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Nuclear  ? i e l d  Theor i e s .  E. M. Williainson.

A b s t r a c t o

The t h e s i s  opens w i th  an account  of  the  f i v e - d im e n s io n a l  

r e l a t i v i t y  th e o ry  of  K le in  and Kaluza  and i t s  development 

by F l i n t  as a f i v e - d i m e n s i o n a l  m a t r ix  geometry.  This  

l e a d s  to a fundamenta l  e q u a t io n  which c o n ta in s  the  Dirac  

eq u a t io n  f o r  th e  e l e c t r o n  as a s p e c i a l  c ase .

The i n t r o d u c t i o n  of  th e  n u c l e a r  f i e l d  i n  a manner

analogous to t h a t  of the  e l e c t ro m a g n e t i c  f i e l d  i n  f o u r -
1

d im ens iona l  r e l a t i v i t y  th eo ry  l e a d s  to  an e q u a t io n  r e p r e s e n t i n g  

th e  b e h av iou r  o f  a fundamenta l  p a r t i c l e  i n  the  n u c l e a r  f i e l d .  

Comparison of t h i s  e q u a t io n  w i th  th e  Dirac  e q u a t io n  

a p p l i c a b l e  to such a p a r t i c l e  shows the  p re sen ce  of 

e x t r a  terms g i v in g  r i s e  to  an a d d i t i o n a l  amount o f  

energy which i s  c o n s id e re d  to be due to  th e  i n t e r a c t i o n  o f  

the  p a r t i c l e  w i th  th e  f i e l d .

By a n a lo g y ,w i th  M axwell 's  e le c t ro m a g n e t i c  th e o ry  the  

n u c l e a r  f i e l d  e q u a t io n s  a re  o b ta in e d  f o r  th e  v a r i o u s  ty pes  

of  f i e l d  and compared w i th  th o se  of  o t h e r  a u th o r s .  The 

i n t e r a c t i o n  energy i s  c a l c u l a t e d  i n  each case  and ag rees  

w i th  the  accep ted  forms.

An i n t e r e s t i n g  r e s u l t  emerges when the  t o t a l  energy of  

the  system ( t h a t  i s ,  f i e l d  and p a r t i c l e )  i s  c o n s id e re d ,  

su g g e s t in g  a p o s s i b l e  escape from the  d i f f i c u l ty  o f  th e  

i n f i n i t i e s  a r i s i n g  i n  the  c a l c u l a t i o n  o f  th e  i n t e r a c t i o n  energy,

F i n a l l y ,  the  case  of  the  e l e c t r o n  i s  c o n s id e re d  i n  the

l i g h t  of the n u c l e a r  f i e l d  t h e o r y .
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C hapter  I

THE GEOMETRY OF THE FIVE DIMENSIONAL CONTINUUM

The g e n e ra l  th e o ry  o f  r e l a t i v i t y  as developed  "by E i n s t e i n  

i s  concerned p r i m a r i l y  w i th  th e  g r a v i t a t i o n a l  f i e l d .  The 

e l e c t ro m a g n e t ic  f i e l d  e q u a t io n s  may be ex p ressed  fo rm a l ly  i n  

terms of  th e  th e o r y ,  b u t  th e  two k in d s  of  f i e l d  appear  to  

be l o g i c a l l y  d i s t i n c t  s t r u c t u r e s .

There have been a number of  a t t e m p ts  to  remove t h i s  

a p p a re n t  dua l ism  and form a u n i t a r y  th e o ry .  Weyl ( I 9 1 8 ) , by 

m od ify ing  th e  concep t  o f  p a r a l l e l  d i s p la c e m e n t ,  found a n a t u r a l  

p la c e  i n  th e  geometry of  th e  fo u r - d im e n s io n a l  Riemannian space 

f o r  th e  e le c t r o m a g n e t i c  p o t e n t i a l .

An a l t e r n a t i v e  approach was sugges ted  by Kaluza  (1921) and 

developed by K le in  (1927).  The fundam enta l  m e t r i c  t e n s o r ,  g ^ ,  

of  E i n s t e i n ' s  t h e o r y ,  by re a s o n  of i t s  symmetry,has t e n  

components which a re  a l l  a s s o c i a t e d  w ith  th e  g r a v i t a t i o n a l  

p o t e n t i a l s .  In  o rd e r  to  o b t a in  d i s p o s a b le  q u a n t i t i e s  o f  th e  

same form which m igh t  r e p r e s e n t  the  e le c t ro m a g n e t ic  p o t e n t i a l s ,  

Kaluza  p roposed  an> e x te n s io n  to  a f i v e - d im e n s io n a l  continuum 

where th e  c o u n t e r p a r t  o f  th e  fundamenta l  m e t r i c  t e n s o r  would 

have f i f t e e n  components.

The fo u r - d im e n s io n a l  space time continuum was co n s id e re d  

to  be a c r o s s  s e c t i o n  (x^ = c o n s ta n t )  of  th e  f i v e - d im e n s io n a l  

space and i t  was supposed t h a t  a l l  d e r i v a t i v e s  w ith  r e s p e c t  

to the  new dimension were ze ro .  The s i g n i f i c a n c e  o f  t h i s  

f i f t h  c o o r d in a te  w i l l  be d i s c u s s e d  l a t e r .



The Fund ara e n t a i  Tensor and the  Line Element 

C onsider ,  fo l lo w in g  K le in ,  a f i v e  d im ensional  Riemannian 

space in  which the  l i n e  element dhr i s  g iven  by

cLv"̂  = Ŷv/ (1 .1 )

where x^, x^, x̂  ̂ x^ a re  the  o rd in a ry  fo u r  d im ensional  c o - o rd in a te s  

and the  a re  a l l  independent  of  the  new c o - o r d in a t e  x ^ .

( Greek i n d i c e s  v / i l l  th roughout  take  th e  v a lu e s  1-5 and 

Roman i n d i c e s ,  except where i n d i c a t e d ,  the  v a lu es  1 -4 . )

The g e n e ra l  t r a n s fo rm a t io n  i s  of the  type

( 1 . 2 ) ^

Then db^'^ - .

But f o r  Yky to be independent  of x^ in  a l l  systems of  co- 

o r d i n a t e s ,  must be a c o n s ta n t  f o r  a l l  v a lu e s  of  ^  .

Now l e t  Q = O so t h a t  the  f i r s t  f o u r  equa t ions  of1)DC.
(1 .2 )  become

lu I ^  ^ 4-'\
= (1 .3 )3CL'

which i s  the  u su a l  t r a n s fo rm a t io n  of the  o rd in a ry  c o - o r d in a t e s ,  

and l e t
5  = I

(1 .4 )

so t h a t  the  f i f t h  equa t ion  becomes

-f • (1 .5)

Extending the  u su a l  p ro c es se s  to f i v e  dimensions

Y' , Y (1 .6 )
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I . C TVI ox. dx sf y
-3̂ '" ^ T  ' *!nr

so t h a t  i s  an i n v a r i a n t  q u a n t i ty .  The reason  f o r  the

s p e c i a l  choice of the  c o n s ta n t  i n  (1 .4 )  i s  now ap p a ren t .  

The q u a n t i ty  dx.^ i s  a l so  i n v a r i a n t  s in ce

v; ■ y  P y
C>LDC

and so i s  i n v a r i a n t . (1 .7 )
\̂ Vs-

The l i n e  element as de f in ed  by ( l . l )  i s  i n v a r i a n t  and so the  

q u a n t i ty

i s  an o th e r  i n v a r i a n t .

R earrang ing  the  terms i t  may be w r i t t e n  as

~ -  Yiu^buj dx dx .

This i s  a l so  i n v a r i a n t  in  the  fo u r -d im e n s io n a l  space ,  f o r  i f

then i t  i s  a l so  t r u e  t h a t

I hIX- .

Hence ) may be i d e n t i f i e d  w ith  the  i n v a r i a n t



Æ

5- luds = aac dac of the  fo u r -d im e n s io n a l  th eo ry .

I t  fo l lo w s  t h a t

Vwu = (1 .8 )

and d<f  ̂ = -I—^ 0  . (1 .9 )

The form of t h i s  l a s t  equa tion  su g g es ts  t h a t  dO may he 

regarded  as the  p r o j e c t i o n  of d v  in  a d i r e c t i o n  normal to the  

o rd in a ry  Riemannian space.



Ve c to r s  and Tensors i n  F ive Dimensions 

Let  he a f i v e - v e c t o r .

This w i l l  t ran s fo rm  in  the  u su a l  way, i . e

A

For the  f i r s t  fo u r  components

A'" = h ' ;  A"

hy (1 .3 )

i . e . ;  they  t ran s fo rm  in  the  same way as the  components of a 

v e c to r  aP- = i n  fo u r  d imensions.

The component does n o t  t ran s fo rm  simply hu t  s in ce  f o r  

the  CO-variant  components

4 ■ f  .
a ;  . p  A .  .  A ,

i . e .  the  f i f t h  ( c o - v a r i a n t )  component i s  an i n v a r i a n t  which 

w i l l  he r e p re s e n te d  hy a.

Hence, from th e  p o in t  of  view of  o rd in a ry  space ,  the

f iv e  v e c to r  appears  as a fo u r  v e c to r  to g e th e r  w ith  a s c a l a r .

The fundamental t e n s o r  w i l l  have in  f i v e  dimensions



the  same p r o p e r t i e s  of  low er ing  s u f f i x e s  t h a t  g^_ has in  fo u r .

Hence A
mn

I . e .

or

K  - Y.„"S ' ' A)Ia

' iL (1.10)

Ak ■ Y k  A" -  Y^, A=

= ( a. + 1 u from (1 .8 )  and
'bsr
-f- Ywv-(a..-

Yf.
For any t e n s o r  of  rank two

T i K dx '̂^
3U -T '"

and ~j'
r

■ i : " -
âo.""

i

• !

Hence, as in  the case of the fundamental t e n s o r ,  T̂ cj i s

i n v a r i a n t .

Since
j 3%.'^ T " "  :

Soc''* T "  1
1
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th e se  components t ran s fo rm  as a c o n t r a v a r i a n t  t e n s o r  i n  fo u r  

dimensions and s in ce

U. _ T/Ua _ Doc
5 '

,5- ' T

, T *

th ese  components t ran s fo rm  as a v e c to r  in  fo u r  d im ens ions .

So, from the  p o in t  of  view of o rd in a ry  space ,  the  t e n s o r  

appears  to c o n s i s t  of a fo u r -d im e n s io n a l  t e n s o r  T™- to g e th e r  

with  a fo u r  v e c to r  and a s c a l a r  q u a n t i ty

R e tu rn ing  now to the  fundamental t e n s o r  Ï , i t s  

c o n t r a v a r i a n t  components a re  d e f in ed  in  the  u su a l  way and

t h i s  r e s u l t s  i n  the  s p e c i a l  p ro p e r ty

°  (1 .12)
= I if ^  = V .

The components Y have the  same in v a r ia n c e  p r o p e r t i e s  

as the  g™- and w i l l  he i d e n t i f i e d  w ith  them, and i s  an 

i n v a r i a n t  whose s i g n i f i c a n c e  i s  n o t  y e t  c l e a r .  There remain 

the  components hav ing  one index  equal to f i v e  which a re  to he 

a s s o c i a t e d  with  the  fo u r  v e c to r  (j/i  ̂ of the  e lec trom ag ne t ic  

f i e l d .

The v e c to r  q u a n t i t i e s  would he the  Y^  ̂ and hy (1 .12) 

th e se  do n o t  e x i s t .  However, may he a s s o c ia te d  wi th  Y^^

a l though  t h i s  q u a n t i t y  i s  n o t  a fo u r  d im ensional  v e c t o r .

For c o n s id e r  a f i v e  v e c to r  $  of  which the  i n v a r i a n t



8

component O

t ran s fo rm  acco rd ing  to
I Oldx

§,

On the  o th e r  hand

V

lub" f  |lu ,5  ’

The CO-variant components

from (1 .11)

ox

riu lu (1 .13)

so t h a t  i n  f i v e  dimensions (p ^  and have the  same 

in v a r i a n c e .

Hence i t  i s  p o s s i b l e  to  p u t ,  as Kaluza does,

Vb 
Ÿ5-.

where a i s  independent  of the  c o - o r d in a t e s .

I t  must be no ted  t h a t  the  two f i v e  v e c to r s  a re  n o t  

com ple te ly  i d e n t i f i e d  f o r  the  f i f t h  components a re  q u i t e  

d i f f e r e n t  s in ce  = 0 and /  0.

Furtherm ore ,  while  i s  the  t r u e  fo u r -d im e n s io n a l

c o u n te r p a r t  of  th e r e  i s  no such c o u n te r p a r t  f o r  s ince
\

q u a n t i t i e s  such as g^ do n o t  e x i s t .

How s in ce y yh^
V o

-  o



and y"" - -  P

,K (1 .14)

Summarising; -

For the  fundamental  t e n s o r

V u  ' ‘ ^ W . U  - +  V  •

For a f i v e  v e c to r
. k lu

A = a  ,

A c : 0-  .
}

' A l u ^  lu d

-
a .

M
V

^ 'Y’lu

I

lu

The r e l a t i o n s  between a l l  the  v a r io u s  components of  the  

g en e ra l  f i v e  t e n s o r  and i t s  fo u r  d im ensional  c o u n te r p a r t s  may 

be o b ta ined  in  s i m i l a r  ways, bu t  a re  no t  r e q u i r e d  h e r e .
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The Geodesics of  the  Space 

In  the  theo ry  of r e l a t i v i t y  the  p a th  of a p a r t i c l e  of mass 

m in  a g r a v i t a t i o n a l  f i e l d  only i s  a geodesic  in  fo u r -d im ens ion 

a l  space whose equa t ions  may he w r i t t e n

î Y P  ■ °  (1-15)

where dr  i s  the  element of  p rope r  time g iven by ds---

K le in ,  fo l lo w in g  Kaluza, suggested  t h a t  the  p a th  of  a 

charged p a r t i c l e  in  a g r a v i t a t i o n a l  and an e lec t ro m a g n e t ic  

f i e l d  should be a geodesic  in  the  f iv e -d im e n s io n a l  continuum.

By analogy with  (1 .15)  the  equa t ions  of t h i s  p a th  w i l l  be

O

The f i f t h  of th e se  v / i l l  be

dr

s in ce  does n o t  c o n ta in  x '* , i . e .

