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( ïo  be T re  r e n t e  ĉ l 'o i ’ o.n F . e c .  l a ^ r e e  by . . o r i r  i... J  e.Die e . ;

The t h e o r y  c i  u i i f e r e n o ^ - ^ i i ' i ' e l e n t i r  1 e ç u n t i e n s  i s  e r -  

w i t h  s v e c i s l  r e i e i e n c e  to  the  v i ’cbleh; o i  f i n d i n g  o s o l u t i o n  ly 

o f  t r a n s f o r m s , one th e  d i s c u s s i o n  i s  con f inée ,  nr  i n l y  to  th e  1: 
e q u a t i o n ,  o n ly  b r i e f  r e f e r e n c e s  b e i n g  rnace to th e  n o n - l i n e s r  i

The q u e s t i o n  o f  s im u le  e x p o n e n t i a l  s o l u t i o n s  i s  c c n s i i  

f i r s t .  F o l i o  . 'inn t h i s  th e  r u b l i s h a c .  ma, t e  r i  9.1 i s  d e a l t  u i  th  

c h r o n o l o g i c a l l y ,  b e g i n n i n g  -.vith a r a i e r  by .ch.mic.t i n  1911,  r 
p r o c e e d i n g  to  d i s c u s s i o n  o f  th e  main c o n t r i b u t i o n s  i rom rnui 

p r e s e n t  day.  r e  tween 1911 and 1921 a number  o f  German m-.them s 

s t u d i e d  t h e s e  e q u a t i o n s  i n  c o n s i d e r a b l e  d e t a i l ,  --nd some o f  ti 

a r e  shown to  have u s e d  methods  b ased  on t r a n s f o r m s . They ri-e 
by E o c h n e r  end T i t c h m a r s h ,  b o t h  o f  whom made n e f i n i t e  use  o f  - 

F o u r i e r  t r a n s f o r m  i n  t h e i r  work on th e  s u b j e c t ,  enn l i n ^ ’l l y  sc 

p a p e r s  by W r ig h t  a r e  c o n s i d e r e d ,  which c l e a r l y  e x h i b i t  the  voi 

t h e  L a p la c e  t r a n s f o r m  method .  ,,r i g h t  a v o i d s  c e r t a i n  ' s s u m p t i c  
i n  th e  e a r l i e r  p a p e r s ,  and  h i s  r e s u l t s  a r e  s ee n  to  be by f a r  ■ 

i m p o r t a n t  and f a r - r e a c h i n g .

The d i s s e r t a t i o n  c o n c l u d e s  w i t h  a. r e f e r e n c e  to  th e  wc] 

t h e s e  e q u a t i o n s  have been t r e a . t e a  i n  p r a c t i c a l  p ro b le m s  o f  va; 
ty p e  s .
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THE USE OF TRANSFORMS IN CONNECTION WITH 

DIFFERENCE-DIFFERENTIAL EQUATIONS and RELATED TOPICS.

I .  INTRODUCTION.

The s tu d y  o f  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s  h as  

been  p u rsu e d  i n  c o n s i d e r a b l e  d e t a i l  d u r in g  t h e  p r e s e n t  

c e n t u r y ,  and much i n f o r m a t i o n  a bou t  t h e s e  e q u a t i o n s  has  

been  o b t a i n e d  by t h e  use  o f  t r a n s f o r m s  and s i m i l a r  

o p e r a t o r s .  The f i r s t  p a p e r  o f  im p o r tan c e  was p u b l i s h e d  

by Schmidt (29 )*  i n  1911.  H is  method o f  f i n d i n g  a 

s o l u t i o n  i n v o l v e s  t h e  use  o f  a f o r m u la  which  i s  seen  t o  

be e q u i v a l e n t  t o  t h e  i n v e r s i o n  fo rm u la  o f  a  t r a n s f o r m .  

From 1911 onwards t h e  s tu d y  o f  t h e  s u b j e c t  h a s  d ev e lo p ed  

c o n t i n u o u s l y ,  c u lm i n a t in g  i n  t h e  r i g o r o u s  d i s c u s s i o n s  by 

W right  (42-4-7),  p u b l i s h e d  i n  t h e  l a s t  few y e a r s .  His 

work i s  ba sed  a lm o s t  e n t i r e l y  on th e  use  o f  t r a n s f o r m s .

By a d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n  i s  meant h e re  

an e q u a t i o n  o f  th e  form

* R e f e r e n c e s  o f  th e  form ( l ) ,  ( 2 ) ,  . . .  a r e  t o  th e

B i b l i o g r a p h y ,  t h o s e  o f  t h e  form ( 1 * 1 ) ,  ( 1 - 2 ) ,  . . .

( 2 * 1 ) ,  . . .  a r e  t o  t h e  e q u a t i o n s .
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■ ■ ' ,  ■ '■ ■> ■ ■ -, ^ ^ ”' t > n - K ) j  - o

where t h e  4r^ a r e  in d e p e n d e n t  o f  X , and ^  (x j  

i s  t h e  unknown f u n c t i o n .  Of such e q u a t i o n s ,  t h e  ty p e  

f i r s t  d i s c u s s e d  was t h e  l i n e a r  e q u a t i o n ,
VW -#1

j^Z.O 'V - *

where e ac h  te rm  c o n t a i n s  o n l y  one f u n c t i o n  ^  

and th e  f u n c t i o n s  and i^Cpc) a r e  known. I

s h a l l  be m a in ly  concerned  h e r e  w i t h  t h e  l i n e a r  e q u a t i o n ,  

making o n ly  b r i e f  comments on t h e  n o n - l i n e a r  e q u a t i o n ,  

s i n c e  th e  t h e o r y  o f  t h a t  t y p e  i s  s t i l l  b e in g  d e v e lo p e d .

Some o f  t h e  methods used  f o r  t h e  s o l u t i o n  o f  

l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  may be a d a p te d  t o  th e  

s o l u t i o n  o f  l i n e a r  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s ,  

a l t h o u g h  t h e  a n a l y s i s  i s  u s u a l l y  more c o m p l i c a te d .

For  example ,  when simple  e x p o n e n t i a l  s o l u t i o n s  a r e  

c o n s i d e r e d ,  t h e  u s u a l  a u x i l i a r y  e q u a t i o n  i s  found t o  be 

a  t r a n s c e n d e n t a l  e q u a t i o n .  With  t h e  development  

o f  t h e  O p e r a t i o n a l  C a l c u l u s ,  however ,  a  method of  

s o l v i n g  d i f f e r e n t i a l  e q u a t i o n s  by L ap lac e  t r a n s f o r m s  

was e v o lv e d ,  and t h i s  may be a p p l i e d  t o  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s i d e r a b l e  s u c c e s s .
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I n  c o n s i d e r i n g  t h e  t r a n s f o r m  method a number of  

p rob lem s a re  found  t o  a r i s e  a n d ,  i n  p a r t i c u l a r ,  i t  i s  

se en  t h a t  t h e  o r d e r  a t  i n f i n i t y  o f  a  s o l u t i o n  i s  o f  

g r e a t  im por tance  t o  th e  v a l i d i t y  o f  t h e  method.  One 

o f  t h e  f i r s t  s t e p s  i n  a  r i g o r o u s  a p p ro a c h  i s  th e  p r o o f  

o f  an e x i s t e n c e  theorem  s t a t i n g  c o n d i t i o n s  unde r  which  

t h e  e q u a t i o n  h a s  s o l u t i o n s  o f  a  c e r t a i n  t y p e .  The 

a s y m p to t i c  b e h a v i o u r  o f  s o l u t i o n s  u n d e r  c e r t a i n  c o n d i t i o n s  

i s  a l s o  o f  i n t e r e s t ,  t o g e t h e r  w i t h  th e  q u e s t i o n  of  

o b t a i n i n g  an a c t u a l  s o l u t i o n  i n  c e r t a i n  s im ple  c a s e s .

I t  seems c o n v e n ie n t  i n  d i s c u s s i n g  l i n e a r  

d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s  t o  f o l l o w  a  

c h r o n o l o g i c a l  scheme, b e g in n i n g  w i t h  Schmidt*s work 

i n  1911, bu t  f i r s t  t h e  t r a n s c e n d e n t a l  e q u a t i o n ,  a l r e a d y  

m e n t io n e d ,  i s  c o n s i d e r e d .

I  should  l i k e  t o  acknowledge my i n d e b t e d n e s s  t o  

Miss B.Lt, Y a tes  f o r  th e  v a l u a b l e  h e l p  which  I have 

r e c e i v e d  from h e r  i n  f r e q u e n t  d i s c u s s i o n s .
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I I .  THE TRANSCENDENTAL EQUATION.

C e r t a i n  p o i n t s  o f  n o t a t i o n  w hich  a r e  u sed  th ro u g h o u t  

t h e  d i s s e r t a t i o n  w i l l  be s t a t e d  h e r e  so t h a t  r e p e t i t i o n  

may be a v o id e d .

The number C i s  a  p o s i t i v e  c o n s t a n t  w hich  i s  no t  

a lways t h e  same a t  e a c h  o c c u r r e n c e ,  w h i le  

. . .  a r e  p o s i t i v e  c o n s t a n t s  each  o f  which  h a s  t h e  same 

v a lu e  a t  e ac h  o c c u r r e n c e .  The numbers Ayi, f &«2/ "  V

r e p r e s e n t  a r b i t r a r y  c o n s t a n t s ,  and S i s  any sm al l  

p o s i t i v e  number.

The g e n e r a l  l i n e a r  e q u a t i o n  i s  t a k e n  i n  t h e  form

( 1 .2 )  where (x) e  ^  W  and 0 z 4  -Ir, ^

I t  i s  a l s o  supposed t h a t  >/ \, -n y/ I , The

l i n e a r  e q u a t i o n  which  i s  c o n s i d e r e d  i n  g r e a t e s t  d e t a i l  

i s  t h a t  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  namely an e q u a t io n  

o f  t h e  form

m A

where t h e  numbers d  a r e  r e a l  o r  complex c o n s t a n t s .

T h is  i s  r e f e r r e d  t o  a s  th e  non-homogeneous e q u a t i o n ,  and 

th e  e q u a t i o n

^  ( x -h lr  ) - - O  i j i -A j
f^Z 0 0/ -  6
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a s  t h e  homogeneous e q u a t i o n .

As i n  t h e  case  o f  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

i t  i s  c l e a r  t h a t  t h e  most g e n e r a l  s o l u t i o n  of  ( 2 .1 )  

i s  g iv e n  by a d d in g  any p a r t i c u l a r  s o l u t i o n  o f  ( 2 . 1 )  

t o  t h e  g e n e r a l  s o l u t i o n  o f  ( 2 . 2 ) .  By a n a l o g y ,  t h e  

g e n e r a l  s o l u t i o n  o f  ( 2 . 2 )  i s  sometimes c a l l e d  th e  

complementary  f u n c t i o n .

O c c a s i o n a l l y  i t  i s  c o n v e n ie n t  t o  use  th e  

o p e r a t o r  A d e f i n e d  by

r - o /V  *  0

i n  which  case  e q u a t i o n  ( 2 . 2 )  may be w r i t t e n  i n  t h e  

form

The number J  i s  a  complex q u a n t i t y  g iv e n  by 

Â  r  CT'-Fi t ” where o" and f  a r e  r e a l ,  u n l e s s  i t  i s  

o t h e r w i s e  s t a t e d .  I t  i s  s e en  im m e d ia te ly  t h a t

where
<4H 'V ^

J „ x
Thus u  i x ) i  d  i s  a  s o l u t i o n  o f  ( 2 - 2 )  i f  An. 

r e p r e s e n t s  a r o o t  o f  t h e  e q u a t i o n

y i i )  -  o . r a  -fyl
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T h is  e q u a t i o n  ( 2 . 5 )  i s  c a l l e d  t h e  a s s o c i a t e d  

t r a n s c e n d e n t a l  e q u a t i o n  of  ( 2 . 2 )  and ( 2 . 1 ) ,  and i t  

c o r r e s p o n d s  t o  t h e  a u x i l i a r y  e q u a t i o n  found i n  th e  

s o l u t i o n  o f  a  l i n e a r  d i f f e r e n t i a l  e q u a t i o n .

The case  when h a s  a  m u l t i p l e  z e r o  i s  o f

i n t e r e s t ,  and i t  w i l l  now be shown t l m t  i f  i s  a

ze ro  o f  o f  o r d e r  f  / , t h e n  a  s o l u t i o n  o f

( 2 .2 )  i s  g iv e n  by m u l t i p l i e d  by a p o ly n om ia l

i n  % . An e x p r e s s i o n  o f  t h e  form ?C C , where 

Af i s  a  p o s i t i v e  i n t e g e r ,  i s  c o n s i d e r e d  f i r s t .  C l e a r l y

A -

I f  i t  i s  supposed t h a t  M , t h e n

7 i i ^ }  z = - - ' -  -  0 ,

so t h a t

X

Thus z. % ^  i s  a  s o l u t i o n  o f  ( 2 . 2 )  f o r
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M 6 t and i t  t h e r e f o r e  f o l l o w s  t h a t  i f  V(x) i s  a 

p o ly n o m ia l  o f  d eg re e  l e s s  t h a n  o r  e q u a l  t o  t h e n  

i s  a l s o  a s o l u t i o n  o f  ( 2 . 2 ) .

I n  g e n e r a l  ^ U )  h a s  an  I n f i n i t y  o f  z e r o s ,  and i t  

i s  c l e a r  t h a t  i n f o r m a t i o n  abou t  t h e s e  z e r o s  i s  o f  th e  

u tmost  im p o r tan c e  i n  any d i s c u s s i o n  o f  th e  e x p o n e n t i a l  

s o l u t i o n s  o f  e q u a t i o n  ( 2 . 2 ) .  W righ t  c o n s i d e r s  t h e  

q u e s t i o n  i n  d e t a i l  i n  h i s  p a p e r  (47) p u b l i s h e d  i n  

1949. He c a l l s  m a in ly  on r e s u l t s  g iv e n  by Langer  i n  a  

p a p e r  (23)  on t h e  r o o t s  o f  a  t r a n s c e n d e n t a l  e q u a t i o n ,  

r e f e r r i n g  a l s o  t o  p a p e r s  (41)  and (35) by W i ld e r  and 

T am ark in .

One o f  t h e  most im p o r t a n t  p r o p e r t i e s  i s  t h a t  t h e  

z e r o s  o f  h/s) a l l  l i e  t o  t h e  l e f t  o f  some l i n e  p a r a l l e l  

t o  th e  im a g in a r y  a x i s  p ro v id e d  ^  o t h e r

w ords ,  t h e  z e r o s  a re  bounded on t h e  r i g h t ,  and s i m i l a r l y  

i f  ^ t h e y  a r e  bounded on t h e  l e f t .  Langer

h i m s e l f  q u o te s  t h i s  r e s u l t  from W i l d e r  and Tam ark in ,  b o th  

o f  whom d e a l  w i t h  t h e  q u e s t i o n  i n  d e t a i l .  The t r u t h  of  

t h e  p r o p o s i t i o n  can ,  however ,  be se en  q u i t e  c l e a r l y  from 

e le m e n ta r y  c o n s i d e r a t i o n s .  I f  Tf4) i s  w r i t t e n  i n  t h e  

form

Z 0 'VZO
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"A
t h e n  i t  i s  c l e a r  t h a t  th e  t e rm  t  J  can he

made t o  exceed  t h e  sum o f  a l l  t h e  o t h e r s  i n  a b s o l u t e  

v a lu e  p ro v id e d  i s  s u f f i c i e n t l y  l a r g e  and p o s i t i v e ,  

w h i l e  t h e  same i s  t r u e  o f  t h e  t e rm  ,6 p r o v id e d

^  i s  s u f f i c i e n t l y  l a r g e  and n e g a t i v e .  Thus 

p o s i t i v e  c o n s t a n t s  C , , e x i s t  such  t h a t

( i )  I f  0 , t h e n  I 'r /4 ) l 7 0  f o r  cr- f  f , ,

( i i )  I f  C » t h e n  l l ' ( 4 , ) l7 0  (T" 4 -  /

and t h i s  g i v e s  t h e  r e q u i r e d  r e s u l t .  I f  b o th  0

and CK(,̂  4  0 , t h e n  a l l  t h e  z e r o s  o f  ^ (4) l i e  i n  t h e  

s t r i p  o f  f i n i t e  w i d t h  g iv e n  by -  Cj ^ ^ ^ .

Moreover i t  can be shown t h a t ,  f o r  l a r g e  M l  , t h e  

z e r o s  o f  '!’(%) a p p ro a c h  a s y m p t o t i c a l l y  t h e  z e r o s  o f  

th e  c o e f f i c i e n t  o f  4*^ i n  y f^ )  , namely t h e  z e r o s

of

5  ! . .  a  e  ,  ( A . 6 )/•A
5 C

A nothe r  p o i n t  which f o l l o w s  d i r e c t l y  from W i l d e r ' s  

p a p e r  i s  t h a t  '^U)  h a s  o n ly  a  f i n i t e  number o f  z e r o s  

i n  any s t r i p  o f  f i n i t e  w i d t h  p a r a l l e l  t o  t h e  r e a l  a x i s .  

I n  f a c t ,  i n  e ach  o f  t h e  s t r i p s

T  < t  < T i -  q ,  - r - q  ^  t  ^
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t h e  number o f  z e r o s  a c t u a l l y  l i e s  be tween

±  ^
j i r

f o r  l a r g e  enough /T " / .

W right  a l s o  g i v e s  a  d e t a i l e d  a c c o u n t  o f  th e  

s i t u a t i o n  when 0. I n  t h i s  c ase  z e r o s

o f  y f S )  e x i s t  f o r  which  ^  . I t  can be

shown, however ,  t h a t  z e r o s  t o  th e  l e f t  o f  a  l i n e  

C5~s — l i e  w i t h i n  s t r i p s  o f  f i n i t e  w i d t h  e n c l o s i n g  

t h e  c u rv e s

^  j Ü ! )

where th e  dj, a r e  known p o s i t i v e  c o n s t a n t s  and J ” i s  

f i x e d .  For  con ven ien ce  i t  may be s a i d  t h a t  t h e  z e r o s  

o f  T/^) l i e  a s y m p t o t i c a l l y  a b o u t  c u rv e s  o f  e x p o n e n t i a l  

t y p e .  From t h e  form o f  t h e s e  c u rv e s  i t  i s  seen  t h a t  

f o r  any and s u i t a b l e  t h e  f u n c t i o n  has

no z e r o s  i n  t h e  r e g i o n

I I ^ ^  / \4i\ y  C^ ,

F i n a l l y ,  W righ t  p o i n t s  ou t  t h a t  i f  '

A (4 ) -  ^  /

t h e n  yi4)j fr i i)  i s  u n i f o r m ly  bounded from z e ro  f o r  a l l  ^  

u n i f o r m ly  d i s t a n t  from t h e  z e r o s  o f  T ( 4 ) .

T h is  c o m p le te s  t h e  i n f o r m a t i o n  needed abou t  y ( ^ )



10 .

i n  t h e  g e n e r a l  c a s e ,  h u t  t h e r e  i s  a  f u r t h e r  p o i n t  o f  

im p o r tance  i n  t h e  s p e c i a l  case  when o n ly  one t e rm  

o f  (2*2) i n v o l v e s  an vi/t d e r i v a t i v e  o f  ^  so t h a t

=■ °  *  o
f o r  some p o s i t i v e  i n t e g e r  l e s s  t h a n  o r  e q u a l  t o  yru .

I t  may he supp osed ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  

I , so t h a t  ( 2 «2) becomes

 ̂ f^ZÙ

and t h e  a s s o c i a t e d  t r a n s c e n d e n t a l  e q u a t i o n  i s

A , y
r ! i U  4  e. • ' - £ £ _  ^  = 0 , l i . i )

j \ -0  y/^0

I n  any s t r i p  \<T}é C i t  i s  seen  t h a t ,  f o r  /4 I l a r g e  

enough,
y.  ̂ •£*' _ Yr. C

n ( . > \  >/ e  £ .  £

A *̂ z! . 'V
^  C I4l — C ^

^S0
> 0 ,

F u r t h e r ,  'X{4) i s  an  i n t e g r a l  f u n c t i o n  and t h e r e f o r e  

can have o n ly  a  f i n i t e  number o f  z e r o s  i n  a  f i n i t e  p a r t  

o f  t h e  p l a n e .  I t  f o l l o w s  t h a t  '7 '^ )  h a s  on ly  a f i n i t e  

number of  z e r o s  i n  any s t r i p  \<r\i  C .
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I I I .  SCHMIDT.

I n  a  p a p e r  (29) p u b l i s h e d  i n  1911 ,  Schmidt f i n d s  

a  s o l u t i o n  f o r  am e q u a t i o n  o f  th e  form

4- £  1  V
^ Z.O f  =. o

where th e  X,̂  a r e  p o s i t i v e  c o n s t a n t s .  For  s i m p l i c i t y ,  

however ,  he a c t u a l l y  c o n s i d e r s  t h e  e q u a t i o n

«V * o

i n  which  o n ly  one d i f f e r e n c e  o c c u r s  w i t h  e ac h  d e r i v a t i v e .  

B o th  t h e s e  e q u a t i o n s  have a s s o c i a t e d  t r a n s c e n d e n t a l  

e q u a t i o n s  o f  t h e  form ( 2 . 8 )  so t h a t  t h e  r e s u l t s  o b t a i n e d  

by Schmidt  f o r  e q u a t i o n  ( 3 . 2 ) ,  depen d in g  a s  t h e y  do on 

t h i s  f a c t ,  may be e x te n d e d  t o  ( 3 . 1 )  w i t h o u t  d i f f i c u l t y .

As S c h m id t ' s  method o f  s o l u t i o n  i s  c l e a r l y  a s s o c i a t e d  

w i t h  th e  l a t e r  a p p l i c a t i o n s  o f  t r a n s f o r m s  t o  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s ,  i t  i s  o f  i n t e r e s t  t o  s tu d y  i t  i n  

some d e t a i l ,

Schmidt f i r s t  l a y s  down v e ry  r e s t r i c t i v e  c o n d i t i o n s  

on t h e  n a t u r e  o f  a  f u n c t i o n  w^iich he w i l l  r e c o g n i s e  a s  a  

p r o p e r  s o l u t i o n .  He assumes t h a t  ir(x) 1 b c o n t in u o u s

f o r  a l l  r e a l  x  * &nd o f  o r d e r  1%/* a s  l?cf —7  , f o r

some p o s i t i v e  o r  n e g a t iv e  o( » He t h e n  c o n s i d e r s
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t o  be a  p r o p e r  s o l u t i o n  o n ly  i f  i s  c o n t in u o u s

f o r  a l l  oc and o f  o r d e r  \x \^  a s  l x l - 7  00 f o r  some

c o n s t a n t  ^  , where n/ = Oy . I n  such

a  case  i t  f o l lo w s  from th e  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n  i t s e l f  t h a t  (x)  must a l s o  be c o n t in u o u s

f o r  a l l  X I and must s a t i s f y  a  s i m i l a r  o r d e r  c o n d i t i o n

a s  i x \ ^7 00

I n  c o n s i d e r i n g  s o l u t i o n s  o f  t h e  homogeneous e q u a t i o n ,  

t h e s e  r e s t r i c t i o n s  c l e a r l y  e x c lu d e  a l l  s im ple  e x p o n e n t i a l  

s o l u t i o n s  €  , e x c e p t  t h o s e  f o r  which  i s  p u r e l y

im a g i n a r y .  I n  f a c t  th e  o n ly  e x p o n e n t i a l  s o l u t i o n s  which  

Schmidt  c o n s i d e r s  a r e  th o s e  o f  th e  form

- e

where t" i s  a  r e a l  r o o t  o f  t h e  a s s o c i a t e d  t r a n s c e n d e n t a l  

e q u a t i o n ,  which h e re  t a k e s  t h e  form

a t )  = u t r +  1  «V ( > t r  c  0 .  ( S A )
■y ZO

The c o r r e s p o n d i n g  f u n c t i o n  y  (4 ) » o b t a i n e d  by w r i t i n g  ^  

f o r  4 t  i n  t h e  f u n c t i o n  " ( ( t )  , i s  t h e r e f o r e  o f  t h e

form ( 2 . 8 ) and h a s  o n ly  a f i n i t e  number o f  z e r o s  i n  any 

s t r i p  o f  f i n i t e  w i d t h  p a r a l l e l  t o  th e  im a g in a ry  a x i s .

Thus ,  i f  i"  i s  t h o u g h t  f o r  t h e  moment t o  be complex,

i t  i s  c l e a r  t h a t  i n  t h e  •îî“- p i a n e  ' - ( I t )  h a s  o n ly  a  f i n i t e

number o f  z e r o s  i n  any s t r i p  o f  f i n i t e  w i d t h  p a r a l l e l  t o
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t h e  r e a l  a x i s ,  and i n  p a r t i c u l a r  i t  h a s  o n ly  a  f i n i t e  

number of  r e a l  z e r o s .  By t h i s  means, t h e r e f o r e ,

Schmidt l i m i t s  h i m s e l f  t o  c o n s i d e r i n g  a f i n i t e  number 

o f  s im ple  e x p o n e n t i a l  s o l u t i o n s  o f  t h e  homogeneous 

e q u a t i o n ,  i n s t e a d  o f  an i n f i n i t y  o f  such  s o l u t i o n s .  He 

a l s o  d i s c u s s e s  t h e  case  when th e  t r a n s c e n d e n t a l  e q u a t i o n  

has  m u l t i p l e  r o o t s ,  o b t a i n i n g  h i s  r e s u l t s  a s  i n  S e c t i o n  I I .  

I f  tLt) h a s  p r e c i s e l y  ^  z e r o s  coun ted  a c c o r d i n g  t o  t h e i r  

m u l t i p l i c i t i e s ,  he w r i t e s  t h e  g e n e r a l  s o l u t i o n  o f  t h e  

homogeneous e q u a t i o n  i n  t h e  form

t h e  f u n c t i o n s  (x) b e in g  t h e  f u n c t i o n s  o f  t h e  form

where t  ru n s  t h r o u g h  a l l  t h e  r e a l  z e r o s  o f  ( ( t ) ^  t  

t h r o u g h  t h e  doub le  and h i g h e r  z e r o s ,  t '  t h r o u g h  th e  t r i p l e  

and h i g h e r  z e r o s ,  and so on .

Schmidt i s  th i i s  l e f t  w i t h  t h e  problem o f  o b t a i n i n g  

a p a r t i c u l a r  s o l u t i o n  of  t h e  non-homogeneous e q u a t i o n .

I n  o r d e r  t o  do t h i s  he i n t r o d u c e s  a  new f u n c t i o n ,  i n  terras

of  which  h i s  p a r t i c u l a r  s o l u t i o n  i s  e v e n t u a l l y  e x p r e s s e d .

I n  t h e  t " -p la n e  he t a k e s  f i r s t  a  s t r i p  o f  f i n i t e  w i d t h  

g iv e n  by
I £ ( t )  I ^ -

Since  f f t )  h a s  o n ly  a  f i n i t e  number o f  z e r o s  i n  any  such
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s t r i p  he i s  a b l e  t o  choose a  l i n e  t  ^ , ( I/if <

p a r a l l e l  t o  t h e  r e a l  a x i s  and l y i n g  w i t h i n  t h e  s t r i p ,  on 

which  t h e r e  a r e  no z e r o s  o f  ' ^ ( t )  . The new f u n c t i o n

i s  t h e n  d e f i n e d  a s  an i n t e g r a l  e v a l u a t e d  a lo n g  t h i s  l i n e  

by t h e  fo rm u la

Q  -■ /  - ^ ( t j  ■
-oo-h/ii

where ^ i s  a  r e a l  v a r i a b l e .

