  2 43 v/e

need only  c o n s id e r  th e s e  two components.
»

Prom s e c t io n  1 .4  (c) v/e have

© 43

= S o

^  43
*  ^ 243J2j

2 4 3 43  43

X

In  te rras  o f  th e  r e s o n a to r  modes.
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e*, *6,
(g) 4)

3 .12  P = d
y

O  2w

ho

h t /

 ̂..ID,
JïC> ■feïo

2 u r  2(0
^  j ^  k

q ) z)

Lo43

>

dropping  th e  e x p l i c i t  o e s u b s c r ip t  and s u b s t i t u t i n g  th e se  eq u a t io n s  in to
3

th e  a p p ro p r ia te  eq u a t io n s  from p . 11 we have

5 . 1 3  (a)
dA

u
m

az

*0

b. 2 “ "
k ,c

E E C^ra ^  .1 ^  k
—00

dx

X exp ( i  (k -  2k ) z ) '  '  e o

(b)
dB2(0

dz
_m _ 4 TT i  43

kgC

X

0Û
43 4i

h i  t c

exp (+i (k^ -  2k^) z)

ra

w

OLoO

iC dx

which can be w r i t t e n

4)

3 .14  (2)
dAra

dz

Co .y to

^rajk \
243

(d)
dB

]

dz

2u
m

where th e  co u p lin g  c o e f f i c i e n t s  a r e  d e f in e d  by 3*13  (2 ) (b)
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( i i )  Energy Conserva t ion  r e l a t i o n

For a l o s s l e s s  medium th e r e  e x i s t s  a u s e f u l  r e l a t i o n  between th e

^  _ 243C and Cmjlc mjx

The t o t a l  energy o f  th e  system i s  r e p re s e n te d  by

^  ^  43 to ^ 2u3 2w \
i__| (A A + B . B j and t h i s  must be c o n s ta n t .  Thus d i f f e r e n t i iw  nlo n ' n n n

t h i s  e x p re s s io n  f o r  th e  energy  v/e have

3,15  ~T'~ A + - —  B + complex con ju g a te  = 0^ ^ d% n dz n "

s u b s t i t u t i n g  from 3*14

h o k  + C  +

complex co n ju g a te  = 0

in te rc h a n g in g  dummy s u f f i c e s  we have

, 4 3  * 2^ \ ^ 2(0
(C -T + C ., ) A. A B, + complex con juga te  = 0 ̂ n jk  n jk  '  j  n k

T h is  r e l a t i o n  must be t r u e  f o r  a l l  v a lu e s  o f  th e  A^s and B ^ 's  hence

4) ^ 2<J
3-1 ° h j k  = ~ % -'c

T his  i s  an im p o r tan t  r e s u l t  which co rresponds  to  K lienraan 's  symmetry 

c o n d i t io n .
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( i i i )  C a l c u l a t i o n  o f  th e  c o e f f i c i e n t s  C 2w
n.iK

Prom 3 . 1 3  (b) th e  C depend on th e  i n t e g r a lV / njir
0Û

3. 17 I dkm L  C  t o
J km

which on s u b s t i t u t i n g  f o r  th e  r e s o n a to r  mode fu n c t io n s  in t ro d u c in g  th e  

s u b s c r ip t  1 , 2 f o r  th e  fundam ental and harmonic q u a n t i t i e s  r e s p e c t i v e l y  

i s  e s s e n t i a l l y  th e  i n t e g r a l .

l i x
)

-oo

exp -X - 2 x

»o2 (1 + Wo1 (1 -  i f  )
dx

where th e  c o e f f i c i e n t s  w i l l  be g iv e n  by

3 .19  C"
2 ^  -4143 d-^ (2 tt ) '^  exp ( iA lcx)

jKm

(1 -  i  S (1 + i  f ^ ) l + k

m + 1
(1 + i  (1 - 1  § 1) X I  where A k  = k_ -  2k. jlcm 2 1

3 . 2 0  “
W.

06 =

3 . 1 8  becomes
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«1
3.21 I . ,  = — ( V^OC u) H (u) (u)

— o6

X exp ( -u ^  (« /  (1 -  i  §g) + 1 + )) du

T his  can he e v a lu a te d  u s in g  th e  g e n e ra t in g  fu n c t io n  f o r  th e  Hermite 

po lynom ials
«0̂

3.22  exp (2 s X -  s ' ) =  2 _ , I d - Ë'  —I n ,A=, n •

1 .1 w i l l  he th e  c o e f f i c i e n t  o f  s'  ̂ p^ m u l t ip l i e d  by i !  k ) in', i n  th  3 Ian  ̂ o

expansion  o f  th e  e x p re s s io n  i n  powers o f  t ,  s and p

VI1 n  2 2 2I  = —  exp (2 ■j2oCut -  t  + 2us -  s 4- 2pu -  p
x f F

-  b^ u^) du

where b^ = oc  ̂ (1 -  i  + (1 + i  ^,j)

r e a r r a n g in g
06

w
3.23  I  1 exp f  + 2u ( 12  oct + s + p) - s ^  -p^) du

VP J
—<?6

To e v a lu a te  t h i s  i n t e g r a l  l e t v =  ub -  P-)
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and i t  reduces  to

3 . 2 4  I  = exp (     - t  -8  - p \ )  I (exp ( - V  )} dv
-V2ti

( - t 2  -p2) I  ( e ^  ( _ V 4 )

usim?: th e  r e s u l t  o f  apnendix  1

3.25 ( e x p ( - V ^ ) )  dv =
“'c

Expanding th e  e x p o n e n t ia l  term  i n  3*24  g iv e s

00
—I

e , p  (  (  .  s_ t j g !  _ , 2  _ ^ 2  _ p 2 )  ,  ^

n

expanding f u r t h e r  u s in g  th e  b inom ial theorem

^  g  M l " - "  ( n ) ( (t2  + ,2
n-m

3.26

and ag a in  u s in g  th e  b inom ial theorem

r\ "2 A  ici
- I  /  '  7 '

3 . .  .  . | # £ C  Ç  t  M -rtaa tv\-Q ^-O f=0 E = 0 I

2m\ / n -m W r\ / q \  x b 2m-r ^1 + 2 t

C l O d O d )

^ ( r —1—2q.—2 1 ) _j_ (2n—r —2q.)

We can r e w r i t e  t h i s  i n  a form al way i n  o rd e r  t o  p ic k  out th e  r e q u i r e d  

c o e f f i c i e n t  p u t t i n g  1 + 2 1  = k
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3.23  r  + 2q -  ( l  + 21 ) = j

2n -  ( r  + 2q ) = n

re a r r a n g in g  e q u a t io n  3*27 

3 .29  r  = m + j  -  2q

1 = rii — 21

rn + ,1 + kn =--- ^------

2u>
n i s  an i n t e g e r ,  t h e r e f o r e  f o r  a non-zero  c o e f f i c i e n t  C - ni + j  + kmjiT,.

must be an even i n t e g e r .  T h is  lu s t  ex p re s se s  th e  symmetry c o n d i t io n s

odd p lu s  even fundamental mode g iv e s  odd S.H. mode 

odd ” odd " " ” even " ”

even " even ” " " even " ”

P ic k in g  out th e  r e q u i r e d  c o e f f i c i e n t s  we have

m+ j+k m+j+k-m
2

I  .jkm b » 2 /m+.i+kv i 
\ 9 ^ = '3 f =(

............................................................................................. M

 ̂ ra  ̂ j-2q^  ̂ q  ̂ m-21  ̂ 2^

nw-i+k-m (nn-.i+k) (2ui ) (riH-.i+k-m) ( iafj-2q) (q) 
(-1 )  2 X ( 2 ) ( ) ( 2 ) ( ) ( )
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Thus th e  c o e f f i c i e n t s  can he e v a lu a te d  a n a l y t i c a l l y  a l th o u g h  th e  f i n a l  

e x p re s s io n  i s  r a t h e r  com plica ted  in  g e n e ra l .  As we would expect th e  

low -o rd e r  c o e f f i c i e n t s  a re  much s im p le r  i n  form

^-31 h o c  = ~  V —

h e o  = f

h  /-n  1
h o i  = “ V —  2b

The most im p o rtan t  s e t  which we w i l l  examine more c lo s e ly  a re  th o se  

r e s u l t i n g  from th e  coup ling  between th e  low est o rd e r  g a u s s ia n  fundam ental 

mode and th e  2n th  second harmonic mode.

3-%  h o 2 n  “ I f f

h  'h i
2

Prom 3» 21 and 2 .25  we have oc = —  ^  o u
^ 2  ( 1 + f g )

Woi
and d e f in in g  V/ = -----

b^ = w + ( 1 + i $ P
2

3.33 (1+ §2  )

= ( l+ ig ^ )  (Ŵ  + 1 -  i  -  Eg)

(1+i § 2^

/



I t

and t h e r e f o r e

2o( -  1 = W2 I /1+ i ?

1+i Ç

T ï ^ )

S u b s t i t u t i n g  th e s e  ex p re s s io n s  i n t o  t h a t  f o r  I  ^ and th e n  th eoo2n

r e s u l t i n g  e x p re s s io n  i n t o  e q u a t io n  3 .19  f o r  we liave

3 .35  C
2*0
oo2n

- 4 i  d_^

k  ^ 2

7T

2  ̂ n ! 2I
exp ( i  A kz)

( 1 - i

ï̂J -1 -1  -  $ 2 ))"

( ( f f h i )  - i  (w% -  E ) ) ^

The f a c t o r

n

( ( 2 n ) ! ) ‘ 

n ! 2"
has v a lu es

‘ 0 1 2 3 4 6 10 etr.
1 0.7071 0.6724 0.5390 0.5229 0.4749 0.4197

and so d e c re a se s  w i th  n red u c in g  the coup ling  between th e  low est o rd e r  

fundam ental mode and 2nth  order harmonic mode w ith  in c re a s in g  n.

Thus f a r  we have only con s id e red  th e  co u p lin g  case when th e  second
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harmonic r e s o n a to r  and th e  fundamental r e s o n a to r  a re  p e r f e c t l y  a l ig n e d  

and th e  f o c i  o f  tl ie  beams a re  a t  th e  same p o s i t i o n .  There w i l l  be a 

r e d u c t io n  o f  th e  coup ling  ( i )  i f  th e  f o c i  a r e  any d i s ta n c e  a p a r t  ( i i )  i f  

th e  a x i a l  p la n e s  a r e  p a r a l l e l  b u t  a d i s ta n c e  a p a r t  and ( i i i )  i f  th e  a x i a l  p la n e s  

a r e  in c l in e d  a t  a sm all ang le  to  each o th e r .

( i l  The e v a lu a t io n  o f  th e  i s  u n a f f e c te d  by t h i s  m o d i f ic a t io n , ̂ ' oo2n

C onsider ing  th e  fundamental mode to  be focussed  a t  th e  o r ig i n  and th e  

n th  harmonic mode to  be focussed  a t  z=f^ ^  rem ains unchanged b u t

3 , 3 3  = 2 ^  and t h i s  in t ro d u c e s  th e  e x t r a  te rm

h  h a

- 2 f /k g  i n t o  e q u a t io n  3«35*

( i i )  I f  th e  a x i a l  p lan e  o f  th e  fundam ental j t h  mode i s  removed from t h a t

o f  th e  harmonic modes by a d i s ta n c e  V of th e  harmonic modes i t  w i l l  be 

d e sc r ib e d  by th e  eq u a t io n

■1 + 1

Woi 2'  j !  ' n '  (1 -  i
3.37

X exp ( f e y j . )
W f ( V i  f g

S u b s t i t u t i n g  t h i s  form in t o  eq u a t io n  3«17 e q u a t io n  3*22 becomes



où

3 .3 8  ( Vzku) Hj (u-5) (u-S ) exp (-u^aFfi-i $2)

~ ( u - S )  (1+i ) I dll

3 . f 8  (b) where S =

u s in g  th e  g e n e r a t in g  fu n c t io n s  as  b e fo re  3*23 becomes 

W.
3.39  I  = 3

J7t xp i-uhh+2u  (Æ«t+s+p+5 (1+i §g) -tVs^-p^ j du

putting V' = u b - .V f . -- t . ^

and c a r ry in g  out th e  i n t e g r a t i o n  (appendix l )  we have

3 . 4 0  I  = ^  7 | -  exp | - S ^ ( 1 + i C i )  ( 1+ ( — j +

—t  — s —p + 2

Thus th e  s e p a r a t io n  o f  th e  a x i a l  p la n e s  has in t ro d u c e d  two e x t r a  f a c t o r s  

i n t o  eq u a t io n

3 . 2 4  The f i r s t  i s

exp ( - gZ ( V i f P  (1- (1+1 f P  )
 ̂ b ^

s u b s t i t u t i n g  f o r  b t h i s  becomes



f   ̂ f  2\
..41 k t  )  -------------------- '  ((v/2 + 1) _ 1 ( Ç;;2 _ Ç^)) )

< . , 2 . 2 / 2
( ( ( + +  1 ) M  -  S p h

The r e a l  p a r t  o f  th e  ex p re s s io n  which forms th e  argument o f  th e

ex p o n en tia l  fu n c t io n  i s  always l e s s  th a n  zero  and as  t h i s  f a c t o r  w i l l

2W pmodify/ each c o e f f i c i e n t  C .' th e y  w i l l  a l l  d ec rease  w ith  i  asJ10171,

e:g  ( -

2 (1 + S O3.42  There 0  = r  — ------!~r-------------  o ^
( f  + 1 ) M  ( Vh

Thus th e  coup ling  between any two modes has an o v e r a l l  dec rease  w ith  

in c r e a s in g  s e p a r a t io n  bu t o f  course  th e r e  may be lo c a l  in c re a s e .

The second f a c t o r

/ 2-J^ dit + s + p^) N
3 . 4 3  exp  ̂ --------------- :g-------------------- j has as  th e  argument o f  th e

ex p o n e n t ia l  f u n c t io n  §.n ex p re ss io n  which depends on an odd power o f  

t ,  8 and p and th e r e f o r e  i t  w i l l  b reak  th e  symmetry c o n d i t io n s  co n ta in ed  

i n  eq u a t io n s  1 .29 . Consider as  a s p e c i f i c  example which i s

zero  under e q u a t io n  1 . 2 9  foi" th e  c o a x ia l  case .  i s  th e  c o e f f i c i e n t

o f  t  i n  th e  expansion  o f  eq u a t io n  3 . 4 0 .

so t h a t  s u b s t i t u t i n g  f o r  5  3 .38  (b)



V

^ o o 1
c«r

i t

e;rp ( - 2 0 V  )

of

rnT H U S
, 2w 
'oo1 i s  ze ro  a t  v = o as expected  and in c re a s e s  w ith

in c r e a s in g  s e p a r a t io n  y /  ̂ to  a maximum when v = of ana t n e r e a i t e r

d e c re a se s  a s y m to t i c a l ly  approach ing  ze ro .  S ince  0  depends on z

t h i s  does not im m ediate ly  g ive  th e  s e p a ra t io n  o f  th e  axes which w il l

maximize th e  co u p lin g  in  a g iven  c r y s t a l  except f o r  th e  case when 

z /z o  1

( i i i )  For th e  case  when th e  a x i a l  p lan e  o f  th e  fundamental r e s o n a to r  

i s  t i l t e d  a t  a sm all ang le  ,0  , to  th e  a x i a l  p la n e  o f  th e  second harmonic 

r e s o n a to r  th e  e q u a t io n  r e p r e s e n t in g  th e  j t h  fundam ental mode i s

-  Ü, V ■ - ^ 2 '  2 “
3 .45

exD (

f t

ikO  X

i f  th e  z a x i s  l i e s  in  th e  a x i a l  p lan e  o f  th e  second harmonic r e s o n a to r .  