,  ̂ V
‘$-v ^  which i s  some c o n s t a n t . (1 ,17)

The f i r s t  fo u r  eq ua t ion s  a re

d  /  V d x  j ^  /  y ) — J — AX&s-

and s u b s t i t u t i n g  f o r  T ^ ,  (1 .8  and 1 .13) and making use of

( 1 .1 7 ) ,  these  become
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( d  f  a .  d x  1 I d x  \  d x ^%u 4p I -  j  V6
(\T  ( i f  y ^  Doc^ d-T d  1 > jc  b x .  /  ^

Biuu. df-" 
dT-

( 1 . 18)

where r e p r e s e n t s  th e  e le c t ro m a g n e t ic  f i e l d  i n  th e  u s u a l

way

i . e .  3,^ '  %  A i B , ^ =  eJ£-. ( 1 . 1 9 )

and (1 .1 8 )  i s  th e  p a th  of the  p a r t i c l e  i n  fo u r  d im ens iona l  

s p a c e .

Now l e t  th e  r e s t  mass of the  p a r t i c l e  be m^ and th e  charge 

upon i t  be e. According to  c l a s s i c a l  th e o ry  i t s  e q u a t io n  of  

m otion i s

^ V  ^  'Y. 1 :̂ 1,2,3,

f o r
ér
d t

(L !  k  4 - '
d t ^  ̂ d b

d
d r ( d r  ,

( 1-

u

The g e n e r a l i s e d  form of  t h i s  e q u a t io n  i n  Riemannian space i s

4x."4x‘’ . E B ^.u 45-'' (1 .20 )
d.T V dr I ^ 7>x. d r  d r  d r

and t h i s  w i l l  be i d e n t i c a l  w i th  (1 .18 )  i f

= P l a . c -  ■ (1 .21)
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However, a i s  s t i l l  n o t  exp ressed  i n  terms o f  known fundamenta l  

q u a n t i t i e s .

K a lu z a ’s work was extended by F i s h e r  (1929) who supposed 

t h a t  th e  p a th  of  th e  charged p a r t i c l e  i n  th e  f i v e - d im e n s io n a l  

continuum was, i n  a d d i t i o n ,  a n u l l  g e o d e s i c . This  s u g g e s t io n  

v/as p u t  forw ard  as  a p o s s i b l e  way of  av o id in g  th e  w e l l  known 

d i f f i c u l t i e s  which a r i s e  i n  bo th  c l a s s i c a l  and quantum t h e o r i e s  

i n  co n n ec t io n  v/ith the  s t r u c t u r e  and energy of  an e l e c t r o n .

The e l e c t r o n  could  then  be t r e a t e d  i n  f i v e  d imensions i n  the  

same way as th e  photon i s  t r e a t e d  in  f o u r .

For a n u l l  geodes ic

qL<r •= cLs + dO - O . (1 .22)

But da*" = -

and by d e f i n i t i o n  dÔ = ^  d-T . by (1 .17)
%  V ?

Hence th e  c o n d i t i o n  (1 .2 2 )  becomes

O-o’’ = b" ,

i . e .  < ^0  ̂ , (1 .23)

th e  p o s i t i v e  square  r o o t  b e in g  ta k e n ,  s in c e  a n e g a t i v e  s ig n  

would only  mean t h a t  th e  g eodes ic  i s  t r a v e r s e d  i n  th e  r e v e r s e  

d i r e c t i o n .

Thus c/ : ^  ^ f o r  a charge  e . (1 .24)
vV

How s in c e   ̂ e t c .  i t  seems t h a t  the
w

geometry of  the  continuum depends n o t  only  upon the  f i e l d s  

b u t  a l s o  upon the  cha rge-and  mass o f  th e  t e s t  p a r t i c l e  used to
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exp lo re  them. This d i f f e r s  from the  u s u a l  t h e o r i e s  of  Kaluza 

and K le in ,  who b o th  suppose a to  be a world c o n s t a n t ,  and means 

t h a t  th e  t e s t  p a r t i c l e  w i l l  i n f l u e n c e  th e  p r o p e r t i e s  of  the  

space which i t  e x p l o r e s .

The c o n s t a n t  s t i l l  rem ains  a r b i t r a r y ,  f o r  hav ing  pu t

= o

i t  i s  p o s s i b l e  to  d iv id e  th ro ug ho u t  by any one of  th e  .

Also i t  i s  th e  r a t i o  7^ 5/ 1*55 which has  been g iven  p h y s ic a l  

s i g n i f i c a n c e  by a s s o c i a t i n g  i t  w i th  <̂ \̂  ■

So, w i th o u t  any l o s s  of  g e n e r a l i t y  i t  i s  p o s s i b l e  to  p u t  

Y^^ = 1. I t  w i l l  be seen l a t e r  t h a t  t h i s  ch o ice  i s  

p a r t i c u l a r l y  c o n v e n ie n t .
Ww luU  V/ KW VUUThen X g ^

and 4k •
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The Nature  o f  th e  F i f t h  C o -o rd in a te  

I f  the  c o - o r d i n a t e s  o f  a charged p a r t i c l e  i n  th e  f i v e  

d im ens iona l  continuum a re  r e p r e s e n t e d  hy th e  f i v e - v e c t o r  ^  

th e n ,  as above, the  fo u r  c o n t r a v a r i a n t  components co r respond  

to  th e  o rd in a r y  c o - o r d i n a t e s  jc o f  th e  fo u r  d im ens iona l  apace 

and th e  c o v a r i a n t  q u a n t i t y  i s  an i n v a r i a n t  l e n g t h .

In  quantum th e o ry  th e r e  a re  two i n v a r i a n t  l e n g t h s  which 

occu r ,  namely th e  "Gompton wave l e n g th "  and the

s o - c a l l e d  r a d i u s  of  th e  e l e c t r o n  ^ and t h i s  su g g e s t s

t h a t  f o r  a fundam enta l  p a r t i c l e ,  such as an e l e c t r o n ,  th e  f i f t h  

( c o v a r i a n t )  c o - o r d i n a t e  m ight  be i d e n t i f i e d  w i th  one of  t h e s e .

F l i n t  has  r e c e n t l y  developed the  quantum form of th e  

c o - o r d i n a t e  v e l o c i t y  momentum and f o r c e  o p e r a to r s  and from the  

l a t t e r  d e r iv e d  th e  eq u a t io n  o f  motion of  an e l e c t r o n  i n  an 

e le c t ro m a g n e t ic  f i e l d .  Comparing t h i s  w i th  the  c l a s s i c a l  form 

of th e  e q u a t i o n , i n  th e  case  of  sm all  v e l o c i t i e s ,  they  a re  seen 

to  be i d e n t i c a l  i f

^ V i-3 / 1̂ 0̂

There has  always been some doubt about  the  e x a c t  v a lu e  

o f  th e  m u l t i p l y i n g  c o n s t a n t  and so i t  w i l l  be c o n v e n ie n t  to 

p u t  ^  Viü.c" • (1 .26)

The q u a n t i t y  dxc i s  a l s o  an i n v a r i a n t  and i n  f a c t ,  s in c e  

th e  p a th  o f  th e  p a r t i c l e  i s  a n u l l  geodes ic

- y.- àxP  -  ̂ cLcdT (1 .27)

Since ,
X® --
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f o r  a p a r t i c l e  w i th o u t  charge

X -  O

and the  problem becomes a fo u r  d im ensiona l  one.

That i s ,  i t  i s  only charged p a r t i c l e s  t h a t  have components 

in  th e  f i f t h  d imension.

iïiis
- - A
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The Momentum Vector  

In  fo u r -d im en s ion a l-  space t h i s  i s
lu  lu

p  -  \ ^ o  P '

' d r

The ana logue ,  i n  f i v e - d im e n s io n a l  space ,  i s  th e  v e c to r

4 p  (1 . 2 8 )
dr

and = p^ as u s u a l  so t h a t  th e  f i r s t  fo u r  components form the  

u su a l  momentum v e c t o r .

The c o v a r i a n t  components w i l l  be

=
^ d r  

and the  f i f t h  of  th e s e

; ■

= by (1 .17 )

- ^  s in c e  aQ = c (1 .29)

which i s ,  as exp ec ted ,  an i n v a r i a n t  q u a n t i t y .

Also -H

= p^  4- ^   ̂ on s u b s t i t u t i n g  f o r  à and P^.

DL
Now, i n  a fo u r -d im e n s io n a l  continuum 

i s  c o n ju g a te  to  th e  c o - o r d i n a t e  i n  th e  absence of an 

e le c t ro m a g n e t ic  f i e l d .
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When a f i e l d  i s  p r e s e n t ,  i f  th e  m otion of  a p a r t i c l e  of 

charge  e i s  c o n s id e r e d ,  then  i t  i s  th e  q u a n t i t y  ^

which i s  th e  c o n ju g a te  o f  i . e .  i n  th e  f i v e - d im e n s io n a l  

th e o ry ,  whether o r  n o t  t h e r e  i s  a f i e l d  p r e s e n t ,  i s  the

q u a n t i t y  co n ju g a te  to

Thus i t  i s  which i s  r e p la c e d  hy th e  o p e r a to r
L̂  i n  the  u s u a l  p ro c e s s e s  of  quantum m echan ics .

I . e .

(P ^ lp  - h i - -

which i s  th e  f a m i l i a r  form of th e  o p e r a to r  when th e r e  i s  a 

f i e l d  p r e s e n t ,  and shows th e  p h y s i c a l  im portance  of  th e  

i d e n t i f i c a t i o n  of  w i th  .

The f i f t h  o p e r a to r  Th = - y . ^ 5
 ̂ °  <2irt doc

5
Hence f o r  a q u a n t i t y  P c o n ta in in g  x ^

U ' _ (1 .30 )
buocjc

t h a t  i s ,  P c o n ta in s  x^ as a f a c t o r  e  ^

Then i f  x^ changes by an araount h/mgC t h i s  f a c t o r  remains 

u n a l t e r e d  and i t  has  been sugges ted  by F l i n t  (1940) t h a t  x 

i s  s i m i l a r  i n  n a t u r e  to  an a n g u la r  c o - o r d i n a t e  0  which may 

have an a p p a re n t ly  f i x e d  v a lu e  i n  s p i t e  of  c o m p ara t iv e ly  l a r g e
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changes o f  c2t .

I t  i s  n o t  n e c e s s a r y  however f o r  th e  p r e s e n t  pu rpose  to 

make any assum pt ions  abou t  ; a l l  t h a t  i s  needed i s  th e  

r e l a t i o n  (1 .3 0 )  above.

In  f o u r  d im e n s io n s , i n  th e  absence  o f  an e l e c t r o m a g n e t i c

f i e l d

p i - t - p i  1

In  f i v e  d im ensions

lu "Y, T~
= p l u p  -i- lU o  ^

- O -  (1 .3 1 )
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C o v a r ia n t  D i f f e r e n t i a t i o n  i n  th e  F iv e -d im e n s io n a l

The co n cep t  of  p a r a l l e l  d i s p la c e m e n t  may he ex tended  to  

f i v e  d im ens ions .  For such a d i sp la c e m e n t  o f  th e  v e c t o r  A ^  

th e  change i n  i t s  components

dh '^  = -  A 7  (1 .32 )
A h ^where i s  th e  f i v e - d im e n s i o n a l  c o u n t e r p a r t  o f  th e

C h r i s t o f f e l  in d ex  symbol.

L ikew ise  f o r  th e  c o v a r i a n t  components

d A ^  . Ag d l .  (1 .3 3 )

G e n e r a l i s i n g , th e  f o u r - d im e n s io n a l  e x p r e s s io n s

. (1 .3 4 )
X - o w  -  /

/ A  j y' ’̂’
Hence- A \  = % “

bYvq- + Ae»- -

Ar-s _ A)

and so ,  by means of  th e  r e l a t i o n s  ( ' '

PK

s in c e  th e  do n o t  c o n t a i n  x^

= I 2- g  (  Sns j

(1 .35 )
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where 3 rs  ' ( I - sGy

r e p r e s e n t s  th e  e l e c t r o m a g n e t i c  f i e l d .

, J  y ^ Y %  . V -  - W ]  ^  J y Y \ Y . r  +
2- \ 'bDL.'̂  ~dx  ̂ 2)oc.̂  / 1 V ôch bx- y

A" . i A ’ ( 2 ^ * i v - B l î >

= r  +  i  ^  V h  +  ' ? V h  6 , .  -t<P^  S r s j .  Cl 3 2 /“  Ur, 5 \ y /- ^ /

,, I . D's pYrj ^ I 'A  _ ’̂ '<'fS'l , I 3Yÿ-«-_  ■^A

f t -

S'
I
rs

rs’/'iYrs- X&- _ _ i n
V 1 "  £t^

Titx’

I V ~S
. = l ^ ' ' d  ^sr . (I-^9J

, lu  S'A  : A _ = 0 . qi-o^;
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C hap te r  I I

MATRIX GEOMETRY MD ITS APPLICATION TO QUANTTO THEORY.

The i d e a s  o f  th e  quantum th e o ry  must now he in t r o d u c e d  

i n t o  t h i s  u n i f i e d  f i v e - d im e n s i o n a l  th e o ry  o f  g r a v i t a t i o n  and 

e le c t ro m a g n e t i s m .  The wave f u n c t i o n s  o f  th e  quantum th e o ry  

a r e  m a t r i c e s  and t h e r e f o r e  such q u a n t i t i e s  must appear  as a 

fundam enta l  p a r t  o f  th e  m e t r i c  o f  th e  continuum. For t h i s  

r e a s o n  th e  e lem ent  o f  l e n g t h  i s  e x p re ssed  i n  m a t r i x  form i n  

the  fo l lo w in g  way ( F l i n t  1935).