I t  i s  i n t e r e s t i n g  t o  n o t i c e  h e r e  t h e  c o n n e c t io n  

be tween  t h i s  f u n c t i o n  and t h e  i n v e r s i o n  fo rm u la  f o r  th e  

L ap lace  t r a n s f o r m .  The L ap lac e  t r a n s f o r m  o f  a  f u n c t i o n  

i s  t h e  f u n c t i o n  g iv e n  by

J*
Then th e  complex i n v e r s i o n  f o r m u la ,  a s  g iv e n  by Widder 

(40 ,  p . 6 6 ) ,  f o r  exam ple ,  s t a t e s  t h a t

f o r  s u i t a b l e  I f ,  t h e r e f o r e ,  A> i s  r e p l a c e d  by

J t  t h i s  g i v e s  f o r m a l l y
90 -'ki y J6-

and i t  can t h e n  be seen  t h a t  t h e  f u n c t i o n  i s  e x p re s s e d

i n  t h e  same form b.b Cj  ̂ ( 1 ) ,

F u r t h e r ,  i n  c o n s i d e r i n g  ^  ( 3 j  * t h e  p r e s e n c e  o f  th e
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j
f a c t o r  (t - t  K/)  i n  t h e  d en o m in a to r  sho u ld  be m e n t io n e d .

The s o l e  p u rp ose  o f  t h i s  f a c t o r  i s  t o  e n s u r e  th e

convergence  of  t h e  i n t e g r a l  a f t e r  d i f f e r e n t i a t i o n  under

t h e  i n t e g r a l  s i g n ,  an d ,  a s  w i l l  be shown l a t e r ,  i t s

e f f e c t  on t h e  s o l u t i o n  i s  e v e n t u a l l y  a n n u l l e d  by a d e v ic e

o f  d i f f e r e n t i a t i o n .

Schmidt u s e s  some s t r a i g h t f o r w a r d  i n e q u a l i t i e s  t o

show t h a t  r e p r e s e n t s  an  a b s o l u t e l y  and u n i f o r m ly

c o n v e rg e n t  i n t e g r a l  i n  e v e ry  f i n i t e  i n t e r v a l  of  J  .

M oreover ,  he shows t h a t  i t  may be d i f f e r e n t i a t e d  a t  l e a s t

sV t im e s  under  t h e  i n t e g r a l  s i g n .  Thus ,  by o p e r a t i n g

on C. ( l )  by A , i t  f o l l o w s  t h a t  
A j

ĵ f ] - tr f
L - flP-h /Sà'

= £ r
,  ( t - t x / f

/ f A€ . dA
jfTT I A
^ F -  A? K.)i

a

where /^-^K yO s i n c e  Ifil ^ '

T h i s  i n t e g r a l  may be e v a l u a t e d  by u s i n g  a  semi

c i r c u l a r  c o n to u r ,  w i t h  c e n t r e  (fi-hK)jL’ and r a d i u s  ^  ,
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s a y .  I f  7 O , i t  i s  found t h a t  th e  i n t e g r a l  round 

a  s e m i c i r c l e  t a k e n  above th e  c e n t r e  w i l l  t e n d  t o  ze ro  

a s  -7 00 t w h i le  i f  J  é O t h e  s e m i c i r c l e  must be 

t a k e n  below t h e  c e n t r e  f o r  t h i s  t o  h appen .  I n  b o t h  

c a s e s  t h e  convergence  i s  due t o  t h e  squa red  f a c t o r  i n  

t h e  d en om in a to r  o f  t h e  i n t e g r a n d .  Moreover t h e  

i n t e g r a n d  i s  r e g u l a r  a p a r t  from a  doub le  p o le  a t  th e  

o r i g i n  a t  wh ich  t h e  r e s i d u e  i s  . T h e r e f o r e ,

l e t t i n g  , i t  i s  found  t h a t

0  CS

/I f ç , ( ï L « J C l  i o )

o r ,  p u t t i n g  X - M . -  S  where x  and n  a r e  r e a l ,

0 ( z> /u )

. K(> '̂U)
( x ~ a )-6 (  Z  <. u )

Schmidt n e x t  forms a  s o l u t i o n  o f  e q u a t i o n  (3*2) i n  

t e rm s  o f  t h e  f u n c t i o n  Ç , by t a k i n g

m-(m) C ^ I x - u) d u  +  irfuj  ( j . y / ^ ' u } d u
J - ^  L

and
u f x j  = - 0 " l x ) ^  S K<P' ( X) -  0 i x ) ^

where ^  ^  ̂ * and no z e r o s  o f  ^ ( t )  l i e  on t h e

l i n e s  ^  -  ±  i y  . By c o n s i d e r i n g  /)%

shows t h a t  t h i s  f u n c t i o n  s a t i s f i e s  t h e  e q u a t i o n .

( 3 - 1)
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Leaving  f o r  t h e  moment t h e  j u s t i f i c a t i o n  o f  t h e  p r o c e s s e s  

and th e  whole q u e s t i o n  o f  o r d e r  c o n d i t i o n s ,  i t  i s  c l e a r  

t h a t  f o r m a l l y

J = /I, [ a)jdu 1- it/mM x [ c; , /x -aj j  tU
J •’ 66 Je

r ‘̂  K(x-u.)
I f x - i t j e  i/[Ajdtx

V VX

by (3*6) , so t h a t

A , { P l x } ]  = i T ^ ( x )  ( S - l )

s a y .  Then

-  X , i r ( x ) } f - S K  A , l d ' ( x ) J

-  . 4  /ly i m ]  i - i x d  -  K U ^ l f ) ( x ) j
^  \  dx

% - - ( r / f x )  -h ( x )  -  X* . Ci-i)

But by d i f f e r e n t i a t i n g  lK(x) i t  i s  found  t h a t

' ( x )  -  \ d M .  d Kir, ( x)
Jx

and

i r / ( x )  Î - j r ( x )  4- a. K tj,'(x) -  K^ j r , lx y^
and hence  i t  f o l lo w s  from (3«9)  t h a t

h j p x ) ]  -- ^ ( x ) .
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Thus i t  i s  s een  f o r m a l l y  t h a t  , a s  d e f i n e d  above ,

s a t i s f i e s  e q u a t i o n  (3 « 2 ) .

S c h m id t ' s  j u s t i f i c a t i o n  o f  t h e s e  r e s u l t s  i s  q u i t e  

s t r a i g h t f o r w a r d .  Using t h e  f a c t  t h a t  ir[x) i s  o f  o r d e r  

/ PC I ^ a s  \ x j  —7 00 » he e a s i l y  o b t a i n s  i n e q u a l i t i e s

t o  show t h a t  ^( X)  may be d i f f e r e n t i a t e d  a t  l e a s t  YL

t im e s  under  t h e  i n t e g r a l  s i g n .  But i s  d e f i n e d  i n

te rm s  o f  ()"(x) a s  w e l l  a s  (p(x}, and t h e r e f o r e  i n

o r d e r  t o  show t h a t  jf(x) h a s  c o n t in u o u s  d e r i v a t i v e s ,  

i t  i s  n e c e s s a r y  t o  show t h a t  ^(x)  h a s  (-h-hA) c o n t in u o u s  

d e r i v a t i v e s .  T h is  i s  done by c o n s i d e r i n g  t h e  c o n t i n u i t y  

o f  ^ i ( x }  » and t h e n  w r i t i n g  e q u a t i o n  (3*8) i n  t h e  form

ITiCx) -  ■■ ■ ~ a,

I t  i s  shown t h a t  t h e  r i g h t  hand s id e  o f  t h i s  e q u a t i o n

p o s s e s s e s  a t  l e a s t  two c o n t in u o u s  d e r i v a t i v e s ,  so t h a t  

t h e  l e f t - h a n d  s id e  must have t h e  same p r o p e r t y  and

(io i n  f a c t  e x i s t  and a r e  c o n t in u o u s .

I t  i s  i n t e r e s t i n g  t o  n o t i c e  a t  t h i s  p o i n t  how th e  

convergence  f a c t o r  i n  t h e  d en o m in a to r  o f  Ç/s^S) i s

a n n u l l e d  by t h e  d i f f e r e n t i a t i o n  o f  ^  . I f  t h e

i n t e g r a l s  f o r  (x - ju) a r e  w r i t t e n  i n  f u l l ,  t h e

d e f i n i t i o n  o f  ^ i x )  becomes
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Then,  by d i f f e r e n t i a t i n g  f o r m a l l y  u n de r  t h e  i n t e g r a l  

s i g n ,  i t  i s  s e en  t h a t  t h e  s o l u t i o n  i s  o f  t h e  form

p K )  = -  f  M  f  3!  ̂ f i x )  -  ( f i x )

'  I 4 r ( d i l c U i  I ___ d t
J  / - i ( t )

^- 604^'  i l ' to)

On t h e  o t h e r  h a n d ,  i f  Ç i s  d e f i n e d  w i t h o u t  t h e  convergence  

f a c t o r ,  80 t h a t
n t

- t ,  ^

t h e n

4 1 ^ 1  -  i  f  j t
' i i t )

»* r t"  C " “ '  £

V 0 3 ~ 00 •

which  i s  o f  p r e c i s e l y  t h e  same form a s  t h e  s o l u t i o n  

g iv e n  i n  ( 3 * 1 0 ) ,  I n  o t h e r  w ords ,  t h e  s o l u t i o n  i s  now 

g iv e n  by <f> ix)  i t s e l f ,  i n s t e a d  of  by th e  e x p r e s s i o n

S K C p ' l x }

However, i f  Ç^(S)  i s  d e f i n e d  i n  t h i s  way, d i f f e r e n t i a t i o n
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W  t im e s  under  th e  i n t e g r a l  s i g n  cannot  be j u s t i f i e d ,  

f o r  i t  i s  t h e  sq u a red  f a c t o r  i n  t h e  de n o m in a to r  which  

e n s u r e s  t h i s .

F i n a l l y  i t  i s  o f  i n t e r e s t  t o  m en t io n  h e r e  t h a t  th e  

s o l u t i o n  f x )  o b t a i n e d  i n  (3*10 ) i s  o f  t h e  same form as  

t h a t  w hich  W right  o b t a i n s  l a t e r  by h i s  d i r e c t  use  o f  t h e  

L ap lace  t r a n s f o r m .

I t  i s  t h e r e f o r e  seen  t h a t  t h e  f u n c t i o n

= -  AK f  (oc) (ffx) f  ^  Bn W (3'H)
71 s.!

i s  a  g e n e r a l  s o l u t i o n  o f  t h e  non-homogeneous e q u a t io n  

( 3 * 2 ) ,  Schmidt p r o c e e d s  t o  prove  t h a t  a l l  p o s s i b l e  

s o l u t i o n s  a re  o f  t h i s  form, and f o r  t h i s  p u rp o se  th e  

f u n c t i o n

-VFJ = f  Q y l « - 4 ‘ )  A ^ l ^ ( u ) ] d u  +■ d u  ( i  n )

i s  c o n s i d e r e d .  I t  i s  now assumed t h a t  )f i s  chosen so 

t h a t  t h e r e  a re  no z e r o s  o f  ( ( t )  i n  e x ce p t  t h o s e

on th e  r e a l  a x i s .  Schmidt shows t h a t ,  i f  t h e  two 

i n t e g r a l s  i n  t h i s  d e f i n i t i o n  o f  y f x )  a r e  i n t e g r a t e d  by 

p a r t s  VI t i m e s ,  t h e n  t h e  o p e r a t o r s  A a r e  t r a n s f e r r e d  from 

th e  ^  f u n c t i o n s  t o  t h e  Ç f u n c t i o n s ,  a  sum o f  te rm s  

b e in g  added a t  t h e  same t i m e .  . I n  f a c t

J - fiO Jp

A Z /
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; .e, ( x - u ) e  ^ ( H j d u  +■ ^

by ( 3 * 6 ) ,  so t h a t

Jf  ̂ ~ jf 4^^ )  %  T;; ( 3 ' i 3 )
V * ^  r  f

sa y .  Then,  a s  b e fo r e  f o r  i ^ ( x )  , i t  can be p roved  t h a t

i x )  -  ^ ^ i x )  -  ^ r x ; .

F u r t h e r ,  d i f f e r e n t i a t i n g  a  sum o f  t e rm s  ^ W  g i v e s  s im ply  

a n o t h e r  sum o f  t h e  same t y p e ,  so t h a t  by (3«13)

' ( x ) ' t  S K y ^ l x )  - K ^ y i o c )  (^0  -  ^
" 7! -s. t

Now i f  ^ (x )  i s  any s o l u t i o n  o f  th e  non-homogeneous 

e q u a t i o n ,  th e  d e f i n i t i o n  o f  yi^() In  (3*12) r e d u c e s  to  

t h a t  o f  <p(x) i n  (3 * 7 ) ,  and so ^(x-) a s  g iv e n  by (3*14) i s  

i n  t h e  same form a s  i n  (3 -11  ) .

C o l l e c t i n g  t h e s e  r e s u l t s ,  Schmidt  h a s  t h e r e f o r e  

p roved  t h a t ,  i f  '((t) h a s  ^  r e a l  z e r o s ,  t h e n  th e  g e n e r a l  

s o l u t i o n  o f  t h e  homogeneous e q u a t i o n  i s

^ Z /
w h i l e  t h a t  o f  t h e  non-homogeneous e q u a t i o n  i s

i f ' l x )  -  0 l x )  ^  è.
d V) a /

I n  p a r t i c u l a r ,  i f  ' l i t )  h a s  no r e a l  z e r o s ,  t h e n  t h e



22.

homogeneous e q u a t i o n  has  one and o n ly  one s o l u t i o n

^ U )  -- o ,
w h i le  t h e  non-homogeneous e q u a t i o n  h a s  one and o n ly

one s o l u t i o n

^ i x )  z -  f  I K  C^'ix) - K “ ^ I x ) ,

I n  view o f  S c h m id t ' s  c o n d i t i o n s  on a p r o p e r  

s o l u t i o n ,  a l l  t h e s e  r e s u l t s  have t o  be completed  by a  

d i s c u s s i o n  o f  t h e  o r d e r  a t  i n f i n i t y  o f  t h e  s o l u t i o n s  

o b t a i n e d .  I t  i s  s u f f i c i e n t  t o  c o n s i d e r  f o r

/y % 0,),  • ' ’j (a -0  a s  t h e  r e s u l t  f o r  i / -  VI t h e n  f o l lo w s  

from t h e  d i f f e r e n c e - d i f f e r e n t i a t i o n  e q u a t i o n  i t s e l f ,  a s  was 

p o i n t e d  out  b e f o r e .  Thus i t  i s  s u f f i c i e n t  t o  c o n s i d e r  

f o r  n/ -  Jy ' ' ’/C'fy-t’O,  S c h m id t ' s  method i s  

t o  w r i t e  i n  th e  form

-- _ f ' ’ V x j  -  j l w  [ C ’ ( x - x ) . q ! ] !  ^  •

By means o f  s im ple  i n e q u a l i t i e s  he compares ^  (y-Oji

w i t h  th e  i n t e g r a l

» 71 IX /
f  l ^ ( ^ )  I C  d a  , y o)

J • co

and he p ro v es  t h a t ,  i f  Wlx)  i s  o f  o r d e r  |%|^ a s  \ x  \ - y  a> 

t h e n  t h i s  i n t e g r a l  i s  a l s o  of  o r d e r  The second te rm
Cv)

i n  t h e  e x p r e s s i o n  f o r  ^  I x )  > however ,  r e d u c e s  by
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C auchy 's  R es id u e  Theorem t o  t h e  form

-  E,
'VA

A % /
xr(xi) du  ̂ ( v z o , f ^  -  -n)

where t h e  a r e  c o n s t a n t s .

Now i f  l { t )  has  no r e a l  z e r o s  t h i s  sum v a n i s h e s  

and t h e n  i s  o f  o r d e r  | x / ^ f o r

By c o n s i d e r i n g  — awd. i t  i s  seen  t h a t  t h i s

r e s u l t  i s  a l s o  t r u e  f o r  ^  a /14 i . Thus i s  o f

o r d e r  lx /  ^ f o r  rv % 0, ,

On th e  o t h e r  h and ,  i f  ^  i s  t h e  g r e a t e s t  m u l t i p l i c i t y  

o f  t h e  z e r o s  o f  t i t )  , t h e  ^  f u n c t i o n s  ^  /"xj a r e  of

t h e  form where i s  z e r o  o r  a  p o s i t i v e

i n t e g e r  l e s s  t h a n  o r  e q u a l  t o  C'p-i) • I t  t h e n  f o l l o w s ,  

f o r  l a r g e  /x/ , t h a t
I f f x i

j J  ir(u) - u) Mi  ̂ é  * I  ̂ /tr{u)l *f I ir(-u)  \ J  da.

i x i
i  Ixl

T h e r e f o r e  s i n c e  trfuj i s  o f  o r d e r  l u l ^  a s  / u ( - 7 x ? »  i t  

i 8 seen  t h a t

0 ( i k I  )  [ X z -  1) ,

L U < - < )
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and by c o n s i d e r i n g  and t h e s e  r e s u l t s  a r e

found t o  h o ld  a l s o  f o r  and -  -n̂

F i n a l l y ,  S c h m id t ' s  r e f e r e n c e  t o  a w id e r  c l a s s  o f  

s o l u t i o n s  o f  e x p o n e n t i a l  o r d e r  i s  i n t e r e s t i n g ,  a s  i n  

a l l  t h e  l a t e r  work on d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s  

i t  i s  s o l u t i o n s  o f  t h i s  ty p e  which a r e  most i m p o r t a n t .

I f  th e  c o n d i t i o n  on ir(x) i s  r e l a x e d ,  so t h a t ,  i n s t e a d  of  

t h e  o r i g i n a l  o r d e r  c o n d i t i o n ,  i t  s a t i s f i e s

trCx) =■ J  a s  1 ^ 1

where 7̂ i s  p o s i t i v e ,  t h e n  th e  i n t e g r a l s  i n  t h e  d e f i n i t i o n

o f  ^  w i l l  converge  a b s o l u t e l y  and u n i f o r m l y ,  p ro v id e d

t h a t  < y  . A p a r t i c u l a r  s o l u t i o n  can t h e n  be formed

i n  te rm s  o f  ^  p r e c i s e l y  a s  b e f o r e ,  b u t  t h i s  t im e  i t  w i l l  
A ) X jbe of  o r d e r  6  a s  ix I (X>  f o r  some p o s i t i v e  c o n s t a n t  

\  'y ^  . T h is  can be shown by a  method s i m i l a r  t o  t h a t

which  Schmidt u se s  i n  t h e  o r i g i n a l  c a s e .

I f  t h e  g e n e r a l  s o l u t i o n  o f  t h e  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n  i s  a l s o  t o  s a t i s f y  t h i s  l a s t  o r d e r  c o n d i t i o n ,  i t  

i s  c l e a r  t h a t  t h e  on ly  s im ple  e x p o n e n t i a l  s o l u t i o n s  which  

may be i n c l u d e d  i n  t h e  complementary  f u n c t i o n  a r e  th o se

which  a r e  th e m s e lv e s  o f  o r d e r  €  a s  i x l  —y , I n

o t h e r  w o rd s ,  th e  o n ly  p o s s i b l e  s o l u t i o n s  o f  t h e  form g 

where t" i s  a  r o o t  o f  ( 3 * 3 ) ,  a r e  t h o s e  f o r  which
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b u t  t h i s  i n e q u a l i t y  d e f i n e s  a  s t r i p  o f  f i n i t e  w i d t h  

p a r a l l e l  to  t h e  r e a l  t ' - a x i s ,  and a s  has  been  m ent ioned  

e a r l i e r  ^ ( t )  h a s  o n ly  a  f i n i t e  number o f  z e r o s  i n  any 

such s t r i p .  Thus t h e  complementary  f u n c t i o n  w i l l  

c o n s i s t  o f  a  f i n i t e  number o f  te rm s  o n l y ,  so t h a t  a g a i n  

no q u e s t i o n  o f  t h e  convergence  of  an i n f i n i t e  s e r i e s  

a r i  se s .
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IV. SCHUHER.

I n  1912 and 1913 S c h u re r  p u b l i s h e d  t h r e e  p a p e r s ,  

(3 0 ) ,  (31)  and ( 3 2 ) ,  d e a l i n g  w i t h  a d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n  o f  t h e  s i m p l e s t  p o s s i b l e  t y p e .  

The e q u a t i o n ,  of  t h e  form

^  '(x+ >) ~ ^ )

i s  one which  f r e q u e n t l y  o c c u r s  i n  p r a c t i c a l  p ro b lem s ,  

a s  w i l l  be seen  i n  S e c t i o n  X,
It

S c h u r e r  does no t  use  t r a n s f o r m s  t o  f i n d  a 

s o l u t i o n .  I n s t e a d  he c o n n e c t s  e q u a t i o n  (4*1) w i t h  an 

i n t e g r a l  e q u a t i o n  o f  t h e  type  s t u d i e d  by H e r g lo t z  i n  a 

p a p e r  (17) p u b l i s h e d  i n  1908, and he t h e n  u s e s  t h e  

s o l u t i o n  o b t a i n e d  f o r  t h e  l a t t e r .  By t h i s  means a 

s o l u t i o n  o f  (4*1) i s  fo u n d ,  w hich  i s  o f  p r e c i s e l y  th e  

same form as  t h a t  g iv e n  by W r i g h t ' s  t r a n s f o r m  method. 

In  o r d e r  t o  compare t h e s e  r e s u l t s  l a t e r ,  i t  i s  

c o n v e n ie n t  t o  o u t l i n e  S c h u r e r ' s  argument h e r e ,

H e r g lo t z  d i s c u s s e s  th e  homogeneous i n t e g r a l  

e q u a t i o n  o f  th e  form

0 * H t )  "  f  Ufa)  d u  ,
Jo

T his  i s  a w e l l -known i n t e g r a l  e q u a t i o n ,  and i t  i s  

i n t e r e s t i n g  t o  n o t i c e  t h a t  i t  may i t s e l f  be so lv e d
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s t r a i g h t f o r w a r d l y  by means o f  t r a n s f o r m s .  T h is  i s  done,  

f o r  example ,  by T i t c h m a rs h  ( 3 6 ) .

H e r g l o t z ,  however ,  p o i n t s  out  t h a t  i t  h a s  a. s o l u t i o n  

o f  t h e  form

- c

p r o v id e d  i s  a  r o o t  of

X i f )  - f  e ^  K ( m) Mi -  I .

He t h e n  p ro v es  by a  method o f  c o n to u r  i n t e g r a t i o n ,  

t o g e t h e r  w i t h  an a p p l i c a t i o n  o f  F o u r i e r ' s  I n t e g r a l  

F orm ula ,  ths . t  any a r b i t r a r y  f u n c t i o n  0{t)may be expanded 

i n  t h e  form

Jia

where

I

and he f i n a l l y  c o n s i d e r s  t h e  p o s i t i o n  when such a 

f u n c t i o n  d^[t) i s  a  s o l u t i o n  o f  ( 4 . 2 ) .

I n  o r d e r  t o  use t h e s e  r e s u l t s  S c h u r e r  c o n n e c t s  

e q u a t i o n  ( 4 . 1 )  w i t h  t h e  homogeneous i n t e g r a l  e q u a t i o n  

i n  t h e  f o l l o w i n g  way. I n  e q u a t io n  (4*2) he p u t s

= — Y f 0 i t )  ^ y  ' y ( t ) ^
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where x a r e  c o n s t a n t s .  Then i t  becomes

(Xtr

and p u t t i n g

X

t h i s  g i v e s

^ ' ( x +  /j * T e

i . €  . ( x + < )  -

where

a  =- !Tj£ ^

T h is  l i n k s  t h e  two e q u a t i o n s  and t h u s  S c h u re r  ©an 

e x p r e s s  t h e  s o l u t i o n  o f  ( 4 . 1 )  i n  H e r g lo t z » s

e x p a n s io n  fo rm . I n  t h e  c ase  o f  (4*1) i t  i s  e a s i l y  

een  t h a t  y. = 

i s  a  r o o t  o f

se en  t h a t  y- i s  a  s o l u t i o n  p ro v id ed  t h a t

r i i i  Ei J e  *  -  X. z. o  . ( k - i )

Thus ,  on making th e  n e c e s s a r y  changes o f  v a r i a b l e ,
«

S c h u re r  o b t a i n s  a s o l u t i o n  o f  th e  form

^ L o c  <  \  )
A

where

K , = Æ
\4-i,

)
'  J,, J- U.C I)
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Whether t h i s  e x p a n s io n  r e p r e s e n t s  a f i n i t e  o r  an 

i n f i n i t e  s e r i e s  depends on th e  r o o t s  o f  ( 4 . 3 ) .  I n  th e

n o t a t i o n  o f  S e c t i o n  I I ,  i t  i s  seen  t h a t  O ^

so t h a t  th e  z e r o s  o f  TiS) a r e  hounded on t h e  r i g h t ,  w h i le  

on t h e  l e f t  t h e y  l i e  a s y m p t o t i c a l l y  a bou t  cu rves  o f  

e x p o n e n t i a l  t y p e .  For  t h i s  p a r t i c u l a r  l'{4) i t  i s

e a s i l y  shown t h a t  t h e r e  i s  an  i n f i n i t y  o f  z e r o s ,  o f  which

a t  most two a re  r e a l ,  t h e  o t h e r s  o c c u r r i n g  i n  c o n ju g a te  

complex p a i r s  w i t h  r e a l  p a r t s  d e c r e a s i n g  to  - ^  . Thus 

i f  t h e  z e r o s  a r e  a t  th e  p o i n t s

t h e y  can be o r d e r e d  so t h a t  ^ ^   ̂ ^  a s  A a?

There  a r e  two p o i n t s  t o  n o t i c e  from t h e s e  p r o p e r t i e s .  

F i r s t ,  by g ro u p in g  t o g e t h e r  th e  t e rm s  from c o n ju g a te  

p a i r s  o f  z e r o s ,  i t  i s  c l e a r  t h a t  t h e  s e r i e s  s o l u t i o n  may 

be w r i t t e n  i n  te rm s  o f  r e a l  q u a n t i t i e s ,  s in c e  th e  

c o r r e s p o n d in g  p a i r s  o f  c o e f f i c i e n t s  a re  a l s o  

c o n j u g a t e s .  Thus S c h u r e r ' s  c o n d i t i o n  t h a t  a  p r o p e r  

s o l u t i o n  must  be r e a l ,  o n e - v a l u e d ,  f i n i t e  and have a t  

l e a s t  one d e r i v a t i v e  i n  any f i n i t e  i n t e r v a l ,  i s  n o t  q u i t e  

so r e s t r i c t i v e  a s  i t  a p p e a r s .

S e c o n d ly ,  s in c e  t h e r e  i s  an i n f i n i t y  o f  z e r o s ,  t h e  

q u e s t i o n  o f  t h e  convergence  o f  t h e  s e r i e s  f o r  

be d i s c u s s e d .  When th e  equa, t ion  i s  so lv e d  by Lap lace
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t r a n s f o r m s  t h i s  q u e s t i o n  i s  d e a l t  w i t h  i m p l i c i t l y  i n  

t h e  m ethod ,  a s  w i l l  he seen  l a t e r .  S c h u r e r ' s  method 

i s  based  on l o n g ,  b u t  e l e m e n t a r y ,  a rg u m e n ts .  He f i r s t  

t a k e s  t h e  s e r i e s  g iv e n  f o r  ^ ( x )  i n  i )  , and by

comparing i t  w i t h  ^  V he e s t a b l i s h e s  i t s  a b s o l u t e  

and u n i fo rm  convergence  i n  t h a t  i n t e r v a l ,  p ro v id e d  

s a t i s f i e s  c e r t a i n  c o n d i t i o n s .  He nex t  shows t h a t  th e  

e x p an s io n  f o r  an a r b i t r a r y  f u n c t i o n  ^ f x )  i s  un ique  i f  ÿ l x )  

i s  a  s o l u t i o n  o f  ( 4 * 1 ) ,  and a l s o  t h a t  i n  any o t h e r  u n i t  

i n t e r v a l  t h e  same convergence  p r o p e r t i e s  h o l d ,  so t h a t ,  

by r e p e t i t i o n ,  t h e y  h o ld  i n  e v e r y  f i n i t e  i n t e r v a l .

F i n a l l y ,  he d i s c u s s e s  t h e  c o n verse  r e s u l t ,  showing t h a t  

any such  i n f i n i t e  s e r i e s ,  i f  c o n v e r g e n t ,  does i n  f a c t  

r e p r e s e n t  a  c o n t in u o u s  s o l u t i o n  o f  ( 4 . 1 ) .