The e x t r a  te rm  depending on O a r i s e s  from th e  p ro p a g a t io n  terra 

exp ( - ik z )  o f  th e  e l e c t r i c  f i e l d s  a l l  th e  o th e r  c o r r e c t io n  terras w i l l  

he n e g l ig ib l e  i n  comparison w ith  t h i s  one s in c e  k > >  J 

U sing t h i s  e q u a t io n ,  equa t ion  3 .23  becomes

3 .46
I = ( - f  + 2u ( 'iFoct + s + p -  i  du



C arry ing  out th e  i n t e g r a t i o n  as 'before equa t ion  3 .2 4  becomes

3.47  I  = e:cp j  ^  ( J 2 « t  + s + p)
y ?

2 2 2 )
2 "P )

As in  th e  p re v io u s  case  th e  t i l t  an g le  has in t ro d u c e d  two new f a c t o r s .

The f i r s t  b e in g  -k^  17̂  a f f e c t i n g  a l l  th e  c o e f f i c i e n t s ,  th e
exp( ------------    )

second b re a k in g  th e  symmetry c o n d i t io n  o f  eq u a t io n s  3*29 

from 3 .47

-''1 / tP  ( )
i o 1  “ ~  7 —   2---- ) 2 i k ® w y

T his  has  e x a c t ly  th e  form o f  th e  p re v io u s  coup ling  when th e  axes o f  th e  

r e s o n a to r s  were s e p a ra te d ,  in c r e a s in g  to  a maximum and t h e r e a f t e r  

d e c re a s in g  and a s y m to t i c a l ly  approach ing  ze ro .  The maximum in  t h i s  case 

occu rs  a t  an ang le
1

© = TT— t h i s  ag a in

depends on z and so w i l l  n o t  g iv e  th e  maximum co u p lin g  c o n d i t io n  

im m ediate ly .

( 2 ) P a ra m e tr ic  A m p li f ic a t io n

( i )  Coupled Mode Equation  

We have now t h r e e  o p t i c a l  f i e l d s

where
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Te c o n s id e r  th e  case of p a ra m e tr ic  a m p l i f i c a t io n  when th e  pump f i e l d ,

p ro p a g a te s  as  an e x t r a o rd in a ry  wave and th e  s ig n a l ,  lo, and i d l e r

f i e l d s  p ro p ag a te  a s  o rd in a ry  waves. This  b e ing  th e  c o n f ig u ra t io n  a p p ro p r ia te  

to  a n e g a t iv e  u n ia x i a l  c r y s t a l .  The tleory  can he used f o r  p o s i t i v e  

u n a x ia l  c r y s t a l s  when th e  o p p o s i te  c o n f ig u ra t io n  i s  a p p ro p r ia te  hy u s in g  

th e  a p p ro p r ia te  mode fu n c t io n .  The r e l e v a n t  second o rd e r  p o l a r i z a t i o n  

te rm s a re  f o r  t h i s  case  t h e r e f o r e

(2) “2 4+h
y ° '̂ 15 h  h

O o co

% h i  V

e^rpanding th e  f i e l d s  i n  terras o f  th e  r e s o n a to r  modes

, ® “ 1
7 ■

(Ù
A". 2

J h J
1

C ’ exp

7 =  h s f '

60

<
2 ,c  “ 3

" 'k exp

)
z =  h i f - C "

' <
- k exp

3 . 5 0  ' = d^^ A . " t . exp ) - i  (k^ -  k^) Zj

- i  (k .  -  k^) zj

i  (k^ + kg) zj

S u h s t i tu t i :n g  th e s e  r e l a t i o n s  in to  th e  a p p ro p r ia te  e q u a t io n s  from
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3 .1 1  (a) a.nd (b) we a r r i v e  a t  th e  coupled mode eq u a t io n s  f o r  th e  

p a ra m e tr ic  case

dA <b ^  «  CO
5.51 —  = g j .  A,

M .  c 3dz jnic J k

= c B A A,dz jinn

where th e  coup ling  c o e f f i c i e n t s  a re  d e f in e d  in  a s im i l a r  way to  th e  

p re v io u s  case o f  second harmonic g e n e ra t io n .

For exanrole

w <0
2

•m '-.i ^ k  ^

oùr
3-52 c l  = h s  [ - i T l o c ]

‘ -O ft/

where Ak = k^ -  k^ -  k^

For a l o s s l e s s  medium we can e s t a b l i s h  a r e l a t i o n s h i p  between th e  coupling  

c o e f f i c i e n t s  as  i n  th e  p re v io u s  case

M  “ 1 " 1  “ 2 ‘■*2 B “  B 3C- j (A A + A A + B  k g  ̂ ) i s  the to ta ln  ̂ n n n n n n

energy p r e s e n t  i n  th e  system and i s  c o n s ta n t .  By th e  p re v io u s  argument 

used  we have
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3 .53 o “ ' .  c “ =n jk  n jk —Cn jk

l'Tote t h a t  t h i s  r e s u l t  does reduce to  3.16 i f  = 6J because  o f  th e

f a c t o r  y  i n  f r o n t  o f  e q u a t io n  3*12 (b) produced by th e

symmetry.
1( i i )  C a lc u la t io n  o f  th e  c o e f f i c i e n t s  C „\   njk

The c a l c u l a t i o n  w i l l  fo l lo w  p r e c i s e l y  th e  l i n e s  o f  th e  c a l c u l a t i o n  

f o r  th e  second harmonic g e n e ra t io n  b u t  we have now th e  added conro lica t ion

o f  t h r e e  s e t s  o f  beam p a ram e te rs .  w i l l  depend on an i n t e g r a l  o f

th e  form

-X- CO ^  U

m dx

s u b s t i t u t i n g  f o r  th e  r e s o n a to r  modes, in t ro d u c in g  s u b s c r ip t s  1, 2, 3 to  

deno te  th e  te rm s a r i s i n g  from th e  modes a t  co r e s p e c t iv e l y  th e
1 > 2, J

i n t e g r a l  w i l l  reduce  to

Ob
r

5-55 ÏÏ

J—o6

X

W
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2 T J k
w. - 2 i  (6 d exp (iAjoc) (2rr)+  ( l - i  f  J 2  )2

where C., ^  ̂ 2il/
15 - - V--' / _ l _ . l l  '■ '  ̂ 2 '

Tai '  V X i'9'™-T4 ,,, „ , . ,j+l _ Ml

3 . 56^0 m
(1+1 î - f 2

m+1 X I
(1-1  ? , )  2

jxra

4.1 1 , .  'Rx V2X v&taaxing ta e  s u o s t i t u t io i i s  = u , —7^ = cx̂ jU, —̂  = oL̂  u

where '•ï.1 2

th e  iiitefnral becomes

oc

W, ' 
3.56(C) ^

—cto

Hj (« 1") Ig  («'2") \  (") exp I - f  ̂ ^ ^ ( 1 - i ^ p

+ « 2  f  2  ̂ (^ + i  )

using  the  gen era t in g  fu n c tio n  of the  Hermite polynomials the  in te g r a l  

g en e ra t in g  the  i s

(*

3 . 5 7  I  = I exp I -b^u^ + 2u (x^t + XgS + p ) - t ^  - s ^  -p"  j du

—Ob

2where b = <x.j  ̂ ( l - i  + 0̂ 2 ( l “ i  + (1+i

which becomes, ca rry in g  out the  in te g r a t io n
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I f  v;e exuand t h i s  e x p re s s io n  th e  I  can he p icked  out as  b e fo re  and th erajk

symmetry c o n d i t io n  (3 .39) m + j  + k = even in t e g e r ,  ho ld s  f o r  t h i s  case 

A few o f  th e  lo w -o rd e r  c o e f f i c i e n t s  a re

3.59 VA

000 ~ bI  .  a #

I  .  /S T  g h f h
11o b V 2  . 2b

h o i  = f  V - f  2 yb

e tc .
» i

V/e w i l l  now e v a lu a te  C in  d e t a i l  as  an e x a m p le , s u b s t i tu t in g  f o r  booo *

and oc. v/e have
1J

3.60 

I
w

_ I J L  ,_______________M ,

( f ü i ç p  ( v i C p )

Wo3
where we have d e f in e d  V/. = ■ th e  r a t i o  o f  th e  pump and s ig n a l  sp o t  sizes

'  "o1
W ,

V/ = th e  r a t i o  o f  th e  pump and i d l e r  spo t s i z e s ,  and s u b s t i t u t i n g
2 ^o2

W,
t h i s  in t o  e q u a t io n  3. 56(a) we a r r i v e  a t  th e  e x p re s s io n  f o r  C
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*1 Ai^(2Tr)4 1 _  1
.c1 exp ( - i / L k z ) , /

k^c

(Ŵ ( l+ iÇ ^ )  + ^̂ 2 (1+i f  /|) ( l - i  Ç j )+ ( l+ i f . j ) ( l+ i  f  2̂

T his  i s  th e  r e s u l t  f o r  th e  p e r f e c t  case  o f  c o in c id e n t  focus  p o s i t i o n s  and 

a x i a l  p la n e s .  As b e fo re  v/e can e v a lu a te  th e  r e s u l t  f o r  th e  v a r io u s  

com binations o f  n o n -c o in c id e n t  focus  p o s i t i o n s  and a x i a l  p la n e s  o f  th e  

t h r e e  r e s o n a to r s .  The method and r e s u l t s  w i l l  i n  g e n e ra l  be th e  same as  

f o r  th e  case  o f  second harmonic g e n e ra t io n  which has been co n s id e re d ,

(2 ) Three Dimensions

Under th e  app rox im ation  c o n s id e re d  in  c h a p te r  I I  th e  d e r iv a t io n  o f  

th e  coupled mode e q u a t io n s  fo llow ed  th e  same l i n e s  a s  f o r  th e  two 

dim ensional ca se .  The r e le v a n t  e q u a t io n s  d e r iv e d  from Llaxwell's  e q u a t io n s  

a r e  ( c . f .  e q u a t io n  2 . 8 4 )
O W p p p

A U  . U ,  . . l i _  _ 4  g . “ . - a #  p© "
b y ô x  àz b y  èx bz  c c ^

b x b z  ^ x  b y  b z ^  by^ ^  c^ ^

and th e  d ive rgence  e q u a t io n

é ^ + é ^ + e ^  = - 41+C-P®*^
X  b  X  Z b y  z b s

Using th e  approx im ations  which were fo rm u la ted  in  c h a p te r  I I  f o r
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d e a l in g  w ith  th e  l i n e a r i z e d  v e r s io n s  o f  th e s e  e q u a t io n s  th e y  can he 

reduced to  th e  e q u a t io n s

f o r  th e  e l e c t r i c  f i e l d s  o f  th e  o rd in a ry  and e x t r a o r d in a r y  waves 

r e s p e c t i v e l y .  Making th e  s u b s t i t u t i o n  E = ^  exp ( - ik z )  a s  b efore  

red u ce s  th e se  e q u a t io n s  to  th e  e q u a t io n s

3 . 61, _ 2 i k ^  ^
O X dy c ^

r  1 %  •  f k  - 2 %  ( ‘ V >z dx d y  c

f o r  th e  Quantities ^  . I f  we now express ^  as  a sura over th eo ,e  o ,e

r e l e v a n t  c a v i ty  modes a l lo w in g  th e  c o e f f i c i e n t s  to  v a ry  w ith  z a s  b e fo re

and s u b s t i t u t e  th e  r e s u l t i n g  e x p re s s io n s  in t o  e q u a t io n s  3*6 we have

3 .6 5  (a) - 2 i q  ( i q f
Aro C
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0 )  -2 ik  -IT^^ C ̂ *—I e ë  z enn

La

A%o
exp (ikgZ)

I f  we now use th e  o r th o g o n a l i ty  o f th e  mode fu n c t io n s  v/e can a r r i v e  a t  

th e  ex p re s s io n s  f o r  th e  r a t e  o f  change o f  th e  mode am ntitudes  w ith  z a s

dA
&) Ai oA CO

%
nm

d z

ois nm 
d  z

-27Tito

ko

~2 TT i  CO

k o2e

“Vnm h k g )
—  ̂  —CO 

0Ô 0Û

dx dy exp ( i k  z)

— C Û  - e o

I f  V/e now app ly  th e se  r e s u l t s  to  th e  th e o ry  o f  second harmonic 

g e n e ra t io n ,  th e  expansion  o f  th e  p o l a r i z a t i o n  i n  te rm s o f  th e  r e s o n a to r  

modes can he w r i t t e n

3 .67  P
0 w

y
2C0 ^  C 20 . , V .