For each p o i n t  ( x.^ ) f i v e  fundam enta l  m a t r i c e s  (o f

f o u r  rows and f o u r  columns) a re  d e f in e d ,  r e l a t e d  to  th e  fu n d a 

m en ta l  t e n s o r  ( i . e .  to  th e  geometry o f  th e  space) by th e

e q u a t io n s
. i r l .  (2 .1 )

A s s o c ia te d  w i th  t h e s e  a r e  th e  c o v a r i a n t  m a t r i c e s

= Y' v̂ Y'" e t c .  (2 .2 )

Because o f  t h e i r  t e n s o r  c h a r a c t e r ,  th e  fo u r - d im e n s io n a l

c o u n t e r p a r t s  o f  th e  m a t r i c e s  w i l l  be th e  m a t r i c e s

 ̂^  and th e  m a t r i x  |3. = Y.ç- •

For th e  o t h e r  components

Ylu ■■ ,
 ̂ k (2 .3 )

\ 1 1̂.

The m a t r i c e s  p l a y  a p a r t  ana logous  to  t h a t  o f  th e  u n i t

v e c t o r s  of  o r d in a r y  a n a l y s i s  so t h a t  th e  l e n g t h  o f  an o rd in a r y  

f i v e - v e c t o r  whose components a r e  w i l l  be

or  A ^ .

\i ku
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This i s  a m a t r i x  and w i l l  be r e f e r r e d  to  as  th e  m a t r i x  l e n g t h .  

A s i m i l a r  o p e r a t o r ,  b u t  i n  f o u r  d im ens io ns ,  has  been su g g es ted  

by Himura (1935) .

In  o rd e r  to  o b t a i n  th e  v a lu e  o f  t h i s  l e n g t h  i t  must be 

m u l t i p l i e d  by some s c a l a r  m a t r i x ,  , In  acco rdance  w i th  

th e  g e n e r a l  p r a c t i c e  o f  quantum m e c h a n ic s , a second s c a l a r  

m a t r i x  i s  a s s o c i a t e d  w i th  ^  and th e  l e n g t h  o f  th e

v e c t o r  i s  d e f in e d  to  be

L -- H f  A Y ■ (2 .4 )

I n t ro d u c e d  i n  t h i s  way y may be d e s c r ib e d  as  a gaug ing  

f a c t o r .  The c o n n e c t io n  between ^ and /  w i l l  become 

a p p a re n t  l a t e r  on.

For th e  p r e s e n t  i t  i s  supposed t h a t  ^ and have

such p r o p e r t i e s  t h a t  when th e  v e c t o r  q u a n t i t y  ( A^ ) undergoes  

a p a r a l l e l  d i s p la c e m e n t  to  a n e ig h b o u r in g  p o i n t  t h e r e  i s  no 

change i n  th e  v a lu e  o f  L

i . e .  = O . (2 .5 )

I t  fo l lo w s  t h a t

dxJ Y t A . '/> 4- ^  ^
bjcf ' ' ox

and s in c e  t h i s  must be t r u e  f o r  a l l  v e c t o r s  An and a l l
V

d is p la c e m e n ts  d.Dc ^

A  yV  +  1 . o ,  ( 2 .6 )
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L et

( 2 . 7 ,

and c o n s i d e r  th e  form of  t h i s  q u a n t i t y .

The f i v e  d im en s io n a l  c o v a r i a n t  d e r i v a t i v e  o f  th e  

w i l l  v a n i s h

i . e .  ^ ‘ o .  (2 .8 )

E l i m i n a t i n g  th e  hy means of  e q u a t io n  (2 .1 )

r'"-f yVbYM + / yV + yU'=')

+ A h  " o

I
i . e . ,  r e a r r a n g i n g ,

- O. ( 2 .9 )

This  i s  s a t i s f i e d  by

Y^/ly (2 .1 0 )  | :
j %

and a l s o  by i

where i s  n o t  a m a t r i x .

( 2 . 11)

I t  i s  c o n v e n ie n t  to  c o n s id e r  t h e s e  s o l u t i o n s  s e p a r a t e l y ,  

f o r  e q u a t io n  (2 .7 )  must be s a t i s f i e d  a l s o ,  

i . e . ,  f o r  th e  form (2 .1 0 )

A . v^ - vA  = ■ ( 2 . 1 2 )
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so t h a t  i n  te rm s o f  th e  f o u r  d im ens io na l  q u a n t i t i e s

■ S  ■* Y  t ' C  " f  B, j . , ( A . . ,. (2 .1 3 )

I t  i s  u s u a l  i n  th e  quantum m echanics  o f  th e  e l e c t r o n  and 

o t h e r  fundam enta l  p a r t i c l e s  to  n e g l e c t  th e  e f f e c t  o f  th e  

g r a v i t a t i o n a l  f i e l d ,  t h i s  b e in g  sm al l  i n  com parison w i th  the  

e l e c t r o m a g n e t i c  f i e l d .

Then th e  fo u r  d im en s io n a l  q u a n t i t i e s  I a r e  z e ro ,  th e

d i s t i n c t i o n  between c o - v a r i a n c e  and c o n t r a v a r i a n c e  d i s a p p e a r s  

and th e  m a t r i c e s  a r e  in d ep en d e n t  o f  th e  c o - o r d i n a t e s .

Hence e q u a t io n  (2 .1 3 )  becomes

- ^lu =" i  1̂ ’ i  Gruu. (2 .1 4 )

which i s  s a t i s f i e d  i f

g ' (2 .1 5 )

S i m i l a r l y  from e q u a t io n  (2 .1 2 )  f o r  U-

^ 5- ^ 5- ■  ̂ l r̂ ( 2 . I 0 )

and t h i s  i s  s a t i s f i e d  i f

A -  ■■ ^Lr ■ (2 .1 7 )

The o t h e r  e q u a t io n s  o f  ( 2 . 1 2 ) ,  i . e .  ^  = 5  ̂ v - ^  and ^  = 5,

V = 5 a r e  s a t i s f i e d  r e s p e c t i v e l y  by th e  e x p r e s s io n s  (2 .1 5 )  and 

( 2 . 17 .) ,  p r o v id in g  a check upon th e s e  v a lu e s  o f  th e  q u a n t i t i e s

C o n s id e r in g  th e  s o l u t i o n  (2 .1 1 )  on th e  o t h e r  hand i t  i s  

n o t  p o s s i b l e  to  f i n d  a form f o r  th e  q u a n t i t i e s  ^ y \
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permits  o f  th e  e q u a t io n s

s x ( v ' y ' - - y ' ' 4 )  . A .  (2 .1 8 )

b e in g  s a t i s f i e d .

E q u a t io n  (2 .7 )  may now be w r i t t e n

- Y ^ A ^  (2 .1 9 )
bx

and e x p re s s e s  th e  change i n  th e  components o f  th e  m a t r i x  

upon p a r a l l e l  d i s p la c e m e n t .  The f i r s t  term on th e  r i g h t  hand

s id e  a r i s e s  from th e  v e c t o r  n a t u r e  o f  th e  q u a n t i t y  and th e

a d d i t i o n a l  te rm s a re  due to  i t s  m a t r i x  c h a r a c t e r .

A s i m i l a r  r e l a t i o n ,  b u t  i n  f o u r  d im ensions  o n ly ,  was 

g iv en  by S ch ro d in g e r  (1932) -  and i t  can be shown t h a t  e q u a t io n  

( 2 . 1 9 ) ,  l i k e  i t s  fo u r - d im e n s io n a l  c o u n t e r p a r t ,  i s  i n v a r i a n t  

w i th  r e s p e c t  to  a s i m i l a r i t y  t r a n s f o r m a t io n

I t  may be n o ted  t h a t  a term o f  th e  form can be

added to  th e  m a t r i x  , where I  i s  th e  u n i t  m a t r i x  and jy

an o r d in a r y  q u a n t i t y  ( n o t  a m a t r i x ) .



o

The Fundamental E q ua t ion  

R e tu rn in g  to  e q u a t io n  ( 2 . 6 ) ,  o f  p. 22,

i . e .  1  = o  ^

V

a comparison w i th  th e  th e o ry  of  g r a v i t a t i o n  s u g g e s t s  t h a t  t h e r e  

may he some r e s t r i c t i o n  imposed upon th e  t e n s o r   ̂ • The

fo rm al  s t a t e m e n t  of  t h i s  r e s t r i c t i o n  w i l l  be th e  quantum law.

I f  t h i s  shou ld  be v  ̂ O (2 .20 )

then
V

i . e .  -  1 Y - O ■

C ons ider  now th e  e q u a t io n s

)

I. 6 .

Lx'-' " '  '

which i f  t h e r e  i s  no g r a v i t a t i o n a l  f i e l d  become

bx bx"'

o r ,  s i n c e  th e  a r e  in d ep en d e n t  o f  th e  c o - o r d i n a t e s .

. . Y  d M  ■ A

i . e .  th e  q u a n t i t y  ‘j i s  in d ep en d e n t  o f  th e  c o - o r d i n a t e s
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and uhe v/hole s i g n i f i c a n c e  o f  y) as  a gaug ing  f a c t o r  i s  l o s t .  

Hence K. ^ ~ O i s  too r e s t r i c t i v e  a c o n d i t i o n  and an 

a l t e r n a t i v e  must be looked  f o r .

The s i t u a t i o n  i s  s i m i l a r  to  t h a t  a r i s i n g  i n  E i n s t e i n ' s  

t h e o ry  when a g e n e r a l  law of  g r a v i t a t i o n  i n  empty space  was

s o u g h t .  I f  th e  R ie m a n n -G h r is to f f e l  t e n s o r  r ”̂ v a n i s h e d  thenmns
s p a c e - t im e  became f l a t  and t h e r e  cou ld  be no g r a v i t a t i o n a l

f i e l d .  E i n s t e i n  t h e r e f o r e  p roposed  i n s t e a d  to  s e t  th e

red u ced  form of  th e  t e n s o r  equa l  to  z e ro .

In  th e  p r e s e n t  case  a s i m i l a r  p ro c e d u re  i s  adop ted  and

th e  quantum law i s  assumed to  be

^ " Û ■ (2 .2 1 )

Hence from e q u a t io n  (2 .6 )

°  (2 -22)

o r ,  i n  th e  absence- o f  g r a v i t a t i o n a l  and e l e c t r o m a g n e t i c  f i e l d s ,

. 0

Hov/ever, v / i th o u t  t h i s  r e s t r i c t i o n  ( i . e .  t h e  absence  o f  

f i e l d s ,  e q u a t io n  (2 .6 )  may be w r i t t e n

2 4- Y ' y  - <2

which means t h a t  V '̂/' i s  unchanged by a p a r a l l e l  d i s p la c e m e n t  

and may be r e g a rd e d  as  a  v e c t o r .  The re d u ced  form o f  t h i s  

e q u a t io n  i s

^  M Ŷ Y') -+ >1Y9  = o  .

'  ff* (2 .2 3 )
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B ut,  by ana logy  w i th  th e  fo u r - d im e n s io n a l  t h e o r y ,

A h _L ^ f Jfy )
AN ' r v  A  ̂ where T i s  th e

d e te rm in a n t  (V^vy| ,

so t h a t  e q u a t io n  (2 .23 )  becomes

^  (2 .2 4 )

But I Ŷ v I =- VîT I 3 luu1 and i t  has  been assumed t h a t  = 1

Hence ypT > \)-^ and t h i s  may be p u t  equa l  to  u n i t y  as  i s

f r e q u e n t l y  done i n  th e  th e o ry  of  r e l a t i v i t y .

Hence L \ '' ^

This  i s  th en  su g g e s te d  as th e  fundam enta l  e q u a t io n  o f  quantum 

m e c h a n ic s .
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The D irac  E qua t ion  

C o n s id e r  now th e  e q u a t io n

^  -  O (2 .2 6 )
7)x'

i . e .  V X '  X '  -- O

i X  3x"'

In  term s o f  fo u r - d im e n s io n a l  q u a n t i t i e s

a'" H- (â .-  °

1 . » .  °

on s u b s t i t u t i n g  f o r  a .

In  th e  absence  of  a g r a v i t a t i o n a l  f i e l d  and th e

e q u a t io n  becomes

(2 -27)

This  may be w r i t t e n

" A " ' '  ‘ “

where \C = 1 , 2 , 3  only

and so ,  m u l t i p l y i n g  by i p ^ ,

. ( à i  i  Ï  ^  f  4  L ' ^ '  Y  ̂ Û  .

Comparing t h i s  w i th  th e  .usual form o f  D i r a c ' s  e q u a t io n



30

W
C- + APj, ^  (1*0 c - j  V’ = o  ,

the  e q u a t io n s  a r e  seen  to  he i d e n t i c a l  i f

^  -. -  L [̂ 4 (2>.

The e q u a t io n  c o n ju g a te  to  (2 .2 7 )  i s

( 2 . 2 8 )

or  i n  te rm s o f  th e  a d j o i n t

'  (uri h  ^  I  " i t i  3>  "■ !  A '

o

o.

M u l t ip l y i n g  by pq from th e  r i g h t  and making use  o f  th e  f a c t  

t h a t  th e  ps anticommute

(2 .29 )

Now c o n s i d e r  th e  o t h e r  r e l a t i o n  su g g es ted  hy e q u a t io n  (2 .2 2 )

A  '* ( 2 . 3 0 )Ox

vj b e in g  a q u a n t i t y  c o n ju g a te  to  ^ w i l l  c o n t a i n  i n  an
_  LUoC-X-̂

e x p o n e n t i a l  f a c t o r  e.  ̂ , so t h a t

o r ,  i n  th e  absence  o f  a g r a v i t a t i o n a l  f i e l d .
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(h
Tliis i s  i d e n t i c a l  v/ith. e q u a t io n  (2 .2 9 )  i f

1 (2 .31 )

and 80 from e q u a t io n  ( 2 . 2 2 ) ,  b o th  D i r a c ’s e q u a t io n  and th e  

complex c o n ju g a te  e q u a t io n  have been o b ta in e d .

E q ua t io n  (2 .2 2 )  h a s ,  hov/ever, been d iv id e d  somewhat 

a r b i t r a r i l y  i n t o  two p a r t s ,  and t h i s  d i v i s i o n  shou ld  p r o p e r l y  

be made a t  an e a r l i e r  s t a g e .

The fundam enta l  e q u a t io n  i s  ( e q u a t io n  2 .25)

h  k  Y + ->■ ‘j X  = o

w i th  th e  r e s t r i c t i o n  t h a t   ̂ ^  '

V /r i t ten  i n  i t s  reduced  form i t  becomes

b  4- V, t M yp . o

and i n s t e a d  o f  (2 .2 6 )  and (2 .3 0 )  th e  e q u a t io n  and i t s  c o n ju g a te  

shou ld  he

^  ( 2 . 3 2 )

and '
(2 .3 3 )

‘o r  a l th o u g h
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= f  4

8''^ i n ’ th e  a^osénce o f
g r a v i t a t i o n

= — ^. =̂ d*

E qu a t ion  (2 .3 2 )  i s  i n  f a c t  th e  same as t h a t  su g g es ted  by 

S c h ro d in g e r  (1932) .