I n  t h e  f o l l o w in g  s e c t i o n ,  S c h u r e r  i n t r o d u c e s  an 

o r d e r  c o n d i t i o n  on h i s  s o l u t i o n s ,  t h u s  l i m i t i n g  h i m s e l f  

t o  a  f i n i t e  number o f  s im ple  e x p o n e n t i a l  s o l u t i o n s .  His 

c o n d i t i o n  i s  l e s s  r e s t r i c t i v e  t h a n  S c h m i d t ' s ,  b e in g  of  

th e  form

' j as X -7  -  x>.

Since  t h e  z e r o s  a r e  o r d e r e d  a s  above t h i s  c l e a r l y  means
± /  ) X ^  / Afj) y

t h a t  th e  e x p o n e n t i a l  s o l u t i o n s  6 , € ,

must be e x c lu d e d ,  so t h a t  any  s o l u t i o n  i s  s im ply

a sum o f  c o n s t a n t  m u l t i p l e s  o f  t h e  f i n i t e  number o f  s imple
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e x p o n e n t i a l  s o l u t i o n s  € , » - -, 6 An

o r d e r  c o n d i t i o n  f o r  A , i n s t e a d  o f  | tc| , i s

s u f f i c i e n t  h e r e ,  because  o f  t h e  form o f  t h e  p a r t i c u l a r  

y /4 )  g iv e n  by (4 * 3 ) ,  f o r  s i n c e  t h e  z e r o s  a r e  

th e m se lv e s  bounded on t h e  r i g h t  t h e r e  i s  no need f o r  a 

c o n d i t i o n  t o  l i m i t  the  e x p o n e n t i a l  s o l u t i o n s  i n  t h a t  

d i r e c t i o n .  I f ,  however ,  t h e  c o n d i t i o n

a )  «« i x i - ?  '

i s  imposed, t h e n  th e  e x p o n e n t i a l  s o l u t i o n s  €  /

must a l s o  be e x c lu d e d ,  so t h a t  th e  o n ly  p o s s i b l e  

s o l u t i o n  i s
ar — Âa  ̂

y, e ^

o r ,  w r i t i n g  i t  i n  r e a l  fo rm ,

^ I x )  -  J c  ^ ^

I n  t h e  l a s t  p a r t  o f  p a p e r  (30) S c h u re r  d i s c u s s e s ,  

a t  g r e a t  l e n g t h ,  t h e  z e r o s  o f  a s o l u t i o n  ^ I x )  o f  (4 * 1 ) .  

These r e s u l t s  a r e  not  i m p o r t a n t  i n  t h e m s e lv e s ,  b u t  t h e y  

a r e  connec ted  w i t h  th e  methods used i n  a  l a t e r  p a p e r  (3 3 ) ,  

i n  which  S c h u r e r  d i s c u s s e s  t h e  more g e n e r a l  e q u a t io n

where 0  and */t . B as ing  h i s  a rgum ents  on th e

number o f  z e r o s  p o s s e s s e d  by a  s o l u t i o n  ^ i x )  o f  ( 4 * 4 ) ,
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he shows t h a t  i f  t h e  s o l u t i o n  i s  t o  s a t i s f y

* 0 ( €  )  a 5 X  -y -  co

where i s  t h e  r e a l  p a r t  o f  a  r o o t  o f  th e  t r a n s c e n d e n t a l

e q u a t io n  a s s o c i a t e d  w i t h  (4 * 4 ) ,  t h e n  t h e r e  can he on ly  a 

f i n i t e  number o f  s imple  e x p o n e n t i a l  s o l u t i o n s .

The need f o r  t h i s  more d e l i c a t e  argument a r i s e s  

b ecause  T(4j h e r e  i s  more c o m p l ic a te d  t h a n  i n  t h e
If

e a r l i e r  c a s e ,  and S c h u r e r  canno t  o r d e r  i t s  z e r o s  so 

e a s i l y .  However, u s i n g  th e  p r o p e r t i e s  o f  g iv e n

i n  S e c t i o n  I I ,  i t  i s  i n t e r e s t i n g  t o  see t h a t  s i n c e  

t h e  z e r o s  a re  bounded on t h e  r i g h t ,  w h i le  on t h e  l e f t  

t h e y  l i e  a s y m p t o t i c a l l y  abou t  c u rv e s  o f  e x p o n e n t i a l  

t y p e ,  j u s t  as  i n  t h e  s imple  c a s e .  M oreover ,  s in c e  

e q u a t io n  (4*4) i s  o f  form (2*7)  t h e r e  i s  o n ly  a f i n i t e  

number o f  z e r o s  o f  ' y M  i n  any s t r i p  o f  f i n i t e  w id th ,  

p a r a l l e l  t o  th e  im a g in a ry  - a x i s , and ,  i n  p a r t i c u l a r ,  

on ly  a. f i n i t e  number on any l i n e  p a r a l l e l  t o  th e  

im a g in a ry  a x i s .  Thus th e  z e r o s  may be o r d e r e d  so t h a t

^ cr^  ̂ (K$ 7i 00. T h is  means t h a t ,  i f

t h e  o r d e r  c o n d i t i o n  i s

z a }  as X - 7> -

t h e n  t h e  s o l u t i o n  ÿ.(x) must a g a i n  be formed from a  f i n i t e  

number o f  s im ple  e x p o n e n t i a l  s o l u t i o n s ,  c o r r e s p o n d in g  t o
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t h e  f i n i t e  number o f  z e r o s  o f  Tf^J w i t h  r e a l  p a r t s  

g r e a t e r  t h a n  .

F i n a l l y  i t  i s  o f  i n t e r e s t  t o  n o t i c e  S c h u r e r ' s  

comments i n  t h e  case  o f  a  m u l t i p l e  r o o t  o f  th e  

t r a n s c e n d e n t a l  e q u a t i o n .  F o r  th e  s im ple  e q u a t i o n  (4 * 1 ) ,  

th e  o n ly  p o s s i b l e  m u l t i p l e  z e ro  o f  th e  c o r r e s p o n d in g  

g iv en  by (4 * 3 ) ,  i s  a  doub le  z e r o  a t  i n  th e  case

when a - — / e  . S c h u r e r  shows by a s imple  l i m i t i n g
-  X

p r o c e s s ,  t h a t ,  i f  t h i s  i s  so ,  t h e n  t h e  f u n c t i o n  XC , as 

w e l l  a s  e  i s  a  s o l u t i o n  o f  ( 4 * 1 ) ,  S i m i l a r l y  i f  t h e

y f ' i )  c o r r e s p o n d in g  t o  e q u a t i o n  (4*4) h as  m u l t i p l e  z e r o s ,  

he shows t h a t  t h e  e q u a t i o n  h a s  s o l u t i o n s  o f  t h e  form 

o b ta in e d  i n  S e c t i o n  I I ,  His  method i n  t h e  l a t t e r  case  

i s  t o  l i n k  h i s  s o l u t i o n s  w i t h  t h o s e  o f  a  l i n e a r  

d i f f e r e n t i a l  e q u a t i o n .
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V. HILB.

I n  1918 a n o t h e r  p a p e r  (19) was p u b l i s h e d  on th e  

s u b j e c t  o f  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s .  I t  i s  

a  long  a c c o u n t  by H i lb  o f  th e  s o l u t i o n  o f  t h e  

homogeneous l i n e a r  e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s .  

He o b t a i n s  a  s o l u t i o n  by c o n s i d e r i n g  an e x p an s io n  o f  an 

a r b i t r a r y  f u n c t i o n ,  s i m i l a r  t o  t h a t  used  by S c h u r e r .

As he does  n o t  use t r a n s f o r m s  i n  h i s  work I s h a l l  not  

be conce rned  w i t h  h i s  p a p e r  i n  d e t a i l ,  b u t  an  i n d i c a t i o n  

o f  h i s  method i s  o f  i n t e r e s t  a s  h i s  r e s u l t s  can be 

r e l a t e d  t o  t h o s e  o b t a i n e d  l a t e r  by u s i n g  t r a n s f o r m s .

H i lb  r e f e r s  i n  h i s  i n t r o d u c t i o n  t o  t h e  r e s u l t s  

o b t a in e d  by Schmidt f o r  p a r t i c u l a r  t y p e s  o f  l i n e a r  

e q u a t io n  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  b u t  he h i m s e l f  

c o n s i d e r s  t h e  g e n e r a l  homogeneous e q u a t i o n  of  t h i s  t y p e .

namely t h e  e q u a t i o n

É .  2  V  r
/i.s.0 -V to

I n s t e a d  o f  t a k i n g  t h e  e x p a n s io n  g iv en  by H e r g lo t z  

which  S c h u re r  used f o r  h i s  s p e c i a l  e q u a t i o n ,  H i lb  works 

w i t h  an e x p a n s io n  g iv e n  by P i c a r d  i n  h i s  “T r a i t é  d* Analyse"  

(25 ,  p . 1 6 7 ) .  T h is  e x p a n s io n  i s  found by an  

a p p l i c a t i o n  o f  C a u chy 's  R es id u e  Theorem round  a  s e r i e s
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o f  c i r c u l a r  c o n to u r s  i n c r e a s i n g  i n d e f i n i t e l y  i n  s i z e ,  

H i lb  shows t h a t  t h e s e  c i r c l e s  may be r e p l a c e d  by any 

s e r i e s  o f  cu rv e s  5  t h e  J> - p l a n e  on which  

i s  g r e a t e r  t h a n  any f i x e d  number i f  i s  s u f f i c i e n t l y  

l a r g e .  The r e s u l t i n g  e x p a n s io n  o f  any r e a l  c o n t in u o u s  

f u n c t i o n  ^ I x )  , which  s a t i s f i e s  D i r i c h l e t ’s F o u r i e r  

s e r i e s  c o n d i t i o n s ,  i s  o f  t h e  form

Jx 0
rr'/A)

where WfS)  a r e  two i n t e g r a l  f u n c t i o n s  of  ^  ,

t h e  b e in g  t h e  z e r o s  o f  IFi-i) . F u r t h e r ,  i f  

T (4 ) -  T ' W  f  X ( ' i ) t  t h e  f o l l o w i n g  c o n d i t i o n s  f o r  X 

i n  a r e  n e c e s s a r y  f o r  t h e  v a l i d i t y  o f  t h e

f o r m u l a : -  ̂ ,

( A) Mum

-y •  oc I T M

( B) M m r  /
t 7 ^J

( c ) M ,  /
1 l l ( i )  1 T O

Mm,
f  II i^)

J U '  ^
T ( ^ )

abou t  t h e  im a g in a ry  a x i s .

I t  i s  a l s o  c l e a r  from th e  method o f  p ro o f  n o t  o n ly  t h a t  

t h e  s e r i e s  f o r  ^ t x )  i s  c o n v e r g e n t ,  bu t  a l s o  t h a t  i t  i s  

u n i f o r m ly  co n v e rg en t  i n  a l l  f i n i t e  i n t e r v a l s  o f  X  .

H i l b  f i r s t  u s e s  t h i s  e x p a n s io n  t o  f i n d  a  s o l u t i o n
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o f  t h e  o r d i n a r y  d i f f e r e n c e  e q u a t i o n

a, ^ Ix) C{, ^ (X+-0,) i - a ,  - o .  ‘^ i)

In  t h i s  case  t h e  a s s o c i a t e d  t r a n s c e n d e n t a l  e q u a t i o n  i s

r / i j  = 4, + 4, e = o ,

and H i lb  r e p l a c e s  T/«5  ̂ i n  (5*2) by t h e  f u n c t i o n  

i n  two d i f f e r e n t  ways,  by t a k i n g

0) '\l[4) -  ae  , *• ^ +- 4^ ^  /

(//) i- Cl, C ' , %'('^) ^ C

C l e a r l y  t h e s e  a r e  a l l  i n t e g r a l  f u n c t i o n s  and i t  can be 

shown t h a t ,  i n  t h e  f i r s t  c a s e ,  t h e  c o n d i t i o n s  (A) and 

(B) a r e  s a t i s f i e d  f o r  ^  w h i l e ,  i n  t h e

second c a s e ,  t h e y  a r e  s a t i s f i e d  f o r  X^-  ̂ X,

where Xq i s  any f i x e d  number. A f t e r  showing t h a t  

c u rv e s  e x i s t  f o r  which  c o n d i t i o n  ( c )  i s  a l s o  

s a t i s f i e d ,  he o b t a i n s  from (5*2) t h e  e x p a n s io n s

( r - f j
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T h i s ,  however ,  does  not  com ple te  t h e  p rob lem ,  a s  t h e  

i m p o r t a n t  s t e p  i s  t o  o b t a i n  one e x p a n s io n  v a l i d  f o r  th e  

whole i n t e r v a l  ( Tbi s  i s  done by c o n s i d e r i n g  

th e  new f u n c t i o n s
r  ( X . C X K X c + i , )

'  [ 0 {X.i-,0, <■ XC
and

r  0 ll, i X C X. + i,)

t  Xt 4- CX C X,+ Ir,)
Then i t  i s  seen  t h a t

^ ( X )  ^  F,  l ^ )  f  F j ( x )

f o r  o(f, < X c ^  , e x c e p t  a t  t h e  p o i n t  X = ,

M oreover ,  F,(x) h a s  an e x p a n s io n  o f  t h e  form (5 * 4 ) ,  

w h i l e  h as  an  e x p a n s io n  o f  t h e  form ( 5 . 5 ) ,  b o t h

of  which  ho ld  f o r  th e  whole i n t e r v a l  e x c e p t  f o r  t h e

p o i n t  y  -  Xg-h(r  ̂ . Hence i t  f o l lo w s  t l i a t

X" ' #  -

where

K - ^ ^ l h ) -  r - ’ f  + 4, e  I € '  r ^
 ̂ ^ J:rrfh ^

t h e  e x p a n s io n  h o l d i n g  f o r  t h e  whole i n t e r v a l  c X ^ %,-f

e x c e p t  a t  t h e  p o i n t  K =. 4̂  ^  .

So f a r  t h i s  e x p an s io n  h o l d s  f o r  any f u n c t i o n  which

s a t i s f i e s  t h e  n e c e s s a r y  c o n d i t i o n s ,  bu t  H i lb  nex t  shows
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by d i f f e r e n t i a t i o n  t h a t  i f  such  a  f u n c t i o n  i s  a  s o l u t i o n  

of  e q u a t i o n  ( 5 . 3 )  t h e n  th e  c o e f f i c i e n t  Ky^iXo) i s  

in d e p e n d e n t  o f  X’j, . Thus by r e p e a t e d l y  t a k i n g  th e  

e x p a n s io n  f o r  d i f f e r e n t  Xo o ve r  i n t e r v a l s  o f  l e n g t h s  

and a s o l u t i o n  of  ( 5 . 3 )  i s  found i n  t h e  form o f

a  s e r i e s  which conv erg es  u n i f o r m ly  i n  any f i x e d  i n t e r v a l  

o f  X . F u r t h e r ,  such a  s e r i e s  can be shown t o  be 

u n i q u e .

H i lb  a l s o  o b t a i n s  t h e  r e s u l t  o f  S e c t i o n  I I  f o r  a 

double  z e ro  o f  T'/'ij by u s i n g  a l i m i t i n g  p r o c e s s .

H is  nex t  s t e p  i s  t o  e x te n d  h i s  r e s u l t s  t o  more 

c o m p l ic a te d  e q u a t i o n s .  He f i r s t  c o n s i d e r s  a d i f f e r e n c e  

e q u a t i o n  of  o r d e r  wt , t h e n  t h e  p a r t i c u l a r  e q u a t i o n  of  

form (5*1) f o r  which  ^ e. and f i n a l l y  t h e  g e n e r a l  

e q u a t i o n  o f  form ( 5 - 1 ) .  By p u t t i n g  i n  t h e  form

yiyij-h X(^) 21 s u f f i c i e n t  number of  ways ,  he o b t a i n s  an

e x p a n s io n  i n  t h e  case  of  t h e  d i f f e r e n c e  e q u a t io n  i n  

p r e c i s e l y  th e  same way a s  ab o v e .  For  t h e  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s ,  however ,  a  f u r t h e r  p o i n t  must be 

c o n s i d e r e d .  I n  t h e  g e n e r a l  case  an  e x p a n s io n  o f  t h e  form

-  £  £  i  ^  e
/A~0 /V, so Û /k,W /
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i s  o b t a i n e d ,  which, i s  v a l i d  i n  t h e  i n t e r v a l  

e x c e p t  a t  t h e  p o i n t s  Xo' ‘̂0,^ • - '  ̂ . I n  o r d e r

t o  show t h a t  i s  in d ep e n d en t  o f  i f  ^ ( x j  i s  a

s o l u t i o n ,  and t h a t  t h e  s e r i e s  conv erg es  u n i f o r m ly  i n  

e v e ry  f i x e d  i n t e r v a l  o f  X , two more c o n d i t i o n s  a r e  found 

t o  be n e c e s s a r y .  I f  n e i t h e r  0.^^ no r  i s  z e r o  ^

must have w  c o n t in u o u s  d e r i v a t i v e s  f o r  a l l  r e a l  X  , 

w h i le  i f  one o f  o r  i s  z e ro  must have c o n t in u o u s

d e r i v a t i v e s  o f  e v e ry  o r d e r  f o r  a l l  r e a l  x  • Then, by 

d i f f e r e n t i a t i n g  w . r . t .  i t  i s  e a s i l y  shown

t h a t  (5*1) h a s  a s o l u t i o n  o f  th e  form (5*6) which

c o nverges  u n i f o r m ly  i n  e v e ry  f i x e d  i n t e r v a l  o f  X  .

As H i lb  p o i n t s  o u t ,  S c h u re r* s  p a r t i c u l a r  e q u a t i o n

^ Vx+/j A/ W .
i s  o f  t h e  form ( 5 - 1 ) ,  bu t  o n ly  one i n t e r v a l  ' j

i s  i n v o l v e d ,  and so i t  does  no t  d i s p l a y  t h e  r e a l  

d i f f i c u l t y  o f  o b t a i n i n g  a s o l u t i o n  w hich  i s  v a l i d  ove r

a number o f  i n t e r v a l s  ( X<,, • I t  i s

o f  i n t e r e s t  t o  n o t i c e ,  however ,  t h a t  on p u t t i n g  

Yh -  /y A   ̂ ^ -  //

d̂ oo = ac, '  0  ̂ d̂ ,o -  d(„ -  /y

i n  (5 «6 ) we o b t a i n

Jo'*'I .

K>,(x.)- -  A  j  e îj )̂ df  ̂ -
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Then s in c e  KyJi'Xo) i n d e p e n d e n t  o f  , we may choose Xo 

t o  he z e r o ,  so t h a t

^ ‘I  I ' -  '

A l s o ,  i n  t h i s  c ase

and t h e r e f o r e  (5*6) g i v e s

} U )  -- [ {  ,

w hich  i s  o f  t h e  same form as t h e  s o l u t i o n  o b t a in e d  by 

S c h u r e r ,
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VI, HOHEISEL.

I t  was no t  u n t i l  f o u r  y e a r s  l a t e r ,  i n  1922, t h a t  

H o h e i s e l  p u b l i s h e d  a p a p e r  (20) on l i n e a r  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s  w i t h  p o ly n o m ia l  c o e f f i c i e n t s ,  i n  

which  he u se s  r e s u l t s  o b t a i n e d  by Schmidt  f o r  th e  

c o n s t a n t  c o e f f i c i e n t  e q u a t i o n  and r e t a i n s  t h e  same o r d e r  

c o n d i t i o n  on a  s o l u t i o n .  His m ethod ,  however ,  i s  more 

d i r e c t l y  r e l a t e d  t o  W r i g h t ' s  t r a n s f o r m  method and i s  

t h e r e f o r e  o f  i n t e r e s t  h e r e .

H o h e i s e l  f i r s t  i n d i c a t e s  how h i s  e q u a t io n  i s  

co n nec ted  w i t h  t h a t  o f  Schm id t .  He c o n s i d e r s  an  e q u a t io n  

o f  t h e  form

where th e  7 jx )  a re  p o ly n o m ia l s  i n  z  . I f  ?tfx) i s  o f  

deg ree  and th e  o t h e r  c o e f f i c i e n t s  a r e  o f  degree

l e s s  t h a n  o r  e q u a l  t o  ^  , i t  i s  se en  t h a t

Ll j )  a /\^lÿ)4-

where /)  ̂ a r e  o p e r a t o r s  w i t h  c o n s t a n t

c o e f f i c i e n t s  o f  t h e  form d i s c u s s e d  by Schm idt .

I t  i s  c l e a r  t h a t  r e a l  z e r o s  o f  w i l l  be of

im po r tan ce  i n  a  c o n s i d e r a t i o n  of  t h e  s o l u t i o n s  o f  ( 6 * 1 ) ,  

j u s t  as  i n  t h e  c o r r e s p o n d in g  case  f o r  pure  d i f f e r e n t i a l
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e q u a t i o n s .  T h e r e f o r e ,  i n  c o n f i n i n g  h i m s e l f  to  

e q u a t i o n s  i n  which  t h e  c o e f f i c i e n t s  a r e  l i n e a r  f u n c t i o n s  

of  X , H o h e i s e l  s t i l l  has  t o  d i s t i n g u i s h  between th e  

case  f o r  which  T^fx) h a s  a  r e a l  z e r o ,  and t h e  case  f o r

which i t  h a s  no r e a l  z e r o .  I n  t h e  fo rm er  c ase  he

c o n s i d e r s  an e q u a t i o n  of  t h e  form

L-i^ ) H. ( X I j .  ! x)  4— ( jrX "h Ij I M )  )

where Y, S a r e  r e a l ,  p o i n t i n g  ou t  t h a t  t h i s  may be

red u ced  by r e a l  l i n e a r  t r a n s f o r m a t i o n s  t o  t h e  form

L( ^ )  z 4- ( ^ ' ^ )

In  t h e  l a t t e r  case  he c o n s i d e r s

l _ ( u j  = (X-h-J -h i M i i r é - ) ÿ - l x t  ^ ( X )  (S i )

where a r e  r e a l  and n o n - z e r o ,  so t h a t  th e

c o e f f i c i e n t  o f  t h e  h i g h e s t  d e r i v a t i v e  h a s  no r e a l  z e r o .

The homogeneous e q u a t i o n  a s s o c i a t e d  w i t h  (6*2) i s  

o f  t h e  form

Ujj .}  = Jr /l̂  i f )  f- A , t i f )  -  O, U k )

whe re

A, Ijf-i = }j- t  ci !  (x^ ')

and

f\ 0 l ÿ !  z 7r f  f) ,

As u s u a l  i t  f o l lo w s  t h a t
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where

( ^} z  yS -h ^  ^  t ^

t h e  f u n c t i o n s  T, (a )̂  %(-!>) h a v in g  o n ly  a  f i n i t e  number of  

z e r o s  i n  any s t r i p  o f  f i n i t e  w i d t h  p a r a l l e l  t o  th e  

im a g in a ry  a x i s .  Moreover ,  i t  i s  e a s i l y  seen  t h a t  z e r o s  

which  l i e  on t h e  im a g in a ry  a x i s  o c cu r  on ly  f o r  p a r t i c u l a r

v a l u e s  o f  a  and dr , so t h a t  i f  t h e s e  v a l u e s  a r e

e x c l u d e d ,  i t  i s  p o s s i b l e  t o  choose  ^  so t h a t  no z e r o s  of

7,(i) o r  l i e  i n  th e  s t r i p

I  s  K  .
H o h e i s e l  s k e t c h e s  f o r m a l l y  a  method o f  s o l v i n g  (6*2) 

and ( 6 * 4 ) ,  l e a v i n g  a s i d e  f o r  t h e  moment t h e  q u e s t i o n  of  

th e  convergence  and o r d e r  o f  t h e  s o l u t i o n  o b t a i n e d .  He 

assumes t h a t

z .  J  y  S é - r J

where th e  c o n to u r  ^  , and th e  f u n c t i o n  ULriAj a re  t o  be 

found by s u b s t i t u t i n g  t h i s  i n  t h e  e q u a t i o n .  T h is

i s  e q u i v a l e n t  t o  t h e  s o l u t i o n  o f  d i f f e r e n t i a l  e q u a t i o n s  

by L ap lace  I n t e g r a l s .  By s u b s t i t u t i n g  i n  (6*4) i t  i s  

s een  t h a t

^ .  f  X A , ( c y  ATfK) c k - t  r
3 i

r
x e  + xr(A )c li

g

e
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where
y, l i>)Kr^U)r '  % ( v j  ,

Thus f o r  ^ixj  t o  he a  s o l u t i o n  of  (6*4) i t  i s  n e c e s s a r y  

f i r s t  t h a t  t h e  c o n to u r  ^  should  he chosen  so t h a t  t h e  

i n t e g r a t e d  te rm  i n  ( 6 *6 ) v a n i s h e s ,  and s e co n d ly  t h a t  ur(4)  

sho u ld  he a  s o l u t i o n  o f

A -  0  '

T h is  i s  a  l i n e a r  d i f f e r e n t i a l  e q u a t i o n ,  i t s  s o l u t i o n  

b e in g  o f  th e  form

-  C ■ - i -  g_
7,fi)

A s o l u t i o n  o f  (6*4) i s  t h e n  g iv e n  by s u b s t i t u t i n g  t h i s

v a lu e  o f  atU) i n  ( 6 * 5 ) ,  As H o h e i se l  p o i n t s  o u t ,  th e

f u n c t i o n  47^̂ ) i s  a  Lap lace  t r a n s f o r m  i f  t h e  c o n to u r  

i s  chosen  t o  be a  l i n e  p a r a l l e l  to  t h e  im a g in a ry  a x i s .

I n  o r d e r  t o  e x te n d  t h i s  method t o  e q u a t i o n  (6*2)  

H o h e i s e l  u se s  F o u r i e r ' s  I n t e g r a l  Form ula .  T h is  g iv e s

A f xrfuj  U
J • 9Ù J  âO

and ,  p u t t i n g  ^  , i t  i s  seen  f o r m a l l y  t h a t

r »

- J . / »  J . «
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The e q u a t i o n  c o r r e s p o n d in g  t o  ( 6 .6 )  i s  t h e n  c o n s i d e r e d .

I f  ^ i s  t a k e n  as t h e  im a g in a ry  a x i s  i t s e l f  th e  

i n t e g r a t e d  te rm  v a n i s h e s ,  and f o r  ^ ( x )  t o  he a  s o l u t i o n  

of  ( 6 . 2 )  i t  i s  n e c e s s a r y  t h a t

A . f  y  -  -  f  A ( x r ( - i ) )  € * d i  .

Thus diria) must he a  r o o t  o f

f-i) -  i r /  f  ^

f ^ ( x r w }  -- -  y A -  I / '  s r ( u ) d u .

Since  u  i s  s im ply  a p a r a m e te r  h e r e ,  i t  i s  s u f f i c i e n t  t o  

f i n d  a  s o l u t i o n  o f  t h e  s imple  e q u a t i o n

= e  U- ? )

and t h e n  t a k e
AÙ

as  a s o l u t i o n  o f  ( 6 * 8 ) .  Then th e  s o l u t i o n  o f  (6*2) i s  

g iv en  by s u b s t i t u t i n g  f o r  up{i) i n  (6 * 5 ) ,  a s  b e f o r e .