■jk ®rs h s  ( - h q - k f  h

2 2
X i  ^71 Apg C p g  exp (iCkg-k^) z)

'31 "jk

S u b s t i t u t i n g  th e s e  expansions in to  eq u a t io n s  3.G& produces  th e  s im ultaneous  

coupled mode e q u a t io n s

<o CJ
3 .68  A Bdz nmjlcrs j k  r s



9Z

dBna
dz A A jxrsnm  jk  r s

where f o r  th e  l o s s l e s s  case we have aga in  th e  connec ting  r e l a t i o n  

3 .6 9
6)
nmjKrs -  C _nmjkrs

between th e  two c o e f f i c i e n t s .  In  three dimension c o e f f i c i e n t s  C" 
depend on th e  double i n t e g r a l

oa «0r
3 .70 nmnkrs J

—<A —où

£  £  £ 2* 1 Jax dy rs nm

whi ch on s u b s t i t u t i n g  f o r  th e  r e s o n a to r  modes from e q u a t io n  2 . 9 I and

2 .2 8  s p l i t s  in t o  an i n t e g r a l  over x, I^  and one over y , I  . I  has

exact 1"/ th e  form o f  eq u a t io n  3.18

y

3 .7 1 y H, ( ^ )  a
( ? o2 ( 1 + i f  p)

-2 y dy

whereas I  i s  m od if ied  by th e  ^  /  6  f a c t o r  (eq u a t io n  2 . 9 I) X z X ' '
où

3.72
X

( -2L

-2x

®o1



'ho coup ling  c o e f f i c i e n t  i s  g iven  hy th e  e q u a t io n

? w ^  ^31 ( i  -AVx) ( 2 TT ) +
Cjkrsnm = (gH ^j+k+n+r+s ^ 4 ) 1

m+n j+k+r+s
( l - i i p  2 ( 1 + iC p  2 €  i  I  I

m+n+2 j+k+r+s+2  ̂ ,„2
( i + i i p - T -  2 ^  'h i f a

The i n t e g r a l s  can be e v a lu a te d  e x a c t ly  as  b e fo re  and a l l  th e  r e s u l t s  o f  

th e  p re v io u s  th e o ry  app ly  to  each i n t e g r a l .  I t  i s  th u s  a simple m a t te r  

to  g e n e r a l i z e  th e  tv/o d im ensional r e s u l t s  t o  th r e e  d im ensions. The 

on ly  d i f f i c u l t y  b e in g  t h a t  th e  e x p re s s io n s  a re  v e ry  long  and te d io u s  to  

w r i t e  o u t .  In  th e  same way as  has been done f o r  second harmonic g e n e ra t io n  

th e  e x p re s s io n s  f o r  t h r e e  d im ensional p a ra m e tr ic  a m p l i f i c a t i o n  can be 

e v a lu a te d .

(3) E f f e c t  o f  a b s o rp t io n

I t  has been shown ( s e c t io n  2 .5 )  t h a t  th e  p resen ce  o f  a b s o rp t io n  i n  

th e  medium on ly  e f f e c t s  th e  term  exp ( - ik z )  o f  th e  r e s o n a to r  mode 

f u n c t io n s .  Hence th e  r e s u l t s  o f  t h i s  ch a p te r  w i l l  be u n a f f e c te d  by th e  

p re sen ce  o f  a b s o rp t io n  except t h a t  k  w i l l  now be complex. T h is

in t ro d u c e s  x l o s s  term  exp z) i n t o  eq u a t io n s  3»35?
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C h a p te r  4

Second Harmonic G eneration  in  th e  sm all co n v ers io n  approxim ation  

4*1 The s im p le s t  problem to  which th e  form alism  developed  in  th e  l a s t  

ch ap ter  can be a p p lied  i s  th e  problem o f  resonant second harmonic 

g e n e r a tio n  from a t r a v e l l in g  wave g a u ss ia n  beam, 32 . In  th e  sm all 

co n v ers io n  approxim ation  th ere  i s  no r e a c t io n  back on th e  fundam ental 

and th e r e fo r e  o n ly  th e  o r ig in a l  lo w e st  order (g a u ss ia n )  mode need be 

co n sid ered  o f  th e  fundam ental beam. We f i r s t  stud y  th e  second  

Harmonic g en era ted  in  th e  l im it in g  c a se s  which Gan be so lv ed

a n a ly t i c a l ly  and th en  go on to  stu d y  th e  g en era l ca se  n u m er ica lly . We

show th a t  th e  th eo ry  th a t  has been s e t  up g iv e s  r e s u l t s  c o n s is te n t  w ith  

th o se  o f  Kleinman and Boyd, 15> fo r  th e  non reson an t c a se .

C onsider a s u it a b le  re so n a to r  c o n ta in in g  a u n ia x ia l  non l in e a r  

d i e l e c t r i c  o r ie n ta te d  w ith  i t s  o p t ic  a x is  p erp en d icu la r  to  th e  a x is  o f  

th e  re so n a to r  ( f i g .  4* 1 )• I t  i s  assumed th a t th e  m irrors o f  t h i s  

c a v i ty  are tra n sp a ren t to  th e  fundam ental la s e r  freq u en cy  and th a t th e  

alignm ent o f  th e  fundam ental beam and th e  c a v ity  i s  p e r f e c t .  The 

th eo ry  can be extended  im m ediately  to  cover th e c a s e s  o f  im p erfect

alignm ent as in d ic a te d  in  th e  l a s t  ch ap ter  s in c e  th e  fundam ental o n ly

t r a v e l s  in  one d ir e c t io n  through th e  non l in e a r  d ie le c tr ic ^ s e c o n d  

harmonic w i l l  o n ly  be produced in  th a t  d ir e c t io n .  In  th e  sm all 

co n v ers io n  approxim ation  th e  second harmonic produced in  a s in g le  p ass  

o f  th e  non l in e a r  d i e l e c t r i c  i s  not dependent on th e  v a lu e  o f  th e  second  

harmonic at th e  s t a r t in g  fa c e  o f  th e  d i e l e c t r i c  and th e  problem s p l i t s  

in t o  two p a r t s .  F i r s t l y  th e  c a l c u la t io n  o f  th e  v a r io u s  seco n d



95"

harmonie mode am p litu d es produced hy a s in g le  p ass o f  the d i e l e c t r i c ,  

assum ing an i n i t i a l  v a lu e  zero , and secn n d ly  u s in g  th e s e  r e s u l t s  to  

c a lc u la t e  th e  a c tu a l mode am p litu d es produced in  th e  r e so n a to r  and 

hence th e  output o f  th e  r e so n a to r .

G e n e ra liz in g  eq u a tio n  3*35 to  th ree  d im ensions th e r a te  o f  

change o f  the 2n 2m 'th  second harmonic mode am plitude i s  g iv e n  hy th e  

eq u a tio n

A 1 dH ^
2n 2m = zm A  A

2w _ TT̂  4 e x .  f l A k  ^ )

k M  W n!m\2"+m+t (1 “ i f j )
2 0%

f e V  - 1 - i  ( e V ^  -  gg)) (f  -  1 -  1(9^f, -  f j r  

( e V +  1 -  i  ( e V |  , -  § 2 ) f  + V +  1 - i  O T f i -  f g f

^ 2 n  2m

where ^  z ■

S in c e C  2z f  2z , y^k = kg -  2kib, -
k « o 1 '  ’ '  k2%02'

we have f , f ,  = ¥ '  f ,  ( f - )

f o r  ^  k C  10 th e term dependent on A k /k g can he n e g le c te d

hence f t  = °

4 .4 f , - f t  = w ' f , -  )

d e f in in g  ^  = _1_ -  1 we can w r ite
e2



^2n 2m
2 -   ̂ A k m  exp f i A k z )  - 1 + 1  . ë  )

2  ̂ f,  ) + 1  + i  e )  ^ + t

X

« 0

5 m 
( ¥  -  1)

(W? + 1) * + *

f o r  ^ k  C 10 where o< i s  a c o n sta n t dependent on th e  mode number,nm

S in ce  we have assumed to  he co n sta n t th e  am plitude o f  th e  

nmth second  harmonic mode at th e  e x i t  fa c e  o f  th e  d i e l e c t r i c  i s  g iv e n  

by

4 - Ê  c  “  ( C  1 = : : 2 .

where th e  en try  fa c e  i s  g iv e n  hy z = th e  e x i t  fa c e  z = Zg 

( f ig u r e  4 ,1  ) ,

4 ,2  Few F ie ld  approxim ation

We c o n s id e r  f i r s t  th e  ca se  where th e d i e l e c t r i c  l i e s  in  th e  

n ear f o ld  o f  both  th e  second harmonic re so n a to r  and th e  fundam ental 

beam i , e ,  where both  

4 .7  and I

T his i s  th e  ca se  tr e a te d  by Ashkin^Boyd and B z ie d z ic  but f o r  th e  

d i e l e c t r i c  p otassium  Dihydrogen P h osp hate , KDP, which does not phase  

match p erp en d icu la r  to  th e o p t ic  a x is  and hence i s  somewhat l e s s  

e f f i c i e n t  than  a m a te r ia l in  which t h i s  can be done, e ,g .  Lithium  

W iobate, T his correspon d s to  th e  weak fo c u s s in g  l i m i t  and can be 

t r e a te d  a n a ly t i c a l ly .  Two im portant r e s u l t s  are brought out by t h i s  

c a s e ,  f i r s t  th e  v a r ia t io n  o f  secon d  harm onic o u tp u t w ith  th e  r e l a t i v e
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sp o t s i z e s  o f  th e  two beams and secon d , th e  r e s u l t  th a t  th e  normal 

phase m atching c o n d it io n  = 0 no lo n g er  h o ld s ,

a . Lowest order mode

To th e  f i r s t  ord er in  , we can approxim ate

\-1
exp ( i  )

(e^W  ̂ + 1 + ie^W^ e  ^  + 1 ) 2  exp (
- i e V e  f ,

2 (e^¥^ + 1 )

U sin g  th e se  ap p roxim ations eq u a tio n  4*5 fo r  th e  lo w e st order co u p lin g  

red u ces to

4 -8  c i “ o( 60 exp

( Akz + ^  (1 - )

+ 1 )2  + 1)2

and th e  second harmonic output in  th e  lo w est ord er mode i s  g iv en  by

2

,„2

4 . 9  B
2w

W02 + 1 )2  + 1 )2

'01
(  ̂ ~ '2^2  ^

2 (e  ¥  + 1 )

dz

exp \  i  A  k

The v a r ia t io n  o f  t h i s  output w ith  th e  sp o t s i z e s  o f  th e  la s e r  

beam and th e  second harmonic r e so n a to r  i s  g iv e n  to  a good approxim ation  

by th e  fu n c t io n

4 . 1 0  F (W) = 1

¥02 ( e V  + 1 )^  (¥% + 1

For co n sta n t t h i s  in c r e a s e s  w ith  d e c r e a s in g  ¥  ( i . e .  

d e c r e a s in g  ¥^^) ,  as th e  re so n a to r  mode fu n c t io n s  are o n ly  v a l id  as



lo n g  a s  '>'> t h i s  ju s t  im p lie s  th a t fo r  maximum output

, th e  la s e r  sp ot size^m ust he as sm all a s  p o s s ib le  as would be 

ex p ected  from p h y s ic a l  c o n s id e r a t io n s . For c o n sta n t  ̂ Fjfv^has a 

maximum at
7uj7

1
^roax >y

( r e f r a c t iv e  in d e x )  

The b ehaviour o f  P(w) f o r  f ix e d  i s  shown in  graph 1 fo r

2
e = 0 . 9 6 , (an approxim ate v a lu e s  f o r  Lithuim  F io b a te )  when i t  can

be seen  th a t  ¥  = 1 .0 2 .max

The in t e g r a l  in  eq u a tio n  4*7 i s  o f  th e  same form as th e  in t e g r a l  

which a r i s e s  when c o n s id e r in g  Second Harmonic G eneration  from p la n e  

waves excep t th a t  th e phase m atching c o n d it io n  i s  now g iv en  by

4 . 1 2  A k  = = i _  (1 _  . s i —  )

^ 1  2 ( e V  + 1 )

At th e  maximum v a lu e  o f  ¥  = 1 .0 2

P'99 = - .1.-5 .̂.

which i s  th e  l im i t  o f  an i n f i n i t e  la s e r  beam and Second Harmonic

r e so n a to r  ten d s  to  th e u su a l Ak = 0 as exp ected  but can be

s u b s t a n t ia l ly  d i f f e r e n t  from t h i s  f o r  th e  u su a l sp ot s i z e s  

— ?
~ 1 0 ~  cms.

b . H igher Order Modes

Here we c o n s id e r  f i r s t  th e  ca se  when eW -  1 i s  not near

zero th en  we can approxim ate
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(eV  - 1 + i  )" = ( e V  -  1 )" exp (■ )
( e n r  -  1 )

U sin g  t h i s  and th e  p r e v io u s  approxim ations eq u ation  4*5 becomes 

4 . 1 3  ' )"

^  «02  + 1 ) "  +  *  (e  V  + i f  * i

X eap r  i z  ( A k  + (1 + e V e  /  - r ~ ----- -
 ̂ Zq.j Xenf*^ -  1 ) 2(e^¥^ + 1

The v a r ia t io n  w ith  sp o t s i z e  i s  g iv e n  aga in  to  a good approxim ation  

by th e  fu n c t io n

ag a in  i f  i s  h e ld  co n sta n t t h i s  fu n c t io n  in c r e a s e s  w ith  d e c r e a s in g  

th e  la s e r  sp ot s i z e ,  as ex p ec te d . For ¥ q.j h e ld  co n sta n t th e

fu n c t io n  has two d i s t i n c t  maximum w hich fo r  e = 1 occur a t

r e c ip r o c a l p o in t s .  The v a r ia t io n  o f  a few  o f  th e  low er order  

fu n c t io n s  are p lo t t e d  in  graph I  f o r  e = 0 . 96 . I t  can be seen

th a t  th e  v a lu e  o f  w a t which th e  maximum occu rs in c r e a s e s  w ith  

in c r e a s in g  mode numbers. T h is i s  brought out by th e  s im ila r  fu n c t io n  

which o ccu rs in  th e  two d im en sion al ca se

4 . 1 5  (W) = V
'02*  + 1 )*  *

w hich i s  s im p ler  to  h an d le  and has i t s  maxima a t

4 . 1 6  = 4„ + 1 i  V ( 4 n  + 1 )2  _ 1 '
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p h ase m atching f o r  th e  nth  mode o ccu rs when

4 . 1 7  4 k  = -  ^  ( 1 +  e V  (— f - ô -  -  ) )
01 (@ W -  1 ) 2 (e  ¥  + 1 )

Which i s  dependant on n th e  x  -  z p lan e  mode number. Hence 

to  some e x te n t  modes which are u n d e sired  in  th e ou tput can he 

d isc r im in a te d  a g a in s t  hy v a ry in g  th e  r e l a t iv e  sp o t s i z e  and th e  

phase m atch ing. For example p u t t in g  H = 1 e l im in a te s  output in

a l l  th e  h ig h er  y ,  z p lan e  modes w ith ou t red u cin g  n o t ic e a b ly  th e  

0 - 0  o u tp u t.