This  s u g g e s t s  th e  a d d i t i o n  o f  a.terra to  th e  D irac  e q u a t io n  

( F l i n t  1943) and t h i s  w i l l  modify the  u s u a l  e x p re s s io n  f o r  

th e  H am il to n ia n .

N e g le c t in g  the  g r a v i t a t i o n a l  f i e l d ,  as  i s  u s u a l ,  eq u a t io n

(2 .3 4 )  becomes

(  h i  t * " )  *  t i  °

M u l t ip l y i n g  th rough  by ip q  and p u t t i n g  th e  e q u a t io n  i n  terms 

of  th e  m a t r i c e s  a ,  p

or

~  2-r ^
where H i s  th e  u s u a l  H am il ton ian  o p e r a t o r .
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There i s  th u s  an o p e r a t o r  H' added to  th e  u s u a l  H am il ton ian  

where

Ley
ihr

Ftt

|u Æx_̂CAcc, on̂ tej" ^

' * ■  - B j y ,  J  I Ù  I S r v - t  ! > ( •  I t t  D i m e .  L x . c U r ' e e x  ^

r
? V g c  L +  ••• •  - . . . . .  e-'"-.

This  r e p r e s e n t s  a mean energy d e n s i t y  g iv en  hy

+  - - j  -  ( £.c  +  •■■ ■ j ]

and th e  p ro p e r  v a lu e s  o f  bo th  terms a r e  r e a l  s in c e  th e  m a t r i c e s

‘(^^J a re  H e rm i t ia n ,

This e x t r a  term i s  o f  e x a c t ly  the  same form as th e  

a d d i t i o n a l  term which P a u l i ,  working on d i f f e r e n t  l i n e s  (1941) ,  

i n t r o d u c e s  i n t o  th e  D irac  e q u a t io n  ( a l th o u g h  h i s  term  appears  

to  c o n ta in  a d i s p o s a b le  c o n s t a n t ) . He r e g a r d s  i t  as  b e in g

u n n e c e c e s s a ry  i n  th e  case  o f  th e  e l e c t r o n ,  s in c e  th e  o r i g i n a l
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D irac  e q u a t io n  has  a l r e a d y  p rov ided  f o r  the  i n t r i n s i c  m agne t ic  

and e l e c t r i c  moments, h u t  su g g e s t s  t h a t  i t  m ight  prove of 

v a lu e  i n  th e  th e o ry  of  th e  neutron^

More r e c e n t l y  B o r s e l l i n o  and O a ld i ro n i  (1946) make use 

of  t h i s  same e x t r a  term i n  dev e lo p ing  a th e o ry  of  th e  

i n t e r a c t i o n  between fundam enta l  p a r t i c l e s ,  b u t  do n o t  commit 

them se lves  abou t  th e  v a lu e  of  the  m agnet ic  moments X v h ich  

they  a s s o c i a t e  w i th  th e  v a r io u s  p a r t i c l e s .

A l l a r d  (1950) a l s o  i n t r o d u c e s  th e  same e x p r e s s io n ,  b u t  

w i th  a s m a l l e r  n u m e r ic a l  f a c t o r ,  and r e g a r d s  i t  as a 

p e r t u r b a t i o n  which i s ,  however, too l a r g e  f o r  th e  case  of  

th e  e l e c t r o n  i n  an atom.

The e x t r a  term YYill be d i s c u s s e d  f u r t h e r  i n  a l a t e r  

chap te ro  I t  would seem t h a t  D i r a c ’s f i r s t - o r d e r  e q u a t io n  

f o r  th e  e l e c t r o n ,  i n  i t s  o r i g i n a l  form, i s  n o t  th e  most 

fu ndam en ta l  e q u a t io n .  S o lu t io n s  o f  th e  D irac  e q u a t io n  a re  

a l s o  s o l u t i o n s  o f  th e  more fundam enta l  eq u a t io n
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C hapter  I I I  

THE NUCLEAR FIELD

The n u c l e a r  f i e l d  i s  now in t ro d u c e d  ( F l i n t ,  1935, 1945) 

i n  a way which co r re sp o n d s  to  Weyl’ s t r e a tm e n t  (1921) of th e  

e l e c t r o m a g n e t i c  f i e l d  i n  th e  f o u r  d im en s ion a l  continuum.

T h is ,  as  deve loped  by Eddington (1923) i s  b r i e f l y  as  f o l l o w s .  

With every  p o i n t  of  s p ac e - t im e  i s  a s s o c ia te d  a s t a n d a r d  o f  

i n t e r v a l  l e n g t h  so t h a t  an i n t e r v a l  a t  a p o i n t  i s  measured i n  

te rm s o f  th e  s t a n d a r d  a t  t h a t  p o i n t .

The l e n g t h   ̂ o f  a v e c t o r  a t  P , th e  p o in t  x^, i s  measured 

i n  terms of  th e  standard a t  P b u t  when th e  v e c t o r  has  been 

t r a n s f e r r e d ,  by p a r a l l e l  d i s p la c e m e n t ,  to  a n e ig h b o u r in g  p o i n t  

P ' , (x^ + d x ^ ) , i t s  l e n g t h  must be measured i n  term s o f  the  

s t a n d a r d  a t  P ’ and may be denoted by { I  + dl  ) .  The change i n  

l e n g t h ,  At , may be assumed to  depend upon th e  o r i g i n a l  l e n g t h  

and th e  displacement P P ’ , and th e  r e l a t i o n  may be supposed 

l i n e a r ,  so t h a t

d( = d A  . (3 .1 )

E v id e n t ly  i s  a v e c t o r  q u a n t i t y  c h a r a c t e r i s t i c  of th e

neighbourhood of  P and V/eyl's th e o ry  i d e n t i f i e s  t h i s  w i th  th e  

f o u r - v e c t o r  e lectrom agnet ic  p o t e n t i a l  a t  th e  p o i n t  P so
t

i  ol-" . (3 .2 )

In  th e  f iv e -d im e n s io n a l  continuum the  s i g n i f i c a n t  q u a n t i t y  

i s  th e  m a t r i x  l e n g t h  of  a v e c t o r  ( ) .  I t  w i l l  be

supposed t h a t  f o r  a p a r a l l e l  d i sp la c e m e n t  o f  /A ) to  a
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n e ig h b o u r in g  p o i n t  th e  change in  the  m a t r ix  l e n g t h  i s  

where i s  d e s c r i p t i v e  of  th e  n u c l e a r  f i e l d  i n  th e

neighbourhood of  th e  o r i g i n a l  p o i n t

i s  t h e r e f o r e  a m a t r ix  o p e r a to r  h av ing  th e  c h a r a c t e r  

of  a C O -va r ian t  v e c t o r .

To o b t a i n  th e  l e n g t h  o f  a v e c to r  th e  q u a n t i t i e s  ^  

must be i n t r o d u c e d  as  on p. and the  r e l a t i o n  c o r re s p o n d in g

to  e q u a t io n  (3 .2 )  i s  then

A  Y ( 3 , 3 )

This must be s a t i s f i e d  f o r  a l l  v e c to r s  ( A^) and a l l  sm al l  

d i s p la c e m e n ts  ( ) , hence

h Yb 4 ^ 1  Y 4 H  ,  M . ( 3 . 4 )
bx

As i n  th e  p r e v io u s  c h a p te r ,  i t  i s  th e  reduced  form of  t h i s  

which g iv e s  th e  fundam enta l  e q u a t io n s .

These may be w r i t t e n  i n  th e  form

( 3 .3 )

and (  ̂ 1 • (3 .6 )

The n u c l e a r  f o r c e s  a r e  so g r e a t  compared w i th  th o se  of 

g r a v i t a t i o n  and e lec t ro m a g n e t i sm  t h a t  i t  i s  u s u a l l y  n o t  n e c e s s 

a ry  to  t a k e  th e s e  l a t t e r  i n t o  ac co u n t .  The term c o n t a i n i n g  

A ^ ,  which depends upon th e  e l e c t r o m a g n e t i c  f i e l d  w i l l  

t h e r e f o r e  d i s a p p e a r  and th e  fundam enta l  eq u a t io n  f o r  a p a r t i c l e
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in  a n u c l e a r  f i e l d  becomes

(3 .7 )

t o g e t h e r  w i th  th e  c o n ju g a te  e q u a t io n .

The p a r t i c l e  under  c o n s i d e r a t i o n  w i l l  he tak en  to  he a 

n u c leo n  s in c e  e l e c t r o n s  do n o t  e x i s t  w i t h i n  th e  n u c l e a r  

s t r u c t u r e ,  i . e .  w i t h i n  range  of  th e  n u c l e a r  f o r c e s .  E qua t ion

(3 .7 )  th en  r e f e r s  to  a p ro to n  o r  a n e u t ro n  i n  th e  f i e l d  of 

o t h e r  n u c le o n s .

As b e f o r e , th e  c o - o r d i n a t e  x^ when i t  o ccu rs  e x p l i c i t l y  

does so i n  th e  form exp. J where M i s  a mass to  be

a s s o c i a t e d  w i th  th e  n u c leo n .
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In  th e  absence of  any k ind  of  f i e l d  e q u a t io n  (3 .7 )

r e d u ces  to

h  'h X  " 1  T' °  (3 .8 )

v/iiicli i s  D i r a c ' s  equa t ion  f o r  a f r e e  p a r t i c l e  of mass M.

M u l t ip ly in g  th roughou t  by and so e x p re s s in g

the  e q u a t io n  i n  terms of the  ( fo u r -d im e n s io n a l )  D irac  m a t r i c e s  

and 0, th e  energy o p e r a to r  i s  g iven  by

•- -  h .  M- = -  ■ (3.9)

In  th e  p re se n ce  of  the  n u c le a r  f i e l d  a d d i t i o n a l  terms

occur  on th e  r i g h t  hand' s id e  of  (3 .8 )  and hence terms of  the

form

-  (3 .10)

a r e  added to  th e  energy o p e r a to r  of  eq u a t io n  ( 3 . 9 ) .

These terms r e p r e s e n t  a d d i t i o n a l  energy due to  th e  i n t e r - ^  

a c t i o n  o f  th e  nuc leon  w ith  the  n u c le a r  f i e l d  and the  v a lue  of  

t h i s  a d d i t i o n a l  energy i s  g iven  by

-  f  ̂  i  ■ (3 .11)

The f a c t o r  9 i s  i n t ro d u c e d ,  as w i l l  be shovm. p r e s e n t l y ,  to  

p r e s e r v e  the  c o r r e c t  i n v a r i a n c e ,  f o r  any term added to  the  

r i g h t  hand s id e  of  equa t ion  (3 .9 )  must be ,  l i k e  th e  term

, I n v a r i a n t  i n  th e  fo u r -d im e n s io n a l  continuum.

The a d d i t i o n  o f  a complex co n ju g a te  e x p r e s s io n ,  i n  o rd e r
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t h a t  r e a l  v a lu e s  may he o b ta in e d ,  w i l l  be assumed th ro u g h o u t .

The f i e l d  o p e r a to r  may be expressed  more g e n e r a l l y  

i n  th e  form

V  ' g ÿ  4 g, Y'Ŷ  4 ( 3 . 12)

where ĝ _  ̂ gg . . . .  a re  c o n s ta n t s  and the  an t isy m m etr ic  t e n s o r s  

I^ ; Tp̂ v . . . .  a re  r e p r e s e n t a t i v e  of  d i f f e r e n t  ty p es  o f  f i e l d .  

Such a s u p e r p o s i t i o n  of  f i e l d s  was sugges ted  by M / l l e r  and 

R o sen fe ld  (1940) .

In  the  f i r s t  c a se ,  i f  9 = 1 ,  the  i n t e r a c t i o n  terms of  

(3 .1 1 )  a re  - g ,  ^  tv + (Y-t.) f  ,

where, as b e f o r e ,  the  small  l e t t e r s  t^,, t .  denote  th e  

f o u r - d im e n s io n a l  q u a n t i t i e s  co r re spo nd ing  to  I ^ .

In  terms o f  th e  Dirac m a t r i c e s  a , 3 t h i s  e x p re s s io n  

becomes

_ Q i ( f'Y’ '■ A t . j

o r (3.13)

which, as r e q u i r e d ,  i s  an i n v a r i a n t  q u a n t i t y  i n  fo u r  d im ensions .

In  th e  second case  i t  i s  n e c e s s a ry  to  p u t  9 = 0 .  when 

th e  i n t e r a c t i o n  terms a re

-  % ^  i .  - w r u - jXu ^
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For th e  t h i r d  type of  f i e l d  q u a n t i t y  9 - 1  and th e  i n t e r a c t i o n  

terms a re

L
- g s  i r  1

-  'Y kK-] ;

13.3

(3 .15)

and f o r  th e  f o u r t h  ty p e ,  9 = p. and th e  i n t e r a c t i o n  term s a re

 ̂ -, (3 .16)
-f 8^(23 J

cxr\ s
(The changing  num erica l  f a c t o r  -a r i o -ee from th e  antisym metry  of

(f  C L b S o v io c -M  luCo K t ,  C o u s ( a .u .C ?  <2, ,

th e  f i e l d  q u a n t i tiesy()

I t  i s  n o t i c e a b l e  t h a t  a l l  th e  terms i n  e x p re s s io n s  (3 .13)  

to  (3 .1 6 )  a re  i n  th e  form of s c a l a r  p ro d u c ts  o f  f i e l d  q u a n t i t i e s  

( t )  and q u a n t i t i e s  such as 'A v/hich r e f e r  to  th e  n u c le o n .