However, when he comes t o  j u s t i f y  t h e s e  fo rm al  

m ethods ,  H o h e i s e l  d i s c o v e r s  t h a t  a  convergence  f a c t o r  must 

be i n t r o d u c e d  i n t o  t h e  s o l u t i o n ,  and s o ,  i n s t e a d  of  (6 * 9 ) ,  

he c o n s i d e r s  t h e  e q u a t i o n

(S-'O)

where ^  7 Y, • The e f f e c t  o f  th e  e x t r a  f a c t o r  i s  

a n n u l l e d  l a t e r  i n  t h e  same way as f o r  S c h m id t ' s  e q u a t i o n .
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Now ( 6 .1 0 )  i s  a n o t h e r  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  and 

i t s  s o l u t i o n  i s  o f  t h e  form

H o h e i s e l  chooses  t h e  tvm s o l u t i o n s ,  (Jj and ^  say ,  g iv en  

by ^  ' ± y ^  I t h e  p a t h  of  i n t e g r a t i o n  b e in g  t a k e n  a lo ng

t h e  im a g in a ry  a x i s  i n  e ac h  c a s e .  I t  can be shown t h a t

-oTj and ^  a r e  a b s o l u t e l y  c o n v e r g e n t ,  and t h a t ,  i f

t h e n  t h e s e  i n t e g r a l s  a r e  a l s o  a b s o l u t e l y  c o n v e r g e n t ,  

u n i f o r m ly  co n v e rg en t  w i t h  r e s p e c t  t o  x  &nd d i f f e r e n t i a b l e  

once under  t h e  i n t e g r a l  s i g n .  The f u n c t i o n  / (I- f  ^  may 

t h e r e f o r e  be o p e r a t e d  on by L , and by employing the  

f o l l o w in g  d i f f e r e n t i a t i o n  d e v ic e  a  s o l u t i o n  o f  (6*2) can 

be o b t a i n e d .  The o p e r a t i o n

i s  i n t r o d u c e d ,  and i n s t e a d  o f  c o n s i d e r i n g  a  s o l u t i o n  o f

th e  form
r ^

— L_ / ^ ( xa)
V.x,

H o h e i s e l  c o n s i d e r s  t h e  f u n c t i o n

^  ~aO
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T his  may be o p e r a t e d  on by L , and i t  i s  found t h a t

L [  -  )  -  W x ;  +  ,

where i s  in d ep e n d en t  o f  X b u t  v a r i e s  w i t h  each

d i f f e r e n t  f u n c t i o n  , Thus — i ^ ( x )  i s
JfO À

a s o l u t i o n  of

Ll j f )  Î- xrCx) -h 

o r ,  i n  o t h e r  w ords ,  i t  i s  a  s o l u t i o n  o f  ( 6 .2 )  a p a r t  from 

an a d d i t i v e  c o n s t a n t .  I n  f a c t ,  t h e  p rob lem  o f  s o l v i n g  

(6*2) h a s  been  re d u c e d  t o  t h a t  o f  s o l v i n g

U ^ l  -  //

b u t  i t  w i l l  be shown l a t e r  t h a t  t h i s  e q u a t i o n  i s  i n s o l u b l e

i n  H o h e i s e l *8 s e n s e .  F i r s t ,  however ,  s in c e  t h e  s o l u t i o n

of  (6*13) o b t a in e d  above i s  i n  t h e  form o f  an  i n f i n i t e

i n t e g r a l ,  i t s  convergence  must be d i s c u s s e d ,  and t o

d i s c o v e r  w h e th e r  i t  i s  a  p r o p e r  s o l u t i o n  i n  H o h e ise l* s

sense  i t s  o r d e r  a t  i n f i n i t y  must a l s o  be c o n s i d e r e d .  To

d e a l  w i t h  b o th  o f  t h e s e  problems H o h e i s e l  t r a n s f e r s  th e

p a th s  o f  i n t e g r a t i o n ,  i n  ( 6 .1 1 )  and ( 6 . 1 2 ) ,  from th e

im a g in a ry  a x i s  t o  a  p a r a l l e l  l i n e  t h r o u g h  th e  p o i n t

where , From t h e  d e f i n i t i o n  o f  îC g iv e n  above

i t  i s  c l e a r  t h a t  t h e  v a lu e  of  t h e  i n t e g r a l  i s  unchanged.
“ T'aI n  t h e  new form a  f a c t o r  €, i s  p r e s e n t  i n  t h e  i n t e g r a n d  

and i t  can be shown, by choo s in g  th e  s ig n  o f  Y  p r o p e r l y ,  

t h a t  \\I(x) i s  a b s o l u t e l y  and u n i f o r m ly  c o n v e r g e n t ,  and
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may be d i f f e r e n t i a t e d  once under  th e  i n t e g r a l  s i g n .  

I n  f a c t  s t r a i g h t f o r w a r d  i n e q u a l i t i e s  g iv e  th e  r e s u l t

| w( x ) |  < c \e oU + c
v-̂ eO

Here th e  f i r s t  t e rm  on th e  r i g h t  i s  of  t h e  form (3*15) 

d i s c u s s e d  by Schm id t .  From h i s  r e s u l t s  i t  f o l l o w s  t h a t  

i f  \r{Ui) i s  o f  o r d e r  a s  ju i  "7 00 , t h e n  t h i s  t e rm  i s

o f  o r d e r  (3C|* a s  \x\  —7 oo . Moreover th e  second te rm

on t h e  r i g h t  i s  in d e p e n d e n t  o f  % , so t h a t  i t s e l f

must be of  o r d e r  a s  A) , where ^  i s  a

p o s i t i v e  c o n s t a n t  o r  z e r o  and jh >/ X , T h is  r e s u l t  can 

be made more p r e c i s e ,  how ever ,  by u s i n g  th e  f a c t  t h a t  

— Wlx)  i s  a  s o l u t i o n  o f  (6 « 1 3 ) .  T h is  e q u a t i o n  may(SII4
be w r i t t e n  i n  t h e  form

/) (iVj = -  tr(x) -  /)<> _  4T/,Ctr

i . e .  A,  I w )  -  y t x )  ,
where '^(x) i s  a  f u n c t i o n  o f  o r d e r  IX} a s  ^ 00,

Now t h i s  i s  i t s e l f  a  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n  of  

S c h m id t ' s  t y p e ,  and XU)  h a s  no p u r e l y  im a g in a ry  z e r o s ,

so by h i s  r e s u l t s  i t  f o l l o w s  t h a t

W ( x )  s 0  ( lD(j^ ' )  j W Uo() s. O ( i x  )

as  l x l " 7  00 • T h is  argument can be r e p e a t e d  u n t i l  t h e

s ta g e
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i s  r e a c h e d .  The f u n c t i o n  'VW canno t  be re d u c e d  t o  a 

lower  o r d e r  t h a n  t h i s ,  however ,  because  o f  t h e  te rm  

i n v o l v i n g  irCx) , so t h a t  t h i s  i s  t h e  f i n a l  o r d e r  r e s u l t  

s a t i s f i e d  by th e  s o l u t i o n  o f  ( 6 . 1 3 ) .

H o h e i s e l  nex t  d i s c u s s e s  t h e  same problems f o r  a 

s o l u t i o n  o f  ( 6 .3 )  and i t s  a s s o c i a t e d  homogeneous e q u a t i o n .  

The methods used  a re  s i m i l a r ,  bu t  t h e  q u e s t i o n  o f  

convergence  i s  found t o  be much s im p le r  because  of  th e  

new form o f  %  ^  . I n  t h i s  case  t h e  f a c t o r  ^ i s

s u f f i c i e n t  t o  e n su re  c o n v e rg en c e ,  and on ly  one s o l u t i o n  

o f  th e  e q u a t i o n  c o r r e s p o n d in g  t o  ( 6 .1 0 )  need be 

c o n s i d e r e d .  Moreover a  s o l u t i o n  o f  ( 6 .3 )  i t s e l f  i s  

o b t a in e d  w i t h o u t  t h e  a d d i t i o n  o f  th e  c o n s t a n t  , and 

t h i s  s o l u t i o n  s a t i s f i e s  t h e  same o r d e r  c o n d i t i o n  a s  above .

The o r d e r  o f  a  s o l u t i o n  o f  th e  homogeneous e q u a t io n  

( 6 . 4 )  h a s  y e t  t o  be c o n s i d e r e d ,  and t o  d e a l  w i t h  t h i s  

H o h e i s e l  nex t  shows t h a t  i f  i s  a  c o n t in u o u s  s o l u t i o n

of  ( 6 . 4 )  t h e n  y.Yarj i s  a l s o  c o n t i n u o u s ,  even a t  X =■ O ,

By w r i t i n g  th e  e q u a t i o n  i n  t h e  form

/ I , / / ;  ^ 

i .e .  = y ( x l ,

i t  i s  8@en t h a t  r (x )  i s  of o r d e r  i f  i s  o f

o r d e r  I Xj ^  a s  I XI  , Thus by S c h m id t ' s  r e s u l t s

th e  l a s t  e q u a t i o n  must have a  s o l u t i o n  ^ ( x )  f o r  which
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y x )  o O x i " "  ) , y  ' (x)  = 0(1X1*"; ,

I n  t h i s  case  t h e  p r o c e s s  may be r e p e a t e d  any number of  

t im e s  and i t  f o l lo w s  t h a t

t^(x) = 0(1X1- ' ;  , 0 ( I X I “ ) ,
f o r  any C , no m a t t e r  how l a r g e ,

H o h e i s e l  p r o c e e d s  to  use  a  method s i m i l a r  t o  t h a t  

employed l a t e r  by W right  i n  h i s  s o l u t i o n  by Lap lace  

t r a n s f o r m s ,  t h e  o n ly  d i f f e r e n c e  b e in g  t h a t  he u s e s  a 

tw o - s id e d  i n s t e a d  o f  a  o n e - s i d e d  t r a n s f o r m .  He supposes  

t h a t  i s  a  s o l u t i o n  o f  (6*4) o f  t h e  c o r r e c t  o r d e r  a t

i n f i n i t y  and he d e f i n e s  by t h e  e q u a t io n

= I e  j f ( x )  ebc.
J,  af

From (6 .1 5 )  i t  f o l lo w s  t h a t  t h i s  i n t e g r a l ,  and a l l  i t s  

d e r i v a t i v e s ,  w i l l  converge  i f  i s  p u r e l y  im a g in a ry .
mm 0̂ 9C

I t  i s  t h e r e f o r e  j u s t i f i a b l e  t o  m u l t i p l y  (6*4) by € 

and i n t e g r a t e  w . r . t .  x  o v e r  f - * ,  oo) g i v in g

e  L( ^ )  -  0.

T h is  i n t e g r a l  may be w r i t t e n  i n  t e rm s  o f  and /Ij,

and s i m p l i f i e d ,  and i t  i s  found t o  re d u c e  to

-  0 .
ih u 3  f

m . )  ■ «
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and t h i s  i s  bounded on th e  im a g in a ry  ^V-axis ,  I t  

t h e r e f o r e  f o l lo w s  t h a t

I K* <plx) I ^

as cX-y 00 a lo n g  th e  im a g in a ry  a x i s .  On th e  o t h e r  

hand

f i x )  = e  " " ' J '  ^
J  -  to

I.
eo

L   ̂ y
and i t  can be shown by e le m e n ta r y  argum ents  t h a t  y *'i^)  

i s  c o n t in u o u s  and o f  o r d e r  , so t h a t  ^

e x i s t s .  T h is  means t h a t  on th e  im a g in a ry  a x i s
r  ^  /\ h ‘ p u )  I <■ j  I eU

^  c .

which c o n t r a d i c t s  t h e  r e s u l t  found a b o v e .  Thus t h e  o n ly  

p o s s i b i l i t y  i s  f o r  t o  be z e ro  i f  X i s  p u r e l y  

i m a g i n a r y .  I t  t h e n  f o l l o w s  from F o u r i e r ' s  I n t e g r a l  

Formula t h a t
fix)  £  o.

In  o t h e r  words t h e  on ly  s o l u t i o n  of  (6*4) which s a t i s f i e s  

t h e  n e c e s s a r y  o r d e r  c o n d i t i o n  i s  t h e  z e r o  s o l u t i o n .

F i n a l l y ,  H o h e i s e l  c o n s i d e r s  th e  o r d e r  o f  s o l u t i o n s  

of  ( 6 «2);  t h e  problem o f  s o l v i n g  t h i s  e q u a t i o n  h a s  been 

re d u c e d  t o  t h a t  o f  s o l v i n g  (6 * 1 4 ) .  By a  method s i m i l a r
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t o  t h a t  j u s t  used f o r  th e  homogeneous e q u a t i o n ,  i t  i s  

shown t h a t  i f  j^(x) i s  a  s o l u t i o n  s a t i s f y i n g  th e  p r o p e r  

o r d e r  c o n d i t i o n ,  t h e n  a c o n t r a d i c t i o n  can be a vo ided  on ly

f ”(x) £ a.
M oreover ,  from th e  e q u a t i o n  i t s e l f ,  i t  i s  e a s i l y  seen  t h a t  

th e  g iv e n  c o n d i t i o n  f o r  ÿ,(JC) can be red u ced  h e r e  t o  th e  

c o n d i t i o n
f i x )  = O C - x ) .

I t  t h e r e f o r e  f o l l o w s  t h a t

^  f X ) =, ^  /

which does  not  s a t i s f y  ( 6 . 1 4 ) .  I n  o t h e r  w o r d s , (6*14) 

has  no s o l u t i o n  o f  t h e  c o r r e c t  o r d e r  a t  i n f i n i t y ,

H o h e i s e l  has  t h e r e f o r e  shown t h a t  e q u a t i o n  ( 6 , 2 )  has  

no s o l u t i o n  o f  th e  c o r r e c t  o r d e r  a,t i n f i n i t y ,  and t h a t  th e  

on ly  such  s o l u t i o n  o f  (6*4) i s  t h e  z e ro  s o l u t i o n .  A 

s o l u t i o n  o f  (6*3) o f  t h e  c o r r e c t  o r d e r  does  e x i s t ,  however, 

a l t h o u g h  th e  homogeneous e q u a t i o n  a s s o c i a t e d  w i t h  (6*3) 

a g a i n  h a s  o n ly  th e  z e r o  s o l u t i o n ,  a s  may be shown by a 

method s i m i l a r  t o  t h a t  used  f o r  (6 * 4 ) .

The r e s u l t s  o f  t h e s e  s im ple  e q u a t i o n s  which  H o h e ise l  

has  c o n s i d e r e d  i n  d e t a i l  may be e x te n d e d ,  w i th o u t  

d i f f i c u l t y ,  t o  th e  c a s e s  f o r  which
"/W V I - I

L l f ) :  x f  > ( > ' ) * - £ _  1  ^
y* % 0 V SO



and

L l j f )  B ( y - i - j  C x ) i -  1 £
y* zo 4/ so '

where t h e  a re  l i n e a r  f u n c t i o n s  o f  X • The o n ly

p o s s i b l e  d i f f i c u l t y  a r i s e s  i f ,  i n  t h e  f i r s t  c a s e ,  t h e r e

i s  a  te rm  i n v o l v i n g  whose c o e f f i c i e n t  h a s  a

r e a l  z e r o .  I n  such  a  c a s e ,  however ,  i t  can be shown,

by cho os in g  a d i f f e r e n t  convergence  f a c t o r ,  t h a t  t h e

same r e s u l t s  a r e  t r u e .

H o h e i s e l  does  no t  d i s c u s s  t h e  c a se  of  q u a d r a t i c

c o e f f i c i e n t s  i n  any d e t a i l ,  b u t  he makes a  few comments

on e q u a t i o n s  f o r  which
LI f j z .  (x*-i- (p'i X* i- P, X 4- t-,) f  (XI- ij .

I f  01̂ <0 , t h e  c o e f f i c i e n t  o f  h a s  r e a l  z e r o s ,  and

a  s o l u t i o n  of

L ( ^ )  ^  M-(X) -t- (, X-4- Ci

can be fo u nd .  The e q u a t i o n

L i ^ )  -  c, y  ^  Cji

can be shown t o  be i n s o l u b l e ,  however ,  so t h a t  i n  g e n e r a l  

th e  e q u a t io n

L ( f )  =.

i s  a l s o  i n s o l u b l e .  On t h e  o t h e r  h a n d ,  i f  4 ,  > O , t h e  

c o e f f i c i e n t  o f  ^  YatJ h a s  no r e a l  z e r o s ,  and a 

s o l u t i o n  of
L ( f , )  =. r ( x )

can  t e  shown t o  e x i s t .  I f  i x l x )  i s  o f  o r d e r  I x l  a s
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- A
I X I - 7  Xf , t h e n  t h i s  s o l u t i o n  i s  o f  o r d e r  j x  I 

a s  one would e x p e c t .  F u r t h e r ,  t h e  homogeneous e q u a t io n  

h a s  no p r o p e r  s o l u t i o n  o t h e r  t h a n  t h e  z e ro  s o l u t i o n .

These r e s u l t s  may, i n  t u r n ,  be g e n e r a l i z e d  f o r  th e  

case  when

where t h e  / Ar) a r e  q u a d r a t i c s  i n  X ,
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VII .  BOCHNZR.

The nex t  im p o r t a n t  c o n t r i b u t i o n  t o  t h e  s u b j e c t  i s  

due t o  Bochner ,  who makes e x p l i c i t  use  o f  t r a n s f o r m s  i n  

f i n d i n g  a s o l u t i o n  o f  a  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n .  

He c o n f i n e s  h i m s e l f  e n t i r e l y  t o  l i n e a r  e q u a t i o n s  w i t h  

c o n s t a n t  c o e f f i c i e n t s  o f  t h e  form (2 * 1 ) ,  and i n  h i s  f i r s t  

t h r e e  p a p e r s  on t h e  s u b j e c t ,  ( 5 ) ,  (6)  and ( 7 ) ,  p u b l i s h e d  

i n  1930 and 1931, he assumes f u r t h e r  t h a t  th e  f u n c t i o n  

Ar[x)  i s  a lm o s t  p e r i o d i c .  I n  h i s  book (9)  on F o u r i e r  

i n t e g r a l s ,  p u b l i s h e d  i n  1932,  however ,  he e s t a b l i s h e s  

s i m i l a r  r e s u l t s  i n  t h e  case  where i^(xj i s  any f u n c t i o n  

whose F o u r i e r  t r a n s f o r m  i s  r e a d i l y  c a l c u l a b l e .  The 

l a t t e r  case  w i l l  be c o n s i d e r e d  i n  some d e t a i l  h e r e ,  w i t h  

o n ly  a b r i e f  r e f e r e n c e  t o  t h e  e a r l i e r  p a p e r s .

Bochner*s  methods a r e  based  on t h e  s y s t e m a t i c  t h e o r y  

of  F o u r i e r  t r a n s f o r m s  a s  de v e lo p ed  i n  h i s  book ( 9 ) .  I n  

o r d e r  t o  use t h e s e  methods i t  i s  n e c e s s a r y  t o  g ive  a 

b r i e f  accou n t  o f  h i s  n o t a t i o n .  The F o u r i e r  t r a n s f o r m  

£ ( t )  o f  a  f u n c t i o n  ^ ( x f  i s  g iv e n  by th e  fo rm u la

t h e  i n t e g r a l  b e in g  t a k e n  i n  t h e  Lebesgue s e n s e ,  and t h e n  

t h e  c o r r e s p o n d i n g  i n v e r s i o n  fo rm u la  i s



-  ü i t )  ^
V m, to

under  c e r t a i n  s p e c i f i e d  c o n d i t i o n s .  These a r e  th e  

d e f i n i t i o n s  t a k e n  by D o e t sc h  (13) and T i t c h m a r s h  ( 3 6 ) ,  

a p a r t  from a  change o f  s i g n  and a change i n  th e  

c o n s t a n t  ^IT r e s p e c t i v e l y .  Bochner  a l s o  d e f i n e s  th e  

r e s u l t a n t  o f  t o  be t h e  f u n c t i o n

M>

i n  t h e  u s u a l  way, so t h a t  t h e  p r o p e r t i e s  o f  a  r e s u l t a n t  

may be assumed.

F o r  conven ience  he t h e n  makes t h e  f o l l o w i n g  

d e f i n i t i o n s .  The c l a s s  ^  i s  t h e  c l a s s  o f  a l l  

f u n c t i o n s  .^(x) which  a r e  a b s o l u t e l y  i n t e g r a b l e  i n  

and Jç i s  t h e  c l a s s  o f  a l l  f u n c t i o n s  which a r e  F o u r i e r  

t r a n s f o r m s  o f  f u n c t i o n s  o f  • F u r t h e r ,  t h e  n o t a t i o n

, r 40 4 3f / /
^ i x )  \ E(f )  t  

J “ oo

i s  t a k e n  t o  mean t h a t  ^{x)  i s  t h e  f u n c t i o n  from whose 

F o u r i e r  t r a n s f o r m  i s  E ( t )  , w h e th e r  t h e  i n t e g r a l  converges  

o r  n o t .

F i n a l l y ,  Bochner i n t r o d u c e s  t h r e e  s p e c i a l  d e f i n i t i o n s  

i n  o r d e r  t o  s t a t e  h i s  methods and r e s u l t s  a s  n e a t l y  a s  

p o s s i b l e .  F i r s t ,  a  f u n c t i o n  ^1^1 i s  s a i d  t o  be 

d i f f e r e n t i a b l e  A t im e s  i n  i f ,  t o g e t h e r  w i t h  i t s  f i r s t
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A d e r i v a t i v e s ,  i t  i s  a b s o l u t e l y  i n t e g r a b l e  i n  

S e c o n d ly ,  he supposes  t h a t  t o  a  f u n c t i o n  ^(x)  t h e r e  

c o r r e s p o n d s  an ^ t h  i n t e g r a l  such  t h a t

f F V x J =
where i s  un ique  a p a r t  from a p o ly n o m ia l  o f  d e g re e

(x -  t) i n  X . Then ef(^) i s  s a i d  t o  be i n t e g r a b l e  ^  

t im es  i n  ^  i f  b e lo n g s  t o  % and i f  ( ^ ) i s

d i f f e r e n t i a b l e  A t im e s  i n  . T h i r d l y ,  a  f u n c t i o n

r ( t )  i s  s a i d  t o  be a  m u l t i p l i c a t o r  w . r . t .  E ( t )  i f  

r ( t )ECtj  i s  t h e  t r a n s f o r m  o f  some f u n c t i o n  ( x )  , s a y ,  

and i f  t h i s  i s  t r u e  f o r  e v e r y  t r a n s f o r m  H it )  t h e n  P(^)  

i s  s a i d  t o  be a  g e n e r a l  m u l t i p l i c a t o r .

The q u e s t i o n  o f  th e  e x i s t e n c e  o f  a  s o l u t i o n  o f  (2*1) 

can now be d i s c u s s e d ,  Bochner  makes h i s  own r e s t r i c t i o n  

on th e  ty p e  o f  f u n c t i o n  ^(xj  which  he w i l l  c o n s i d e r  a s  a' 

s o l u t i o n ,  r e q u i r i n g  i n  t h i s  c ase  t h a t  i t  s h a l l  be 

d i f f e r e n t i a b l e  ^  t im e s  i n  . He supposes  t h a t

( r o

Then i t  i s  known t h a t

( x )  f  e  ' d t ^  o,  ̂ • -, a ;

and t h e r e f o r e

J  ’ Où
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I t  f o l l o w s  t h a t

M , l

where

f  n t }  0 ( t )  d t - ^  ^ r - 4 )
V _  Vfc

< ( t i  s  2  1  -
/t Z C /X/ CmO

The f u n c t i o n  { ( t )  t h u s  c o r r e s p o n d s  t o  t h e  t r a n s c e n d e n t a l  

f u n c t i o n  'h/’-Sj , i n  w h ich  i s  r e p l a c e d  by /T" , a s  i n  

S ch m id t ’ s p a p e r .  The r e a s o n  f o r  u s i n g  t h i s  form i s  

a g a in  due t o  th e  f a c t  t h a t  o n ly  t h e  r e a l  z e r o s  o f  

a r e  o f  i n t e r e s t ,  s i n c e  i n  ( 7 . 1 )  i s  a  r e a l ,  no t  a 

complex, v a r i a b l e .

I f  now

i r i X )  ^ vit-) C J t f
- >>

t h e n  i t  i s  seen  from (7*2) t h a t  i s  a  s o l u t i o n  of

(2 .1 )  i f  and on ly  i f  s a t i s f i e s

i ( t )  i p L t )  -  V ( t - )
T his  means t h a t  ( t )  j  f ( t )  Must be a  f u n c t i o n  o f  ^

and f u r t h e r ,  t h a t  y (x\  , g iv e n  by

I f t x }

must be d i f f e r e n t i a b l e  A  t im e s  i n

B efo re  d i s c u s s i n g  t h e s e  c o n d i t i o n s  i n  g r e a t e r  d e t a i l  

t h e  homogeneous e q u a t i o n  ( 2 . 2 )  i s  c o n s i d e r e d .  I n  t h i s
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case  (7*3)  becomes

^ L t )  i t )  = o .

Thus i f  ' { ( t )  h a s  no r e a l  z e r o s ,  i t  f o l l o w s  t h a t  ^ ( t )  must 

be z e ro  f o r  a l l  r e a l  -t" , and c o n s e q u e n t ly  t h a t  t h e  o n ly  

s o l u t i o n  o f  ( 2 . 2 )  i s  y /x^ -  O . F u r t h e r ,  i t  i s  c l e a r  

t h a t  ' ( i t)  i s  a  r e g u l a r  f u n c t i o n  whose z e r o s  a r e  i s o l a t e d ,  

so t h a t  (^[tj must i n  any c ase  be  z e r o  a lm o s t  eve ry w here .

I t  t h e r e f o r e  f o l l o w s  a g a i n  t h a t  th e  o n ly  p o s s i b l e  s o l u t i o n  

i s  th e  z e r o  s o l u t i o n .  The u s u a l  s imple  

e x p o n e n t i a l  s o l u t i o n s  g iv e n  by r e a l  z e r o s  o f  'Y(t') a re  

o m i t t e d  h e re  because  t h e y  do no t  b e lo n g  t o  and so t h e y

a re  no t  s o l u t i o n s  i n  Bochner*s  r e s t r i c t e d  s e n s e .

R e tu r n i n g  t o  t h e  non-homogeneous e q u a t i o n  ( 2 . 1 ) ,  i t  

i s  nex t  supposed  t h a t  t i t )  h a s  z e r o s  a t

A ,  h ,  ■ • '

of  m u l t i p l i c i t i e s

f> , f i ,  ' ' ' /  / a ,

r e s p e c t i v e l y .  Then i n  a sm a l l  i n t e r v a l  (̂ a ) * i n c l u d i n g

th e  z e ro  , b u t  no o t h e r s ,  i t  i s  assumed th%t

■ii t i  = {■• ( t - ( ^ ( t )

where i s  n o n -z e ro  and d i f f e r e n t i a b l e  any number

of  t im e s  i n  t h i s  i n t e r v a l .  Thus,  i n  / ^  j
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ï l ÿ  ._ . j -  ' r r )

Then i f  (2*1) has  a  s o l u t i o n  jffx) o f  form (7*4) i t  can 

he seen  f o r m a l l y  t h a t  t h e  f u n c t i o n

[ d t  - t ^ ) ]

must be lo n g  t o  f o r  e ac h  -h . Bochner  p ro v e s  t h i s

r e s u l t  r i g o r o u s l y ,  u s i n g  t h e  t e c h n i q u e  o f  m u l t i p l i c a t o r s .

He a l s o  shows t h a t  an e q u i v a l e n t  c o n d i t i o n  i s  t h a t  t h e  

f u n c t i o n

shou ld  be i n t e g r a b l e  t im e s  i n  .