I f  jeW - -  1 I «  1 th en  a l l  the c o e f f i c i e n t s  excep t

2m o f  h ig h er  order in  , than  th e  f i r s t  and hence are

n e g l i g ib l e  in  th e  near f i e l d  approxim ation . The g iv e n

t y

;2“  .  04 (¥^ -  1 )”  i  e V  e  f ;
4*18 ^2 2m M4 - -

^02 + 1 )“ + 2 (e& ^  + 1 + 2

f i z  (A k  + —  (1 t , g-¥ .r . , )

2 ( e V  + 1 )

C on sid erin g  th e  r e s u l t s  so f a r  i t  can be seen  th a t  the reg io n  

(e ¥  -  1 1 1 w i l l  o n ly  be en tere d  when i t  i s  th e  aim to

m axim ise th e  output o f  th e  lo w est  order modes. From eq u a tio n s 4*1& 

and 4*6 we have
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4 .1 9 f , 6
^ 1 0

.2W
00 ( e V  + 1) ^ 0 0

which i s  ap p rox im ately  equal to  3 x  10*”  ̂ |

For 1 1 «  1  t h i s  w i l l  he n e g l ig ib le  e s p e c ia l ly  s in c e  i f

maximum c o u p lin g  i s  req u ired  in to  th e  lo w est  order 00 mode than  th e  

0 - 2  mode w i l l  n e ith e r  be p e r f e c t l y  phase matched nor re so n a te

p e r f e c t l y  in  th e  c a v i ty  s e t  fo r  ,the 0 - 0  mode,

4# 3 Far F ie ld

The second l i m i t in g  ca se  which can be ev a lu a ted  a n a ly t i c a l ly

when th e  non l in e a r  d i e l e c t r i c  has in  th e  fa r  f i e l d  o f  both th e  la s e r

and th e  S.H. r e so n a to r , i . e .  b o th .

6  Ç ^ ' » l  I and ^
243

Under th e s e  approxim ations th e  lo w e st  order c o e f f i c i e n t  can be

w r it te n

4 .2 0  C2(0
00

00

^02 (W + 1

and hence th e S.H. output from a s la b  o f  d i e l e c t r i c  o f  le n g th  

1 = Zg -  i s  p r o p o r tio n a l to

r
4 .21  I  = exp ( i  ^ k 2 ) dz 

_ 3A

i  4 k z
exp ( i  Ak X ) dot to  th e  f i r s t  order

in  z /â .  We can s e e  th e  phase m atch ing c o n d it io n  and th e  g en era l  

form o f  th e  in t e g r a l  in  t h i s  l im i t in g  ca se  i s  ju s t  th a t  which a r i s e s
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when c o n s id e r in g  th e  in te r a c t io n  o f  p la n e  waves and hence th e  output

w i l l  vary  w ith  th e u su a l ^  ^  ̂ . T h is i s  as
A k

ex p ected  s in c e  f a r  from the fo c u s  th e  beam ten d s  to  a p la n e  wave,

4 .4  I n f in i t « C ryst a l

In th e  l im it  o f  an i n f i n i t e  c r y s t a l  or e q u iv a le n t ly  th e  s te e p  

fo c u s s in g  l im it  0 the e x p r e s s io n  fo r  th e  am plitude o f  th e

second  harmonic ou tp ut i s  from eq u a tio n  4*5*

r

4 .2 2  =  - g - exp ( i A k  z)  dz

( \ ! ^  + 1)2  ( 1 -  i  r, ) ( e  9  + 1 + i .

F

Changing th e  v a r ia b le  o f  in t e g r a t io n  and w r it in g  A k z ^  = y ,

^  = V th e  in t e g r a l  on which th e output in  t h i s  case  depends

i s
06

4 .2 3  I  = 1 y. y .). ay------ ^
(1 -  i  v ) ( a  + i  b v) 2

where a = e^W  ̂ + 1  b = e^W  ̂6

T his in t e g r a l  can be ev a lu a ted  under c e r ta in  c o n d it io n s  by 

con tou r in te g r a t io n  in  th e  com plex v  p la n e . For y  = 0 we

c o n s id e r  th e in t e g r a l  around th e  con tou r made up o f  a s e m ic ir c le  

r a d iu s  R  in  th e  low er h a l f  p la n e  and th e  co m p letin g  s e c t io n  o f  th e  

r e a l  a x is .  In th e  l im it  R —̂  ca th e  in t e g r a l  around th e  sem i­

c i r c l e  ten d s to  zero and th e con tou r co n ta in s  th e s im p le  p o le  o f  th e  

in t e g r a l  a t v  = - i .  Hence from Cauchy*s theoram
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-  2 TT exp (y )
4 . 2 4  I  = ---------------— — -----  f o r  y <  0

(a + b )^

The in t e g r a l  has a branch p o in t  on th e  upper h a l f  p la n e  a t  

V = i a  and so cannot be in te g r a te d  im m ediately  when A k  '> 0 . 

However s in c e  b i s  sm all th e  l im it  b S> 0 w i l l  g iv e  an in d ic a t io n  

o f  th e  b eh aviou r o f  th e  in t e g r a l  when y  0* In t h i s  l im i t  th e

in t e g r a l  i s  a n a ly t ic  in  th e  upper h a l f  p la n e  and hence in te g r a t in g

around a contour com pleted  in  th e  upper h a l f  p la n e  we have by 

C auchy's theoram .

4 . 2 5  I  = 0 fo r  y  >  0 b = 0

Thus we ex p ect th e  in te g r a l  to  e x h ib it  som eth ing o f  a

d is c o n t in u it y  a t A k  = 0 . T his g en era l b eh av iou r can be seen

in  graph 7 which reco rd s  th e  v a r ia t io n  o f  th e  in t e g r a l  I  w ith  A k  

f o r  ( /g g  = 100. T his shows c l e a r ly  th e  d is c o n t in u it y  a lth ou gh

i t  i s  m o d ified  by a p e r io d ic  f in e  s tr u c tu r e .  The in t e g r a l  

th e  l im i t  (b = O) has been co n sid ered  by Kleinraan A shkin and Boyd, 

27; in  a d i f f e r e n t  c o n te x t . They o b ta in  a con tin u ou s a n a ly t ic  

approxim ation  fo r  t h i s  f in e  s tr u c tu r e .

4 .5  G eneral Formula (<()Lowest Order Mode

The S.H. ou tput in  th e  lo w est  ord er mode i s  g iv e n  by the

eq u a tio n  (from eq . 4«5)

4 . 2 6  O q q  =  r  s i p , ( 1  y  f  , )  d f  -----

(9̂  + 1 J (1 - i f  )(a + i t 5 F

where a = e^H^ + 1  ̂ b = e V e  , y  = A k Zq and so



c o n ta in s  th e  mismatch param eter; f  = ^ 1 / , ^  = ^ 2 /

"01 /:0 1

and c o n ta in s  th e  le n g th  1 o f  th e  non l in e a r  medium 

1 = ( ^  ) 2q.j and th e  p o s i t io n  o f  th e  f o c i  o f  th e  two

beams (assumed c o in c id e n t  ) f  = ( T, ) / 2 .  The

v a r ia t io n  w ith  th e  fo c u s s in g  param eter o f  th e  fundam ental beam

f o r  c o n sta n t c r y s t a l  le n g th  1 can be ob ta in ed  by rea rra n g in g  4*26  

to  th e  form

^ 00^  /k ! r  1

'  Ô F 7 7 F  V

r^-L

exp ( i  y  f  ) d fy

J JV (1 -  i  f  ) (a  + i  t  f  )•

and s tu d y in g  th e  v a r ia t io n  o f  t h i s  form w ith  , f*, fo r  a

g iv en  fo c u s  p o s i t io n .

Graphs 2 , 3 , 4 ,  6 and 7 show th e  second harmonic output

v a r ia t io n  w ith  th e  phase m atching param eter Ak(^2$ fo r  v a r io u s

r e l a t iv e  c r y s t a l  le n g th s  r = -----  w ith  th e  fo c u s  a t the
^  %01

c e n tr e  o f  th e  c r y s t a l .  Graph 2 shows the s h o r te s t  le n g th  has th e  

appearance ex p ected  from th e  new f i e l d  l im it  c o n s id e r a t io n . The 

curve has th e  form s in  ( x  ) / x  w ith  th e  a b so lu te  maximum 

s l i g h t l y  o f f  A k  = 0 . Away from th e a b so lu te  maximum a l l  the

cu rves e x h ib it  a p e r io d ic i t y  o f  7T . ( ^  th e  p la n e  wave

in t e r a c t io n  which i s  p r o p o r tio n a l to  s in  ( A k  l / 2 )  and th u s  

has a p e r io d  o f  tt on th e  grap h ). As th e  le n g th  in c r e a s e s  or
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e q u iv a le n t ly  th e fo c u s s in g  in c r e a s e s  d e c r e a s e s ) .  The curves

become a ssy m e tr ic . The optimum phase m atching p o s i t io n  moves away 

from A k = 0 and th e  c o n tr o l peak  moves out on th e  s id e

A k  < 0 e n g u lf in g  the sm a lle r  peaks (graph 4)« T his marks

th e  in c r e a s in g  e f f e c t  o f  th e fo c u s s in g  term s in  th e  denom inator o f  

th e  in t e g r a l  ( l -  i ^  ) ,  (eS l^  + 1  -  i  e^ .

I f  th e g a u ss ia n  beam i s  co n sid ered  as  a sum o f  p lan e  w aves, 

p ro p a g a tin g  over a range o f  d ir e c t io n s ,  the reason  fo r  th e  assym etry  

becom es apparente Tfhen A k > 0 th e fundam ental and S.H.

r e f r a c t io n  in d ex  s u r fa c e s  (dgms. 1 -  3 )  no lo n g er  in t e r s e c t  f o r  any 

d ir e c t io n  o f  p ro p a g a tio n  hence none o f  the c o n s t itu e n t  p la n e  waves 

i s  phase m atched, but when A k <■ 0 th e  in d ex  su r fa c e s  in t e r s e c t

and so th ere  e x i s t  p la n e  waves in  th e  sum which are phase m atched.

The s te e p  fo c u s s in g  or i n f i n i t e  c r y s t a l  e f f e c t  can be seen  f u l l y  

d evelop ed  in  graph 7 as has been p r e v io u s ly  p o in te d  o u t . ïïo te  th a t  

th e p e r io d ic i t y  o f  th e  f in e  s tr u c tu r e  fo r  A k <  0 i s  tw ice  th a t

o f  th a t  fo r  A k  > 0 . The w idth  a t  h a l f  le n g th  o f  a l l  th e cu rves

in  th e  u n it s  o f  Ak t- /  2 i s  ap p roxim ately  c o n s ta n t . A ll  th e se  

cu rves are c o n s is te n t  w ith  th o se  o f  Kleinraan and Boyd, 15* Graph 

10 shows th e v a r ia t io n  w ith  fo c u s s in g  a t th e  optimum phase match 

a n g le  and optimum r e l a t iv e  sp ot s i z e  fo r  th ree  p o s i t io n s  o f  th e fo c u s .

With th e  fo c u s  a t  th e  c e n tr e  th e  maximum occu rs at* t /  = 5 * ^ 5' z o

which i s  c o n s is te n t  w ith  the r e s u l t  g iv e n  by Kleinraan and Boyd, 1$ ,

fo r  f r e e  S.H.G. £ /  = 5 .6 8 .' zo

I f  we th in k  o f  th e  fr e e  second harmonic g en era ted  as  b e in g
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made up o f  a number o f  c o n fo ca l r e so n a to r  modes, th e  h ig h er  order  

ones w i l l  c o n tr ib u te  a sm all amount to  th e  t o t a l  and t h i s  would 

be s u f f i c i e n t  to  e x p la in  th e  d if f e r e n c e  between th e two r e s u l t s .  

S in ce  th e  h ig h er  modes maximise a t a h ig h er  degree o f  fo c u s s in g  th e  

d ir e c t io n  o f  th e  d if f e r e n c e  i s  as ex p ecte d .

With th e  forms o f  th e  fundam ental beam a t th e en try  f a c e ,  or  

e x i t  f a c e ,  o f  th e  c r y s t a l  th e  maximum occu rs a t = 3 .0 9  as

shown in  th e  second cu rv e . T liis f ig u r e  would o f  cou rse  be the one 

req u ired  in  a p iano -  concave r e s o n a to r . The th ir d  curve 

r e p r e se n ts  th e ca se  when th e fo c u s  i s  one h a l f  th e  c r y s ta l  le n g th  

o u ts id e  th e  c r y s t a l .  Here th e curve has an e a r ly  maximum and f a l l s  

o f f  sh a rp ly  as th e  f o c a l  reg io n  withdraws from th e  c r y s t a l .  A lso  

shown on th e  same graph i s  th e  output in  th e 0 .2  mode under th e  

same c o n d it io n s  o f  phase m atching and sp ot s i z e  as th e  corresp on d in g  

curve fo r  th e  0 — 0 mode.

Graph 8 shown th e  v a r ia t io n  o f  output w ith  fo c u s  p o s i t io n  fo r  

s e v e r a l  le n g th s  a t optimum phase match and spot s i z e .  Graph 9 shows 

th e  v a r ia t io n  in  shape o f  th e  ou tput curve w ith  phase match a n g le  as  

th e  fo c u s  moves away from th e  c e n tr e  o f  th e  c r y s t a l .  As exp ected  

from th e  c o n s id e r a t io n  o f  the fa r  f i e l d  l im it  th e  optimum phase  

match p o s i t io n  moves tow ards A k = 0 and th e  shape o f  th e  curve

approaches ^ s i n  ( ^ k  l / 2  ) / ( A k  l /  z ) j  as th e  fo c u s  moves away 

from th e  c e n tr e . A g r e a te r  range o f  A k  i s  shovm in  graph 5 fo r  

th e  ca se  when th e  fo c u s  i s  a t th e  fa c e  o f  th e  c r y s t a l .  I t  can be 

seen  th a t  th e  minima have moved up from zero and th e  curve has tak en
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on much o f  th e  form o f  th e  s teep  fo c u s s in g  l i m i t .  These e f f e c t s  

can he shown hy expanding th e  in teg ra n d  in  powers o f  6  to  he 

due to  th e  in c r e a s in g  e f f e c t  o f  th e  a n iso tr o p y  as th e  fo c u s  moves 

from th e  c e n tr e ,

0 — 2 Mode

The output in  th e  0 - 2  mode i s  g iv e n  from eq u a tio n  4*5 hy

^ 0 2
4 - 2 8  =02 =

02

exp ( i  A k  z)  -  1 + 1  e^W  ̂6 f ,  ) dz

^ (1 -  i  ) ( e V  + 1 + i  e V  6  ^  ) %

T his mode o f  th e  h ig h er  modes w i l l  have th e g r e a te s t  output when 

th e  v a r io u s  param eters are s e t  f o r  o p t im isa t io n  o f  th e  output in  th e

0 - 0  mode.

Graphs 11 and 12 show th e  ou tput v a r ia t io n  o f  t h i s  mode w ith

phase m atching fo r  /  = 5 .6 $  th e  optimum v a lu e  fo r  th e  0 - 0  mode,zo

With th e  fo c u s  a t th e  ce n tr e  the output e x h ib it s  a double peak.