The q u a n t i t i e s  o c c u r r in g  a r e : -

Sc a l a r s  Ÿ a,nd b.  ̂ (3 .17 )

F o u r - v e c to r s  Ŷ îcV' ; and ) bH-

or bk. ; J
and ('kt 1 b k

or , Uic-

and (- A"J X2S
or bk(. ! i s -

and f i n a l l y

P s e u d o s c a la r s  i' snd
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These a r e  e x a c t ly  th e  q u a n t i t i e s  enumerated hy Eemmer (1938) 

whose f i e l d  q u a n t i t i e s  and ^ , as w i l l  he shown p r e s e n t l y ,

a re  th e  fo u r -d im e n s io n a l  c o u n t e r p a r t s  of the  f iv e - d im e n s io n a l  

( T ) .

Thus th e  i n t e r a c t i o n  terms which Eemmer i n t r o d u c e s  i n to  

the  L agrang ian  f u n c t i o n  as e x t r a  terms occur n a t u r a l l y  i n  the  

p r e s e n t  th e o ry .

Another i n t e r e s t i n g  p o i n t  a r i s e s  he re  w i th  re g a rd  to th e se  

a d d i t i o n a l  energy te rm s.  The energy o p e r a to r  (3 .9 )  c a l c u l a t e d  

from th e  u s u a l  D irac  e q u a t io n  (3 .8 )  f o r  a fundamenta l  p a r t i c l e  

c o n ta in s  th e  r e s t  mass M i n  the  term , th e  v a lu e  of the

c o r re s p o n d in g  energy d e n s i ty  b e in g  . Hence i f

among th e  a d d i t i o n a l  energy terms th e re  should occur any of 

th e  form , they  m igh t  be i n t e r p r e t e d  as a co r re spo n d ing

a l t e r a t i o n  of  mass and m ight  accoun t  f o r  th e  mass of  the  meson 

( F l i n t  1947) .

Only th e  s c a l a r  f i e l d ,  however, g ives  r i s e  to  such a term, 

v i z .  -  ^  i b.

and th e  t o t a l  ( r e a l )  energy c o n t r i b u t i o n  from t h i s  term

=  4 . [ (  di/ . (3 .18)
U<\ \

V

This i n t e g r a l  can be e v a lu a te d  when the  form of  the  f i e l d  

q u a n t i t y  t .  has  been d e te rm ined ,  so f o r  the  p r e s e n t  the  id e a  

w i l l  n o t  be developed  f u r t h e r .  I t  seems u n l i k e l y  to p rov ide

a th e o ry  o f  th e  meson mass, s in c e  the  o ccu rrence  of  mesons i s  

c e r t a i n l y  n o t  co n f in ed  to th e  s c a l a r  f i e l d .
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I t  w i l l  be supposed then  t h a t  a n u c l e a r  f i e l d  e x i s t s  i n  

the  ne ighbourhood o f  a nucleon  j u s t  as an e le c t ro m a g n e t ic  

f i e l d  e x i s t s  i n  the  r e g io n  su rround ing  an e l e c t r i c  ch a rge ,  the  

new f i e l d  b e in g  d e s c r ib e d  by c e r t a i n  t e n s o r s  which a re  of  

d i f f e r e n t  t y p e s ,  so t h a t  i t  may be a s c a l a r  f i e l d ,  a v e c to r  

f i e l d ,  a p se u d o -v e c to r  f i e l d  or a p s e u d o - s c a la r  f i e l d . I t  

may a l s o  be a combination  of  two or  more of  th e s e  k in d s  of 

f i e l d .

The ana logy  w ith  the  e lec t ro m a g n e t ic  f i e l d  s u g g e s ts  t h a t  

th e  i n t e r a c t i o n  between the  nuc leons  and th e  n u c l e a r  f i e l d s  

may be t r e a t e d  i n  a way s i m i l a r  to the  i n t e r a c t i o n  between the  

p o l a r i z a t i o n  o f  a m a t e r i a l  medium and the  e l e c t r i c  and m agnetic  

f i e l d s  which g iv e  r i s e  to t h i s  p o l a r i z a t i o n .

The terms o f  the  e x p re s s io n  (3 .11)  w i l l  be c o n s id e red  

from t h i s  p o i n t  o f  view.

F i r s t ,  however , i t  i s  conven ien t  to c o n s id e r  the  pure 

n u c l e a r  f i e l d  i n  f r e e  space ,  and the  comparison w i th  the  

e le c t r o m a g n e t i c  th eo ry  l e a d s  n a t u r a l l y  to  a c o n s i d e r a t i o n  of 

th e  v e c t o r  f i e l d  i n  the  f i r s t  p l a c e .

The th eo ry  of  th e  v e c to r  n u c l e a r  f i e l d  was developed 

in d e p e n d e n t ly  by Eemmer (1938) and Yukawa, S aka ta  and 

T ake tan i  (1938) ,  who based  t h e i r  a n a l y s i s  on th e  work of  

P ro ca  (1936, 1937),  r e p r e s e n t i n g  the  f i e l d  by an an t isynm ie tr ic^  

(Kemmer, , Yukawa F,G) of  th e  second rank  ana logous to

the  e l e c t r i c  and magnetic  f i e l d s ,  t o g e t h e r  v/ith a f o u r - v e c t o r ,  

(Kemmer, , Yukawa Ü. Uq) , th e se  q u a n t i t i e s  b e in g  r e l a t e d
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by f i e l d  e q u a t io n s  which a re  g e n e r a l i s a t i o n s  of Maxwell’ s 

e q u a t io n s  f o r  the  e le c t ro m a g n e t ic  f i e l d .

The e q u a t io n s  of  P r o c a ' s  paper had a l r e a d y  been o b ta in e d  

by F i s h e r  and F l i n t  (1930) in  an a t tem p t  to develop a f i e l d  

th e o ry  o f  th e  e l e c t r o n .  A number of  o th e r  workers i n  t h i s  

f i e l d ,  Darwin (1928) ,  V/liittaker (1928) and F renke l  (1928) ,  had 

th e  same o b j e c t  b u t  they  were a l l  ( i n c lu d in g  P ro c a ) ,  i n  f a c t ,  

d e v e lo p in g  a f i e l d  th eo ry  a p p r o p r i a t e  to a ’ p a r t i c l e  o f  i n t e g r a l  

sp in  and t h e r e f o r e  n o t  an e l e c t r o n .  Then the  work of  Fermi 

(1934) on 0 - d i s i n t e g r a t i o n , Yukawa's e a r l i e r  p ape rs  (1935,

1937) on th e  n u c l e a r  f o r c e s  and the  d isco v e ry  o f  the  meson 

i n  th e  cosmic r a d i a t i o n  (Anderson and rieddermeyer, 1936, 1937) 

l e d  to  a renewed i n t e r e s t  i n  th e s e  f i e l d  t h e o r i e s .

The f iv e - d im e n s io n a l  form of  the  n u c l e a r  f i e l d  th eo ry  

as developed  h e re  i s  due to  F l i n t  (1945, 1947).
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The V ec to r  F i e l d  i n  Free Space. The F i e ld  E q u a t io n s .

The v e c to r  n u c l e a r  f i e l d  i s  r e p r e s e n t e d  hy the  f i v e 

d im ens io na l  an t isym m etr ic  t e n s o r  .

I t  i s  supposed t h a t ,  hy analogy w ith  M axwell 's  e q u a t io n s  

f o r  th e  e le c t ro m a g n e t ic  f i e l d  i n  f r e e  s p a c e , th e  f i e l d  

e q u a t io n s  a re

= o  (3 .19)

and A! r o  (3 .20)

t o g e t h e r  w i th  a s i m i l a r  s e t  of  equ a t io n s  f o r  th e  complex 

c o n ju g a te  q u a n t i t i e s  ( f o r  the  f i e l d  q u a n t i t i e s  a re  to

d e s c r i b e  a p a r t i c l e  which may be charged and so ,  u n l ik e  th ose  

of th e  e l e c t ro m a g n e t ic  th e o ry ,  cannot  be r e a l .

Some assum ption must now be made as to  th e  dependence of  

th e  f i e l d  t e n s o r s  upon th e  c o - o r d in a t e  x^. As b e f o r e ,  t h i s  

c o - o r d i n a t e  occu rs  e x p l i c i t l y  only  i n  th e  form exp. ^  

where i s  the  mass of  th e  p a r t i c l e  a s s o c i a t e d  v/ith the

n u c l e a r  f i e l d .  This p a r t i c l e  i s  the  meson, i n  th e  same way 

as th e  photon i s  a s s o c i a t e d  w i th  the  e le c t ro m a g n e t ic  f i e l d ,  

and t h e r e f o r e  jx̂  i s  taken  to  be th e  mass of  the  meson.

As w i l l  be seen ,  t h i s  i s  i n  accord  w i th  Yukawa's th e o ry  and 

l e a d s  to  h i s  f i e l d  eq u a t io n s  and hence to  th e  c o r r e c t  range f o r  

th e  n u c l e a r  f o r c e s .

Hence f o r  any of  the  f i e l d  q u a n t i t i e s  the
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d i f f e r e n t i a l  op era tn n  i s  to be reg a rd ed  as e q u iv a l e n t
oItTLto m u l t i p l i c a t i o n  by po . For the  complex c o n ju g a te

f i e l d  q u a n t i t i e s  T t h e  s ign  of t h i s  f a c t o r  i s  r e v e r s e d .

b e t  (3 .21 )

Then from eq u a t io n  ( 3 .2 0 ) ,  f o r  the  case  \  = 5 

iL -t- = o

or
^ .V i n  th e  absence of  any

K: l:|^^ = "  ̂bkj — o th e r  f i e l d ,  g r a v i t -
'bx Ix  a t i o n a l  or e l e c t r o - r  :

m a g n e t i c .

= i f  iku,. ( 3 . 2 2 ) '

w h i le  e q u a t io n  (3 .19)  may be w r i t t e n

o

or - = 1%: j  ( 3.23)
'bx

E q u a t io n s  (3 .22 )  and (3 .23)  a re  e x a c t ly  Kemmer's form of  the  

f i e l d  e q u a t io n s .

E x p re s s in g  eq u a t io n s  (3 .19)  and (3 .20)  i n  d e t a i l  i n  terms 

of  th e  c o - o r d i n a t e s  (x ,  y , z,  t )  the  f i e l d  eq u a t io n s  ob ta in ed  

a re  i d e n t i c a l  w i th  th ose  of  Yukawa’s paper  I I I  (1938).

Again, from eq u a t io n  (3 .22)  i t  i s  c l e a r  t h a t  a l l  th e  f i e l d  

q u a n t i t i e s  t ^ ^  can be d e r iv e d  from the  fo u r  q u a n t i t i e s  t^^. ,
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But t h e s e ,  by ( 3 .1 9 ) ,  a re  lëLated by the  eq u a t io n

o
^  (3 .24 )

and hence t h e r e  a re  only th r e e  independen t  q u a n t i t i e s  which 

d e s c r ib e  th e  f i e l d  and i t s  a s s o c i a t e d  p a r t i c l e .  This 

co r re sp o n d s  to  th e  th r e e  o r i e n t a t i o n s  of th e  sp in  of  the  

p a r t i c l e .  ’

The Klein-G-ordon Equation

For a p a r t i c l e  of mass jUo , the  energy W and the  

momentum p a re  r e l a t e d  by the  equa t ion

= p r  ^  (3 .25) ̂ = poc, 4-pM ^-^2. ^  v ''(X
U D

and th e  u s u a l  p rocedure  of r e p l a c i n g  p^ by and W by

%
l e a d s  to  th e  r e l a t i v i s t i c  second o rd e r  eq u a t io n

( 3 . 2 6 )

= C i j

= k"-/) (3 .27)

which i s  u s u a l l y  r e f e r r e d  to  as the  Klein-Gordon eq u a t io n  

(Gordon, 1926).

That t h i s  i s  s a t i s f i e d  by a l l  the  v e c t o r  f i e l d  q u a n t i t i e s  

o f  th e  p r e s e n t  th eo ry  i s  seen by d i f f e r e n t i a t i n g  eq u a t io n  (3 .20)  

w ith  r e s p e c t  to  d  and making use of e q u a t io n  ( 3 .1 9 ) ,  f o r

1  X  + ^ 4 ? O
'Tad'*' 1>X  ̂ l A
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and hence < -.v = O

I . e .  s ince

Y
V

'c) T • T- 1 V̂/ - lU: I p.y/
' I

{V K j  I jî v = 0  ( 3 . 2 8 )

as requ ired .

The Energy Momentum Tensor

A tensor   ̂ may he defined in  a way analogous to the 

energy momentum tensor fo r  the electromagnetic f i e l d .

= 1 ( T ^  7 Z(_ 1 ]• ( 3 . 2 9 )

■Then R h  - i  .  T ^ T _  -  J

-f- c.. CÆ) ^  ^

" ~ i  l-W'^U -  ^ -+ :l ("îl'IV-

since th e re  are no o ther f i e l d s .

Hence the energy density

W  = — R m-wl.

■ <3-30)

I t  i s  o f ten  more convenient to have the f i e l d  q u a n t i t i e s

expressed in  terms of the r e a l  co-ord inate  cJc in s tead

of the imaginary : icJr .
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Then - -

and \̂Cû - -  ‘f-U ■

The complex conjugate of t i s  , and of i s

. f o r  the index 4 the s ta r red  g u m t i ty  t'* i s  no t ,  

in  the ordinary  sense, the complex conjugate of but i s

defined by the r e l a t io n s  - i (r*̂ °

and  ̂ICu. ’ ‘ Ko •
The energy densi ty  may now he w r i t ten

W = U  'r t  I'Kt + h .   ̂ K.K.) (3.31)

when i t  becomes c le a r  th a t  i t  i s ,  as i t  should he, a p o s i t iv e

q u an t i ty .  I t  i s ,  in  f a c t ,  apar t  from a numerical m u l t ip ly ing

f a c t o r ,  i d e n t i c a l  with the expression obtained by Kemmer from

h is  Lagrangian.

The f ive-dim ensional energy-momenturn tensor contains

a d d i t io n a l  terms of the type

piu I \ (s ince  a 5 owing to the
> I ' c. c y antisymmetry of )

and the quan t i ty  represen ted  by such terms i s  conserved, for

and from the f i e l d  equations (3.19) and (3.20)

7 ) ^
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and

Hence

-R f tuT -+ 'au. 3: O

-f-
K

--- IK 1  ̂ o

o.

'This g uan t i ty  R. with a m ult ip ly ing  cons tan t  of appropria te  

dimensions, rep resen ts  a cu rren t  dens i ty ,  and again i s  of the 

same form as Kemmer’s expression.