I n  o r d e r  t o  c o n s i d e r  s u f f i c i e n t  c o n d i t i o n s  f o r  ( 2 . 1 )  

to  have a s o l u t i o n  ^(x)  i t  must be remembered t h a t  t h e  

s o l u t i o n  )j.(x) i t s e l f  i s  t o  be d i f f e r e n t i a b l e  t im e s  i n  , 

From ( 7 .4 )  i t  t h e r e f o r e  f o l l o w s  t h a t  t h e  f u n c t i o n s

must b e lo n g  t o  , and t h i s  i s  so i f  i t  can be p roved

t h a t  th e  f u n c t i o n s

/fV 5 M y ilf > (■V- 0, ■-J -n) If.y)

a re  g e n e r a l  m u l t i p l i c a t o r s .
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Bochner  p o i n t s  ou t  t h a t  t h e r e  a r e  c o n s i d e r a b l e  

s i m p l i f i c a t i o n s  i f ,  i n s t e a d  o f  t h e  g e n e r a l  e q u a t i o n  

(2 *1 ) ,  t h e  e q u a t i o n

u ' * > i x ) +■ y - r / f j  i i - 4 )
^ j\x.O ‘y'^O

i s  c o n s i d e r e d .  The c o r r e s p o n d i n g  f u n c t i o n  '((t) i s  t h e n  

of t h e  same form a s  t h a t  d i s c u s s e d  by Sch m id t ,  and h a s  

only a f i n i t e  number o f  r e a l  z e r o s .  Bochner  supposes  

f i r s t  t h a t  iOr) h a s  no r e a l  z e r o s ,  and i t  i s  t h e n  e a s i l y  

proved t h a t  h ^ ( t )  i s  a  g e n e r a l  m u l t i p l i c a t o r .  His  

method i s  q u i t e  s t r a i g h t f o r w a r d ,  i n v o l v i n g  a  lemma i n  

which he p roves  t h a t  t h e  f u n c t i o n s  H J t }  a r e  a b s o l u t e l y  

i n t e g r a b l e  f o r  a l l  , t o g e t h e r  w i t h  t h e  g e n e r a l  

p r o p e r t i e s  o f  m u l t i p l i c a t o r s .  I t  t h e r e f o r e  f o l lo w s  t h a t  

(7*8) h as  a  s o l u t i o n  i f  and o n ly  i f

[ 4 l t  V(t)
be lon g s  t o  By t h e  t h e o r y  o f  r e s u l t a n t s ,  t h e

s o l u t i o n  i s  o f  t h e  form

it

where

J. Ç“ K ( S } - < r ( r - V  
J at

k ( i )  ■-
I ( I t )

J
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Secon d ly ,  Bochner supposes  t h a t  h a s  a  f i n i t e

number o f  r e a l  z e r o s  o r d e r  t o  o b t a i n

th e  same r e s u l t s  h e r e ,  he i n t r o d u c e s  a  s e r i e s  of  g e n e r a l  

m u l t i p l i c a t o r s  Py^it) » e ach  o f  which  has  t h e  v a lu e  u n i t y  

i n  a sm a l l  i n t e r v a l  abou t  t h e  c o r r e s p o n d in g  z e r o ,  and 

v a n i s h e s  o u t s i d e  a  s l i g h t l y  l a r g e r  i n t e r v a l .  Then by 

c o n s i d e r i n g  a  m u l t i p l i c a t o r  o f  g iv e n  by

i t  i s  p o s s i b l e  t o  change '{(t) i n  th e  ne ighbourhood  o f  each  

z e ro  i n t o  a  n o n - v a n i s h in g  f u n c t i o n  f j t )  w i th o u t  a f f e c t i n g  

t h e  r e s u l t .  The p r o o f  t h e n  f o l lo w s  i n  th e  same way as  

b e f o r e ,

A p a r t i c u l a r  c ase  of  an e q u a t i o n  o f  t h i s  type  i s  a  

pure  d i f f e r e n t i a l  e q u a t i o n .

R e tu r n i n g  t o  t h e  g e n e r a l  e q u a t io n  (2 * 1 ) ,  Bochner i s  

a g a i n  conce rned  w i t h  th e  r e a l  z e r o s  o f  t f t )  t which may 

now be i n f i n i t e  i n  number. I n  o r d e r  t o  l i m i t  h i m s e l f  t o  

a f i n i t e  number, he c o n s i d e r s  th e  f u n c t i o n  which 

c o r r e s p o n d s  t o  , a s  g iv e n  by (2 * 6 ) .  In  th e  p r e s e n t

n o t a t i o n  t h i s  i s
■< Û f  '  ^  ^

* £  V
fAZmCJ

and i t  i s  c a l l e d  by Bochner t h e  " p r i n c i p a l  p a r t "  o f  f ( t \ .  

He supposes  t h a t

\ Y  i t )  \ >y C 7 0
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f o r  a l l  tr , so t h a t  )flt)  i s  u n i f o r m ly  hounded from 

z e r o .  Then

k i t )  = r i t )  [ i i t y  + t  t  ]
t  ft-zo nxt.0 'Q(t) /

= ï l t )  I  ( t )

say ,  th e  f u n c t i o n  "being o f  t h e  same form as  T'/'i)

i n  ( 2 . 8 ) .  Thus » and c o n s e q u e n t ly  - ( ( t )  , have

on ly  a  f i n i t e  number o f  r e a l  z e r o s .  Bochner t h e n  shows 

i n  t h e  same way a s  b e f o r e  t h a t  t h e  f u n c t i o n s

(d _ (j t  )  ̂V = 0̂  fy ' ' V
i ( t \  " "f /f;  r i t )

a re  g e n e r a l  m u l t i p l i c a t o r s .  T h e r e f o r e ,  p ro v id e d  t h a t  

th e  p r i n c i p a l  p a r t  o f  £(t)  i s  u n i f o r m ly  bounded from 

z e r o ,  i t  f o l lo w s  t h a t  ( 2 .1 )  has  a  s o l u t i o n  i f  and on ly  i f

- A

b e lo n g s  t o  .

A p a r t i c u l a r  c ase  o f  an e q u a t i o n  o f  t h i s  type  i s  a 

pure d i f f e r e n c e  e q u a t i o n .

I n  th e  l a s t  p a r t  o f  h i s  book, Bochner c o n s i d e r s  

c e r t a i n  g e n e r a l i z a t i o n s  o f  t h e  c l a s s e s  ^  and 21 , a

c o r r e s p o n d in g  e x t e n s i o n  i n  th e  r e s u l t s  f o r  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s .  The c l a s s  i s  d e f i n e d  a s  t h e  

c l a s s  o f  a l l  f u n c t i o n s  ^(x)  f o r  which  ^ ( x ) l  i s
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a b s o l u t e l y  i n t e g r a b l e  i n  . A l s o ,  t h e  f u n c t i o n s

^ i t ) , y  It) 9-^® s a id  t o  be / ^ - e q u i v a l e n t  i f  t h e  d i f f e r e n c e

between them i s  a  p o ly n o m ia l  i n  t" o f  deg ree  ^A'f)  a t

m o s t .  Bochner d e n o te s  t h i s  r e l a t i o n  by
A 0 I t )  X y ( t ) .

Then th e  ^ - t r a n s f o r m  o f  ^ix)  i s  t h e  f u n c t i o n  £■ f t /  A )

g iven  by

X  -jy.) 4 .,

where 6^ i s  a  p o lyn o m ia l  o f  degree  i n  X f o r  I

and z e ro  e l s e w h e r e .  F u r t h e r , ^  i s  t h e  c l a s s  o f  a l l  

t r a n s f o r m s  E ( t y k } »  I t  f o l lo w s  from t h e s e  d e f i n i t i o n s  

t h a t  a  f u n c t i o n  o f  t h e  form

%  ̂ , ( o i  ^ i

where ^  i s  r e a l ,  b e lo n g s  t o  th e  c l a s s  .

R e tu r n i n g  t o  t h e  e q u a t i o n  ( 2 * 1 ) ,  Bochner  now

r e s t r i c t s  h i s  s o l u t i o n s  t o  be f u n c t i o n s  o f  ^  , and so

i t  i s  c l e a r  t h a t  i f  4Ct) h a s  ^  r e a l  z e r o s  ^  of

m u l t i p l i c i t i e s  ^  t h e n  t h e  complementary f u n c t i o n  i s  • A
o f  t h e  form

I  j  1  c x > }

where
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The p a r t i c u l a r  s o l u t i o n  o f  (2*1) i s  t h e n  d i s c u s s e d  by 

methods s i m i l a r  to  t h o s e  used b e f o r e ,  and ,  i n  p a r t i c u l a r ,  

i f  '{it) h a s  no r e a l  z e r o s ,  i t  i s  found t o  be o f  form 

(7*9) a g a i n .  From t h i s  i t  i s  seen  t h a t  c e r t a i n  p r o p e r t i e s  

of  \r(x) w i l l  a l s o  be p o s s e s s e d  by th e  c o r r e s p o n d in g  

s o l u t i o n  ^ i x )  , f o r  example .  I f  ir(x) i s  a lm os t  p e r i o d i c ,  

t h e n  y /x j  w i l l  a l s o  be a lm os t  p e r i o d i c .  T h is  i s  th e  

case  d i s c u s s e d  by Bochner i n  h i s  e a r l i e r  p a p e r s  ( 5 ) ,  (6) 

and ( 7 ) .  I n  t h e s e  p a p e r s  Bochner o b t a i n s  r e s u l t s  on th e  

e x i s t e n c e  o f  s o l u t i o n s  which  a r e  t h e  same a s  t h o s e  found 

when ir(K) i s  a  g e n e r a l  f u n c t i o n ,  bu t  he goes f u r t h e r  i n  

d i s c u s s i n g  t h e  q u e s t i o n  o f  convergence  o f  s o l u t i o n s .

I n  (5)  he c o n s i d e r s  an e q u a t io n  of  t h e  fonn  (2*1) 

where irix) i s  a lm os t  p e r i o d i c ,  meaning by t h i s  t h a t  i t  

has  a  F o u r i e r  s e r i e s  g iv e n  by

[ri)() Z  *

t h e  b e in g  r e a l .  He does no t  r e s t r i c t  h i s  s o l u t i o n s  

i n  th e  same way a s  above ,  suppos ing  i n s t e a d  t h a t  th e  

s o l u t i o n ,  t o g e t h e r  w i t h  i t s  f i r s t  'tt d e r i v a t i v e s ,  i s  

a lm ost  p e r i o d i c .  Thus ,  p ro v id e d  t h a t  th e  complementary 

f u n c t i o n  of  (2*1) s a t i s f i e s  t h i s  c o n d i t i o n ,  i t  may be 

i n c lu d e d  i n  t h e  s o l u t i o n ,  so t h a t  t e rm s  of  t h e  form € 

where i s  r e a l ,  can  a r i s e ,  Bochner*s method o f  

o b t a i n i n g  h i s  r e s u l t s  h e re  i s  b a sed  on F o u r i e r  s e r i e s  

i n s t e a d  o f  t r a n s f o r m s ,  bu t  a p a r t  from t h a t  t h e  p r o o f s



66.

f o l lo w  p r e c i s e l y  th e  same l i n e s  a s  b e f o r e .  He shows t h a t  

i f  t h e  p r i n c i p a l  p a r t  o f  i i t )  i s  u n i f o r m ly  bounded from 

z e r o ,  f o r  a l l  , t h e n  t h e  n e c e s s a r y  and s u f f i c i e n t  

c o n d i t i o n  f o r  th e  e x i s t e n c e  o f  a  s o l u t i o n  i s  t h a t  t h e  

f u n c t i o n

e ~

should be i n t e g r a b l e  t i m e s .

I n  t h e  case  when Yl t )  has  an i n f i n i t y  o f  z e r o s ,  t h e  

complementary f u n c t i o n  becomes an i n f i n i t e  s e r i e s ,  and 

i t  i s  n e c e s s a r y  t o  d i s c o v e r  w h e the r  i t  i s  a  F o u r i e r  

s e r i e s .  T h is  i s  shown t o  be t h e  case  i f  t h e  e xponen ts  

i n  t h e  complementary f u n c t i o n  a r e  bounded.

I n  p a p e r  (6)  i t  i s  shown f u r t h e r  t h a t  e v e r y  s o l u t i o n  

which ,  t o g e t h e r  w i t h  i t s  f i r s t  sv d e r i v a t i v e s ,  i s  

co nvergen t  and u n i f o r m ly  c o n t i n u o u s ,  i s  a l s o  a lm os t  

p e r i o d i c .  I n  t h i s  p a p e r  Bochner u s e s  t r a n s f o r m s  a g a i n .  

F i n a l l y  i n  (7 )  t h e s e  convergence  r e s u l t s  a r e  e x ten ded  to  

th e  s o l u t i o n  o f  a  f i n i t e  s e t  o f  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n s  o f  t h e  form ( 2 . 1 ) ,
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V III ,  TITCHMARSH.

T i t c h m a r s h  makes a b r i e f  r e f e r e n c e  t o  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s  i n  h i s  book on F o u r i e r  I n t e g r a l s  

(36,  p . 2 9 8 ) ,  p u b l i s h e d  i n  1937, and th e  r e s u l t s  

e s t a b l i s h e d  t h e r e  a r e  e x tend ed  i n  a  p a p e r  (37) p u b l i s h e d  

two y e a r s  l a t e r .

T i t c h m a r s h  c o n s i d e r s  p a r t i c u l a r  l i n e a r  e q u a t io n s  w i t h  

c o n s t a n t  c o e f f i c i e n t s  o f  t h e  form ( 2 . 1 ) ,  and he f i n d s  

s o l u t i o n s  by means o f  g e n e r a l i z e d  F o u r i e r  t r a n s f o r m s .

His  method f o l lo w s  t h e  same l i n e s  a s  B o ch n er* s ,  bu t  i s  

l e s s  r e s t r i c t i v e ,  w i t h  th e  r e s u l t  t h a t  t h e  complementary 

f u n c t i o n  does no t  have t o  be o m i t t e d  a s  i n  t h e  f i r s t  case  

d i s c u s s e d  i n  S e c t i o n  V I I .

The most g e n e r a l  e q u a t i o n  d i s c u s s e d  i n  (36) i s  o f  

th e  form
VI-/ÎL V(x) . ‘4-')

I n  t h e  n o t a t i o n  o f  S e c t i o n  I I  i t  i s  seen  t h a t  i s

z e r o ,  and t h u s  t h e  z e r o s  o f  f(à) a r e  unbounded on th e  

r i g h t .  T h is  means t h a t  t h e  complementary f u n c t i o n  w i l l  

be an i n f i n i t e  s e r i e s  o f  form which  w i l l

c e r t a i n l y  not  converge  f o r  p o s i t i v e  I n  o r d e r  t o

overcome t h i s  d i f f i c u l t y  T i t c h m a r s h  l i m i t s  h i m s e l f  t o
< IXf

s o l u t i o n s  which a re  o f  o r d e r  € a s  i x  f —̂  , so
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t h a t  e x p o n e n t i a l  t e rm s  i n  t h e  complementary  f u n c t i o n  a re  

c o n f in e d  t o  t h o s e  f o r  which  \C  » and t h e s e  a r e

f i n i t e  i n  number.

T h is  o r d e r  c o n d i t i o n  on s o l u t i o n s  i s  l e s s  r e s t r i c t i v e  

t h a n  t h a t  o f  Schmidt and H o h e i s e l ,  and i t  i s  o f  im p o r tan c e ,  

s in c e  t h e  e x p o n e n t i a l  s o l u t i o n s  o f  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t io n s  a r e  o f  c o n s i d e r a b l e  i n t e r e s t  i n  a p p l i c a t i o n s ,  

a s  w i l l  be seen l a t e r .  F u r t h e r ,  t h i s  c o n d i t i o n  i s  

e s s e n t i a l  f o r  j u s t i f y i n g  t h e  use of  t r a n s f o r m s ,  and i n  

o r d e r  t o  see  t h i s ,  T i t c h m a r s h ’s d e f i n i t i o n s  o f  g e n e r a l i z e d  

F o u r i e r  t r a n s f o r m s  must now be g i v e n .  These d e f i n i t i o n s  

a re  an  e x t e n s i o n  o f  B o c h n e r ’ s becau se  t h e y  a r e  g iv en  i n  

te rm s o f  t h e  complex v a r i a b l e  -t" -  , s a y ,  i n s t e a d  o f

i n  te rm s  o f  r e a l  f  .

The g e n e r a l i z e d  F o u r i e r  t r a n s f o r m s  o f  ^/’xj  a r e  g iv en

by
ao J*

F i t )  ^  J -  f  J ( x )  e  ■' c b c ,
* J S r  J,

when ir i s  s u f f i c i e n t l y  l a r g e  and p o s i t i v e ,  and

/ t x

when If" i s  s u f f i c i e n t l y  l a r g e  and n e g a t i v e .  Then th e  

c o r r e s p o n d in g  i n v e r s i o n  fo rm u la  g iv e n  by T i t c h m a rsh  i s  o f  

t h e  form

d ir ,
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where a  i s  s u f f i c i e n t l y  l a r g e  and p o s i t i v e ,  and i s  

s u f f i c i e n t l y  l a r g e  and n e g a t i v e .  Thus i f  ^ ( x j  i s  of  

o r d e r   ̂ i t  i s  c l e a r  t h a t  w i l l  converge  f o r

x r y ^  , and w i l l  converge  f o r  4T < .

These t r a n s f o r m s  w i l l  now he used t o  f i n d  a  s o l u t i o n  

of  ( 8 ' 1 ) .  The method depends e n t i r e l y  on t h e  a p p l i c a t i o n  

of a g e n e r a l  theorem  on t r a n s f o r m s ,  proved by T i t c h m a rs h

i n  h i s  book (36 ,  p . 2 5 5 ) .  T h is  s t a t e s  t h a t  i f  

f , l t )  € f

t h e n  i t  must f o l l o w ,  under  c e r t a i n  s p e c i f i e d  c o n d i t i o n s ,  

t h a t
= -  h i t )

and a l s o  t h a t  b o t h  Fjt j  and f^ft)  t e n d  t o  z e ro  as  U -7 t" oo 

i n  a  c e r t a i n  s t r i p  o f  th e  j f - p l a n e  p a r a l l e l  t o  th e  r e a l  

a x i s .

F o r  c o n v e n ie n c e ,  e q u a t io n  (8*1) i s  pu t  i n  te rm s  o f  

th e  new f u n c t i o n  (f(x)  g iv e n  by

p ( x )  -  ^ ( x )  -  f  lo) -  X ^ ' t

Than i t  i s  seen  t h a t  pl X)  and i t s  f i r s t  (Vf-// d e r i v a t i v e s  

a l l  v a n i s h  a t  , and th e  e q u a t i o n  i t s e l f  becomes

p ‘*'{x) ^  £  ;  = r l x )  (t-z)

. . .
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where "Vfxj d i f f e r s  from \t{x)  by a po ly no m ia l  o f  degree  

i) i  ̂  ^  •

Now i f  r e p r e s e n t  t h e  g e n e r a l i z e d  F o u r i e r

t r a n s f o r m s  o f  ^(x)  , t h e  i n v e r s i o n  fo rm u la  g i v e s

where a y T i t c h m a rs h  shows f u r t h e r  t h a t ,

i f  t h e  i n t e g r a l s  a r e  t a k e n  i n  t h e  s e n s e ,  t h e n  th e  

form ulae  f o r  (x)^ ( ^  = n) ,  may be o b t a i n e d  by

d i f f e r e n t i a t i n g  (8*3) under  t h e  i n t e g r a l  s i g n .  F u r t h e r  

by p u t t i n g  f o r  x  , i t  i s  seen  t h a t

. . . .  .

 ̂i-b-" a

from which  i t  f o l l o w s  t h a t

•S ir

where

( X  I +- ^  (Xi -  (f'^)
'V'-O

f  (f t) ^  li"! j -{(tl d t
L - »  "  v ; - *
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Thus "{(t) c o r r e s p o n d s  t o  t h e  u s u a l  t r a n s c e n d e n t a l  

f u n c t i o n .  I t  i s  now supposed t h a t  ir(x) i s  o f  o r d e r  

as  f^  \ -ypO . Then i s  a l s o  of  o r d e r  -C , and

t h u s  i t  h a s  g e n e r a l i z e d  F o u r i e r  t r a n s f o r m s  , which

s a t i s f y  th e  u s u a l  i n v e r s i o n  fo rm ula

ylJ/)--  j z  [  5^* <'<■/e '** /  f j l ' l - e - " ” '  d ir  ( t - f )

where a 7 ^ , ir^  -

Thus,  Toy s u b s t i t u t i n g  from (8*4) and (8*5) i n t o  th e

e q u a t i o n  ( 8 - 2 ) ,  i t  i s  seen  t h a t
/Af* . , ^  /

r  d t ^ o .

From t h i s  i t  f o l l o w s  by t h e  theorem  r e f e r r e d  t o  above t h a t

(i) {(ir) -  ±  %(t)^

where Xf t )  i s  r e g u l a r  f o r  a_, and ^ ( t )  t e n d s  t o

z e ro  a s  a  ^y± ^  i n  t h i s  s t r i p .

Since  d i f f e r s  from crfx) by a  po lynom ia l  of

deg ree  i t  f o l lo w s  t h a t ,  i f  a r e  t r a n s f o r m s  of

ir()(j , t h e n

f t  ( t )  = l/t  (-tl t  T ( - ^ )

where // i s  a  po lyn o m ia l  o f  degree  vv . Thus

¥  { t ] - -  d  j  ±  J i t )  + i  T r c f l j
- T t  L J
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and t h e  s o l u t i o n  i s  found by s u b s t i t u t i n g  t h i s  i n

( 8 - 3 ) ,  g i v i n g

f ‘ " V e - " V  +  y r

iCk+t̂  , i
f  J_ f i m i H W  d t ,

W / . . .  -<'^1

Here a 7 -tr< i "but (r a r e  now chosen so c lo s e  

to  4 </ -  <  r e s p e c t i v e l y  t h a t  no z e r o s  o f  '(itj l i e  i n  

^  -Cj << i T i  Cl * C auchy 's  R es idue  Theorem i s  nex t

a p p l i e d  t o  t h e  l a s t  two te rm s  i n  t h e  e x p r e s s i o n  f o r  0(X)^ 

i t  b e in g  n o t i c e d  t h a t  th e  p o l e s  o f  t h e  i n t e g r a n d s  a r e  a t  

t h e  z e r o s ,  s a y ,  o f  '{(t) . I t  i s  t h e r e f o r e  seen  t h a t  

t h e s e  two te rm s  have t h e  v a lu e

4  , I  e j
'! jr

where i s  a  c o n s t a n t  i f  i s  a  s im ple  z e ro  of  ,

a  l i n e a r  f u n c t i o n  o f  i f  i s  a  double  z e r o ,  and so 

on; f i x )  i s  a  p o ly n o m ia l  of  d eg ree  S in-t) t n  x  ; and th e  

sum i s  t a k e n  o v e r  a l l  z e r o s  f o r  which \ ^ ^ ,

Thus i t  f o l l o w s  t h a t  a  s o l u t i o n  ÿ,(x) o f  th e  o r i g i n a l  

e q u a t io n  ( 8 « l )  i s  o f  t h e  form

(t)  p V  +-J -  f V M )  € d t
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where i s  a  po ly no m ia l  o f  degree  i n  X , and

th e  sum i s  t a k e n  ove r  th e  same z e r o s .  C l e a r l y  t h e  f i r s t

two te rm s  r e p r e s e n t  a  p a r t i c u l a r  s o l u t i o n  o f  (8 * 1 ) ,  w h i le  

th e  l a s t  two te rm s  r e p r e s e n t  th e  complementary f u n c t i o n  

and a r e  t h u s  s o l u t i o n s  o f  t h e  c o r r e s p o n d in g  homogeneous 

e q u a t i o n .  F u r t h e r ,  T i t c h m a r s h  shows q u i t e  s im ply  t h a t  

can  be i n c l u d e d  i n  t h e  f u n c t i o n  ^  ^

so t h a t  a l t o g e t h e r  th e  s o l u t i o n  i s  o f  t h e  form

A
)

where i s  a  po ly n om ia l  o f  degree  i f  ^ i s  a

z e ro  o f  'i i t')  o f  o r d e r  . I t  i s  i n t e r e s t i n g  to  compare 

t h i s  w i t h  t h e  form of  s o l u t i o n  found by Bochner i n  (7*4) 

f o r  t h e r e  i s  a  c l e a r  a n a lo g y  between t h e  two. There  i s  

an even c l o s e r  l i n k  w i t h  t h e  s o l u t i o n  found by Schmidt ,  

however ,  and t h e  r e s u l t  h e r e  i s  a lm os t  i d e n t i c a l  i n  form 

w i t h  t h a t  g iv e n  by (3 * 1 1 ) ,  (3*4) and (3*10) .

I n  h i s  l a t e r  p a p e r  ( 3 7 ) ,  T i tch m a rsh  a v o id s  making 

any a s su m p t io n  on t h e  o r d e r  o f  a  s o l u t i o n ,  assuming i n s t e a d  

t h e  n e c e s s a r y  d i f f e r e n t i a b i l i t y  o f  a s o l u t i o n .  I n  t h i s  

case  he c o n s i d e r s  th e  s im ple  e q u a t io n

%'lx} ~ I  ÿ(Xi-k) -  = 0 (î-è)
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and i n s t e a d  of  u s in g  t r a n s f o r m s  a s  d e f i n ^ e d  above he 

works w i t h  t h e  f u n c t i o n

^  . * t x
d x .

4 t x
His method i s  t o  m u l t i p l y  e q u a t io n  ( 8 .6 )  by -C and

i n t e g r a t e  w . r . t .  % o v e r  , f i n a l l y  e x p r e s s i n g  th e

r e s u l t  i n  terras  o f  • T h is  g iv e s

- j w  a t )  = f ,  ( t )  -

where

f w f C u v  - ‘ ' ' " y - d ’ l

and i s  o f  s i m i l a r  fo rm .  I n  t h i s  c ase  th e

i n v e r s i o n  fo rm u la  i s  g iv e n  by

d i r  ( x ^ y < C

where ^  i s  any r e a l  number.  T i t c h m a rs h  t a k e s  (X t o  be 

small  and p o s i t i v e ,  so t h a t  4 ( t}  h a s  no z e r o s  on th e  l i n e  

o f  i n t e g r a t i o n  and ^ {x )  i s  g iv e n  by

These i n t e g r a l s  a r e  e v a l u a t e d  by C auchy 's  R es idue  

Theorem, t h e  c o n to u r s  i n  b o th  c a se s  b e in g  r e c t a n g l e s  w i t h  

one s id e  a lo n g  t h e  l i n e  o f  i n t e g r a t i o n .  For  t h e  second
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i n t e g r a l ,  a  r e c t a n g l e  l y i n g  i n  th e  u p p e r  h a l f - p l a n e  i s  

chosen ,  and by l e t t i n g  i t s  d im ens io n s  t e n d  t o  i n f i n i t y  

th e  va lue  o f  t h e  i n t e g r a l  i s  found t o  be e q u a l  t o

t im es  the  sum o f  t h e  r e s i d u e s  o f  t h e  i n t e g r a n d  a t  p o l e s

l y i n g  above t h e  l i n e  . In  o t h e r  w ords ,  i f  t h e

p o le s  a re  a l l  s im ple  o n e s ,  th e  second i n t e g r a l  i s  e q u a l  to

ccit^ k  -  ‘

and t h i s  i s  c o n v e rg e n t  f o r  i d l i - i i  , f rom t h e  o r d e r  o f  ■

S i m i l a r l y ,  t h e  f i r s t  i n t e g r a l  i s  found t o  be e q u a l  to

k t  B x t j i c  i -  ^  _  I

where th e  sum i s  con v erg en t  f o r  vC > , t h e  e x t r a  te rm s

h e re  b e ing  due t o  a t r i p l e  p o le  a t  t h e  o r i g i n ,  which  l i e s  

below th e  l i n e  -(r̂ CL s i n c e  x  i s  p o s i t i v e .  I t  i s  nex t  

shown, by d i f f e r e n t i a t i o n ,  t h a t  ^  ^ a r e

in d ep e n d en t  o f  r e s p e c t i v e l y ,  and so th e  s o l u t i o n

i s  o f  t h e  form
y ^  X

( ix- f  S)oc^ 4“ ^  e

where and a r e  c o n s t a n t s ,  and 4 ^  runs

th r o u g h  a l l  t h e  z e r o s  o f  e x c e p t  i ’s-O  . The

s e r i e s  c l e a r l y  c o n v erges  u n i f o r m ly  i n  any f i n i t e  

i n t e r v a l .  I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  H i lb  found 

th e  same r e s u l t  i n  t h e  g e n e r a l  case  by a  d i f f e r e n t  method.
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T i t c h m a r s h  p ro c e e d s  t o  so lv e  a  w e l l-known i n t e g r a l  

e q u a t i o n  by a s i m i l a r  use  o f  F o u r i e r  t r a n s f o r m s ,  and t h i s  

method i s  ex tend ed  i n  a  p a p e r  (10) by Miss B u s b r id g e ,  

p u b l i s h e d  i n  1939.  The e q u a t io n  c o n s id e r e d  i n  t h e  l a t t e r  

p aper  i s  o f  th e  form

i i x i  = r "  i ( t i  i ( x - t )  d t , ( t - 7 )

and i t  i s  assumed t h a t

ik O ' )  - 0 ( c  )

where 0 < tr < X  • I t  i s  p o i n t e d  ou t  t h a t ,  i f

■ k i t )  -  /
0 ( I t  I i k )

and

t h e n  th e  i n t e g r a l  e q u a t i o n  (8*7) r e d u c e s  t o  a d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t io n  o f  t h e  form (8 * 6 ) .  I n  t h i s  case  (x 

i s  i n f i n i t e l y  l a r g e  and so -{r may a l s o  be a s  l a r g e  a s  we 

p l e a s e .  I t  i s  seen  t h a t  t h e  s o l u t i o n  found f o r  (8*7) i n  

t h i s  p a p e r  f e d u a e a  i n  t h i s  p a r t i c u l a r  case  t o

^ ( X )  t  €

and t h u s  i t  f o l lo w s  t h a t

( X )  -- h '  x ^ - t  &0C ^  j
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which i s  th e  same r e s u l t  a s  t h a t  found abo v e .