T h is i s  p r e se n t  a t a l l  c r y s t a l  le n g th s ,  th e  r e l a t iv e  h e ig h ts  o f  th e  ' 

two peaks changing w ith  le n g th . As th e  fo c u s  moves away from th e  

c e n tr e  (graph 12) th e  second peak d e c r e a se s  in  h e ig h t  and th e  

curve ta k e s  on th e  form o f  th o se  fo r  th e  0 - 0  mode. The 

p o s i t io n s  o f  th e  tw in  peaks change l i t t l e  w ith  in c r e a s in g  le n g th  

( fo c u s s in g )  g iv in g  r i s e  to  th e  dip in  th e  curve f o r  th e  0 - 2  mode, 

fo c u s  a t th e c e n tr e ,  on graph 10 . T h is occu rs as th e  p o s i t io n  o f  

optimum phase m atching f o r  th e  0 - 0  mode moves through th e r e g io n  

betw een th e  tw in  peaks o f  th e  0 — z mode o u tp u t.

A lthough th e  ou tput v a r ia t io n  w ith  r e l a t iv e  sp o t s i z e  ¥  f o r  

th e  0 - 0  mode has th e  form o f  graph 1 fo r  th é  optimum le n g th
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th e  curve fo r  th e  ou tp ut in  th e  0 - 2  mode has changed and become 

v e r y  a ssy m e tr ic  about the c e n tr a l p o s i t io n  (d o tte d  curve as graph 1 ) .

The r e l a t iv e  o u tp u ts fo r  th e  two modes are when th e  0 - 0  

mode i s  o p tim ised .

00

'02

00

100 fo r  th e  fo c u s  a t th e  c e n tr e , and 

50 fo r  th e  fo c u s  a t  th e  e n t r y /e x i t  f a c e .
02

A bsorption

The p resen ce  o f  a b so rp tio n  can be taken  in to  th e  fo r e g o in g  

th e o r y  w ith ou t d i f f i c u l t y .  I t  o f  cou rse  m o d ifie s  th e  th eo ry  

red u c in g  th e output a m p litu d es, but g iv e s  no new e f f e c t s  excep t  

th a t  an optimum c r y s t a l  le n g th  can now be d e f in e d  which w i l l  

depend on th e amount o f  a b so rp tio n  p r e se n t  a t each freq u en cy .

4 .6  C a lc u la t io n  o f  th e  Output from th e  Resonant C av ity

To c a lc u la te  th e  output o f  th e  reson an t c a v i ty  on a g iv e n  mode 

we r e f e r  to  diagram 4*1 where Cq i s  d e fin e d  as th e  am plitude o f  

th e  r e le v a n t  mode ju s t  in s id e  th e  c r y s t a l  e x i t  fa c e  and r  exp ( i  ^  ) 

i s  th e  power l o s s  param eter o f  th e  c a v i ty  in c lu d in g  d i f f r a c t io n  

l o s s e s ,  r e f l e c t io n  l o s s e s  and th e  l o s s  due to  th e  o u tp u t. In  th e  

ab sen ce o f  any second harmonic g e n e r a tio n  a f t e r  a s in g le  round t r ip  

th e  am plitude o f  th e  mode would be C = C  ̂ r  exp ( i  ^ ) s in c e

th e  second harmonic power i s  o n ly  gen era ted  as th e  wave t r a v e ls  from  

l e f t  to  r ig h t  th e  am plitude in  th e  c a v i ty  i s  g iv e n  by th e  s e l f  

c o n s is te n c y  eq u a tio n .
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4 . 2 9  C = r  exp ( i  0 )  -t*

Where i s  th e  S.H. gen erated  in  a s in g le  p a s s ,  th e q u a n tity  we 

have been c o n s id e r in g . T herefore from 4 » 29,

C.
4 . 3 0  C,

(1 -  r  exp ( i  0 ) )  

and in  term s o f  th e  power p r esen t

4.31  p
(1 -  2 r  cos ^  + r  )

T h erefore th e  power tr a n sm itte d  from th e  c a v i ty  i s  g iv e n  hy

t  P.

4 . 3 2  P = ------------
1

(1 -  2 r  c o s p - t  r  ) 

where t  i s  th e  tr a n sm iss io n  c o e f f i c i e n t  o f  th e  e x i t  m irror, 

a t resonance

4 . 3 3  P =
tP

(1 -  r ) '
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As p o in ted  out "by A shkin, Boyd and B z ie d z ic ,  23 , t h i s  can he 

much g r e a te r  than th e  power o b ta in ed  in  a s in g le  p a ss  e . g .  th e  

c a se  r  = 0 .9 9 ,  t  = 0 . 01 ,  P = 10^P

T his o p t im is a t io n  p r o c e ss  w i l l  a ls o  d is c r im in a te  a g a in s t  th e  

h ig h er  modes s in c e  from eq u ation  2 . 3 3  when th e  0 - 0  mode 

i s  r e so n a t in g  0 = 0  th e  h ig h er  modes w i l l  not he re so n a n t.

For example fo r  a c o n fo c a l c a v ity  u s in g  th e  data g iv en  p r e v io u s ly  

th e  r a t io  o f  th e  power output from th e  c a v i ty  in  th e  0 - 2  mode 

to  th a t  in  th e  0 - 0  mode i s  ap p roxim ately

4 ^02 
0 .25  Z 10"^ -------

^00

where P^^ a,nd P^^ are th e  power gen era ted  in  a s in g le  p a ss  o f  

th e  non l in e a r  in  th e  0 - 2  and 0 - 0  mode r e s p e c t iv e ly .  Hence th e  

power output in  th e  0 - 2  mode i s  n e g l ig ib le .

In g en era l th e  fundam ental la s e r  beam w i l l  c o n s is t  o f  a number 

o f  lo n g itu d in a l  modes o f  th e  la s e r  r e so n a to r  and hence th e fundam ental 

e l e c t r i c  f i e l d  w i l l  be o f  th e  form

4 .3 4  E ( o )  = J  ^  ) + E* " £ (  <o+ o ^ ) )

where from eq u ation  2 .3 3  i s  g iv e n  by

^ n  " f  f  tan"^ ((^ ))

To a good approxim ation  th e  sp ot s i z e s  o f  each o f  th e se  modes w i l l  

be equal and so th e  g en era l form o f  each mode w i l l  be th e  same 

and so in  c o n s id e r in g  th e  freq u en cy  term o f  th e  modes we need not  

c o n s id e r  th e  mode shape.
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U sin g  eq u ation  1 . 18  the second order p o la r iz a t io n  w i l l  he s e t  

up a t fr e q u e n c ie s .

4«35 60 = 60 + 6j , where 60 . 60 are g iv en  hy eq u ationq m n' m ' n  ^

4» 34* The reso n a n ces o f  th e  second harmonic r e so n a to r  occur a t

fr e q u e n c ie s .

4 . 3 8  60^ = ~  (qTT ta n   ̂ ) )  where d, i s  th e

o p t ic a l  le n g th  o f  th e  re so n a to r  c a v i ty  and i s  c a lc u la te d  from  

eq u a tio n  2 .3 2  u s in g  th e  o p t ic a l  le n g th  d^. P u tt in g  to g e th e r  4*34 , 

35 , 36 resonance o ccu rs when

4 . 3 7  d^((m + n)  TT + 2  ta'n ( l ^ ) )  = d ( q T T - i ^  tan^ )

From t h i s  eq u ation  knowing th e  la s e r  c a v i ty  param eters s u ita b le  

param eters fo r  th e  second harmonic c a v i ty  can be c a lc u la te d .



l u

Cliapter 5

Paraïiiet r i  c Arnplii i  c a t  i  on

5 .1  The second problem to  which th e  foririalisin developed in  th e  p re v io u s  

c h a p te r s  has been a p p l ie d  i s  t h a t  o f  p a ra m e tr ic  a m p l i f i c a t io n  and o s c i l l a t i o n  

from a t r a v e l l i n g  wave pump o p t i c a l  f i e l d .  Under th e  approx im ation  t h a t  

th e  pump f i e l d  i s  much l a r g e r  th a n  e i t h e r  th e  s ig n a l  o r  i d l e r  f i e l d s  and 

th e r e f o r e  may be reg a rd ed  as c o n s ta n t  tlie  problem s p l i t s  in to  tv/o p a r t s  as  

w ith  second harmonic g e n e ra t io n .  F i r s t  th e  c a l c u l a t i o n  o f  th e  s in g le  

p ass  a m p l i f i c a t i o n  and second ly  th e  r e s o n a to r  c a l c u l a t i o n  which g iv e s  th e  

th r e s h o ld  o f  a g iven  r e s o n a to r  and i t s  ou tpu t  f o r  a g iven  pump f i e l d  above 

th r e s h o ld .  Guided by th e  exp er ien ce  o f  th e  l a s t  ch a p te r  only  th e  i n t e r a c t i o n  

between th e  low est o rd e r ,  0-0 modes o f  each f i e l d  has been examined, 

c o n t r ib u t io n s  from h ig h e r  modes have been n e g le c te d .  Under th e s e  

app rox im ations  an a n a l y t i c a l  s o lu t i o n  to  th e  coupled mode eq u a t io n s  i s  

g iven  f o r  th e  weak fo c u s s in g  -  n e a r  f i e l d  l i m i t  and p r e l im in a ry  r e s u l t s  

o f  num erical com putations a re  g iven  fo r  th e  g e n e ra l  s o lu t i o n .

We c o n s id e r  a non l i n e a r  d i e l e c t r i c  enc lo sed  i n  a r e s o n a to r ,  o r i e n t a t e d  

a s  b e fo re .  Impinging on th e  d i e l e c t r i c  w i l l  be o p t i c a l  f i e l d s  a t  f r e q u e n c ie s  

^ 2 ’ ^1 which w i l l  be r e f e r r e d  to  a s  th e  pump, i d l e r ,  and s ig n a l

f i e l d s  r e s p e c t i v e l y .  To ach iev e  phase m atching in  L ith ium  I l io b a te  we 

c o n s id e r  th e  pump f i e l d  to  be p ro p a g a t in g  as  an e x t ra o rd in a ry  wave and the  

s ig n a l  and i d l e r  f i e l d s  as ordinary waves. The coupled mode eq u a t io n s  

govern ing  th e  am p litudes  o f  th e  s ig n a l  and i d l e r  beams a r e  from e q u a t io n s

3.51
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'^ 1
5.1  —  = C A ,  3

^1 ^ 2
where C , C a re  th e  coup ling  c o e f f i c i e n t s  and B i s  th e  pump mode

am plitude .  The C ^  a re  g iv e n  by eq u a t io n  p . 61 o r  i t s  t h r e e  d im ensional 

g e n e r a l i  s a t i  on

5 .2  We air F ocussing  -  h e a r  F ie ld  Limit

Under th e  same app rox im ations  as  have been used in  s e c t i o n  2u.2(a) 

e q u a t io n s  5»’l can be w r i t t e n

dAi ^
5 .2  (a) = -ioi^ A exp ( iy z )dz -  1 2

(t)) ^1 (iy z )

,  d.rTT* 2^ff iï B 
v/nere ( c ) « i  g = ------- ^ 5 ~ £ ---------- g -------g------- 'r  ;  ' o-- g— g i

’ ^1^2 ”o3 (''1 + P  + f  («' P  + e q  + b "

and (d) y  = Ak + ( e h l )  f ï /^  ----+ ' 'd  ( 4 ------------------------------- (%— + — '
I-  ̂ ^o3 “o2 ^o5 m  %1 ^o2

H ,  W ,
and W, = f f  , »2  = ^

ol o1

A ll  o th e r  v a r i a b l e s  a re  as  d e f in e d  p re v io u s ly .

From 5 .2 (c )  th e  v a r i a t i o n  of th e  i n t e r a c t i o n  w ith  th e  v a r io u s  spot



s i z e s  i s  g iv e n  by th e  fu n c t io n

5 .3  F (W) =

When e = 1 th e  maximum as  a fu n c t io n  o f  V/ _ occurs  wheno 1

1 1 1
—p - = —p“  + -XT- and i t  can be sliovm by th e  method o f

'^03 '' ô2 ^o1

Lagranges undeterm ined  m u l t i p l i e r s  t h a t  th e  a b s o lu te  maximum w i l l  occur 

when S ince th e  W synimetry i s  r e t a in e d  when e/1 th e

maximum v a lu e  would s t i l l  be expected  a t  . Then ? (w) reduces  to

th e  fu n c t io n  s tu d ie d  in  s e c t i o n  If.2 ( a ) ,

One method o f  s o lu t i o n  o f  eq u a t io n s  5*2 i s  to  s e p a ra te  th e  r e a l  and 

im aginary  p a r t s  and so lve  th e  r e s u l t i n g  eq u a t io n s  5 8 , 1 6 ,

Thus p u t t i n g

A f  i  ©1 * ,e * , £x̂  = e / e t c .

and ^  -  (e^ + ^ )  + f  + yz

(ilote ^  = ^ 2

from eq u a t io n  5 *2(c) ) 

v/e liave
d i

5 . 5  (a) Ag cos ^
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A
clAg

h )  —  “ °2 i

(c )  i l  .  y -

4  4

These e q u a t io n s  g iv e  im m ediately  in fo rm a tio n  about th e  maximn.im p o s s ib le

a m p l i f i c a t io n .  From 5»5(c) we see t h a t  a s  long  as  y = 0 a l l  th e

d e r iv a t i v e s  o f  ^  a r e  i d e n t i c a l l y  zero  when ^  -  0 and hence ^  = 0 i s  a 

s o lu t io n  o f  5 . 5 ( c ) .  T h is  reduces  th e  problem to  so lv in g  th e  two simple 

coupled e q u a t io n s .

Ta. /.

5-"̂  —  = 4 4

4 ,  ,  ,

dT = 4 4

which w i l l  g iv e  th e  optimum a m p l i f i c a t io n .

The second p o in t  which can be deduced from 5 .5 (c )  i s  t h a t  i f  a t  th e  

c r y s t a l  e n t ry  fa c e  th e  i d l e r  mode am plitude  i s  zero  ( i . e .  n o n -reso n an t

i d l e r )  th e n  th e  i n i t i a l  v a lu e  o f  ^  i s  f ix e d  a t  t h e  optimum v a lu e  ^  = 0.

T h i rd ly  i t  can be seen  from e q u a t io n  5 .5 (a )  t h a t  th e  s ig n a l  i s  

a m p l i f ie d  when 2^  and absorbed o th e rw is e .  T h is  has a simple

i n t e r p r e t a t i o n  in  terras o f  th e  phases  o f  th e  t h r e e  i n t e r a c t i n g  waves. From

e q u a t io n  5 .4 ,  in  th e  p la n e  wave l i m i t  y = Ak. , we have

^ +k_z) -  (©^4-k^z) -  { O  ^ + k ^ z )

-7 T
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where a re  th e  ohases o f  th e  t h r e e  i n t e r a c t i n g  waves a t  any

■noint in  th e  c r y s t a l .