Thus fo r  the case of the vector  meson f i e l d  in  f ree  space, 

a l l  Kemmer's r e s u l t s  follow d i r e c t ly  from the concept of a 

f ive-d im ensional  f i e l d  tensor

The o ther  th ree  types of f i e l d , a s  Kemmer f i r s t  suggested, 

may now he t r e a te d  in  exactly  the same way as the vec tor  f i e l d .
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The S c a la r  F ie ld

This i s  th e  type of f i e l d  cons ide red  hy Yukawa i n  h i s  

e a r l i e r  p ap e rs  (1935, 1937). Prom the  p r e s e n t  v iew p o in t  

such a f i e l d  may he d e sc r ib ed  hy the  f i v e - d im e n s io n a l  f i e l d  

q u a n t i t y  [ ^  f o r  which the  f i e l d  eq u a t io ns  a re  s i m i l a r  to  

th e  v e c t o r  c a s e , 

i . e .  =. 0
(3 .33)

and Y / .  _ !'> ' = O (3 .34 )

— u
t o g e t h e r  w i th  s i m i l a r  r e l a t i o n s  f o r  I 

These may he w r i t t e n
-1)U

X — lie I

I . e . (3 .35)

(3 .36)

and equations (3.35) and (3.36) are the f i e l d  equations used

hy Kemmer,
Prom equations (3 .34)  and (3 .33)

y  7 ^  = 3  1  ̂ O (3 .37)
V
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and t h e r e f o r e  the  f i e l d  q u a n t i t i e s  a l l  s a t i s f y  th e  K le in -  

Grordon e q u a t io n  and so a re  a p p r o p r i a t e  to  a p a r t i c l e  o f  mass 

S ince th e  f o u r - v e c t o r  q u a n t i t i e s  a re  a l l  d e r iv e d  from the  

one s c a l a r  t .  i n  t h i s  case the  equa t ions  d e s c r ib e  a p a r t i c l e  

of  zero sp in .

The energy-momentum c u r r e n t  t e n s o r  w i l l  be

and

^ R i  : j [  .
 ̂L

.  T:

_ _  7) 1 0(

by means of  th e  f i e l d  eq u a t io n s  (3 .33)  and ( 3 .3 4 ) .

Hence th e  c o n s e rv a t io n  p r i n c i p l e s  a re  s a t i s f i e d .

The c u r r e n t  d e n s i ty  i s  p r o p o r t i o n a l  to

R " , ■ i )
'  ̂ ^luh j (3 .39)

and th e  energy d e n s i t y

W > -  ~ i  Tot

and i s  p o s i t i v e ,  as i t  should b e .

'1
t
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The g seu d o -v e c to r  F ie ld

— ikV X
In  i h i s  case  the  f i e l d  t e n s o r  i s  1 and com ple te ly

a n t i s y m m e t r i c .

The f i e l d  equ a t io n s  a re

= ^  ( 3 . 4 1 )

and -f h W  _  = 0  ( 3 . 4 2 )
"ôx® lixy

and i t  fo l lo v /s ,  i n  th e  same way as b e f o re ,  t h a t  a l l  th e s e  f i e l d  

q u a n t i t i e s  s a t i s f y  th e  Klein-G-ordon e q u a t io n .

The co r re sp o n d in g  fo u r -d im e n s io n a l  q u a n t i t i e s  a re

j îg.3
Prom e q u a t io n  ( 3 .4 2 ) ,  f o r   ̂ X , g = 1, 2, 3, 5

I31. + 3^ ha- -- ( 3 . 4 3 )
Dx "àx'

and f o r  1 , 2, 4, 5

^  '  3  ? t  )  (3 .44)

■Thus th e  f i e l d  g u a n t i t i e s  , Rag, may he exp ressed  in

terms o f  th o se  f i e l d  g u a n t i t i e s  c o n ta in in g  a s u f f i x  5, j u s t  as

i n  th e  case  of  th e  v e c to r  meson f i e l d  t'|^̂  , could  he

ex p ressed  i n  terms of  the  v e c to r  fu* - i I'm-

In  th e  p r e s e n t  case  l e t  -ftuu = d'i^u.

k  - 'l-KI- (3 .45)
and ^
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By re a so n  of  the  antisymmetry of ! no such terms as 

'jiu. w i l l  have any meaning and th e r e f o r e  ( f )  i s  a s i x - v e c t o r  

c o n s i s t i n g  of  two ( th re e -d im e n s io n a l )  v e c t o r s . Equat ions  

(3.4-3), (3 .44)  r e l a t e  th e se  v e c to r s  to  the  fo u r  q u a n t i t i e s

which make up the  p seu d o -v e c to r  ( i n  fo u r  

d im ensions)  from which t h i s  type of f i e l d  g e t s  i t s  name.

Hence t h i s  f i e l d  a l s o  w i l l  d e s c r ib e  a p a r t i c l e  of  sp in  one.

The v a r io u s  f i e l d  e q u a t i o n s , which w i l l  n o t  be w r i t t e n  

o u t  i n  d e t a i l  a t  t h i s  s t a g e ,  show a form somewhat s i m i l a r  to  

th o se  f o r  th e  v e c to r  f i e l d .

The ' energy momentum c u r r e n t  t e n s o r  i s  d e f in e d  as

R 3  '  i  L i  f
I

the  n u m er ica l  f a c t o r s  a l low ing  f o r  the  m u l t i p l i c i t y  of  th e  

t e n s o r  components a r i s i n g  from the  antisymmetry p r o p e r t i e s .  

Then th e  energy d e n s i t y

and i s  p o s i t i v e .
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The P s e u d o - s c a la r  F ie ld  

In  t h i s  case  the  f i e l d  t e n s o r  i s  th e  an t isym m etr ic  t e n s o r

The f i e l d  eg u a t io n s  a re

%  = O (3 .48 )

and

^J^vXe ^ 3/(Ocr/xv ^ ^ ^Jy \ç^  z O (3 .49)
lix'"

and from th e s e  eq u a t io n s  a l l  the  f i e l d  q u a n t i t i e s  may he shovrn 

to  s a t i s f y  th e  Klein-G-ordon equ a t io n .

Prom eq u a t io n  (3 .48)

(^"50)
Ox

and k  lr,23w.

Hence th e  f i e l d  g u a n t i t i e s  ['uj, and , a r e  a l l  d e r iv e d

from th e  p s e u d o - s c a l a r  E|2.3g- hence as  i n  th e  case  o f

th e  s c a l a r  f i e l d ,  d e s c r ib e  a p a r t i c l e  of  zero sp in .

The energy momentum c u r r e n t  t e n s o r  i s

= i  U  ̂ ~ V c.c, j) (3 .51)

from which th e  energy d e n s i ty

W : 4  (  E g .  + E g ,  -f (3 .52)

v/hich i s  ag a in  p o s i t i v e .
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Chapter IV

THE INTERACTION OF THE KUCLEOH WITH THE
1.ÎE5ÜÎT'' FIEID ---------------------------

The ana logy  w ith  the  e lec t ro m a g n e t ic  f i e l d  i s  now c a r r i e d  

a s t a g e  f u r t h e r  ( F l i n t ,  1945). The i n t e r a c t i o n  of  th e  nuc leon  

and th e  meson f i e l d  i s  compared w ith  t h a t  between an e l e c t r i c  

or m agne t ic  f i e l d  and the  p o l a r i s a t i o n  induced by the  f i e l d  in  

a m a t e r i a l  medium.

M axw ell 's  eq u a t io n s  f o r  the  f i e l d  i n  th e  p re sen ce  of 

p o l a r i s a b l e  m a t t e r  may be w r i t t e n

IF  . O (4 .1 )

and = O (4 .2 )

' where th e  q u a n t i t i e s  , I ( l l ,  t  ̂ i j , 3 ^ r e p r e s e n t  the

m agne t ic  i n d u c t i o n  B and the  e l e c t r i c  i n t e n s i t y  E r e s p e c t i v e l y ,  

w h i le  r e p r e s e n t  the  magnetic  f i e l d  H and the

e l e c t r i c  d isp lacem en t  D.

These a re  r e l a t e d  by the  eq u a t io ns

B = H + M ( 4 . 0 )

D = E + B ( 4 .4 )

where M and P r e p r e s e n t  the  m agnetic  and e l e c t r i c  p o l a r i s a t i o n s  

o f  th e  medium ( i n  s u i t a b l e  u n i t s ) .

N e g le c t in g  the  g r a v i t a t i o n a l  f i e l d ,  eq u a t io n s  (4 .3 )  and 

( 4 . 4 ) may to g e t h e r  be v / r i t t e n

Bu.u ■ Fu.u ^  ■ (4-5)
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I b i s  supposed t h a t  in  the  p resence  of  th e  nuc leon  the  

meson f i e l d  eq u a t io n s  (3 .21)  and (3 .22)  a re  m o d if ied  in  a 

s i m i l a r  way. T i s  s t i l l  expressed  as a c u r l ,  i . e .

^ °

the  e q u a t io n  co r re sp o n d in g  to  (4 .1 )  i s

g  ■ °ox

and, i n  th e  absence of  o th e r  f i e l d s ,

y  •• ^  g v  (4 .8 )

where g , /  i s  analogous to  the  p o l a r i s a t i o n  o f  the

e l e c t r o m a g n e t i c  th eo ry  and r e p r e s e n t s  the  e f f e c t  of th e  f i e l d  

upon th e  medium, i . e .  upon the  nuc leon .

The ana logy  has sugges ted  the  form of the  e q u a t io n s  f o r  

th e  case  of  th e  v e c to r  f i e l d ;  the  o th e r  types  o f  f i e ld .m a y  

be t r e a t e d  i n  e x a c t ly  the  same way. I t  i s ,  however, conven ien t  

to  c o n s id e r  th e  v e c to r  f i e l d  i n  more d e t a i l  f i r s t .

L. de B ro g l ie  (1945) uses  a somewhat s i m i l a r  method in  

t h a t  he a l s o  compares the  p ro p a g a t io n  of th e  meson waves in  

th e  p re se n c e  of  the  nuc leons  w i th  t h a t  o f  e le c t ro m a g n e t ic  waves 

i n  a p o l a r i s a b l e  medium, th e  sou rces  of th e  meson f i e l d  be ing  

r e p r e s e n t e d  by the  v a r io u s  t e n s o r  q u a n t i t i e s  such as e tc .

which a re  a s s o c i a t e d  w i th  the  nuc leon .  The analogy l e a d s  him 

to  adopt  a c e r t a i n  Lagrange fu n c t io n  f o r  each type o f  f i e l d  

from which, w i th  th e  a id  of f i e l d  eq u a t io n s  which a re  assumed 

to  be o f  a forni sugges ted  by the  e le c t ro m a g n e t ic  th e o ry ,  he i s
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ab le  to  f i n d  th e  Ham iltonian  and so c a l c u l a t e  th e  i n t e r a c t i o n  

energy .

The f iv e - d im e n s io n a l  approach g ives  s i m i l a r  r e l a t i o n s ,  

and i n  a d d i t i o n  l e a d s  to some i n t e r e s t i n g  c o n c lu s io n s  w i th  

r e g a rd  to  the  energy.



58

‘The V ec to r  Meson F ie ld  i n  the  P resence  of  Nucleons

I t  w i l l  he assumed f o r  the  p r e s e n t  t h a t  t h e r e  i s  no 

g r a v i t a t i o n a l  or e lec t ro m a g n e t ic  f i e l d .

The n u c l e a r  f i e l d  equa t ions  a r e ,  as on p. 56,

I / " '  -k  I f f -  Y - 'A  .  o

= o (4 .7 )

vhiile ( (4 .8 )

a l l  t h e s e  t e n s o r s  be in g  a n t i sy m m e tr ic .

There w i l l  be a co r resp on d in g  s e t  of  e q u a t io n s  f o r  th e  

complex c o n ju g a te  q u a n t i t i e s .

E qua t ion  (4 .6 )  g iv e s ,

f o r  ' 4 .  = ' i  se(^

■ » - a - a a  “’■A '
or

f o r  k, 1,^ J I  R’EhR

and f i n a l l y  f o r  ^ L ,  = O . (4 .12)
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From eq u a t io n  (4 .7 )

foi-' H  = c l e  -  f‘< '"k. ; (4 .13 )

f o r  ^ '4 - ,  .- 'ikUq, (4 .14 )

and f o r  ^=5^ 0 " °  ' (4 .15 )

A co n v e n ie n t  n o t a t i o n  i s  sugges ted  by the  s i m i l a r i t y  w ith  

the  e le c t ro m a g n e t ic  eo u a t io n s .

L e t ■ F(C

% A
then Mj , ÎCo " 1
Also l e t  i tiy 

k
L f- - lo. -  ko

'X ÎC. -lics^

( j ' / ^ 7  i n d i c a t e s  ) (4 .16)  
a c y c l i c  o rd e r  of  ) 
the  i n d i c e s  1 , 2 , 3 ) )

)

Then th e  f i e l d  eq u a t ion s  may be w r i t t e n  as fo l lo w s

From ( 4 . 9 ) U (4 .17)

and from (4 .10 )  F ' " '61 -yt ; (4 .18)

or  a l t e r n a t i v e l y  4f -• oun U — M (4 .19)

and J3> : — ' -t- "P (4 .20)

From (4 .1 3 )  -H"  ̂ 2  ^ T" (4 .21)

and from (4 .14 )  J) = -  U^ -t- J^ (4 .22)

E q ua t ion s  (4 .19)  to  (4 .22)  a re  the  f i e l d  e q u a t io n s  sugges ted  

by Yukawa, S aka ta  and Taketan i  (1938).
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The Energy  of  th e  F ie ld

Again oy analogy with  the  e le c t ro m a g n e t ic  th e o ry ,  the  

energy-momentum-current t e n s o r  of p. 4-/ , e q u a t io n  ( 3 . ^ ^ ) ,

becomes

- i k  ■> o. J  (4 ,2 3 ,

Then

R - 1  = I  (  1 v I R k  + 7  R g  -   ̂ R .  . ( 4 . 2 4 )

Hence tlie energy d e n s i t y

4 q , / 7 , - .  c . c . )  ( 4 . 2 5 )
I

Now by means of  eq u a t io n  (4 .8 )  t h i s  may be w r i t t e n

W = i / 0 'k r ^ w ) E k t  ( F R - G l k ; .