F u r t h e r  c o n n e c t i o n s  w i t h  i n t e g r a l  e q u a t i o n s  a r e  

to  be found i n  P i t t ' s  work .  He a c t u a l l y  d e a l s  w i t h  

i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s ,  c o n s i d e r i n g  th e  

homogeneous c ase  i n  a  p a p e r  (26) p u b l i s h e d  i n  1944, and 

the  non-homogeneous case  i n  (27) p u b l i s h e d  i n  1947 .  I n

the  f o r m e r ,  t h e  homogeneous l i n e a r  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t io n  o c c u r s  a s  a  p a r t i c u l a r  c a s e ,  and i n  f i n d i n g  a 

s o l u t i o n  t h e r e  P i t t  makes t h e  h y p o t h e s i s  I \ <.

which  c o r r e s p o n d s  t o  t h a t  i n  T i t c h m a r s h ' s  f i r s t  method.

The s o l u t i o n  found i s  o f  t h e  same form as  t h a t  o b t a i n e d  

by T i t c h m a r s h ,  bu t  a s  w i l l  be seen  l a t e r ,  P i t t ' s  work 

a c t u a l l y  has  c l o s e r  c o n n e c t i o n s  w i t h  W r i g h t ' s .
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IX. WRIGHT.

The most r e c e n t ,  and by f a r  t h e  most im p o r t a n t  

deve lopm ents  i n  th e  s tu d y  o f  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n s ,  a r e  due t o  W r i g h t . His  f i r s t  p a p e r  (43) 

on th e  n o n - l i n e a r  e q u a t i o n  was p u b l i s h e d  i n  1946 and 

t h i s  w i l l  be c o n s i d e r e d  b r i e f l y  a t  t h e  end o f  t h i s  

s e c t i o n ,  bu t  o f  c h i e f  i n t e r e s t  h e re  a r e  t h e  p a p e r s  ( 4 4 ) ,

(45) and (47)  on t h e  l i n e a r  e q u a t i o n ,  p u b l i s h e d  i n  1948 

and 1949.

I n  o r d e r  t o  i n d i c a t e  t h e  way i n  which W right  u se s  

Laplace  t r a n s f o r m s  t o  o b t a i n  a s o l u t i o n ,  i t  seems c o n v e n ie n t  

t o  o u t l i n e  t h e  main s t e p s  f i r s t ,  l e a v i n g  j u s t i f i c a t i o n  o3f 

t h e  fo rm a l  p r o c e s s e s  u n t i l  l a t e r .  As an  example th e  

homogeneous l i n e a r  e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s  

w i l l  be c o n s i d e r e d .  T h is  i s  o f  t h e  form

and i t  w i l l  be assumed t h a t  f  O  ̂ The e q u a t i o n  i s

i u l t i p l i e d  by e  {(T?o)

0 t o  fiO • T h is  g iv e s

m u l t i p l i e d  by e  ( T j o )  , and i n t e g r a t e d  w . r . t ,  % from
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and by p u t t i n g  % i n  p l a c e  o f  X f  ̂  , i t  i s  seen  t h a t  

th e  i n t e g r a l  becomes

F u r t h e r ,

Thus,  by assum ing  t h a t  th e  o r d e r  a t  i n f i n i t y  o f  i s

such t h a t

W  - >  0  a* ^  zy

f o r  / ' « ' ^  I i t  f o l l o w s  t h a t

j \  ^  r  -  y  * " ' / / ' ' ' ' /  -

By r e p e t i t i o n  o f  t h i s  argument i t  i s  s een  t h a t

-4*  (V), , , fv-M

0

£  y (x)dx - — y  (y>) - ' i j f

ty mf -  X
- '  y  f  y w

A =«
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where i s  t h e  L ap lace  t r a n s f o r m  o f  ^  /x j

Thus (9*2) becomes

r  'X''

1 . e ,

where

' ^( i l  / C  = WMj V

so i/SrO ^ 5y

and i s  t h e  t r a n s c e n d e n t a l  f u n c t i o n  a s s o c i a t e d  w i t h

e q u a t io n  (9*1 ) ,

I n  o r d e r  t o  o b t a i n  fo rm u lae  f o r  t h e  d e r i v a t i v e s  o f  

p x )  a t  t h e  same t im e ,  t h e  f u n c t i o n  i s  now

d e f i n e d  by th e  e q u a t i o n

h  = n  (X )  -  /  ‘" ' c j «
Jo

Then

y> M  = y(-i) - 1  y

and so e q u a t i o n  ( 9 . 4 )  may be w r i t t e n  i n  t h e  form

7 i i )  ' f c )  -- / / w  -  ^
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To deduce t h e  c o r r e s p o n d i n g  r e l a t i o n  f o r  ( 9 ' 6 )

i s  i n t e g r a t e d  by p a r t s  -V t i m e s .  S ince  by (9«3) th e  

i n t e g r a t e d  te rm s  v a n i s h  a t  th e  u p p e r  l i m i t ,  i t  i s  found 

t h a t

and so ( 9 . 7 )  may be w r i t t e n  i n  t h e  form

I t  i s  t h e r e f o r e  seen  t h a t  t h e  s o l u t i o n  o f  (9*1) depends 

on th e  s o l u t i o n  o f  ( 9 * 8 ) ,  which i s  a n  e q u a t i o n  i n  t h e  

f u n c t i o n  i n s t e a d  o f  t h e  o r i g i n a l  f u n c t i o n

In  o r d e r  t o  f i n d  y Xj from ( 9 . 8 ) ,  t h e  complex 

i n v e r s i o n  fo rm u la  f o r  u s e d ,  a s  g iv e n  by

Widder (40 ,  p . 6 6 ) ,  f o r  example .  T h i s  s t a t e s ,  und e r  

c e r t a i n  c o n d i t i o n s  on t h a t

f X 7 0 ) C ‘î )

f o r  s u i t a b l e  ^  . Thus ,  by ( 9 . 8 )
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The im p o r tan c e  o f  t h e  a s su m p t io n  4- O now

becomes e v i d e n t ,  f o r  i t  e n s u r e s  t h a t  th e  z e r o s  o f  y ( ^ )  

a re  bounded on t h e  r i g h t ,  and i t  i s  t h e r e f o r e  p o s s i b l e  

to  choose so l a r g e  t h a t  a l l  t h e  z e r o s  l i e  t o  t h e  

l e f t  o f  th e  l i n e  o f  i n t e g r a t i o n  A •

The i n t e g r a l  i n  (9 -1 0 )  i s  e v a l u a t e d  by means o f  

C auchy 's  R e s id u e  Theorem, t h e  c o n to u r  b e in g  a  r e c t a n g l e  

w i th  s i d e s  p a r a l l e l  t o  t h e  r e a l  and im a g in a r y  - a x e s , 

th e  r i g h t  hand s i d e  l y i n g  a lo n g  T h is  s i d e  i s

k ep t  f i x e d ,  b u t  t h e  o t h e r  t h r e e  s i d e s  a r e  a l lo w e d  t o  move 

o f f  t o  i n f i n i t y ,  so t h a t  f i n a l l y ,  s in c e  a l l  t h e  z e r o s  of  

'^U) a re  t o  t h e  l e f t  o f  A , t h e y  w i l l  a l l  l i e

w i t h i n  th e  r e c t a n g l e .  I t  i s  n e c e s s a r y ,  o f  c o u r s e ,  t o  

prove the  e x i s t e n c e  o f  such  an i n f i n i t e  sequence of  

r e c t a n g l e s ,  h a v in g  no z e r o s  o f  a c t u a l l y  on t h e i r  s i d e s .

I t  i s  n ex t  shown t h a t  a s  t h e  t h r e e  s i d e s  of  t h e  

r e c t a n g l e s  t e n d  t o  i n f i n i t y ,  t h e  v a l u e s  o f  t h e  

c o r r e s p o n d in g  i n t e g r a l s  t e n d  t o  z e r o  f o r  c e r t a i n  v a l u e s  

o f  X  . Thus,  i n  t h e  l i m i t ,  t h e  i n t e g r a l  a lo n g  th e  

f o u r t h  s i d e ,  w h ich  i s  now th e  whole l i n e  i s  e q u a l  t o

th e  sum o f  t h e  r e s i d u e s  a t  t h e  p o l e s  o f  t h e  f u n c t i o n
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The r e s i d u e  a t  a  s im ple  z e r o  o f  i s  e a s i l y

found t o  be ^
M/M M a  p

and t h e  r e s i d u e  a t  t h e  o r i g i n  i s  « so t h a t  i f

h a s  no m u l t i p l e  z e r o s  i t  f o l l o w s  from (9*10) t h a t

n- -  f

summed over  a l l  t h e  z e r o s  o f  Tfji) . On th e  o t h e r  

hand ,  i f  i s  a  double  z e r o  o f  * t h e  c o r r e s p o n d i n g

r e s i d u e  i s  found t o  c o n t a i n  a f a c t o r  which  i s  a  l i n e a r  

f u n c t i o n  o f  % » w h i l e ,  i n  g e n e r a l ,  i f  i s  a  z e r o  o f  

m u l t i p l i c i t y  » t h e  s o l u t i o n  o f  (9*1) i s  g iv e n  by

'' A
where P{t) , v, x ) i s  a  p o ly n o m ia l  o f  d e g re e  i n  % .

This  a g r e e s ,  o f  c o u r s e ,  w i t h  t h e  r e s u l t s  f o r  m u l t i p l e  z e r o s  

ment ioned i n  S e c t i o n  I I .

Thus a  s o l u t i o n  ^(X) h a s  been  found i n  t h e  form o f  an 

i n f i n i t e  s e r i e s ,  c o n v e rg e n t  f o r  c e r t a i n  v a l u e s  o f  X  .

I t  i s  i n t e r e s t i n g  t o  n o t i c e  h e r e  how t h e  method a p p l i e s  

t o  an e q u a t i o n  o f  t h e  form
•M
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where t h e  c o e f f i c i e n t s  a r e  l i n e a r  f u n c t i o n s  o f  X . I n  

t h i s  c ase  th e  e q u a t i o n  c o r r e s p o n d i n g  t o  (9*4)  becomes

T-li) 01^} Y u )  =
where i s  a  f u n c t i o n  o f  t h e  same form as  T'Ai) • ‘ T h is

i s  a  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  which may be so lv e d  

f o r  y/ls) by u s i n g  an  i n t e g r a t i n g  f a c t o r .  However, t h e  

su b seq uen t  p roblem of  f i n d i n g  t h e  s o l u t i o n  \^(x) f rom t h e  

i n v e r s i o n  fo rm u la  becomes v e r y  much more c o m p l i c a te d  s i n c e  

th e  z e r o s  o f  'T/zbj a r e  now b r a n c h  p o i n t s  i n s t e a d  o f  p o l e s  

o f  . S i m i l a r l y ,  t h e  e q u a t i o n  whose c o e f f i c i e n t s

a re  p o ly n o m ia l s  o f  d eg ree  , s a y ,  i n  dc , depends  f o r

i t s  s o l u t i o n  on a l i n e a r  d i f f e r e n t i a l  e q u a t i o n  o f  o r d e r  

i n  y/*) .

Before  p r o c e e d i n g  t o  d i s c u s s  t h e  method more p r e c i s e l y ,  

W r i g h t ’s a s su m p t io n s  on th e  n a t u r e  o f  a  s o l u t i o n  must be 

c o n s i d e r e d .  He assumes t h a t  h i s  s o l u t i o n  s a t i s f i e s

c e r t a i n  boundary  c o n d i t i o n s ,  namely t h a t  th e  v a l u e s  o f  

be g iv e n  f o r  v  c. - ' '/ f a , and a l s o

t h a t  “be g iv e n  and i n t e g r a b i e  i n  L e b e sg u e ’s

sense  i n  t h e  i n i t i a l  i n t e r v a l  f  O y . The f u n c t i o n s  

(yzo^ /  " *  /Cl ) 8-re t h e n  d e f i n e d  by t h e  e q u a t i o n
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so t h a t  (9*1) may i n  f a c t  be c o n s id e r e d  a s  a  d i f f e r e n c e -  

i n t e g r a l  e q u a t i o n  i n  . I t  i s  e v id e n t  t h a t  t h e s e

p r o p e r t i e s  assumed by Wright  on th e  n a tu r e  o f  a  s o l u t i o n  

a re  much l e s s  r e s t r i c t i v e  t h a n  th o se  assumed by th e  e a r l i e r  

w r i t e r s ,  Schmidt and H o h e i s e l ,  f o r  example . I n  p a r t i c u l a r  

he im poses  no r e s t r i c t i o n  on th e  o rd e r  a t  i n f i n i t y  o f  a  

s o l u t i o n ,  bu t  shows i n  (44) t h a t  such a p r o p e r t y  

f o l lo w s  from c e r t a i n  c o n d i t i o n s  l a i d  down i n  th e  i n i t i a l  

i n t e r v a l .

I n  t h i s  p a p e r  ( 4 4 ) ,  he c o n s i d e r s  i n s t e a d  of (9*1) ,  

th e  more g e n e r a l  l i n e a r  e q u a t io n
«A

^  % 0 4/ -O
where t h e  c o e f f i c i e n t s  a r e  known f u n c t i o n s  of  X ,

By methods which  a r e  somewhat lo n g ,  bu t  o f  an  e lem entary  

n a t u r e ,  he p ro v es  t h a t  under  c e r t a i n  simple c o n d i t i o n s  on 

th e  c o e f f i c i e n t s  , on th e  f u n c t i o n  irlx)  , and

on ^  i n  th e  i n i t i a l  i n t e r v a l  (Oy (tm)  * th e  s o l u t i o n

j j - iXj  i t s e l f  must be o f  e x p o n e n t i a l  o rd e r  a s  7-7  ,

F i r s t  i t  i s  supposed t h a t  4 /MA / » t h a t

and i r i x )  a r e  i n t e g r a b l e ,  and t h a t

a r e  bounded ,  a l l  i n  t h e  c lo s e d  i n t e r v a l  fOyXo)» Wright 

t h e n  shows t h a t  (9*12) may be w r i t t e n  i n  th e  form
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P(l) £  ô £ î )  f
where i s  i n t e g r a b l e ,  and 11)  ̂ [ ' ( - O j i j  - L)

i s  bounded and i n t e g r a b l e  i n  0 ^ J ^ a  , f o r  some 

f i n i t e  p o s i t i v e  number (X , I t  i s  proved t h a t  such  an 

i n t e g r a l  e q u a t i o n  a lways h a s  a  unique  i n t e g r a b l e  s o l u t i o n  

0 /^JJ  f o r  0 d; I  C (X $ and hence i t  i s  e s t a b l i s h e d  t h a t  

(9*12) a lways h a s  a  s o l u t i o n  i n  t h e  i n t e r v a l  where

^ ^  . R e p e t i t i o n  o f  t h i s  argument e x te n d s

t h e  r e s u l t  t o  t h e  i n t e r v a l  LOy

W right  a l s o  c o n s i d e r s  t h e  case  when th e  f u n c t i o n s

JXiX) a r e  bounded,  c o n t i n u o u s ,  o f  bounded v a r i a t i o n  

o r  o f  i n t e g r a b l e  squa re  i n  t h e  i n t e r v a l  (Oy X^j • I f  y 

a l s o  p o s s e s s e s  any one of  t h e s e  p r o p e r t i e s  i n  t h e  i n i t i a l  

i n t e r v a l  (Oj-lr^)  , i t  i s  shown t h a t  t h i s  must h o ld  i n  t h e  

whole i n t e r v a l  iO^

F i n a l l y  i t  i s  shown t h a t  i n f o r m a t i o n  on th e  o r d e r  a t  

i n f i n i t y  o f  a  s o l u t i o n  ^Ix)  can be o b t a i n e d  by making th e  

c o n d i t i o n s  on irlx) a  l i t t l e  more e x a c t i n g .  The f o l l o w in g

t h r e e  c a s e s  a r e  c o n s i d e r e d ; -
< . . .  , . c X

iO
X

'0

(1 )  f l v ( x ) l d x 4 C i  f o r  a l l  X 7 0 ^
Jo

(11)  li7(x)l^doc f o r  a l l  X 7 0 ,

(111) l t r (x) l  X C c ^ " ‘ f o r  a l l  x 7 0 .



87.

P ro v id e d  ^(x) behaves  s u i t a b l y  i n  t h e  i n i t i a l  i n t e r v a l

W right  p r o v e s ,  under  any one of  t h e s e  c o n d i t i o n s ,  t h a t  t h e

s o l u t i o n ,  which  h a s  been  shown t o  e x i s t  by t h e  e a r l i e r
cxt h e o r e m s ,  must be o f  o r d e r  6  T h is

r e s u l t  h o l d s  a l s o  f o r  t h e  f i r s t  d e r i v a t i v e s  o f  j ) ( ^ )  ,

w h i le  s a t i s f i e s  t h e  same c o n d i t i o n  as  ir(x) .

These o r d e r  r e s u l t s  a r e  t r u e  i n  th e  case  of  t h e  

e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  f o r ,  p r o v id e d  t h a t  

, i t  i s  e a s i l y  seen  t h a t  t h e  n e c e s s a r y  

h y p o th e s e s  a r e  s a t i s f i e d .  With  t h i s  i n f o r m a t i o n  i t  i s  

now p o s s i b l e  t o  j u s t i f y  t h e  method o f  t r a n s f o r m s  used  i n  

( 4 7 ) ,  and o u t l i n e d  a t  t h e  b e g in n in g  o f  t h i s  s e c t i o n .  Cy  

i s  chosen  so t h a t  t h e  s o l u t i o n  i s  o f  o r d e r  as

X ix) . Then i t  i s  seen  t h a t  b o t h  //,&) and 

( y  = Oy e x i s t  f o r  o- 7  , a n d ,  f u r t h e r ,  t h a t

c o n d i t i o n  (9*3) i s  s a t i s f i e d .  Also  t h e  i n v e r s i o n  fo rm ula  

(9*9) h o l d s  f o r  p r o v id e d  i s

c o n t in u o u s  and o f  bounded v a r i a t i o n  i n  t h e  neighbourhood  

o f  #  , As was seen  e a r l i e r  t h i s  i t  tr-de f o r  1/ - o, ' '  / ( " - V  

s i n c e  i s  an i n t e g r a l  f o r  t h e s e  v a lu e s  o f  y  ,

and i t  i s  a l s o  t r u e  f o r  ysA,  p ro v id e d  h as  t h e s e

p r o p e r t i e s  i n  t h e  i n i t i a l  i n t e r v a l  [O, lr,n) •

The nex t  s t e p  i s  t o  d i s c u s s  t h e  sequence  of  

r e c t a n g u l a r  c o n to u r s  r e q u i r e d  f o r  t h e  a p p l i c a t i o n  o f
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C au ch y’s R es idu e  Theorem. A t y p i c a l  r e c t a n g l e  o f  th e

sequence  i s  FM) which  h as  s i d e s  M y (M), P^fM)

a lo n g  th e  l i n e s  ^ c r " % f  = -7^ r e s p e c t i v e l y ,

P\ b e in g  a p o s i t i v e  i n t e g e r ,  and i n c r e a s i n g  w i t h  ^  .

I t  i s  r e q u i r e d  t o  show t h a t  no z e r o s  o f  'T(i) l i e  on th e  

s i d e s  o f  p ro v id e d  M i s  s u f f i c i e n t l y  l a r g e .  The 

s i m p l e s t  s i t u a t i o n  o c c u r s  i f  can be chosen  a s  a

c o n s t a n t  m u l t i p l e  o f  M » f o r  example 7^  % M f , bu t  t h i s

i s  o n ly  p o s s i b l e  i f  no z e r o s  l i e  on t h e  p a r t s  o f  th e  t h r e e  

l i n e s  w hich  form t h r e e  s i d e s  o f  t h e

r e c t a n g l e .  I t  h a s  been  p o i n t e d  out  i n  S e c t i o n  I I  

how ever ,  t h a t  i n  s t r i p s  o f  f i n i t e  w i d t h  abou t  th e  l i n e s  

^  -z. ±  M i  f t h e r e  can  be o n ly  a  f i n i t e  number o f  z e r o s  

o f  TjOj) , and so i n  such  s t r i p s  l i n e s  Pj can

be c h o se n ,  p a r a l l e l  t o  t h e  r e a l  a x i s ,  w h ich  do no t  p a ss  

t h r o u g h  any o f  t h e s e  z e r o s .  I t  was a l s o  seen  t h a t ,  f o r  

any  and s u i t a b l e  , no z e r o s  l i e  i n  an a n g u l a r  

r e g i o n  o f  t h e  form

I 1 < J  -  V  ,  f 4 l  ,

and f u r t h e r  t h a t  t h e  z e r o s  a c t u a l l y  l i e  a s y m p t o t i c a l l y  

a bo u t  cu rv e s  o f  e x p o n e n t i a l  t y p e .  Thus i f  P] i s  t a k e n  

s u f f i c i e n t l y  l a r g e  i t  i s  c l e a r  t h a t  no z e r o s  l i e  on

I n  p a r t i c u l a r  c a s e s  t h e  cho ice  o f  t h e s e  r e c t a n g l e s  

may be q u i t e  s i m p le .  For  example ,  f o r  t h e  e q u a t i o n  ( 4 . 1 )
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d i s c u s s e d  by S c h u r e r  i t  i s  e a s i l y  shown t h a t  - F M

i s  a  s u i t a b l e  c h o i c e .

F i n a l l y  i t  i s  p roved  t h a t  th e  i n t e g r a l s  o f  Yy//d)€ 

a lo n g  (/vj)  ̂ P^(IY]] and t e n d  t o  z e r o  a s  M "7 ct>

f o r  X g r e a t e r  t h a n  a f i x e d  number. T h is  e n s u r e s  t h e  

co nvergence  o f  t h e  i n f i n i t e  s e r i e s  i n  t h e  e x p r e s s i o n  (9*11) 

found f o r  (x) . I t  may be se en  t h a t  t h i s  i s  no t

n e c e s s a r i l y  t r u e  f o r  a l l  X » by c o n s i d e r i n g  th e  p a r t i c u l a r  

c a se  when 0  , Then t h e  z e r o s  o f  yiA} a re

unbounded on t h e  l e f t  and i t  i s  c l e a r  t h a t  t h e  s e r i e s  

(9*11)  canno t  p o s s i b l y  converge  f o r  n e g a t i v e  X . I n  

f a c t ,  i f  i s  t h e  l e a s t  ^  f o r  which  O , i t  i s

now shown t h a t  t h e  s e r i e s  c o n v erges  o n ly  f o r  x  ^4^,  s a y .

For  c o n v en ience  t h e  f u n c t i o n  f iU)  , g iv e n  i n  (9 * 5 ) ,  

i s  w r i t t e n  i n  t h e  form

where

yU-t / 'VsiJ

I t  t h e r e f o r e  f o l l o w s  from (9*8) t h a t ,  f o r  4/z b, jy "  -fi/

7UI -  M i  £

^  ^ .a
* £  f l

ILS.Û i  *
i - £ £  f a . /

L /T,
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From t h i s  i t  i s  found t h a t

r / i )  %li) - iT  =
0  ( y--Oj I, . ■ ■  ̂ n - > )

a s  ^  00 , 80  t h a t

and

, ,  , , . I , ( ^ =  Û./ • ■ ■ . ■ « * ' £
I 1 ^ -Jjrfd'i I 7 / v  I

The n e x t  s t e p  i s  t o  f i n d  an i n e q u a l i t y  f o r  t h e  

f u n c t i o n  and t h i s  i s  done by p u t t i n g  X  z  lr^~AT  i n

th e  d e f i n i t i o n  o f  , g i v i n g

—- ^  i-r] J

Thus ,  i f  c T f  C , i t  f o l l o w s  t h a t

a n d ,  f u r t h e r ,  by th e  Riemann-Lebesgue Theorem, t h a t

H,ii) -y 0 c^./b)
u n i f o r m l y  i n  or a s  I t  I -i? x?.

I t  i s  now supposed  t h a t  ird~S è n ^  C , and th e  

i n t e g r a l  a lo n g  i s  c o n s i d e r e d  f i r s t .  S ince  no

z e r o s  o f  l i e  on t h i s  l i n e  i t  f o l l o w s  from S e c t i o n  I I
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t h a t  I T  M) I > ^ . F u r t h e r ,  i t  i s  c l e a r

i n  t h i s  case  t h a t  P i 7>) » t h e  t e rm  o f  maximum modulus ,  

i s  u n i f o r m l y  hounded from z e ro  f o r  f-il s u f f i c i e n t l y  l a r g e ,  

and so \ 7 C f o r  7 C . T h e r e f o r e ,  by ( 9 . 1 3 ) ,

( 9 . 1 4 ) and ( 9 . 1 5 ) ,  i t  f o l l o w s  t h a t

I % 1 é C M
A/

/ , e ,  I y ^ ( * )  I i  c n

on . Thus

I !  r , C c ’ ‘ ^ c h j è

— 0

u n i f o r m l y  f o r  x  i n  •Ih’S f  xé  C as M -7  X>.

On t h e  o t h e r  h an d ,  on i t  i s  seen  t h a t

I > c y>(i) > c  i-i'" c  \ ,
and s o ,  by ( 9 .1 3 )  and ( 9 . 1 4 ) ,

^  c  { t  , t r  I

—̂  O

u n i f o r m l y  i n  ^  a s  M -7 by ( 9 . 1 6 ) .  Thus

.  r t  c r fa - W

____£
T U )

é  Ce*" el' )  

—> O
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u n i f o r m l y  f o r  X i n  i  x  £C a s  M -7 oc , S i m i l a r l y ,  

th e  i n t e g r a l  a lo n g  ^f l^)  t e n d s  u n i f o r m l y  t o  z e r o .

I t  rem a in s  t o  c o l l e c t  t h e  r e s u l t s  which  have been  

fo u n d .  Wright  has  f i n a l l y  p roved  t h a t  i f  O and

i f  •6’ i s  t h e  l e a s t  f o r  which  4 0  t t h e n  th er  r-X
s o l u t i o n  o f  (9*1) and i t s  f i r s t  M - ' j  d e r i v a t i v e s  a re  

g iv e n  by (9*11) f o r  /y & 0̂   ̂ in-*) » p ro v id ed  X 7 (r

I f ,  f u r t h e r ,  i s  c o n t i n u o u s  and of  bounded v a r i a t i o n

i n  t h e  i n i t i a l  i n t e r v a l ,  t h i s  r e s u l t  h o l d s  a l s o  f o r  .