A m p li f ic a t io n

Thus i f  Ÿ  ̂ ^ ^ç, then  hoth  s igna l and i d l e r  a re  am plified

i f  ^  le a d s  ^  th e n  b o th  s ig n a l  and i d l e r  a re  absorbed . The

p o s s i b i l i t y  o f  s ig n a l  and i d l e r  behaving  d i f f e r e n t l y  i s  r u le d  ou t s in ce  

th e  phase o f  i s  equal to  t h a t  o f  oĈ  . In  th e  non p la n e  wave case y 

can s t i l l  be s p l i t  in to  th r e e  p a r t s ,  one a s s o c ia t e d  w ith  each frequency . 

Then may be i n t e r p r e t e d  as  an average  v a lu e  o f  th e  phases  o f

th e  c o n s t i t u e n t  p lan e  waves o f  th e  r e s o n a to r  mode a t  each frequency .

To o b ta in  th e  g en e ra l  s o lu t io n  i t  i s  s im p le r  to  proceed w ith  th e  

complex e q u a t io n s ,  l l u l t i p ly in g  e q u a t io n  5*2(a)  by exp ( - i y s )  and 

d i f f e r e n t i a t i n g  we can th e n  s u b s t i tu te  from eq u a t io n  5*2(b) and o b ta in  th e

equa t ion

d h  cu. ^
5 .7  — A  -  l y  A ,  = 0

dz

f o r  and by a s im i l a r  p rocedu re  a s im i l a r  e q u a t io n  f o r  A^. The s o lu t io n  

t o  t h i s  e q u a t io n  depends on th e  f a m i l i a r  (16, $8, 20) g a in  f a c t o r

5 .8



J in

The s o lu t i o n  f o r  A. in c re a s e s  e x p o n e n t ia l ly  w ith in c r e a s in g  d is ta n c e

from th e  e n t ry  face  when ^ > 0  hu t o s c i l l a t e s  s in u s o id a l ly  when 0.

In  teruis o f  th e  power p r e s e n t  in  each mode which i s  d i r e c t l y  p ro p o r t io n a l  

to  /A ^ /^  , /Ap/^ , th e  s o lu t i o n  to  eq u a t io n  5*7 can he w r i t t e n

5 . 9  (a) f o r  p>0.

p g z )  = F pg -  !’=< Pg cos + | ) )  â l i É L ^ - h h i )

.  s in  + p  I a l n y z & h c f h )

(b) f o r  p< 0 .

p g a )  = p̂  + («2 p̂  + Pj -  i K ^ i y y p ^ o s  + 1)

+ s i n  + 2 )  I « y h - I

Yfnere = <x̂  cx^* ; a re  th e  v a lu e s  o f  P ^ ( z ) ,  P . f z )  th e

power p r e s e n t  in  th e  s ig n a l  and i d l e r  modes r e s p e c t iv e l y  and i s  th e

va lue  o f  ^  a t  th e  c r y s t a l  e n t ry  face  z = ^  ,

I t  can be v e r i f i e d  t h a t  th e  optimum v a lu e  o f  t h i s  f u n c t io n  w ith  

r e s p e c t  to  y and ^  occurs  a t  th e  expec ted  v a lu e s  ^  = 0 y = 0 . I t

can be seen t h a t  f o r  a g e n e ra l  v a lue  o f  th e  power o u tpu t  fu n c t io n  i s  no t
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s y rx ie t r ic  w ith r e s p e c t  to  th e  phase m atching p a ram eter  7 . T h is  w i l l  only

he im portan t  in  the d eg en e ra te  case when th e  s ig n a l  and i d l e r  f i e l d s  a re

one, = A . S ince ,  i n  th e  non -degenera te  case ,  th e  i d l e r  i s  generated

as  a s id e  e f f e c t  and i f  i t  i s  n o n -re so n a n t ,  o r  i f  i t  i s  r e so n a n t  in  an

op tim ised  c a v i ty  th e n  ^  = 0 and the  f u n c t io n  i s  symmetric. But in  th e

deg en e ra te  case  ^  i s  f ix e d  hy e x te rn a l  p a ram ete rs  and need no t he ze ro .

Hence i n  d eg en e ra te  p a ra m e tr ic  a m p l i f i c a t io n  i t  i s  l i k e l y  to  he d i f f i c u l t

to  ob ta in  the  optimum output experim entally . For th e  important case

(P = 0  v/e have 
- ' o

5 . 1 0  (a) 0

|<v liTV . ( 2  1 ^2  a

g )  0

p g z )  = p. + ( «  p. + Pp) ,( g (g  ■» ))

+ s in  [ 2  p ( z - q )
'i 2 (3

For th e  case P_ = 0, no n -reso n an t i d l e r ,  t h e r e  i s  g a in  f o r  a l l  

v a lu e s  of z and y.



In  th e  o th e r  extreme P.  ̂ = P ^ , de^ 'onerate, v;e have from e q u a t io n

.11 P^(%) = ^1 + si%2 ( 2  s in  (2 ^ ( z - *  ) ) )

and th e re  i s  &ain as l o n j  as

S.12 2  >  -  ta n  ( * ) )
c<

P u t t i n g  z -  a = 1 , u = (?1

^ . 1 3  u / x l  > -  t a n  u

t h i s  condit ion  becomes



I t o

In th e  diagram th e  curves  v = t a n  u and v = a re  ske tched  and

th e  re g io n s  o f  a b s o rp t io n  a re  shonn d o t te d ,

when th e  i n i t i a l  v a lu e  o f  th e  i d l e r  ro v e r  l i e s  between th e s e  extrem es 

th e  b ehav iou r  o f  th e  ou tpu t  v a lu e  o f  th e  s ig n a l  would be expected  to  l i e  

between th e se  extrem es.

5*2 General Case

The s in g le  pass  a m p l i f i c a t io n  i s  governed by e q u a t io n s  in  th e  

g e n e ra l  case 

where 5*^4

2 ,2 d^^ Wg exp ( iA  kz)
C =  2-----

G k. e^W 7
1 O J

x(W^^ (1+i £’-)  ( 1 - i  (1+i f ^ )  ( 1 - i  + ( 1 - i  ) ( l - i  Tg))

x (e^  ( 1 - i  f g )  + (1+i f j )  ( 1 - i  f g  + ( 1 - i  f g  ( 1 - i

hi n  th e  t h r e e  d im ensional case .  A s im i l a r  e q u a t io n  d e f in e s  C . A computer
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program has been developed to  so lve  th e se  eq u a t io n s  n u m e ric a l ly  u s in g  

I ' i l n e s  p r e d i c t o r - c o r r e c t o r  method o f  i n t e g r a t i o n , "  . The program i s  

d e sc r ib e d  in  Appendix I I I .

Graphs 1p -  1? a re  p r e l im in a ry  r e s u l t s  o b ta ined  from t h i s  program. 

Graphs 1pj ''4; 5 show th e  t y p i c a l  v a r i a t i o n  in  a m p l i f i c a t i o n  o f  th e

s ig n a l  beam

(d e f in e d  a s : -
— A

a m p l i f i c a t io n  = ------:—
AC

w ith  th e  phase matching p a ram eter  -g f o r  n on -degene ra te  case when th e

i n i t i a l  i d l e r  am plitude  i s  a e ro .  As has been p o in te d  out t h i s  w i l l  

correspond to  th e  s i t u a t i o n  when th e  i d l e r  i s  non re s o n a n t .  The pump beam 

i s  focussed  a t  th e  c e n t r e  o f  a 1 cm c r y s t a l .  Graph 13 shows th e  b ehav iou r  

i n  a r e l a t i v e l y  weakly fo cu ssed  case ——  = 0 , 5  and has j u s t  th e  anuearance

expected  in  t h i s  l i m i t .  As th e  fo cu ss in g  in c r e a s e s  th e  main peak moves 

away from ^ k  = 0 and th o se  peaks on th e  s id e  A k  ^  Ak (optimum) in c re a s e  

in  h e ig h t .  T h is  behav iou r  i s  somewhat d i f f e r e n t  th a n  t h a t  which occurs  f o r  

second harmonic g e n e ra t io n .

Graph 17 shows th e  v a r i a t i o n  o f  th e  g a in  w ith  fo c u s s in g  when th e  

phase m atching i s  op tim ised  b o th  f o r  deg en e ra te  p a ra m e tr ic  a m p l i f i c a t i o n  

(w ith  op tim ised  i n i t i a l  phase) and f o r  n o n -re so n an t i d l e r .  ITote t h a t  th e  

s c a le s  d i f f e r  f o r  th e  two curves so t h a t  th e  degene ra te  a m p l i f i c a t i o n  i s  

over t e n  t im es  g r e a t e r  than  th e  o th e r .  The maxima in  b o th  cases  a r r e a r s  to
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be aboiil tiio s t r o n g ly  focussed  reg io n  i s  n o t  y e t  w ell

(ieîineci.

Graph 1o r e p r e s e n t s  th e  v a r i a t i o n  o f  th e  a-ain in  each o f  th e s e  cases ,

]ontiu iised  w ith  r o s r e c t  t o  chase mat china' - and a t  th e  fo c u s s in g
up

w ith  ti.ie e f f e c t i v e  n o n - l i n e a r  c o e f f i c i e n t .  The e f f e c t i v e  n o n - l i n e a r  

c o e f f i c i e n t  i s  d e f in ed  as

. 1 3  d = 647T' à15
20P

where P i s  th e  power p r e s e n t  in  th e  pump beam in  w a t t s .  T h is  ^raph can 

he used to  c a l c u l a t e  th e  th r e s h o ld  o f  a g iven  c a v i ty  knowing i t s  l o s s e s  a s  

i s  shown in  th e  n ex t s e c t io n .  Note t h a t  f o r  t h i s  graph a l s o  th e  s c a le s  

f o r  th e  g a in  in  th e  two ca se s  d i f f e r  hy a f a c t o r  o f  t e n .  

f .3  Calcu1a t io n  o f  T hresho ld  and R esonator  Output

C onsider th e  schem atic  diagram o f  th e  s ig n a l  r e s o n a to r  f ig u r e  5«2

i s  th e  s ig n a l  mode am plitude  e n te r in g  th e  r e s o n a to r ,  A th e  am plitude 

o f  t h i s  mode j u s t  i n s id e  th e  c r y s t a l  e n t ry  f a c e .  C i s  th e  g a in  c o e f f i c i e n t
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which has been examined in  th e  p rev io u s  s e c t i o n  and t  th e  t r a n s m is s io n  

lo s s  of th e  o u tp u t  m i r ro r .  In  th e  r e a l  case t h e r e  w i l l  he some lo s s  o f  

th e  in p u t  beam as  i t  e n t e r s  th e  c a v i ty  b u t  t h i s  has  been n e g le c te d .  S ince  

th e r e  i s  g a in  only  i n  one d i r e c t i o n  we have

5.16 A_. + A r c

r ls o  A_j_ = c t  A

th e r e f o r e

5.17
c t  A 

1 -  r c

The c o n d i t io n  f o r  g a in  i s  g iven  by

A,

A.
1

P u t t i n g  r c  = r  c e^^ where cj) i s  th e  change o f  phase o f  th e  am plitude  

i n  a round t r i p  and s u b s t i t u t i n g  from eq u a t io n  5«1? th e  g a in  c o n d i t io n  

becomes

5 . 1 8  /cl ( | r |  -  Itl ) -  2 /r l  ici cos<^+ 1

g iv in g  th e  g a in  c o n d i t io n

c- .Q I  , It I cos(f>- V I t l  ^ -  Irl ^ Sin^cf)
p. I y /c/ > p p

fr| -  Id
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which in  th e  case o f  re so n an ce ,  = C, reduces  to

A:I :> ___ 1
1 r  1 + 1 t  1

For g a in  t o  ta k e  p la c e  a t  a l l ,  th e  c a v i ty  must he tuned so t h a t  th e  square  

ro o t  in  e q u a t io n  5*19  rem ains r e a l

2
1 . e. s in  <p <

r

For r  = 0 .9  i . e .  10,: l o s s  in  th e  r e s o n a to r  and th e  o u tp u t m ir ro r

having a t r a n s m is s io n  c o e f f i c i e n t  o f  t  = 0 . 0 5  i . e ,  5h t r a n s m is s io n ,  we have

a t  resonance  from e q u a t io n  5*20 t h a t  Id  1 .05, Under th e  c o n d i t io n s  o f

graph  16 t h i s  occurs  v/hen th e  e f f e c t i v e  n o n - l i n e a r  c o e f f i c i e n t  d i s

g r e a t e r  th a n  A.6 x 10 f o r  degene ra te  p a ra m e tr ic  a m p l i f i c a t io n  and 
-3

6 .6  X 10 f o r  n on -degene ra te  a m p l i f i c a t io n  w ith  a no n -reso n an t i d l e r .

Taking th e  approxim ate v a lu e s  f o r  d^j_, 3 % 10 ^ e . s .u .  and f o r

c, 3 % 10^^ cras/sec, and s u b s t i t u t i n g  in t o  e q u a t io n  5*15  i t  can be seen 

t h a t  th r e s h o ld  occurs  f o r  t h i s  c a v i ty  a t  P = 10 m i l l i w a t t s  f o r  th e  

d eg en e ra te  case  and ? = 1 w att  i n  th e  n on -degene ra te  case .  T h is  power of 

course must be in  a s in g le  l o n g t i t u d i n a l  pump mode. T h is  method o f  

e s t im a t in g  th e  th r e s h o ld  o f  a g iven  c a v i ty  should  g ive  b e t t e r  r e s u l t s  th an  

p re v io u s  methods 1 5 > 25 s in c e  th e r e  a re  few er d o u b tfu l  assum ptions  made.
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E v a lu a t io n  o f  th e  In te^-ra l I  = \ exp ( - s^ )  clz

h here  th e  contour G i s  o. s t r a i g h t  l i n e  i n  th e  complex z p la n e  g iven  

hy z = hx + 0 , where h , c a re  complex, c o n s ta n ts ,  x a r e a l  v a r i a b l e

As X ru n s  from -  oo to  + , z ru n s  on th e  l i n e  CL

P u t t i n g  z = u + i v

b = + ibg

c = + ic^

th e  eq u a t io n  f o r  th e  l i n e  z = bx + c i s

b
A1.1 V = ( ) u  -  c^bg/b^ + Cg

Consider r /■ 2exp (-Z ) dz where

G i s  th e  con tour g iven  i n  th e  diagram A1.1

("'S'
4 2  7

By Cauchy’ s theorum I  = 0. a s  th e  i n t e g r a l  has no u o le s  in s id e  th e
1̂

con tou r.
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T h ere fo re  we have

A2.2 I f  2 f  ^/ exp ( - U  ) du -  /  exp (-zA) dz + /  exp (-z^ )  dz = 0

rlow

' ^A3/ I = /  y exp (-z^ )  dz I
J  A

= j  exp (-E^ cos 2 0  -  iR~ s in  2 ) iE e ^ ^  <1& j

2
^ R / exp (-R cos 2 0 )  d©

R I  exp (-R- cos 2 0 )  d e  i|C /(x/ < -Ç

s u b s t i t u t i n g  @ = ^/l+ -  ^ /2

re
/ ^  exp (-R^ s i n ^ )  d ^

by Jo rdans  I n e q u a l i ty

and a s  R oO / 1 /  -> 0.
A d

T h ere fo re

A1.3 / I  I exp (-z^ )  dz =

O &

T his  r e s u l t  can be extended  to  a l i n e  no t p a s s in g  th rough  th e  o r ig i n



"by means o f  th e  con tou r  C,

■X.