- - p l E w T f  l E o u / h  I E k f  + h o t ]  ( 4 . 2 6 )

“  zy [ s w 'k{  ̂ ^Du^ok ^  b -  f  1  (o .

The f i r s t  b r a c k e t  c o n ta in s  ohly the  f i e l d  q u a n t i t i e s  e t c .

and t h i s  term may be s a id  to  r e p r e s e n t  the  energy d e n s i ty  of 

th e  f i e l d ,  w h i le  th e  second b r a c k e t  in v o lv e s  p ro d u c ts  of 

f i e l d  q u a n t i t i e s  and something analogous to  a p o l a r i s a t i o n ,  

and hence t h i s  term r e p r e s e n t s  the  a d d i t i o n a l  energy d e n s i ty  

due to  th e  i n t e r a c t i o n  o f  th e  f i e l d  and the  nuc leon .

This  second term t h e r e f o r e  may re a s o n a b ly  be i d e n t i f i e d  

w ith  th e  energy d e n s i t y  a s s o c i a t e d  w i th  th e  nucleon  on account
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of th e  m o d if ied  form of the  Dirac equa tion  f o r  such a p a r t i c l e .

For th e  v e c to r  f i e l d  t h i s  l a t t e r  i s  g iven  hy e q u a t io n  (3.1% 

(page 59 ) , i . e .

“ ^  -h toK

~h I ^  ^ic 4 '  ^  R  . J  +  C . . C  .

Comparing each term w ith  th e  correspond ing  term from eq u a t io n  

( 4 . 2 6 )

'̂ icc ■' -  ^  j (4 .27 )

4 .  : 3v ' H>Wf , s ^ , - -  ,

4  4, 4̂  c,. = A,"- I .
0 - 0 ^   ̂ TT

The q u a n t i t i e s  (S) a re  thus  expressed  in  terms of  the  wave 

f u n c t i o n s  of  th e  nuc leon  and the  Dirac m a t r i c e s .

Hence

Te = g C  , (4 .28)
IT

1  ' g R  h f
li

H ' -  g /  f  ^

and ' these ,  a p a r t  from the  m u l t i p l y i n g  c o n s t a n t s ,  a re  uhe same 

e x p r e s s io n s  as th o se  g iven hy Yukawa (1938) .
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The T o ta l  Energy of the  System

From eq u a t io n  (4 .19) the  t o t a l  energy of  the  system, 

i . e .  f i e l d  p lu s  p a r t i c l e ,

f l Mdr ‘ i  / ( +  Ç  q  + v .̂b . +C.C.) a-r

where th e  i n t e g r a l  i s  taken  th roughout  ( t h r e e  d im ensional)  

sp ace ,  d r  oeing  the  element of volume.

This  i n t e g r a l  may he ev a lu a ted  w ith  th e  h e lp  of  the  f i e l d  

e q u a t io n s  (4 .20 )  to  %(4.23) to g e th e r  w ith  th e  co r re sp o n d in g  

complex c o n ju g a te  eq u a t io n s .

The f i r s t  term

.. ; ;  J  ^

= i  cuh Ü fir  ̂ by eq u a t io n  (4-.17);

fx j  II d r  i n t e g r a t i n g  by p a r t s ,
4- J ^  r  ■ U , the  f i e l d  q u a n t i t i e s

v a n i s h in g  a t  the  
b o u n d a r i e s ,

■j j V -  U d r
A: e, 3(r ^

hy eq u a t io n  (4 .2 1 ) .

The second term

= ij: hi d r

^ OaJ d r ^  hy eq ua t io n  (4.18)^

“ zj. -  div i n t e g r a t i n g  hy p a r t s ,

4- oy (4 .2 2 ) .
\  2)(r
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The t h i r d  and f o u r t h  terms

= 4  / f ( G . - 4 . ) ' V ,  d r

= i  J d '^ U ^  U - r  u

Hence th e  t o t a l  i n t e g r a l

J w d r  = . (4 .30)

I f ,  as i s  u su a l  i n  t h i s  f i e l d  of i n v e s t i g a t i o n  a t  the  

p r e s e n t  t im e ,  c o n s id e r a t io n  i s  conf ined  to the  s t a t i c  c a se ,

then  J  = O.

This  i s  an ex trem ely  i n t e r e s t i n g  r e s u l t ,  f o r  i t  o f f e r s  a 

p o s s i b l e  way ou t  of some of the  well-known d i f f i c u l t i e s  a r i s i n g  

i n  n u c l e a r  f i e l d  t h e o r i e s . In  c a l c u l a t i n g  th e  energy of  th e  

n u c l e a r  f i e l d  and the  energy of  the  n u c l e o n , i n f i n i t i e s  have 

o cc u r red  and i t  may be t h a t  they  a re  due to  an i n j u d i c i o u s  

d i v i s i o n  i n t o  two p a r t s  of a q u a n t i t y  of energy t h a t  i s  f i n i t e .

For th e  p r e s e n t  theo ry  su g g es ts  t h a t  th e  energy of the  

meson f i e l d  and th e  i n t e r a c t i o n  energy a re  to  be taken  to g e th e r  

as a f i n i t e  and c o n s ta n t  whole and t h a t  i f  th e  nuc leon  ga ins  

energy i t  does so a t  th e  expense of  the  energy of  th e  f i e l d .

The o th e r  p o s s i b l e  types  of  f i e l d  w i l l  now be con s id e red  

and i t  w i l l  be shown t h a t  th e  t o t a l  i n t e g r a t e d  energy i s  zero 

f o r  th e s e  as w e l l ,  i n  the  s o - c a l l e d  s t a t i c  ca se .
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Meson F ie ld  in  the  P re s e n c e of Nucleons

'The n u c l e a r  f i e l d  equa t ions  a re

^Jla. _ TTv _ o
DX'" (4 .31 )

bV ^
°  (4 .32)

w h i le  q  ‘ V  7  (4 .33)

t o g e t h e r  w i th  co r respo nd ing  r e l a t i o n s  f o r  the  complex co n ju g a te

q u a n t i t i e s .

From (4 .31 )  i n  the  case ^^ k., f

3i'k _ SJ". = o

o r  K m  ' 'luE-

i . e .

and

- - l A k ' )

R ’ ‘h  ' - (4 .35)

In  th e  case  jx..v  ̂ /

and f o r  ^

: O

Prom (4 .32 ) -  J + ikv. = O . (4 .36)
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The S c a l a r  Me son F i e l d  i n  th e  P re s e n c e  of  Hucleons 

The n u c l e a r  f i e l d  e q u a t io n s  a r e

àja. _ Rjv = o
i>xf (4 .3 1 )

and ^  (4 .32 )

w h i le  q  ■- ĵu + 4°  ̂ (4 .3 3 )

t o g e t h e r  v /i th  c o r r e s p o n d in g  r e l a t i o n s  f o r  th e  complex c o n ju g a te  

q u a n t i t i e s .

From (4 .3 1 )  i n  th e  case

= o

or K bk. - h  E-TiV

i . e . (4 .34 )

and (4 .3 5 )

In  th e  ca se  i/ = -
: O

and f o r

From (4 .3 2 ) -  J '^ 5  + (kV. = O , (4 .3 5 )
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Let , R : , 'R - R ,

and l e t  \  = G  ' = R iv. ., ,

Then the f i e l d  equations may be w r i t t e n

F ^

dw P - ■ (4 .3 8 )

4 [ ( l EG- 4 h K  -  (E ^-^D E .4-
by means of equation (4 .33 ) .  

Hence the energy dens i ty

(4 .3 7 )

The energy of the f i e l d

In t h i s  case the energy momentum cu r re n t  tenso r

F  I /  I \ / ^ ^ - rP .  = P n V  (4 .3 9 )

so th a t
Rtm- = 4  ( u l f  -  ("k — v T b .  -f- a . ,

w  - '  ( i t y ^ i E o r p i t . r j -

the f i r s t  b rack e t ,  as p rev io u s ly ,  con ta in ing  only the f i e l d  

q u a n t i t i e s  and the second con ta in ing  only i n t e r a c t i o n  terms. 

The second term w i l l  again be i d e n t i f i e d  with the
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a d d i t i o n a l  energy  d e n s i t y  o f  p. 39 , e q u a t io n  ( 3 . 1 3 ) ,  i . e .

- 3  g, ^  Y' ('•) -t e . c r .

Comparing each term w i th  th e  c o r r e s p o n d in g  term from e q u a t io n  

(4 .4 0 )

4  = 3( ■> -  y  i (4 .4 1 )

5o"‘ . - a ,  k  L , 4  = 1,"O' TT 'k i(

: g, Y  ' ' E. = -  g r  ■

Thus th e  i n t e r a c t i o n  q u a n t i t i e s  (S) a r e  i d e n t i f i e d  and i t  

a p p e a rs  t h a t  y a p a r t  from th e  m u l t i p l y i n g  c o n s t a n t ,  a r e

th e  same as  th e  q u a n t i t i e s  , ^o- o f  th e  v e c t o r  case

whereas  S. i s  a new i n v a r i a n t  q u a n t i t y  a s s o c i a t e d  v /i th  th e  

n u c le o n .

The t o t a l  energy o f  th e  system i s  now found hy a volume 

i n t e g r a t i o n  th ro u g h o u t  space  and is

J w d T  = i | ( F o ^ 0 „ +  F ’‘- g  ^  d'

from e q u a t io n s  (4 .3 7 )

The second te rm , i n t e g r a t e d  by p a r t s ,  becomes

I

from th e  e q u a t io n  c o n ju g a te  to
(4 .3 8 )
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Hence

Wd.T fhfo + c,. c ,
V 7>\r 3 1- /

(4 .4 2 )

and a g a in  t h i s  i s  zero  i n  th e  s t a t i c  c a s e .

A i
" mA Arm : 

mar::

7 %
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The P seu d o -V ec to r  F i e l d  i n  th e  P re s e n c e  o f  Nucleons

The f i e l d  e q u a t io n s  a re

o (4 .4 3 )

and

where

E q u a t io n  (4 .4 4 )  g iv e s

f o r

O (4 .4 4 )

 ̂ ^ ■ (4 .45 )

f o r  -■ <; 4-, '7(0. = — I j l  îxo] + f , / i  ^

A A ' A
and

f o r  '  4-rS" dw = o  .

The re sem blance  o f  t h e s e  e q u a t io n s  to  e q u a t io n s  (4 .9 )  to  

(4 .1 2 )  f o r  th e  v e c t o r  meson f i e l d  s u g g e s t s  t h a t  a c o n v e n ie n t  

n o t a t i o n  f o r  th e  q u a n t i t i e s  Qi) would be

- 4 ,  ,
J.  ̂klo U- i 1̂121 ■■ — ko .k vl k-

E q u a t io n  (4 .4 3 )  g iv e s

(4 .4 6 )

f o r  1 ,  2, 4, 5

-V<0. - -  E/u. -R
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f o r  1 ,  2. 3, 5 div R{, = ittEiis aud

f o r  1 , 2 , 3, 4 ,  dw '  ^■

Now l e t  E|((, - Dj , t-̂ o- - ' K

and so l e t  % .  -- Pj and %o. = \ ( 4 . 4 7 )

and f i n a l l y  and iR .r = J /  .KCo J I-15 0

Then making use o f  ( 4 . 4 5 ) th e  f i e l d  e q u a t io n s  may he 

w r i t t e n ,

-jf ̂  - ûj.rl U  ̂ — M \  ( 4 . 4 8  )

r  • - A A  "  a—* ■' ' (4 .49 )

and ’ t̂c> ^0 • ( 4 . 5 1 )

and a re  i n  th e  same form as th e  v e c t o r  f i e l d  e q u a t io n s .

This  was to  he expec ted  s in c e  th e  f i e l d  q u a n t i t i e s  a r e  th e  

d u a l s  o f  th e  v e c t o r  f i e l d  q u a n t i t i e s .

There w i l l  he a c o r re s p o n d in g  s e t  o f  e q u a t io n s  f o r  th e  

complex c o n ju g a te  q u a n t i t i e s .

The energy  o f  th e  f i e l d

The energy-momentum c u r r e n t  t e n s o r  o f  e q u a t io n  (3 .4 6 )  now 

becomes

R P  '  ( 4 . 0 2 )
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Then

(-W- i  [ i  'I Kin- E w v  +  i ' ' k .  E k tf. i  I E/33 -(- e .  c  9

Hence th e  energy d e n s i t y

YJ : i ( 9 ( .  E|̂ (. ' ' h ' a s  ^u.Co^ku '^ko'^ko- + j

4 J ( l l ' w . r  H U R f  K f ( v . , |9

"  R 9 k ( '  E(((. + 433 ^5  + ^K(,>̂ 'iCto ^ ^ Ko ' 'X

d i v i d i n g  th e  e x p r e s s io n  as  b e f o r e .

I d e n t i f y i n g  th e  second term w i th  th e  energy d e n s i t y  of  th e  

e x p r e s s io n  ( 3 . iF )  , p .  4 0 ^

i . e .  -  J <̂3 l | |  ÎCio r  I'/jz

— -F ^ 7o. J C L .

and comparing c o r re s p o n d in g  t e r m s ,

4 / .  ' , (4 .5 4 )

t o -

ICio

111

<23 Ep p , y

133 eg/ Fg V «
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The t o t a l  energy  of  th e  system 

In  t h i s  case

J  ̂ K̂o'̂ Uo. is c..c.^dr
4-

-  U ' n '  -  -<■ <̂ <̂ -') .