The l a s t  p o i n t  which  i s  d i s c u s s e d  i n  t h i s  p a p e r  i s  

t h e  q u e s t i o n  o f  t h e  u n i fo rm  convergence  o f  t h e  s e r i e s  i n  

( 9 * 1 1 ) .  F o r  'V ^ Ûj ly • '  ̂ Cn-f} t h i s  s e r i e s  conv erges  

u n i f o r m l y  i n  any f i n i t e  i n t e r v a l  X £ C  , a s  i s  seen

q u i t e  s im p ly  by th e  f o l l o w i n g  c o n s i d e r a t i o n s .  From i t s  

d e f i n i t i o n  HfiH-h/t) i s  s e e n  t o  be t h e  F o u r i e r  t r a n s f o r m  

o f  a  f u n c t i o n ,  i , f x j  s a y ,  w hich  v a n i s h e s  f o r  x<0  and

^  7 K '

r l i , ( x ) i ^  ^
J-âü

c o n v e r g e s ,  and t h e r e f o r e  by P a r s e v a l ’ s Theorem i t  f o l lo w s  

t h a t
Ob

f  I
t/- A)
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must c o n v e rg e .  Thus ,  by (9 *1 4 ) ,

c  I H' { A i - y t J  I
l y j c / t )  I < I  — I

f o r  y  *• '  ̂ and

I ^ - r  Y -k-hi i  J J_J- J

< C,
Hence t) j c i t  c o n v e r g e s ,  end so th e  i n t e g r a l

f o r  ^^^k)C) g iv e n  by ( 9 . 9 ) ,  i s  seen  t o  be u n i f o r m ly  

c o n v e rg e n t  i n  t h e  r e q u i r e d  i n t e r v a l .  S in ce  th e  i n t e g r a l s  

a lo n g  and have been  shown t o  t e n d

u n i f o r m ly  t o  z e r o ,  t h e  r e s u l t  f o l l o w s .

S i m i l a r  r e s u l t s  c l e a r l y  h o ld  f o r  t h e  case  when 

i s  assumed t o  be n o n - z e r o .  I n  f a c t ,  i f  i s  t h e

g r e a t e s t  such  t h a t  4. 4 0 9 t h e n  t h e  s o l u t i o n  o f  (9*1)
/*•

and i t s  f i r s t  d e r i v a t i v e s  a r e  a g a i n  g iv en  by (9 * 1 1 ) ,

t h e  s e r i e s  c o n v e r g in g  u n i f o r m l y  i n  any f i n i t e  i n t e r v a l  

— C i  X i  Ir^-i . F u r t h e r ,  i f  b o t h  ̂ ^^40  and 4#a 4  0

t h e  two r e s u l t s  may be pu t  t o g e t h e r  and i t  i s  found t h a t

t h e  s o l u t i o n  o f  (9*1) i s  o f  t h e  form (9*11)  f o r  a l l  x  »

t h e  convergence  b e in g  u n i fo rm  i n  any f i n i t e  i n t e r v a l .

T h i s  co m p le te s  t h e  i n f o r m a t i o n  g iv en  by W righ t  on t h e  

s o l u t i o n  o f  t h e  homogeneous e q u a t i o n  w i t h  c o n s t a n t  

c o e f f i c i e n t s .
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I t  i s  i n t e r e s t i n g  to  n o t i c e  th e  d i s t i n c t i o n  be tween  

W r i g h t ' s  r e s u l t s  and t h o s e  o b t a i n e d  p r e v i o u s l y  f o r  such 

an e q u a t i o n .  The s im ple  e x p o n e n t i a l  s o l u t i o n s  C 

d i s c u s s e d  by t h e  e a r l i e r  w r i t e r s  may be th o u g h t  o f  a s  a  

fu n d a m e n ta l  s e t  o f  s o l u t i o n s ,  which  g i v e s  a  g e n e r a l  

s o l u t i o n  o f  th e  form è, , t h e  b e in g  a r b i t r a r y

c o n s t a n t s .  On t h e  o t h e r  h a n d ,  W right  o b t a i n s  a  g e n e r a l  

s o l u t i o n  i n  w hich  t h e  c o e f f i c i e n t s  a r e  e v a l u a t e d  i n  t e rm s  

o f  t h e  f u n c t i o n s  x )  , and t h e s e  a r e  seen  t o  be

d e te rm in e d  by t h e  boundary  c o n d i t i o n s  s e t  down i n i t i a l l y .

T u rn in g  n e x t  t o  t h e  e q u a t i o n

Z.0 'V̂ e>

i t  i s  c l e a r ,  i n  v iew  o f  t h e  above d i s c u s s i o n  on th e  

homogeneous e q u a t i o n ,  t h a t  t h e  g e n e r a l  s o l u t i o n  o f  t h i s  

non-homogeneous e q u a t i o n  w i l l  be known p r o v id e d  t h a t  a  

p a r t i c u l a r  s o l u t i o n  can be f o u n d .  F o r  a  s im ple  e q u a t i o n  

such  a  s o l u t i o n  can sometimes be found by i n s p e c t i o n ,  

b u t ,  i n  g e n e r a l ,  t h e  p rob lem  i s  b e s t  d e a l t  w i t h  by 

t r a n s f o r m s .  F o r m a l ly  i t  i s  s e e n ,  by s u b s t i t u t i n g  i n  

( 9 * 1 7 ) ,  t h a t  t h e  f u n c t i o n

r e p r e s e n t s  a  s o l u t i o n  f o r  p o s i t i v e  X , b e in g  t h e

L ap lac e  t r a n s f o r m  o f  .
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W right  c o n s i d e r s  th e  p rob lem  i n  d e t a i l  i n  h i s  

p a p e r  (45)  on t h e  e q u a t i o n  w i t h  a s y m p t o t i c a l l y  c o n s t a n t  

c o e f f i c i e n t s ,  and i t  i s  t h i s  s e c t i o n  o f  t h a t  p a p e r  which  

i s  o f  g r e a t e s t  i n t e r e s t  i n  t h e  p r e s e n t  c o n t e x t .  In  

c o n t r a s t  t o  h i s  o t h e r  p a p e r s ,  t h i s  one i s  b ased  e n t i r e l y  

on t h e  if" t h e o r y  o f  F o u r i e r  t r a n s f o r m s ,  by means o f  which  

he o b t a i n s  a p a r t i c u l a r  s o l u t i o n  of  (9»17) v a l i d  f o r  

a lm o s t  a l l  x  . There  a r e ,  o f  c o u r s e ,  c o n s i d e r a b l e  

changes  i n  h i s  a s su m p t io n s  on th e  n a t u r e  o f  a  s o l u t i o n .

He now t a k e s  t o  be o f  i n t e g r a b l e  sq u a re  i n  th e

i n i t i a l  i n t e r v a l ,  so t h a t  i t  i s  o f  i n t e g r a b l e  squa re  ove r  

e v e ry  f i n i t e  i n t e r v a l ,  bu t  assumes o n ly  t h a t  t h e  e q u a t i o n  

i s  s a t i s f i e d  f o r  a lm o s t  a l l  X . C l e a r l y  f o r  such  a  

s o l u t i o n  t o  e x i s t  t h e  f u n c t i o n  crfx) must a l s o  be o f  

i n t e g r a b l e  s q u a r e .

The t h e o r y  o f  F o u r i e r  t r a n s f o r m s  a s  d ev e lo p ed  i n  

T i t c h m a r s h ' s  book (36)  i s  now u s e d ,  t o g e t h e r  w i t h  t h e  

n o t a t i o n  l . i . m .  to  deno te  l i m i t  i n  mean s q u a r e .  I t  i s  

supposed  t h a t  Vit) i s  t h e  F o u r i e r  t r a n s f o r m  of  irfxj so 

t h a t

\/lt) ^ /. A./n.f dx. (‘l-iD
y -7 A)

/ 4Then t h i s  f u n c t i o n  i s  known t o  be lo n g  t o  i- . From th e  

i n f o r m a t i o n  i n  S e c t i o n  I I ,  i t  i s  c l e a r  t h a t  t h e r e  e x i s t s
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a c e r t a i n  s t r i p  4. ff~ ^ , p a r a l l e l  t o  t h e  im a g in a ry

a x i s ,  w i t h i n  w hich  T(^) h a s  no z e r o s .  W right  p ro v e s  

t h a t  t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i f  t h e  im a g in a ry  

a x i s  i s  a c t u a l l y  t a k e n  to  l i e  w i t h i n  t h i s  s t r i p ,  and i n  

t h i s  case  i t  f o l l o w s  t h a t  T (/t)  i s  n e v e r  z e r o  f o r  r e a l  t~ 

Then t h e  f u n c t i o n  V(t) j y ( / 1 )  b e lo n g s  t o  and so i t  i s

p o s s i b l e  t o  d e f i n e  by t h e  e q u a t i o n

I t  t h e n  f o l l o w s  by P l a n c h e r a i *s Theorem t h a t ,  f o r  a lm os t  

a l l  X ,

 ̂ ±- oL C" v(t)
AT %  n-at]

F u r t h e r ,  from th e  f a c t  t h a t
,4

f ' " '  ( « I  -  X ' f

i t  i s  s een  t h a t ,  i f  d e f i n e d  by

"  { i t r  V i^ l
  , e

T U t )■cu
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t h e n

/ " f , ,  -  ^  r  i i w - w w , .
 ̂ T f / t - l

f o r  'V Oj )j ' ' ', (^■'(} f b o t h  i n t e g r a l s  b e in g

a b s o l u t e l y  and u n i f o r m l y  c o n v e r g e n t .  Thus

i i -  r % Z ' L  '"LT
f o r  ^ O, // ' . ' /  Jb so t h a t  d i f f e r e n t i a t i o n  o f  ^  (^0

^  t im e s  unde r  t h e  i n t e g r a l  s i g n  i s  j u s t i f i e d .  I t

f o l l o w s  t h a t
r T  ,

/\ ( jL I -  f . / . / n .  V ( t )  ^  c O r
<> r  "7 A) J , r

and t h e r e f o r e

Jl l ^l  z. aT(x )

f o r  a lm o s t  a l l  X » u s i n g  t h e  u s u a l  i n v e r s i o n  fo rm u la  

f o r  irl  i)  , Thus t h e  f u n c t i o n

f U ) .  J -

r e p r e s e n t s  a  s o l u t i o n  o f  (9*17) f o r  a lm o s t  a l l  X , and 

t h e  i n f o r m a t i o n  on th e  s o l u t i o n  o f  t h i s  e q u a t i o n  i s  

c o m p l e t e .

There  i s  a  c l e a r  a n a lo g y  be tween t h i s  p a r t i c u l a r

s o l u t i o n  and t h a t  o b t a i n e d  by Schm id t ,  f o r  (9*19) can be
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w r i t t e n  f o r m a l l y  a s

t ' xh

* X . I d t  I A
J . ^

^  L  J - .

and t h i s  i s  c l o s e l y  comparab le  w i t h  Schm idt*s  s o l u t i o n  

( 3 . 1 0 ) .  A lso  t h e  s o l u t i o n  (7*4) o b t a i n e d  by Bochner  i s  

o f  t h e  same fo rm .

A b r i e f  comment may be made h e re  on th e  c o n n e c t i o n  

be tw een  W r i g h t ' s  c o n s t a n t  c o e f f i c i e n t  e q u a t i o n  and t h e  

i n t e g r a l  e q u a t i o n s  d i s o u s s e d  i n  p a p e r s  (26)  and (27)  by 

P i t t ,  I n  t h e  f i r s t  o f  t h e s e  p a p e r s  P i t t  i s  co nce rned

w i t h  t h e  e q u a t i o n
VL .00

'X/

and i n  t h e  second  w i t h  t h e  e q u a t i o n

V -oO
As he p o i n t s  o u t ,  i f  e a c h  i s  a  s t e p  f u n c t i o n  w i t h  a

f i n i t e  number o f  s t e p s ,  e q u a t i o n  (9*20) r e d u c e s  t o  an
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e q u a t i o n  o f  t h e  form (9*1 ) .  Thus t h e  l i n e a r  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s  i s  a  

p a r t i c u l a r  case  o f  P i t t ' s  i n t e g r a l  e q u a t i o n .  Under 

c e r t a i n  s t a t e d  c o n d i t i o n s  P i t t  p ro v e s  t h a t  a. s o l u t i o n  o f  

(9*20) must he o f  e x p o n e n t i a l  o r d e r  a t  i n f i n i t y ,  and he 

t h e n  u s e s  a  t w o - s i d e d  L ap lace  t r a n s f o r m  i n  o r d e r  t o  f i n d  

an e x p r e s s i o n  f o r  such  a s o l u t i o n .  I n  p a r t i c u l a r  he 

o b t a i n s  t h e  same r e s u l t  a s  W righ t  f o r  t h e  s o l u t i o n  o f  (9*1) 

p r o v id e d  t h a t  b o t h  O and , bu t  h i s  method does

no t  c o v e r  t h e  c ase  when one o f  t h e s e  c o e f f i c i e n t s  i s  z e r o .

The main p rob lem  w i t h  which  W righ t  i s  conce rned  i n  

h i s  p a p e r  (45) on t h e  e q u a t i o n  w i t h  a s y m p t o t i c a l l y  c o n s t a n t  

c o e f f i c i e n t s  w i l l  now be m en t io ned  b r i e f l y .  The e q u a t i o n  

d i s c u s s e d  i s  o f  t h e  form (9*12) w i t h  t h e  a d d i t i o n a l  

c o n d i t i o n  t h a t

as  % ”7 ùO , t h e  b e h a v io u r  a t  i n f i n i t y  o f  i t s  s o l u t i o n  b e in g  

c o n s i d e r e d ,  and a l s o  t h e  r e l a t i o n  o f  t h e s e  s o l u t i o n s  t o  

t h o s e  o f  ( 9 . 1 7 ) .  The t h e o r y  f o l l o w s  t h e  same l i n e s  a s  

t h a t  f o r  s i m i l a r  p rob lem s i n  t h e  case  of  p u re  d i f f e r e n c e  

and p u re  d i f f e r e n t i a l  e q u a t i o n s  a s  d i s c u s s e d  by Bochner  (8 )  

and P o in c a r e  ( 2 8 ) ,  f o r  exam ple ,  b u t  t h e  methods used  a r e  

n e c e s s a r i l y  r a t h e r  more e l a b o r a t e .  The b e h a v i o u r  a t  

i n f i n i t y  o f  t h e  s o l u t i o n  i s  measured by t h e  f u n c t i o n
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which  i s  such  t h a t  ^ i s  lJix,,ûo]  f o r  a l l  (T"Z

bu t  f o r  no (T“  ̂ ' T h is  f u n c t i o n  aj(^ ) c o r r e s p o n d s

e x a c t l y  t o  t h e  " c h a r a c t e r i s t i c  number" used by P o in c a r e  

i n  th e  p a r a l l e l  t h e o r y  f o r  d i f f e r e n t i a l  e q u a t i o n s .  By a 

method o f  s u c c e s s i v e  a p p r o x i m a t i o n s ,  Wright  shows t h a t  t h e  

b e h a v io u r  a t  i n f i n i t y  o f  t h e  s o l u t i o n  o f  t h e  d i f f e r e n c e -

d i f f e r e n t i a l  e q u a t i o n  c o r r e s p o n d s  to  t h a t  o f  i^lx) .

T h i s  i n f o r m a t i o n  i s  o f  some im p o r tan c e  i n  t h e  

d i s c u s s i o n  o f  c e r t a i n  n o n - l i n e a r  e q u a t i o n s ,  t o  which  a 

b r i e f  r e f e r e n c e  w i l l  now be made. As an exam ple ,  the  

e q u a t i o n
j l ' l x + l )  -  -  l i -  I f f X f l J j  ^ f A l J

i s  c o n s i d e r e d .  T h is  i s  m en t ioned  by W right  i n  ( 4 2 ) ,  and 

i t  o r i g i n a l l y  a r o s e  i n  c o n n e c t i o n  w i t h  Lord C h e r w e l l ' s  

i n v e s t i g a t i o n  (12) i n t o  t h e  d i s t r i b u t i o n  o f  pr ime numbers .

I f  t h e  c o n d i t i o n  a s  X -y  ôû i s  imposed on

t h e  s o l u t i o n s ,  i t  i s  seen  t h a t  t h e  e q u a t i o n  may be w r i t t e n  

i n  t h e  form

where a s  . Thus ,  by th e  p r o p e r t i e s  j u s t

m e n t io n e d ,  i t  f o l l o w s  t h a t  t h e  s o l u t i o n  o f  (9»21) may be 

r e l a t e d  a s y m p t o t i c a l l y  t o  t h e  s o l u t i o n  o f  t h e  e q u a t i o n

^  i 0(i~ t j  ':z — / X j

f i r s t  d i s c u s s e d  by S c h u r e r .
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As Wright  p o i n t s  out  i n  h i s  p a p e r  ( 4 3 ) ,  t h e r e  a r e  

t h r e e  s t a g e s  i n  t h e  d i s c u s s i o n  o f  t h i s  p rob lem  o f  sm a l l  

s o l u t i o n s ,  namely ,  t h e  e x i s t e n c e  o f  such  s o l u t i o n s ,  th e  

p r o o f  t h a t  any such  s o l u t i o n  must be e x p o n e n t i a l l y  s m a l l ,  

and t h e  d e t e r m i n a t i o n  o f  an a s y m p to t i c  e x p a n s io n  f o r  such  

a s o l u t i o n .  In  t h i s  p a p e r ,  W righ t  c o n s i d e r s  t h e  t h i r d  

p ro b lem ,  assum ing  t h e  o t h e r  r e s u l t s  f o r  t h e  moment. He 

t a k e s  a n  e q u a t i o n  of  t h e  form

-I- ■'

where
vt-/

= f  ^  ( I -  f
" jc .1

and

A

I n  t h e r e  i s  a  f i n i t e  number o f  te rm s  e a c h  c o n t a i n i n g  a t  

l e a s t  two ^  f u n c t i o n s ,  t h e  c o e f f i c i e n t s  a r e  c o n s t a n t s ,  

and t h e  numbers ^  a r e  l e s s  t h a n  o r  e q u a l  t o  '/L . 

Assuming t h e  s o l u t i o n  t o  be of o r d e r  €. C< , Wright

p ro v e s  t h a t  i t  t a k e s  t h e  form o f  a  f i n i t e  sum of  

e x p o n e n t i a l  t e rm s  r e l a t e d  t o  t h e  z e r o s  o f  TU) i n  th e  

s t r i p  —C ^ < r ’£--c» t o g e t h e r  w i t h  an  e r r o r  t e r m  o f  o r d e r  6
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X. APPLICATIONS.

L i n e a r  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s  have 

o c c u r r e d  i n  a  v a r i e t y  o f  p r a c t i c a l  p ro b le m s ,  t h e  most 

im p o r t a n t  o f  which  w i l l  be d i s c u s s e d  i n  t h i s  s e c t i o n .

The main q u e s t i o n  o f  i n t e r e s t  i n  such  c a s e s  i s  t h e  

s t a b i l i t y  o f  th e  s o l u t i o n s ,  a s  W righ t  p o i n t s  ou t  i n  an 

a r t i c l e  (46)  p u b l i s h e d  i n  "N a tu re"  i n  1948.  S ince  anÀ X
e x p o n e n t i a l  f u n c t i o n  6 i s  s m a l l ,  p e r i o d i c  o r  l a r g e

a s  r  —7 oo , a c c o r d i n g  a s  cr i s  n e g a t i v e ,  z e r o  o r  p o s i t i v e ,

i t  f o l l o w s  t h a t  W r i g h t ' s  s o l u t i o n

T ' W

o f  e q u a t i o n  ( 9 « l )  depends  f o r  i t s  b e h a v i o u r  a s  

on t h e  s i g n s  o f  t h e  .

Many o f  t h e  e q u a t i o n s  found i n  p r a c t i c e  can be 

r ed uced  by s im ple  t r a n s f o r m a t i o n s  t o  t h e  e q u a t i o n

l) f- X z. 0   ̂ ( X 7 0 )  ( f O ' t )

w hich  i s  o f  t h e  form o r i g i n a l l y  d i s c u s s e d  by S c h u r e r .

I n  t h i s  case  i t  i s  e a s i l y  found t h a t  i f  < ' 6̂ a l l  t h e  

z e r o s  o f  7fi) have ^ < 0  , so t h a t  a s  ar-7  a?.

On t h e  o t h e r  h a n d ,  i f  ixr 7 %  a t  l e a s t  two z e r o s  have 

^  yQ  , and so ^ W  o s c i l l a t e s  w i t h  i n c r e a s i n g  

a m p l i tu d e  e x c e p t  under  c e r t a i n  v e r y  s p e c i a l  boundary



1 0 5 .

c o n d i t i o n s .  F i n a l l y ,  i f  %  , t h e r e  a re  two

im a g in a r y  r o o t s  g i v i n g  a  p e r i o d i c  s o l u t i o n

s- 4 X i - 2 )

w h i l s t  f o r  a l l  t h e  o t h e r  r o o t s  • I n  t h i s  case

t h e  g e n e r a l  s o l u t i o n  a p p ro a c h e s  th e  p e r i o d i c  s o l u t i o n  

a s  x  0Û .
Since  t h e  prob lem  o f  s t a b i l i t y  depends  on th e  

z e r o s  o f  "Xl^) i t  i s  a  d i s c u s s i o n  of  t h e s e  z e r o s  which  

c o n s t i t u t e s  t h e  c h i e f  t o p i c  i n  t h e  a p p l i c a t i o n s  w hich  

w i l l  now be c o n s i d e r e d .

I n  1933, i n  a  l e c t u r e  t o  t h e  E co n o m et r ic  S o c i e t y  o f  

Leyden ,  i t  was shown by K a le c k i  t h a t  c e r t a i n  prob lem s 

i n  economic dynamics depend f o r  t h e i r  s o l u t i o n  on a  

d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n .  He p ro d u ce s  an 

e q u a t i o n  o f  t h e  form

f ' i t )  =■ A ^  ^ ( t r  -  0)

where t"  r e p r e s e n t s  th e  t i m e ,  and 0 a r e  p o s i t i v e

c o n s t a n t s ,  and t h i s  e q u a t i o n  i s  d i s c u s s e d  m a t h e m a t i c a l l y  

by F r i s c h  and Holme i n  a  p a p e r  (15) p u b l i s h e d  i n  1935.  

T h e i r  t r e a t m e n t  i s  s u b s e q u e n t ly  e x te n d ed  t o  t h e  case  

by James and B e l z ,  ( 2 1 ) ,  who p o i n t  ou t  t h a t  i n  some 

economic p rob lem s t h i s  c ase  may a r i s e .  I n  b o t h  c a s e s  

t h e  d i s c u s s i o n  i s  c o n f in e d  e n t i r e l y  t o  t h e  s im ple

e x p o n e n t i a l  s o l u t i o n s  and t h e  r o o t s  o f  t h e  t r a n s c e n d e n t a l
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e q u a t io n .
S t

I t  i s  im m e d ia te ly  seen  t h a t  £  i s  a  s o l u t i o n  o f  

( l Q .2 )  p ro v id e d  ^  i s  a  r o o t  o f

-  Kje

Thus r e a l  e x p o n e n t i a l  s o l u t i o n s  a r e  g iv e n  by r e a l  r o o t s  

o f  ( 1 0 . 3 ) ,  which  may be found from th e  i n t e r s e c t i o n s  

o f  t h e  s t r a i g h t  l i n e

u «. S. _ <1

w i t h  t h e  e x p o n e n t i a l  curve

^  c €

C l e a r l y  t h e r e  w i l l  be 0^ / o r  Æ such r o o t s  depend ing  

on th e  r e l a t i v e  s i z e s  o f  and 0 . I f  a  g r e a t e r

d e g re e  o f  a c c u r a c y  i s  r e q u i r e d ,  t h e  r o o t s  o b t a i n e d  may 

be improved by some method o f  s u c c e s s i v e  a p p r o x i m a t i o n s .

I n  d i s c u s s i n g  complex r o o t s  o f  (10*3) i t  i s  

c o n v e n ie n t  t o  make t h e  s u b s t i t u t i o n

0 -  f -h  i ^

where m . and âT  a r e  r e a l .  Then e q u a t i n g  r e a l  and 

im a g in a r y  p a r t s  o f  (10*3) g i v e s
w 4T

ir -  4 0 -  ^  0 ti • ^  ( !0' (*■)
and

I =- '^0 e ^  ( / o - s y
AX
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I t  i s  c l e a r  t h a t  i f ,  f o r  a  g iv e n  i r  , a c e r t a i n  ix 

s a t i s f i e s  t h e s e  e q u a t i o n s ,  t h e n  -  A. a l s o  s a t i s f i e s  

them, so t h a t  t h e  r o o t s  o f  ( 1 0 «3 ) o c c u r  i n  c o n ju g a te  

p a i r s .  A l s o ,  from ( 1 0 * 5 ) ,  i t  i s  s e en  by t a k i n g  

l o g a r i t h m s  t h a t

0  S  0 / -  V - f  d o j  /  I  ,

SO t h a t ,  on s u b s t i t u t i n g  f o r  <r- , (10*4) r e d u c e s  to

^  ( a )  c. ^
where

and

/( =- "

T h i s  e q u a t i o n ,  i n  t h e  r e a l  v a r i a b l e  jx  , may now be 

so lv ed  g r a p h i c a l l y .  S ince  t h e  r o o t s  o f  (10*3) o c cu r  

i n  c o n ju g a te  p a i r s ,  i t  i s  s u f f i c i e n t  t o  draw t h e  

g rap h  ^  Tor n, y/ o , and s i n c e  ^(u) i s  in d e p e n d e n t

o f  t h e  c o n s t a n t s  0 , t h i s  g r a p h  may be used  f o r

a l l  e q u a t i o n s  o f  t h e  form  (1 0 * 2 ) .

V a lues  o f  dx w h ich  a r e  r o o t s  o f  (10*4) and (10*5) 

a r e  now g iv e n  by c e r t a i n  i n t e r s e c t i o n s  o f  t h i s  g ra p h  w i t h  

t h e  l i n e  ^  -  A' , b u t  c a re  must be t a k e n  i n  c h o o s in g  th e  

c o r r e c t  i n t e r s e c t i o n s . C o r r e c t  v a l u e s  o f  ax c l e a r l y  

depend on t h e  s i g n  o f  Sdkmju  » and t h i s ^ s  d e te r m in e d  by 

t h e  s i g n  o f  , as  i s  s e en  from ( 1 0 * 5 ) .  I n  f a c t  i f
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^  i  7 0 t t h e n  must be p o s i t i v e  and so u  must l i e

i n  (S a + i) T \ J  I w h i le  i f  ^0< O  , ^  must l i e  i n

L UTii-f) IT, b e in g  a p o s i t i v e  i n t e g e r .

Having found t h e  c o r r e c t  v a l u e s  o f  At , t h e  c o r r e s p o n d i n g  

v a l u e s  o f  ir  a r e  t h e n  o b t a i n e d  from (1 0 * 5 ) .  I f  t h e s e  

v a l u e s  a r e  not  s u f f i c i e n t l y  a c c u r a t e ,  a  method o f  

a p p r o x i m a t i o n  may a g a i n  be used  t o  improve them. Thus 

i t  i s  se en  t h a t  s o l u t i o n s  o f  t h e  form

where f),]} a r e  c o n s t a n t s ,  may be c a l c u l a t e d  t o  th e  

d eg re e  o f  a c c u ra c y  r e q u i r e d .

A n o th e r  i n t e r e s t i n g  a p p l i c a t i o n  o f  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s  i s  found i n  t h e  f i e l d  o f  X - ra y  

i r r a d i a t i o n .  I n  1941,  i n  a p a p e r  ( 3 4 ) ,  S i e v e r t  

d e v e lo p e d  a m a th e m a t i c a l  t h e o r y  t o  e x p l a i n  t h e  r e s u l t s  

o b t a i n e d  e x p e r i m e n t a l l y  by F o r s s b ë r g  (14)  i n  h i s  work 

on a c e r t a i n  mould c a l l e d  Phycornyces  B l a k e s l e e a n u s .

T h i s  mould was s u b j e c t e d  t o  X - ra y  i r r a d i a t i o n  and th e  

e x p e r i m e n t a l  g r a p h  o f  i t s  su b seq u e n t  r a t e  o f  g rowth  was 

found by P o r s s b e r g  t o  have a  w a v e - l i k e  f o r m a t i o n .

S i e v e r t  a t t e m p t e d  t o  f i n d  a m a th e m a t i c a l  e x p l a n a t i o n  o f  

t h i s  r e s u l t  by making c e r t a i n  a s su m p t io n s  on th e  n a t u r e  

o f  t h e  mould and t h e  a c t i o n s  t a k i n g  p l a c e  i n  i t .