?
Ayain hy Cauch^r' s theorum

2/  = /  y  exp ( - A  + _ 2ixy) id v  /

ezp (-%2) /  e%p (y^) dy
&C.

exp -  ( l - t a n ^  x) /  exp (2Xtan u + u^) du

and the re : "ore as  X i f  A

S im i la r ly

«C?

from A1.1

exp ( -z^ )  dz = f exp (~z^) dz
i a  X ^ ^

f o r  foi}<^XL
4

^  = t a n   ̂ (h /h ^ )  = a rg (h )  , T h e re fo re  th e  c o n d i t io n

ira n l ie s  t h a t



day

arg(h ‘̂ ) ^  ^

2
i e  t h a t  th e  r e a l  p a r t  o f  h i s  g r e a t e r  th a n  zero  ^ h ic h  i s  t r u e  f o r  a l l

th e  i n t e g r a l s  which have heen co n s id e re d .
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ju iiiorical I n t e g r a t i o n  o f  th e  Couoling C o e f f ic ie n t :

The i n t e g r a l s  on which th e  second har . ion lc  ou tpu t i n  each mode o f  

th e  r e s o n a to r  depend a re  a l l  o f  th e  same form, in c re a s in g  in  com plexity  

w ith  in c r e a s in g  mode nurfoer. Thus th e  fo l lo w in g  method can he used  to  

e v a lu a te  any p a r t i c u l a r  one. The I n t e g r a t i o n  w.as c a r r i e d  out on th e  

London U n iv e r s i t y  A t la s  Computer, th e  program b e in g  w r i t t e n  i s  F o r t r a n  V. 

Use was made o f  th e  F o r t r a n  s ta tem en t  fu n c t io n  p rocedure  in  o rd e r  to  

f a c i l i t a t e  change o f  th e  in te g ra n d .

The program e v a lu a te s  th e  r e a l  and im aginary  p a r t s  o f  th e  i n t e g r a l  

usiiig  Simpson’ s Rule and p r i n t s  the nodulus and argument. I t  i s  an 

e x te n s io n  o f  one g iven  by Pennington" the b a s i c  Simpson’ s Rule i n t e g r a t i o n  

p rocedure  o f  which has an e r r o r  c o n t ro l .  The i n t e g r a l  i s  c a l c u la te d  

u s in g  s u c c e s s iv e ly  d e c re a s in g  s te p  le n g th s  u n t i l  two s u c c e s s iv e  ca lcu la tio n s  

d i f f e r  by l e s s  th a n  a r e q u i r e d  amoujit. T h is  p rocedure  only  g iv e s  good 

r e s u l t s  i f  th e  in te g ra n d  v a r i e s  c o n s i s t e n t ly  over th e  range  o f  i n t e g r a t i o n  

because  o f  th e  approx im ation  in t ro d u c e d  by Simpson’ s R ule , The coup ling  

c o e f f i c i e n t s  s a t i s f y  t h i s  c o n d i t io n .

The in p u t  d a ta  f o r  th e  program was a rran g ed  in  th r e e  n e s te d  loops .

For each v a lu e  o f  th e  p a ram ete rs  V/, spo t s i z e ,  a and b , c r y s t a l  and 

p o s i t i o n s ,  th e  i n t e g r a l  was ca lcu la ted  over a s p e c if ie d  range  o f  y  th e  

phase mismatch from y^ to  y_ i n  s te p s  A y .  Having completed t h i s  new 

v a lu e s  o f  a and b were ta k en  and th e  p rocedu re  r e p e a te d .  T h is  can be 

seen from th e  flow diagram f o r  th e  program f ig u r e  A2.1. The spo t s iz e
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param ete r  \7 was p la ced  in  th e  outerm ost loop s in c e  t h i s  v a r i e s  s low ly  nea: 

th e  maximum. The speed o f  th e  program v a r ie d  w ith  th e  le n g th  o f  th e  

i n t e r v a l  a ,  h as  would he expected  h u t in  g en e ra l  i t  c a l c u l a t e d  fo u r  to  

e ig h t  i n t e g r a l s  p e r  second to  a s p e c i f i e d  accuracy  o f  four decimal p la c e s .  

T h is  accu racy  was adequa te  except fo r  d e te rm in ing  th e  maximum v a lu e s  o f  

tjie  focus  curve and spot s i z e  curve when s ix  p la c e s  were used.

For tdiO low est o rd e r  mode th e  i n t e g r a l  from equation of  th e  form

A2.1 j
exp (ig~x) d:

(1 - ix )  (c+idx)'
a

th e  r e a l  and im aginary  p a r t s  b e in g

A2.2 ,

I r  = P.j (x) dx 1 1 =  I F  ̂ (x) dx

wnere

p _ s in  IC u fd A C c^+ d ^x ^ )  ,Vx c o s ^ ( o - d + ( c ^ + d ^ x ^ )  )

2% (1+x^) (c^+d^x^)" (o+(cufd^x2)"

The g e n e ra l  p rocedure  i s  u n a f fe c te d  by th e  in c lu s io n  o f  a b s o rp t io n  s in c e  

E quation  A2.1 j u s t  becomes

( l - i x )  (c+ i dx) '



A 2.4  Flow Diagram fo r  S.H. In te g ra t io n  Program
FA— -  _.................—  ■ - -TT—----------4-ino

Input V<100 yes.

no
stop

Input Y,jY2,AY

Y = Y,,-AY
 TT------

Y <;ioo

g r r

0
.J. = 0 
Y = Y,, + AY

@Tr=j+i 
= 1

l2=f2(&+^^%)

Input

v r

no a< 100

yes

I  =A x(l,j+4l2)/3

I_=0

T, = 1 ^ + 1 ,
3 2  ̂ 3

^2 = 0

Ax =r A x/2
X =  a  + A x

->@

J=1

J=2

yes
0

V
no

1  a I

IP = A x(I^  + 4Ig + 2I^)/3

f(2 )= I

M = y f ( i^ )  + f(2^)
A = tan“' ' { f (2 ) / f ( l |  

Print M, A, y

-no<y J A 2 l-yes.

r; 'y yes •

f ( ' ) 4 1 (

0

q i  -  IP I<0.000!) (

,no

i i = i a
4̂

0

no

©



I n t  e g ra t  i  on Pro vram

DILENSIOR P (2)
11 READ 101;U;E

IF (W-ICO) 0 ;Q,q 
8 EP=1-1/(E+E)

33 BEAD 103,Y1,Y2,DY
I F  ( Y I - I O O )  2 9 , 11,11 

29 READ 101,A,B 
PRINT 104,A,B 
IF (A-1C0) 31 , 33,33  

31 Y=Y1-DY
ACL=SQRT (B-A)

28 Y=Y+DY 
1=1

26 J=0
25 J=J+1

FGR1 (X) = ((W#W +1+SqBT((W*W+l)» i«2+(W$W#XMRp)**2))*(C0S(X+Y)-X4^Sm(X 
1Y) )-X#;^W*EP*(X^OS (X*Y)+Sm(X*Y) ) ) / (  (1+X#X)*SCRT ( (W*w/(E*.E)+1 )*(W
2 W+1+SQRT(W %+l) 2+(W W X EP) 2))  ((W W+l) 2+(W M EP X̂  2) 2 )
3)

F0R2 (X) = ((7/*^.7+l4.SC^T((W^74.l)^^2+(V/'fM#EP).'#2))w(C0S(X,^)^X+SIN(X
1Y) )+X4*W^^EP^(C0S(X*Y)-X#8IN(X,*Y) ) ) / (  (l+X*X)*SQRT(
2^W+1+SqBT ( (WVT+1 )x.*2+ (W;kN*̂ X#EP)*f *2) )x.:̂ 24. (YW^BPwX')* ̂ 2)^ 2)
3)

1 DX=(B-A)/2
GO TO (2 1 ,2 2 ) ,J

21 FI1=FGR1(b )+FGR1(a)
FI2=FGR1(A+DX)
GO TO 10

22 FI1=FGR2(B)+FGR2(A),
FI2=FGR2(A+DX)
GO TO 10 

10 FI3=0
FI=DX*(FI1+4*PI2)/3

2 PI3=FI2+PI3 
FI2=0 
TDX=DX 
DX=0.3,fDX 
X=A+BX

3 GO T 0 (1 2 ,1 3 ) ,J
12 FI2=FI2+FGR1(X)

GO TO 16
13 FI2=FI2+FGR2(X)

GO TO 16
16 X=X+IDX

IF(X -B)3 ,3 ,4
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FIP=D X *(PI1+4,*FI2+2.4tfl3)/3 
IF(ABS(FTP-Fl)-0.000001)6 ,6 ,31 

31 IF (D X -.0001)6 ,6 ,3
3 FI=FIP 

00 TO 2
6 F(J)=FIP

I F ( j - 2 ) 2 3 ,7 ,7
7 AÜ0D=SQRT(F(1) F (l)+ F (2)  ? (2 ) )  

A1]0=ATAN(F(2)/F(1)) 
BCI,=A[.IOD/ACE
PRDTT 102,AIIOD,ANG,Y,3CL 
IF(Y-Y2- , 001) 28 , 28,29

102 F0PKAT(2F12,6.F8,3,F12.6)
101 FCEITAT(2F10.3)
104 F0BI^IAT(2F6,3)
103 F0PI'%T(3F10,3)
9 CALL EXIT

END



Appendix 3

The p a ra m e tr ic  coupled d i f f e r e n t i a l  e q u a t io n s  have been in t e g r a t e d  

u s in g  1, ' i ln e s  n r e d i c t o r - c o r r e c t o r  method o f  num erical i n t e g r a t i o n  w ith  a 

v a r i a b l e  s te p  le n g th  f o r  speed and accu racy .  The program i s  a g e n e r a l i s a t i o n  

o f  one g iv en  in  P enn ing ton  37 w r i t t e n  on F o r t r a n  V f o r  th e  London 

U n iv e r s i ty  A t la s  Computer, a s  b e fo re .  The eq u a t io n s  to  be so lv e d  a re  o f  

th e  form

A 3.1

i n
dx

dx

f t
dx

i d
dx

= (^1 (z) -  fg  (%)

= (^1 (z) + ^2 ^4 )

= (^1 (z) yg -  ^2 ^ i)

= (^1 (z) y i + "2 ^2^

where f,  ̂ ( x ) , f  (x) a re  d e f in e d  in  th e  program which fo l lo w s  t h i s

s e c t io n .  S ince  Llilnes method i s  no t s e l f  s t a r t i n g  th e  seven s t a r t i n g  

v a lu e s  r e q u i r e d  a re  c a l c u la te d  by th e  method o f  Runga-Kutta. This  

s u b ro u t in e  i s  a l s o  based  on th e  program g iven  in  P enn ing ton  57*

The f i r s t  s e c t i o n  o f  th e  program c a l c u l a t e s  a l l  th e  in p u t  d a ta .  In  

o rd e r  to  s im p l i fy  th e  in p u t  as  much as  p o s s ib le  th e  v a r i a b l e s  chosen as  

th e  b a s i c  s e t  a re  th o se  which can be v a r ie d  d i r e c t l y  in  an experim en ta l 

s i t u a t i o n .  They c o n s i s t  o f  th e  w avelength  o f  th e  t h r e e  beams, th e  le n g th
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o f  th e  c r y s t a l ,  th e  te m p era tu re  o f  th e  c r y s t a l ,  th e  confoca l pa ram ete rs  o f  

th e  th r e e  beams, and th e  e f f e c t i v e  n o n - l i n e a r  c o e f f i c i e n t s ,  which in c lu d e s  

th e  pump power. S ec t io n  one o f  th e  flow diagram shows th e  way in  which t h i s  

i s  accom plished . E uuation  1.66- I . 6 7  a r e  used to  d e f in e  th e  r e f r a c t i v e  

index  o f  th e  c r y s t a l  w ith  w avelength  and te m p e ra tu re .  By u s in g  th e  im portan t  

secondary  p a ram ete rs  th e  phase  matching p a ram ete r ,  th e  spo t s i s e s ,  and th e  

r e l a t i v e  le n g th  ~—  when e v a lu a t in g  th e  r e s u l t s  o f  the  i n t e g r a t i o n ,  th e  

r e s u l t s  can be rega rded  a s  q u i t e  g en e ra l  a l th o u g h  th e  eq u a t io n s  1.66 1.6? 

r e p r e s e n t  a s p e c i f i c  c r y s t a l .

The r e s u l t s  so f a r  have been r e s t r i c t e d  to  ( I )  ^  = 0 i . e .  d eg en e ra te  

a m p l i f i c a t i o n ,  (2) focus  a t  th e  c e n t r e  o f  th e  c r y s t a l  and (p)

= s = 1  th e  t h r e e  confoca l p a ram eters  e q u a l ,  a l th o u g h  th e  program 

i s  capab le  o f  d e a l in g  w ith  th e s e  v a r i a t i o n s .

The f i r s t  s e c t i o n  o f  th e  fo l lo w in g  program a l so  c a l c u l a t e s  th e  optimum 

phase an g le  o f  th e  i n i t i a l  v a lu e  o f  th e  s ig n a l  am plitude t h i s  b e in g  th e  most 

i n t e r e s t i n g  v a lu e .  By a l t e r i n g  t h i s  s p e c i f i c a t i o n  any v a lu e  can be taken  

in t o  accoun t.

Plow diagrams f o r  th e  f i r s t  two s e c t io n s  o f  th e  program a re  in c lu d ed  

bu t  no t one f o r  th e  main p a r t  s in c e  t h i s  i s  on ly  a minor m o d i f ic a t io n  o f  

th e  diagram g iven  i n  Penn ing ton , 57*
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Section I Innut and Calculation of Physical Parameters

Input A , V

(1 Hr Y'AVtj')
yes

1 - VA 3/Ç )
no

i 0 ^ y e s

end ^2/ z
no

yes

T V  1000 1 ^   _

Input X  ,  X .