I t  i s  known t h a t ,  i n  a  l i v i n g  c e l l ,  t h e  q u a n t i t y  

o f  e a c h  s u b s ta n c e  \  i s  i n  a c o n s t a n t  r a t i o  t o  t h e  t o t a l
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q u a n t i t y  o f  s u b s t a n c e s  c o n s t i t u t i n g  t h e  c e l l .  I f  X i s  

p a r t l y  d e s t r o y e d  by i r r a d i a t i o n ,  t h e  n a t u r a l  r e a c t i o n  

o f  t h e  c e l l  i s  t o  r e s t o r e  t h e  s u b s ta n c e  X i n  i t s  o r i g i n a l  

p r o p o r t i o n .  A f t e r  such a d e s t r u c t i v e  a c t i o n ,  however ,  

a  c e r t a i n  t ime T  e l a p s e s  b e f o r e  t h e  r e s t o r a t i o n  p r o c e s s  

b e g i n s .  T h is  t im e  i s  known a s  t h e  i n i t i a l  p e r i o d .  I n  

P o r s s b e r g * s  e x p e r im e n t  t h e  mould i s  s u b j e c t e d  t o  t h e  

a c t i o n  o f  X - ra y s  f o r  a  c e r t a i n  p e r i o d  o f  t im e  T  • I t  

i s  assumed t h a t  t h e  r a t e  o f  d e s t r u c t i o n  o f  t h e  su b s ta n c e  

i s  p r o p o r t i o n a l  t o  t h e  q u a n t i t y  o f  r a y s  a b s o r b e d ,  and 

t h u s  t o  t h e  q u a n t i t y  o f  X i t s e l f ,  and a l s o  t h a t  t h e  r a t e  

o f  r e s t o r a t i o n  o f  X i s  p r o p o r t i o n a l  t o  ^ ^  -  ^t>) 

where r e p r e s e n t s  t h e  q u a n t i t y  o f  X i n  e x i s t e n c e  a t  

t im e  ^  . These f a c t s  may be e x p r e s s e d  by t h e  f o l l o w i n g  

d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s : -

41? - - - ! ) { . ■ / ■  - X f - r )  l o i t é T )  (w t)
d f

and

where X^/? a re  c o n s t a n t s ,  known a s  t h e  d e s t r u c t i o n  and 

r e s t o r a t i o n  c o e f f i c i e n t s  r e s p e c t i v e l y ,  and i s

assumed t o  be e q u a l  t o  f o r  t  7  •

I n  o r d e r  t o  compare t h e  s o l u t i o n s  o f  t h e s e  e q u a t i o n s  

w i t h  t h e  e x p e r i m e n t a l  r e s u l t s ,  S i e v e r t  u s e s  a method o f
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" g r a p h i c a l  i n t e g r a t i o n " ,  f i n d i n g  t h e  s o l u t i o n s  i n  

g r a p h i c a l  form f o r  a v e r y  l a r g e  number o f  p a r t i c u l a r  

c a s e s .  Fo r  t h e  i n i t i a l  p e r i o d  t h e  e q u a t i o n  r e d u c e s  

t o  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n

.  TL
d t

which  h as  t h e  e x p o n e n t i a l  s o l u t i o n  Xp = C and t h u s  

t h e  g ra p h  of  Xp may be drawn f o r  t h e  i n t e r v a l  LOj 'T) .

At a  t im e  T-hS a  l i n e - e l e m e n t  o f  curve  may t h e n  be 

drawn by u s in g  e q u a t i o n  ( 1 0 * 6 ) ,  f o r  t h e  q u a n t i t y  

can be c a l c u l a t e d  from th e  g ra p h  a l r e a d y  drawn. By 

p r o c e e d i n g  i n  t h i s  way s t e p  by s t e p ,  a  ro u gh  s k e t c h  of  

t h e  s o l u t i o n  may be o b t a i n e d ,  e q u a t i o n  ( l Q .7 )  b e in g  used 

i n s t e a d  o f  (10*6) a f t e r  t im e  T " . I n  many o f  th e  

p a r t i c u l a r  c a s e s  c a l c u l a t e d  by S i e v e r t  a  w a v e - l i k e  form 

o f  g rap h  i s  found t o  o c c u r ,  and f o r  t h e s e  c a s e s  th e

t h e o r y  f i t s  w i t h  t h e  e x p e r i m e n t s .

I t  i s  i n t e r e s t i n g  to  n o t i c e  t h a t ,  by means o f  s im ple  

t r a n s f o r m a t i o n s ,  e q u a t i o n  (10*7) may be re d u c e d  t o  th e  

form ( 1 0 . 1 )  w i t h  c . Thus t h e  s o l u t i o n s  o f  (10*7)

a re  s t a b l e ,  p e r i o d i c  o r  u n s t a b l e  a c c o r d i n g  a s  ^  i s

l e s s  t h a n ,  e q u a l  t o  o r  g r e a t e r  t h a n  Vi; •

A more g e n e r a l  a t t a c k  was made on t h e  p rob lem  i n  

1944 by van  d e r  W erf f  ( 3 8 ) .  I n s t e a d  o f  (10*6)  and
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(10*7) he c o n s id er s  the  equat ions

d  Yf
dr

and

^
where t h e  f u n c t i o n s  F} Q r e p r e s e n t  g e n e r a l  b i o l o g i c a l  

r e a c t i o n s .  I n  t h e  p a r t i c u l a r  c a s e s  t h e n  d i s c u s s e d  

c u rv e s  o f  a w a v e - l i k e  form a r e  a g a i n  o b t a i n e d  i n  a 

s i m i l a r  way.

The l a s t  a p p l i c a t i o n  t o  be c o n s i d e r e d  i n  t h i s  

s e c t i o n  c o n c e rn s  t h e  t h e o r y  of  c o n t r o l  m echanisms.

T h i s  was f i r s t  d i s c u s s e d  m a t h e m a t i c a l l y  i n  a  p a p e r  (11) 

by C a l l e n d e r ,  H a r t r e e  and P o r t e r ,  p u b l i s h e d  i n  1936.

I n  many p h y s i c a l  o p e r a t i o n s  some form o f  c o n t r o l l i n g  

g e a r  i s  r e q u i r e d  i n  o r d e r  t o  keep  a  g iv e n  p h y s i c a l  

q u a n t i t y  a s  n e a r l y  c o n s t a n t  a s  p o s s i b l e ,  and i t  i s  shown 

i n  t h i s  p a p e r  t h a t  th e  e f f e c t  o f  such  a mechanism i s  

r e p r e s e n t e d  m a t h e m a t i c a l l y  by a  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n .

The f u n c t i o n  r e p r e s e n t s  t h e  d e p a r t u r e  from 

i t s  s t a n d a r d  v a lu e  o f  t h e  p h y s i c a l  q u a n t i t y  a t  t im e  ,

C C t l  r e p r e s e n t s  t h e  e f f e c t  of  t h e  c o n t r o l l i n g  g e a r ,  and 

J) ( t)  t h e  e f f e c t  o f  random d i s t u r b a n c e s .  I t  i s  supposed 

t h a t  t h e  r a t e  o f  i n c r e a s e  of  0( t )  depends  n o t  o n ly  on
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8-nd. bu t  a l s o  on i t s e l f ,  so t h a t  th e

equat ion

- . i ) L t }  + c c t )  ~ / n  0 / t ) ^
d t

where vTv i s  a  c o n s t a n t ,  i s  o b t a i n e d .  I t  i s  a l s o  known 

t h a t  t h e r e  i s  a  t i m e - l a g ,  T" s a y ,  be tween t h e  c o n t r o l l i n g  

g e a r  b e in g  c a l l e d  i n t o  p l a y  and i t s  consequen t  e f f e c t  on 

t h e  p h y s i c a l  q u a n t i t y ,  and so a law o f  c o n t r o l  i s  t a k e n  

o f  t h e  form

If ' ' dt
where a r e  c o n s t a n t s .  F u r t h e r ,  i t  may be assumed,

w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  T  » / f o r  t h i s  e q u a t i o n  

may e a s i l y  be t r a n s f o r m e d  i n t o  a  s i m i l a r  e q u a t i o n  i n  

which  I i s  r e p l a c e d  by / . I n  t h i s  c a s e ,  e l i m i n a t i n g  C

between  e q u a t i o n s  (10*8) and (1 0 * 9 ) ,  i t  i s  found t h a t  d f t )  

s a t i s f i e s  t h e  l i n e a r  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n

m ,  + m i  *  ^  p i t ! ,  & /■ " ) *
d t dt d t

= d  l i t f l )  .
d t

C l e a r l y ,  f o r  th e  mechanism t o  be o f  any p r a c t i c a l  

v a l u e ,  i t  i s  n e c e s s a r y  f o r  t h i s  e q u a t i o n  t o  have s t a b l e
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s o l u t i o n s .  Thus t h e  nex t  s t e p  i s  t o  d i s c u s s  th e  

p o s s i b i l i t y  o f  s im p le  e x p o n e n t i a l  s o l u t i o n s  o f  th e  

form 6 f o r  which  çr<0 .

I f  t h e r e  i s  no o u t s i d e  d i s t u r b a n c e  3>(t) i s  z e r o ,

and t h e  t r a n s c e n d e n t a l  e q u a t i o n  a s s o c i a t e d  w i t h  (10*10 ) 

becomes

+ /ij 4 +- ^2 + -  o .  t i  ")

I t  i s  s een  t h a t  th e  r o o t s  o f  t h i s  e q u a t i o n  o c c u r  i n  

c o n ju g a te  p a i r s ,  an d ,  i n  a number of  p a r t i c u l a r  

e x am p le s ,  t h e i r  ap p ro x im a te  v a l u e s  a r e  found by 

g r a p h i c a l  methods o f  t h e  u s u a l  t y p e .  The c o r r e s p o n d i n g  

e x p o n e n t i a l  s o l u t i o n s  o f  (10*10) a r e  c a l l e d  t h e  normal 

modes, and th e  prob lem  i s  t o  d i s c o v e r  t h e  v a l u e s  o f  t h e  

c o n s t a n t s  /n, which p roduce  s t a b l e  modes.

These i n d i c a t e  s u i t a b l e  v a l u e s  o f  t h e  c o n s t a n t s  i n  t h e

more g e n e r a l  c a se  when i s  n o t  z e r o .

I n  1937 a f u r t h e r  p a p e r  (16)  on t h e  s u b j e c t  was 

p u b l i s h e d  by H a r t r e e ,  P o r t e r ,  C a l l e n d e r  and S te v en so n .

I n  t h i s  case  t h e y  were conce rned  w i t h  a  more g e n e r a l  law 

o f  c o n t r o l  which  gave more e f f e c t i v e  r e s u l t s .  Here t h e  

t r a n s c e n d e n t a l  e q u a t i o n  c o r r e s p o n d i n g  t o  (10*11) i s  

found t o  be of  t h e  form

^7- /I j  ( /n-h A>) J
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where Aï a,re a l s o  c o n s t a n t s .  A ga in ,  p a r t i c u l a r  

v a l u e s  o f  t h e  c o n s t a n t s  a r e  c o n s i d e r e d  w i t h  a  v iew t o  

f i n d i n g  t h o s e  which  w i l l  g iv e  s t a b l e  s o l u t i o n s .  The 

p a p e r  ends w i t h  an a c c o u n t  o f  t h e  way i n  which  a 

d i f f e r e n t i a l  a n a l y s e r  may be used t o  f a c i l i t a t e  t h e  

c a l c u l a t i o n s .
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X I . CONCLUSION.

The main  deve lopm en ts  i n  t h e  s t u d y  o f  d i f f e r e n c e -  

d i f f e r e n t i a l  e q u a t i o n s  h a v in g  been  c o n s i d e r e d ,  a  few 

b r i e f  r e f e r e n c e s  may now be made t o  some o t h e r  p a p e r s  on 

t h e  s u b j e c t .

There  i s  a  s h o r t  p a p e r  (24) by Neufe l d ,  p u b l i s h e d  i n  

1934,  i n  which  a  l i n e a r  e q u a t i o n  of  form (9*17) i s  so lv e d  

by means o f  t h e  L ap lace  t r a n s f o r m .  The r e s u l t s ,  however ,  

a r e  l e s s  g e n e r a l  t h a n  t h o s e  o f  W r ig h t ,  s i n c e  i n s t e a d  of  

p r o v in g  t h e  o r d e r  c o n d i t i o n s  which  a r e  n e c e s s a r y  f o r  

j u s t i f i c a t i o n  o f  t h e  m ethod ,  N eu fe ld  m ere ly  assumes them.

I n  a  p a p e r  ( 1 8 ) ,  p u b l i s h e d  i n  1935 ,  Herzog o b t a i n s  

r e s u l t s  f o r  a  f i n i t e  s e t  o f  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n s ,  u s i n g  an i n t r i c a t e  n o t a t i o n  i n  o r d e r  t o  s t a t e  

t h e s e  r e s u l t s  n e a t l y .  He i s  c h i e f l y  i n t e r e s t e d  i n  s e t s  

o f  n o n - l i n e a r  e q u a t i o n s ,  however ,  d i s c u s s i n g  t h e  p o s s i b l e  

e x p o n e n t i a l  s o l u t i o n s .

A n o th e r  w r i t e r  t o  c o n s i d e r  n o n - l i n e a r  e q u a t i o n s  i s  

B e l lm an ,  who d i s c u s s e s  t h e  e x i s t e n c e  o f  bounded s o l u t i o n s  

o f  p u re  d i f f e r e n c e  and pure  d i f f e r e n t i a l  e q u a t i o n s  i n  

( 2 ) ,  e x t e n d in g  h i s  r e s u l t s  t o  d i f f e r e n c e - d i f f e r e n t i a l  

e q u a t i o n s  i n  ( 3 ) ,  p u b l i s h e d  l a s t  y e a r .  I n  t h e  l a t t e r
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he i s  u l t i m a t e l y  conce rned  w i t h  t h e  e q u a t i o n

■» A {t- f  () *4 [})•>)

b u t  he d e a l s  w i t h  t h i s  e q u a t i o n  by c o n s i d e r i n g  f i r s t  

t h e  l i n e a r  e q u a t i o n

U ' ( t - t  i) '  Clf M ( t  j  f- U f t  '1’ /) , ( !h â )

As boundary  c o n d i t i o n s  f o r  t h e  l a t t e r  e q u a t i o n  he

sup p oses  t h a t  t h e  f u n c t i o n  Mit) i s  known i n  t h e  i n i t i a l  

i n t e r v a l  (Ô iJ and t h a t  i s  g i v e n ,  and t h e n  by a

fo rm a l  a p p l i c a t i o n  of  t h e  L ap lac e  t r a n s f o r m  method he 

o b t a i n s  a s o l u t i o n .  The method i s  n o t  j u s t i f i e d  

d i r e c t l y  by c o n s i d e r a t i o n  o f  t h e  o r d e r  a t  i n f i n i t y  o f  a 

s o l u t i o n .  I n s t e a d ,  Bellm an  p ro c e e d s  t o  show t h a t  th e  

f u n c t i o n  o b t a i n e d  does i n  f a c t  s a t i s f y  t h e  e q u a t i o n  and 

t h e r e f o r e  p r o v i d e s  a t r u e  s o l u t i o n .  F u r t h e r ,  t o  en su re  

t h a t  t h i s  s o l u t i o n  i s  s t a b l e ,  he p o i n t s  out  t h a t  i t  must 

be assumed t h a t  a l l  t h e  r o o t s  o f  t h e  a s s o c i a t e d  

t r a n s c e n d e n t a l  e q u a t i o n  l i e  t o  t h e  l e f t  o f  some l i n e  

tr"=. - C  • A s o l u t i o n  o f  t h e  non-homogeneous e q u a t i o n

i s  found i n  a  s i m i l a r  way, and f i n a l l y  t h e  r e s u l t s  a r e

e x te n d e d  t o  e q u a t i o n  ( 1 1 * 1 ) .

A nothe r  r e c e n t  p a p e r  (4 )  on th e  s u b j e c t ,  by 

de B r u i j n ,  c o n c e rn s  a  l i n e a r  e q u a t i o n  whose c o e f f i c i e n t s  

a r e  f u n c t i o n s  o f  X . I n  p a r t i c u l a r  t h e  w r i t e r
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c o n s id e r s  the  equat ion

exam in ing  t h e  b e h a v io u r  a t  i n f i n i t y  o f  i t s  s o l u t i o n  

f o r  c e r t a i n  v a l u e s  o f  X , H is  m e th od s ,  how ever ,  a r e  

n o t  of  g e n e r a l  a p p l i c a t i o n  and w i l l  n o t  t h e r e f o r e  be 

c o n s i d e r e d  h e r e ,

Bateman p u b l i s h e d  a p a p e r  ( l )  i n  1943 on e q u a t i o n s  

o f  t h e  form

+. SM  A *  -4- S u  -  ( a » -I-a-t-f)  f  l/n,, -

— (d\(X+’ Cj i H^  -  J

C l e a r l y  such  e q u a t i o n s  conform t o  t h e  d e f i n i t i o n  o f  

d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s  g i v e n  i n  (1*1) o n ly  i n  

t h e  p a r t i c u l a r  case  when YV 5 . I t  i s  i n t e r e s t i n g  t o

n o t i c e  t h a t  Bateman m en t io n s  t h e  d e f i n i t e  i n t e g r a l  and 

t h e  L ap lac e  t r a n s f o r m  a s  means o f  s o l v i n g  h i s  e q u a t i o n s ;  

he i s  c h i e f l y  c o n c e rn e d ,  how ever ,  w i t h  p a r t i c u l a r  

e q u a t i o n s  w hich  have o c c u r r e d  i n  p r a c t i c a l  p ro b lem s .

F i n a l l y ,  i t  h a s  been p o i n t e d  ou t  t o  me by 

P r o f e s s o r  McCrea t h a t  W h i t t a k e r ’s s o l u t i o n  o f  d i f f e r e n t i a l  

e q u a t i o n s  by d e f i n i t e  i n t e g r a l s  may a l s o  be a p p l i e d  t o  

d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n s .  The b a s i c  theo rem  

o f  t h i s  method i s  s t a t e d  i n  W h i t t a k e r ’ s p a p e r  (39) and 

p ro v ed  by Kermack and McCrea i n  ( 2 2 ) .
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Using  t h e i r  n o t a t i o n ,  t h e  p a r t i c u l a r  case  o f  th e  

L ap la c e  t r a n s f o r m  i s  o b t a i n e d  by t a k i n g

U/ = -  (Î

as  g e n e r a t i n g  f u n c t i o n .  Then th e  c o r r e s p o n d i n g  c o n t a c t

t r a n s f o r m a t i o n  i s  g iv en  by th e  e q u a t io n s

w hich  red uce  h e r e  t o

P -  -  Q  '  'P '

The a u x i l i a r y  f u n c t i o n  ^  i s  g iv e n  by th e  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n s

%  " ^  ^ ^ ^

so t h a t

The theo rem  t h e n  s t a t e s  t h a t  t h e  s o l u t i o n  of  

i s  o f  t h e  form

^  /C t )  P ( t )  cUr

= J  ç!> ( t )  d t -  t

where cf(t)  i s  a  s o l u t i o n  o f
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As an  example t h e  theorem  may be a p p l i e d  f o r m a l ly  

t o  t h e  ' e q u a t io n

' V'  (j V  . / ' / '  *-7

W r i t i n g  t h e  e q u a t i o n  i n  t e rm s  o f  o p e r a t o r s  i t  i s  seen  

t o  be o f  t h e  form

'd/y
where

Hence

F f - h r  I ^
so t h a t  t h e  s o l u t i o n  o f  (11*4) i s  o f  t h e  form ( l l « 3 )  

where ^ f t }  i s  a  s o l u t i o n  of

^  = o .

I t  f o l l o w s  t h a t  (pli) may be a r b i t r a r y ,  p r o v i d e d  i s  

a  r o o t  o f  t h e  t r a n s c e n d e n t a l  e q u a t i o n  a s s o c i a t e d  w i t h  

(1 1 * 4 ) ,  so t h a t  (11*3) becomes

T h is  i s  t h e  same form o f  s o l u t i o n  a s  was found e a r l i e r  

f o r  t h i s  e q u a t i o n .

I f  t h e  method i s  a p p l i e d  t o  e q u a t i o n  ( 6 - 4 )  i t  i s  

found t h a t  t h e  f u n c t i o n  i s  g iv e n  by t h e  same

e q u a t i o n
h l < p ( t ) ]  ^  0

a s  was o b t a i n e d  by H o h e i s e l  i n  S e c t i o n  VI .
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The d i s s e r t a t i o n  w i l l  now be c on c lu d ed  w i t h  a  

b r i e f  su rv ey  o f  t h e  c h i e f  p o i n t s  o f  i n t e r e s t  i n  t h e  

s tu d y  o f  t h e  l i n e a r  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n .

The g r a d u a l  development  o f  t h e  use  o f  t r a n s f o r m s  has  

been  seen  t o  be c l o s e l y  c o n n ec te d  w i t h  t h e  o r d e r  a t  

I n f i n i t y  o f  a s o l u t i o n  and i t  h a s  a l s o  been  remarked 

t h a t  t h e  s i t u a t i o n  i s  c o n s i d e r a b l y  s i m p le r  f o r  an 

e q u a t i o n  w i t h  o n ly  one t e rm  c o n t a i n i n g  an 'futh 

d e r i v a t i v e  o f  • S ch m id t ,  H o h e i s e l  and T i t c h m a r s h

c o n f in e d  t h e m s e lv e s  t o  e q u a t i o n s  o f  t h i s  t y p e ,  w h i le  

Bochner  i n d i c a t e d  t h e  a d v a n ta g e  o f  d o in g  so ,  a l t h o u g h  

he c o n s i d e r e d  t h e  g e n e r a l  e q u a t i o n  a s  w e l l .

The o r d e r  c o n d i t i o n s  l a i d  down f o r  a  s o l u t i o n  by 

t h e  e a r l y  w r i t e r s  were o f  a  v e ry  r e s t r i c t i v e  n a t u r e .  

Schmidt and H o h e i s e l ,  f o r  exam ple ,  c o n f i n e d  th e m s e lv e s  

t o  s o l u t i o n s  o f  o r d e r  IX/^ a s  /oc/ —> a? , so t h a t  o n ly  th e  

p u r e l y  im a g in a ry  z e r o s  o f  7/^)  cou ld  be used  f o r  t h e  

s im ple  e x p o n e n t i a l  s o l u t i o n s .  The same r e s t r i c t i o n  was 

made i n  e f f e c t  by B o chner .  Schm id t ,  however ,  b r i e f l y  

m en t ion ed  t h e  p o s s i b i l i t y  o f  s o l u t i o n s  o f  o r d e r  £ 

a s  I X I —7 CO * a  c o n d i t i o n  w h ich  was a l s o  t a k e n  a t  f i r s t  

by T i t c h m a r s h ,  a l t h o u g h  he o m i t t e d  i t  i n  h i s  l a t e r  work .  

As was seen  i n  S e c t i o n  I I I ,  t h e  p u rpose  o f  such  o r d e r  

c o n d i t i o n s  was t o  l i m i t  t h e  complementary  f u n c t i o n  t o
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b e in g  a f i n i t e  i n s t e a d  o f  an i n f i n i t e  s e r i e s .  H i lb  

and S c h u r e r ,  how ever ,  d id  n o t  r e s t r i c t  t h e m s e lv e s  t o  

s o l u t i o n s  o f  any p a r t i c u l a r  o r d e r  and t h e y  o b t a i n e d ,  i n  

co n seq u e n ce ,  s o l u t i o n s  i n  t h e  form o f  i n f i n i t e  s e r i e s  

whose convergence  had t o  be d i s c u s s e d .  F i n a l l y ,  i n  

W r i g h t ’ s work,  an  o r d e r  c o n d i t i o n  was no l o n g e r  assumed 

bu t  i n s t e a d  i t  was a c t u a l l y  p roved  t h a t  a  s o l u t i o n  must 

be of  e x p o n e n t i a l  o r d e r  p r o v i d e d  c e r t a i n  c o n d i t i o n s  were 

l a i d  down i n  t h e  i n i t i a l  i n t e r v a l .

W ith  r e g a r d  t o  th e  use  of  t r a n s f o r m s ,  i t  was p o i n t e d  

ou t  e a r l i e r  t h a t  Schmidt u sed  a  f u n c t i o n  c l o s e l y  c o n n ec ted  

w i t h  a t r a n s f o r m  i n  o r d e r  t o  o b t a i n  a  p a r t i c u l a r  s o l u t i o n  

o f  h i s  e q u a t i o n .  As was seen  l a t e r ,  t h e  s o l u t i o n  he 

found was comparable  w i t h  t h o s e  o b t a i n e d  by B ochner ,  

T i t c h m a r s h  and W r ig h t ,  a l l  o f  whom made e x p l i c i t  use o f  

t r a n s f o r m s .  H i l b ,  on t h e  o t h e r  h a n d ,  d id  no t  use  

t r a n s f o r m s  a t  a l l ,  b u t  b a sed  h i s  r e s u l t s  on t h e  e x p a n s io n  

o f  an a r b i t r a r y  f u n c t i o n  a s  an i n f i n i t e  s e r i e s .  He 

c o n s i d e r e d  t h e  homogeneous e q u a t i o n ,  r e c o g n i s i n g  t h a t  t h e  

s o l u t i o n  depended on t h e  b e h a v io u r  o f  i n  t h e  i n i t i a l  

i n t e r v a l ,  and o b t a i n i n g  a  s o l u t i o n  i n  t h e  same form  as  

t h a t  found by W righ t  l a t e r  on.  He a l s o  m en t ioned  t h e  

im p o r ta n c e  o f  t h e  n o n - v a n i s h in g  o f  one o f  t h e  c o e f f i c i e n t s  

ri an a . S c h u re r  *s a p p ro a c h  t o  h i s  own s im ple
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e q u a t i o n  was o f  a s i m i l a r  n a t u r e .

The r e a l  use o f  t r a n s f o r m s  began w i t h  H o h e i s e l ,  who 

so lv e d  h i s  e q u a t i o n  by assum ing a s o l u t i o n  i n  t h e  form o f  

a  L ap lace  I n t e g r a l .  He was f o l lo w e d  by Bochner  and 

T i t c h m a r s h ,  b o t h  o f  whom used  F o u r i e r  t r a n s f o r m s ,  B o chner ,  

how ever ,  was r e s t r i c t e d  by h i s  d e f i n i t i o n  o f  a  F o u r i e r  

t r a n s f o r m  which  c o n f in e d  him t o  a  c o n s i d e r a t i o n  o f  t h e  

p u r e l y  im a g in a ry  z e r o s  o f  7(a) o n l y .  H is  c o n d i t i o n s  

on t h e  i n t e g r a b i l i t y  o f  a s o l u t i o n  a l s o  l e d  t o  t h e  

e x c l u s i o n  o f  t h e  complementary  f u n c t i o n ,  a l t h o u g h  he l a t e r  

rem ed ied  t h i s  by e x t e n d in g  h i s  c l a s s  o f  i n t e g r a b l e  

f u n c t i o n s .  T i t c h m a r s h ,  by u s in g  g e n e r a l i z e d  F o u r i e r  

t r a n s f o r m s ,  was a b l e  t o  c o n s i d e r  complex z e r o s  o f  y ( t )  

and t h u s  he o b t a i n e d  more g e n e r a l  r e s u l t s .

F i n a l l y ,  W righ t  was a b l e ,  by u s i n g  h i s  r e s u l t  on th e  

o r d e r  o f  a  s o l u t i o n ,  t o  j u s t i f y  th e  use  o f  th e  L ap lace  

t r a n s f o r m  i n  o b t a i n i n g  a  s o l u t i o n .  F u r t h e r ,  p ro v id e d

t h a t  one o f  t h e  c o e f f i c i e n t s  was n o n - z e r o ,

he p roved  r e s u l t s  on t h e  convergence  o f  t h i s  s e r i e s  

s o l u t i o n  w hich  he o b t a i n e d .  Thus i t  was w i t h  t h e  

p u b l i c a t i o n  o f  h i s  p a p e r s  on t h e  s u b j e c t  t h a t  t h e  r e a l  

power o f  t r a n s f o r m s  i n  t h i s  c o n n e c t i o n  was f i n a l l y  

a p p r e c i a t e d .
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