Input T,,T ^

Calculation of refractive indices; spot sizes; 
phase match parameter, coefficients V'., V .

function parameters; and initial phase angle

J '
•1 \ ,



i 3 7

Section I I  Calculation of the Starting Values of the Milne
Program using the Method of Runge-Kutta______

for f = 1, 4

X = X + h/2
yP;e =

yf = for^^s 1, 4

0

X = Xn + h/2

Clg = hZg

= yn^+
for C = 1 , 4

c< = 8

--------- ^ --— J

c2  ̂ = hzg

y& ■ = + o2j

1* forf. = 1 ,  4 $

■=<• = 7

X =n X

c4  ̂ = hz^

y p f  = + (c1^ + 2(c2^+ o \  ) + c4g, ) / é
for 8 = 1 , 4

yPk =



P a r a m e t r i c  I n t e g r a t i o n  Programme

M = 4

Dimension 7 ( 7 , 4 ) ,  TP ( 7 , 4 ) ,  Q (3 ,4 ) ,  Q P (3 ,4 ) ,  Y S(4),  C (4),W 1(4),

WP1 ( 4 ) ,  W2

1 ( 4 ) , W 2 ( 4 )

Dimension z ( 4 ) ,  V (4 ) ,  7W(4), C 1(4),  C 2(4),  0 3 ( 4 ) ,  0 4 ( 4 ) ,  T M D  (43) 

Dimension WAV ( 3 ) ,  R0P(2)

PI = 3 .1415926536

PGR1(X) = (((A1+A2*X*X+A3*X**4) + SQRT((a1+A2*X*X+A3*X**4)**2+(A4*x+A5 

1 *X*X*X)**2) )*C0S(BM)+X*(A4+A5*X*X)*SIIT(T[Æ*X) )/SQRT( ( (a1+A2*X*X+A 

23*x**4 )+SQRT( (a1 +A2*X*X+A3*X**4 )**2+ (A4*X+A5*X*X*X)**2 ) )*2* ( (A1+A2 

3*X*X+A3*X**4 )**2+ (A4*X+A5*X*X*X)XX2 ) )

FGR2 (X)= ( ( (a1+A2*X*X+A3*X**4)+SQRT( (A1+A2*X*X+A3*X**4)**2+(A4*X+A5 

1 *X*X*X)^*2) )*SBr(71M)-X*(A4+A5*X*X)*00S(TM*X) )/SQRT( ( (a1+A2*X*X+A 

23*X**4 )+SQRT( (A1+A2*X*X+A3*X*M)**2+(A4*X+A5*X*X*X)**2) )*2*((A1+A2 

3*X*X+A3*X**4)**2+(A4*X+A5*X*X*X)**2) )

YT=0.001  

BRR= 0.00001  

D = 0.001

READ 110,WAV(3),GA 

93 READ 1 1 0 ,XI,X2

IP(X1- 1 0 0 .0 ) 1 9 ,4 4 ,4 4  

19 READ 112, T1,T2,DT 

IP (T 1 -1 000. 0 )4 6 , 9 3 ,93

46 READ 112,Z0P,Z1,Z'2

47 I P (Z 0 P -1 0 0 .0 )9 6 ,1 9 ,1 9
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96 PRIITT 112,Z0P, 21, Z2 

X0=X1/70P 

XERD=X2/Z0P 

PRIWT 110,X0,XMD  

T=T1-DT

94 T=T+DT 

S=0,001*(T + 273 .0)

WAV(1 )=2*¥AY(3 )*PI/(PI+GA*¥AV(3 ) )

WAV(2)=2*WAV(3 ) ”PI/(PI~GA*¥AV(3 ) )

DO 9 5 ,1 = 1 ,3

95 R0P(I)=SQRT(4.9130- 0 . 0278*¥AV(I)*¥AV(I)+( (11 .73+ 1 . 65*S*S)/(100*¥AV  

1 (I )* ¥ A V (I ) - ( 2 .1 2 + 0 .2 7 * 3 * 3 )* * 2 ) ) )

REF=SQRT(4.5567+0 . 2605* 8* 3- 0 . 0224*¥AV(3)*¥AV(3) + ( ( 9 . 7 + 2 . 7 * S * S ) / (1 0 

10*¥AV(3)*¥AV(3)=(2.01 + 0 .5 4 * 3 * 3 )* * 2 ) ) )

¥0P= 0 . 01 *SQRT (¥AV( 3 ) * ZOP /(PI*REP ) )

¥02=¥AV(3 )*R0P(2 )*Z2/(¥AV(2 )*REP )

¥01=¥AV(3)*R0F(1 )*Z l/(¥A V (l )*REF)

YM=2*PI*Z0P*(REF/¥AV(3)-R0F(1 )/¥AV(1 )-R 0F(2)/¥A V (2) )*1 0 0 0 0 .0

A¥=¥01+¥02+1

B¥=¥01 *Z2+¥02*Z1 -Z1 *Z2

C¥=Z1+Z2+¥01*(Z2-1 )+¥02*(Z1-1 )

E=(REF/R0F(3))**2  

EA¥=E*¥01+E*¥02+1 

EB¥=E*¥01*Z2+E*¥02*Z1 -Z1 *Z2 

EC¥=Z1+Z2+E*¥01*(Z2-1)+E*¥02*(Zl-1)



A1=A¥*SA¥

A2+EA¥*B¥+A¥*EB¥-C¥*EC¥

A3=B¥*PB¥

A4=C¥*EA¥+EC¥*A¥

A5=EB¥*C¥+EC¥*B¥

YTI=SQJIT(FGR1 (X0)**2+FGR2(X0)**2)

YÏÏ(1 )=YT*(SQRT(1+FGR1 (X0)/YTI)+SQRT(1-FGR1 (X) )/YTI) )* 0 .5  

Y¥( 2 )=YT* ( SQRT( 1-FGR1 (X0)/YTl)-SQJiT(l+FGR1 (X0)/YTI) )* 0 .5  

YE(3)=Y¥(1 )

Y¥(4)=Y¥(2)

API =-0 .001  * (¥01*ZOP/(¥OP*SQRT( 8QRT(B) ) ) )

AP2=API /(¥AV( 2 )*ROF ( 2 ) )

AP1=AP1/(¥AV(1 )*R0F(1 ) )

PRIRT 110, API ,AP2 

45 X¥=XO 

I  = 1 

BB=.5*D

22 X=X¥

BO 28 1=1,M 

28 V(L)=Y¥(L)

J=1

23 Z(1 )=AP1*(FGR1 (X)*V(4)-FGR2(X)*V(3))

Z(2)=AP1*(FGR1 (X)*V(3)+FGR2(X)*V(4))

Z(3)=AP2*(FGR1(X)*V(2)-FGR2(X)*7(1))

Z(4)=AP2*(FGR1 (X)*7(1 )+FGR2(X)*V(” ) )

I F ( I - 1 ) 9 9 ,9 9 ,1 6
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9 9  DO 98 £=1,M 

Y(1,L)=Y¥(L)

98 YP(1,L)=7(L)

1= 1+1 

GO TO 16 

16 GO TO ( 24 , 25 , 26 , 2 7 ) , J

24 X=X¥+DI)

DO 29 1=1,M 

C l ( l ) = d * z ( l )

29 V(L)=Y1T(L)+C1 (L )*0 .5

J=2

GO TO 23

25 DO 32 L =  1,M 

C2(l)=D*Z(L)

32 Y(L)=Y¥(L)+C2(L)*.5 

J=3

GO TO 23

26 X=XKf+D

DO 33 1=1,M 

C3(L)=D*Z(L)

33 7(L)=YÎT(L)+C3(L)

J =4

GO TO 23

27 X¥=X

DO 34 t?1,M  

C4(L)=D*Z(L)



34 I¥(L)=YÎT(L)+(C1 ( l )+2*(C 2(L)+C 3(L))+C 4(L))/6

DO 17 L=1,M 

Y(I,L)=Y ¥(L)

17 Y P (I ,L )=7(L )

1= 1+1

I F ( I - 7 ) 2 2 ,9 1 ,9 1  

91 X=X0+5*D

ERP=29*ERR 

ESG=,01 *SEP 

10 A=1.3333333*D

B=.3333333*D  

Z=1

1 DO 61 L=1 ,M

61 Y (7 ,L )=Y (3 ,L )+A *(Y P(4 ,L )+ÏP(4 ,L )-Y P(5 ,L )+2*Y P(6 ,L ))

X=X+D 

J=1

2 YP(1, 1 )=AP1*(FGR1(X)*Y(7,4)“FGR2(X)*Y(7,3))  

YP(7,2)=AP1*(FGR1 (X)*Y(7,3)+FG R2(X )*Y (7,4))  

YP(7,3)=AP2*(FGR1 (X )*Y (7,2)-FG R 2(X )*Y (7,1) )  

YP(7,4)=AP2*(FGR1 (X)*Y(7,1)+FG R2(X)*Y(7,2))

GO TO ( 3 , 4 ) , J

3 D0 5 1 L = 1 ,M 

YS(L)=Y{7,L)

51 Y (7,L)=Y (5,L)+B*(Y P(5,L)+4*Y P(7,L))

J=2

GO TO 2
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4 L = 1

52 C(L)=ABS(T(7,L)=TS(L)) 

IP(C (L)-A BS(EE?*Y (7,L)))53,53,21

53 L=L+1

IP(lr-M-1 )5 2 ,2 0 ,2 0  

20 IP(X-XEBDf.0001 ) 5 ,4 3 ,4 3  

43 IP(X -XEm -.0001 )5 0 ,5 0 ,2 1

5 L=1

72 I P ( c ( l )-A BS(EPG *Y (7,L)))54,54,30

54 L=L+1 

IP (L -M -1 )7 2 ,7 ,7

30 K=1

6 DO 55 =1 

3X) 31 1= 1 ,6  

Y ( l ,L )= y ( l+ 1 ,L )

31 Y P(I,L)=YP(I+1,L)

55 coïïTimiE 

GO TO 1

7 GO TO ( 1 1 , 1 2 , 1 3 , 1 4 , 1 5 ) , X 

11 DO 56 L=1  ,M

¥1 (L)=Y(1,L)

56 ¥?1 (L)=YP(1,L)

E=2

GO TO 6

12 E=3 

GO TO 6



i i - t -

13 DO 5 7 t = 1 , K  

¥2(L )= Y (1 ,L )

57 WP2(L)=1P(1 ,L )

K=4

GO TO 6

14 & 5

GO TO 6

15 DO 58 1=1 ,M 

Y (6 ,L )= y (7 ,L )  

T (4 ,L )=Y (3 ,L )  

Y (3 ,L )=Y (1 ,L )  

Y (2 ,L )= ¥2(L )

Y(1,L)=W1 (L)

YP(6,L)=YP(7,L)

Y P(4,1)=Y P(3,L)

YP(3,L)=YP(1,L)

YP(2,L)=WP2(L)

58 YP(1,L)=WP1 ( l )

D=D+D

GO TO 10

21 i p ( » - .  0000001 ) 4 o ,40,41

40 PRINT 1001 

I P (T -T 2 )9 4 ,4 6 ,4 6

41 DO 59 i.= 1 ,M  

DO 4 2 1  = 1 ,3



Q (l ,L )= 0 .5 * (T (5 = I ,L )+ T (6 -I ,L )) - .0 6 2 5 * (r (7 -I ,L )-tJ (6 -I ,L )-T (5 = I ,L )+ T

1 ( 4 - 1 , ! ) )

42 q P (l,L )= 0 .5 » (Y P (5 = I ,L )+ y P (6 -I ,L ))- .0 6 2 5 » (T I> (7 -I ,l)-T P (6 = I ,L )= T P (5 =

1 I ,L )+ Y P (4 -I ,L ))

T (6 ,1 )= Y (5 ,L )

Y (2 ,L )= Y (3 ,L )

Y (5 ,L )=Q (1,L )

Y (3 ,L )=Q (2,L )

Y (1 ,L )= a (3 ,L )

Y P(6,L)=Y P(5,L)

Y P(2,L)=Y P(3,L)

YP(5,L)=ÇjP(1,L)

Y P{3,L)=5iP(2,L)

59 YP(1,L)=I5P(3,L)

X=X-2*D

D=.5*D

GO TO 10 

50 XEITD=X

DO 60 L = 1 ,M

60 YEiro(L)=Y(7,L)

U1 = (SQRT(YMD(1 )**2+YE¥D(2 )**2 ) / 0 . 001 )=1 

U2«? SORT ( YEXD (3 )**2+YE¥D (4 )**2 )

PRINT 101,T ,Y M ,¥01,¥02,U 1,U 2  

IP (T = T 2)94 ,46 ,46  

44 CALL EXIT



110 P0E3IAT(2P10.4)

101 FORMAT( 2F12 . 4 , 2F1 0 . 3 , 2E15 . 4 )

112 FOR]lIAT(3P10.3)

1001 FORMAT(3 2ER0END0FF E R R O R  PREVENTS SOLUTION) 

END
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Conclusions

A method has been developed v;ith uh ich  n o n - l in e a r  o p t i c a l  problem s 

in v o lv in g  th e  i n t e g r a t i o n  o f  th e  nodes o f  th e  o p t i c a l  r e s o n a to r  can be 

s tu d ie d  d i r e c t l y .  T h is  en ab le s  meaningful approx im ations  to  be made about 

th e  number o f  modes p r e s e n t  in  any g iven  s i t u a t i o n .  The method developed 

h e re  i s  f o r  t r a v e l l in g :  waves b u t  th e  same p r i n c i p l e s  should app ly  to  

s ta n d in g  waves.

Two examples o f  th e  u se  o f  method have been  g iv en .  In  th e  f i r s t  th e

problem o f  re so n a n t  second harmonic g e n e ra t io n  in  th e  sm all convers ion

approx im ation  has  been stud ied : i t  has been shovm t h a t  th e  r e s u l t s  a re

c o n s i s t e n t  w ith  p rev io u s  t h e o r i e s  and in  th e  g en e ra l  case th e  r e s u l t s

1 5given  by Boyd and Kleinman f o r  non -reso n an t second harmonic g e n e ra t io n .

In  ap p ly in g  t h i s  method to  th e  second problem, p a ra m e tr ic  

a m p l i f i c a t i o n ,  i t  has been shown t h a t  i t  g iv e s  r e s u l t s  which ag ree  w ith  

p re v io u s  t h e o r i e s  in  the  weak fo c u s s in g  l i m i t .  The p re l im in a ry  num erical 

r e s u l t s  i n d i c a t e  th e  b ehav iou r  i n  th e  g e n e ra l  case .  These r e s u l t s  ex tend  

th e  p r e v io u s ly  e s t a b l i s h e d  th e o ry  in to  th e  f i n i t e  fo cu ssed  re g io n  and 

in d i c a t e  t h a t  f u r t h e r  r e s e a r c h  w i l l  prove p r o f i t a b l e .
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