The com plete  i n t e g r a l  i s  th u s  i n  e x a c t l y  th e  same form 

as t h a t  f o r  th e  v e c t o r  f i e l d ,  and s in c e  th e  f i e l d  e q u a t io n s  

( 4 . 4 8 ) to  ( 4 . 5 1 ) f o r  t h e  primed f i e l d  q u a n t i t i e s  h e r e  a re  

t h e  same as th e  v e c t o r  f i e l d  e q u a t io n s  (4 .1 9 )  to  ( 4 .2 2 ) ,

-ir C .  C_

Hence a g a in ,  f o r  th e  s t a t i c  c a s e ,

I IV d r  - O .
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The P s e u d o -S c a la r  F i e l d  i n  th e  P re se n c e  o f  Nucleons

The f i e l d  e o u a t io n s  a re

 ̂ -f -f. -f ^  (4 .5 6)
7>:>C'̂ 2)x.̂

a ; / ' " ' ' ,  Oana ( 4 . 57 )

vhiere |avXÇ ^ ^v\ç_ + h t/X^ • (4 .5 3 )

They a re  s i m i l a r  i n  form to  th o s e  o f  t h e  s c a l a r  f i e l d ,  

s i n c e  from e q u a t io n  ( 4 . 5 7 ) ,

f o r  (7, K 7 c5,J,4f. > ( 4 . 5 9 )

f o r  1 ,  2, 3 V,jj. = - J  4 h  >/,=3o), (4 .60 )

f o r  1 ,  4, 5 e t c .  -- O

r \
and f o r  2, 3, 5 e t c . ,  

w h i le  e q u a t io n  (4 .5 6 )  g iv e s

-  L i t  '̂■'12- '̂3 20 '  (4 .6 1 )

I f  now Vgso. - ^  ; ' /̂23. -• ^o' , i

tso . '  ^  ^  ^  i  h a 30 '



73

th en  th e  f i e l d  e q u a t io n s  ( 4 . 5 9 ) ,  (4 . 60)  and (4 .6 1 )  "become

(2\ - ~ R   ̂ I

Cl S<a. -at j

and 4?»'v F -- J 4f° "  ■ (4 .6 3 )
or

i . e . ;  th ey  a r e  i d e n t i c a l  i n  form w i th  th o s e  of  th e  s c a l a r  

f i e l d ,  a l th o u g h  th e  primed symhols do n o t  r e p r e s e n t  th e  same 

f i e l d  q u a n t i t i e s  as th e  un p r im ed .

The energy  o f  th e  f i e l d

The ene rg y -111 omen turn-cur r e n t  t e n s o r

cyfirG y  (4 .64)

Hence th e  energy  d e n s i t y

- i u r h ' w i 7  ( ^-^5)

"  ^  i  ^Klo. (̂Clo- l̂2Zo 1̂23* h%3. C- C ,

Th is  second te rm , as  "before, i s  i d e n t i f i e d  w i th  th e  energy 

d e n s i t y  o f  th e  e x p r e s s io n  ( 3 . l é )  p. v-o ,



74

I . e .

I12>

-f- cr.  c_

and comparing c o r re s p o n d in g  te rm s ,

' ^ W o .  ^  ‘^ a -  ^ f  ,  ^ k ^ l o -  ^  J  (4 . 66)

Lx^■ '  -  / S , ^ .  -- -  ^  ,

L x io ' '  ~ y  f  , S,23o ' - (
tr

The p s e u d o - s c a l a r  f i e l d  e q u a t i o n s , and th e s e  e x p r e s s io n s  

a p a r t  from a m u l t i p l y i n g  f a c t o r ,  a r e  i n  agreem ent  w i th  th o s e  

o f  Tarikawa and Yukav/a (1941) .

The t o t a l  energy o f  th e  system 

In  t h i s  case

d-r = - ( V l .  U .  ^  + < ^ - ^ ) d 'T

C g r f  + -+ c O d - r .
( 4 . 67)

4-

The com ple te  i n t e g r a l  i s  i n  th e  same form as  t h a t  f o r  th e  

s c a l a r  f i e l d ,  t h e r e f o r e  s in c e  th e  f i e l d  e q u a t io n s  a r e  a l s o  i n  

th e  same form

i  ■ c  j  C i ' ^ '  '  ' “ ' " ’C j  (♦•S8)

Then, as  b e f o r e , f o r  th e  s t a t i c  ca se  J Wdn - 0 .
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C h ap te r  V

THE CALCULATION OF THE INTERACTION ENERGY

I t  has been shown in  the l a s t  chapter th a t  the v a r io u s  

ten so r  q u a n t i t ie s  such as a s s o c ia te d  v/ith the

nucleon  are analogous to the p o la r i s a t io n  o f  a m a te r ia l  medium. 

C ontinuing th e  analogy w ith  the e lec trom agn etic  th eory , th ese  

p o la r i s a t io n s  may be regarded as sou rces  o f  the meson f i e l d .

Then fo r  any.igiven d i s t r ib u t io n  o f  nucleon s the f i e l d  q u a n t i t ie s  

may be c a lc u la te d  and hence the in t e r a c t io n  energy may be found. 

This i s  c l e a r ly  a com plicated  procedure in v o lv in g  a knowledge 

o f  the wave fu n c t io n  fo r  each n u cleon , or a t  l e a s t  o f  the  

q u a n t i t i e s  such as as fu n c t io n s  o f  the co-ordinates.

The problem i s  s im p l i f ie d  i f  th e  c a lc u la t io n  i s  l im ite d  to  

the n o n - r e l a t i v i s t i c  c a s e ,  th a t  i s ,  i f  i t  i s  supposed th a t  the  

n ucleon s are p r a c t i c a l l y  a t  r e s t .  This i s  the s o - c a l l e d  

s t a t i c  ca se  tr e a te d  by most au th ors. The f i e l d  q u a n t i t ie s  are  

then regarded as b ein g  con stan t in  time; t h i s  l im i t a t io n  has 

already  been in troduced  in  the c a lc u la t io n  o f  the t o t a l  energy. 

Furthermore, some o f  the in te r a c t io n  terms w i l l  d isappear and 

oth ers  w i l l  be m od ified  i f  c e r ta in  r e s u l t s ,  w e l l  knov/n in  the  

Dirac theory o f  the e le c tr o n  (de B r o g l ie ,  1 9 3 4 ) ,  are ap p lied  in  

the case  o f  the n uc leon . I t  can be shown th a t  fo r  any

p a r t i c l e  obeying D ir a c ’ s equation  the components , 7̂ 2- o f

the wave fu n c t io n  are zero when the p a r t i c l e  i s  a t  r e s t  w h ile

the o th er  components and remain f i n i t e .  I t
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fo l lo w s  t h a t  th e  q u a n t i t i e s

are a l l  zero s in c e  the non-zero terms occurring  in  th ese  

m a tr ices  con ta in  e i th e r  the s u f f i x  1 or the s u f f i x  2. Also  

has the same va lu e  as -  and

the same va lu e  as — ■

With th ese  s im p l i f i c a t io n s  the v a r io u s  typ es  o f  f i e l d  w i l l  

be d e a l t  w ith  in  turn .

: k
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The Sca lar  I n t e r a c t io n  

From equations ( 4 .41) o f  the l a s t  chapter

and may be n e g le c te d  in  the s t a t i c  case .

Therefore " 1̂4 or ,  in  the n o ta t io n  o f  Chapter

1 7 , (a F .

The f i e l d  equations (4 .3 7 )  and (4 .3 8 )  now reduce to

G  - -  R  ( 5 . 1 )
G.O  -■ ^ and ( 5 . 2 )

di'j C\ =

= -f ( 5 .3 )

where X  '  ^

= '  9' ^  ^  from equation (4 .4 1 )  ( 5 .4 )

Hence from equations  ( 5 .1 )  and ( 5 .3 )

V k '  -  tc'T . (5 .5 )

The s o l u t i o n  o f  t h i s  equation i s

Rc>)
-fC r - r .

where drVa. i s  an element o f  volume s i t u a t e d  a t  the p o in t  

r  ■ , T ^ i s  the va lue  o f  I a t  t h i s  p o in t  and the

i n t e g r a t io n  extends throughout space.

Let &  = (5 .6 )
u i n j - & j
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th e n  iv : vT . (5 .7 )

In order to eva lu ate  the i n t e g r a l  and so determine R f o r  

any p a r t i c u la r  case  the form o f  I as a fu n c t io n  o f  the  

c o -o r d in a te s  must be known. F i r s t ,  l e t  i t  be supposed th a t  

i t  i s  one nucleon ,  s i t u a t e d  a t  the p o in t  r - which g iv e s

r i s e  to the meson f i e l d .  The d i s t r i b u t i o n  o f  the p o l a r i s a t i o n  

d e n s i ty  I o f  the nucleon i s  th a t  o f  the q uan t ity  which

i s  a s s o c ia t e d  with i t  and t h i s  v / i l l  be v a n ish in g ly  small  except  

at  the  p o in t  occupied by the nucleon . This may be represented  

by the i n c l u s i o n  o f  D ir a c ’s ô - fu n c t io n  so th a t

j C r j  = -  ^  N  C'') . ( 5 .8 )

Then R M  = ^  r'-f;)
' r

by reason o f  the p r o p e r t ie s  o f  the ô - fu n c t io n .

The p o t e n t i a l  fu n c t io n  o f  the s c a la r  meson f i e l d  o f  the  

nucleon i s  thus s im i la r  to th a t  o f  the Coulomb f i e l d  but f a l l s  

o f f  more r a p id ly  with  d is ta n c e  on account o f  the exponentia l  

f a c t o r .  The co n sta n t  i s  e v id e n t ly  analogous

to the e l e c t r i c  charge.

Now l e t  th ere  be a second nucleon a t  the p o in t  7 - îQc 

in  t h i s  f i e l d .  ^

The i n t e r a c t i o n  energy, i . e .  th a t  o f  t h i s  second p a r t i c l e
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w ith  the f i e l d ,  i s ,  from equation ( 4 . 4 0 ) ,

i  j ( N b  +  N ' ' .  ^

= -f in  the s t a t i c  case

'b

But a t  r -- Fî

T from ( 5 . 9 )

Thus the f i r s t  term o f  the i n t e g r a l

and, adding the complex conjugate  q u a n t i ty ,  the t o t a l  i n t e r 

a c t io n  energy =

- ' / g , ( y i 5    , . (5 .10 )
^ ^   ̂ u r l n ^ - r , l

This i s  o f  the same form as the exp ress ion  obtained by 

Kemmer (1 9 3 8 ) ,  de B r o g l ie  (1945) and o th e r s .

The u s u a l ' i n f i n i t i e s  a r i s e  here i f  the  i n t e r a c t i o n  o f  a 

nucleon w ith  i t s  o w n  f i e l d  i s  considered  f o r  t h i s  i s  the case  

. This appears to be the same d i f f i c u l t y  as
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t h a t  which a r i s e s  i n  th e  problem  o f th e  s e l f  energy  o f  th e

e l e c t r o n .  But, in  the p resen t  th eory ,  the i n f i n i t y  occurring
«

in  the i n t e r a c t i o n  energy i s  balanced by a corresponding  

i n f i n i t e  term,  ̂ in  what has been c a l l e d  ( in

Chapter IV) the f i e l d  energy and the t o t a l  energy remains  

co n sta n t  and f i n i t e .
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The V ec to r  I n t e r a c t i o n

In t h i s  case  

i . e .
' k .

J .
O

O

O

O'tc ^  ;
and s in c e  a l l  the time d e r i v a t i v e s  are zero ,  the f i e l d

equations ( 4 . 1 7 ) ,  ( 4 . 1 8 ) ,  ( 4 . 2 1 ) ,  (4 .2 2 )  reduce to  

-  C u r l  U ,

u o ;

U H- Cur( M
E ^

Curl B  = J
-h X ^

A lso ,  from equation ( 4 . 1 5 ) ,  

and th e r e fo r e  d w  -  O

i . e .  diC/ U = O.

From equations  ( 5 . 1 3 ) ,  (5 .1 5 )

v q - K - ' u .  = -  i

and from equations  ( 5 . 1 2 ) ,  (5 .1 4 )  and (5 .1 6 )

s in c e  B = H + M  ̂

D = E + P .

v u  - C U -  C^rt r\ .

Hence

and

Prom (4 .2 8 )

and

UCr

J.

<i>Cr-U)dsi^

( Ciu-I MR c!> ctT,

Lcx ,/ +
r

M

(5 .1 1 )

( 5 . 12 )

(5 .1 3 )

(5 .1 4 )

(5 .1 5 )

(5 .1 6 )

(5 .1 7 )

( 5 . 18)

Ic

in  the p resen t  (s ta t ic )  ca se .  The ô - fu n c t io n  may he in troduced  

as b e fo r e ,  so th a t  f o r  a s i n g l e  nucleon a t  F = rj .
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U. (r, .
^ ir

(5 .1 9 )

and

U M
IT

I n te g r a t in g  by p a r ts

y  ( v̂f ĉrR) X cjnsu3<; Lf-rc ) (5 .2 0 )

The i n t e r a c t i o n  energy o f  equation  ( 4 . 2 6 ) ,  in  the s t a t i c  ca se ,  

reduces to

4- J

q_ J ( m^cuh u  f  J d T ( 5 . 21)

and may now be c a l c u la t e d ,  as b e fo r e ,  f o r  a second nucleon a t

r z r,\£ i n  the f i e l d  o f  the f i r s t .  

The f i r s t  term o f  the i n t e g r a l  (5.21')

= i  9^9“(if'/ (̂'i.-6i)cur(^[(R<r4'/K , (5 .2 2 )

But di^f^C<^rrxM;4>J

and the sedond and th ird  terms van ish  s in c e  does not

depend upon ,
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Also . Cf> ^ n̂3Lc(̂

and d w  [  c^nx^i ^ ĉ rndj

With the a id  o f  the  ô - f u n c t io n

-- j  ç ^ c f - r , )  cL t

and i s  thus a s o l u t i o n  o f  the  equation

V V  = -  S'(r^ - r; ; .

Thus the  e x p r e s s io n  (5 -2 2 )  becomes

4  j  ^  4 0 h - ^ < )

-  art,

= i  9   ̂y  ( 7  /  f  f  W  S (r ; -  R  j  I -  G b -  p  +  M W  5 '(fL _  F )

-  gr^d;J

-  )j' (5 .23)

th e  second term v a n i s h in g  i f  th e  p o s s i b i l i t y  

i s  exc luded .

The second term o f  the i n t e g r a l  ( 5 .2 1 )
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■ i  ( M * (»*»)'' { *7»/' « ( - ( f t - f , ; ,
( 5 .2 4 )

Hence, a d d in g  ( 5 . 2 3 ) ,  (5 .2 4 )  and th e  complex c o n j u g a t e  

e x p r e s s i o n s ,  t h e  t o t a l  i n t e r a c t i o n  ene rgy

= i  |9u' (Xj I

Cj/CR-F').
I ( 5 .2 5 )
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The P seu d o -v ec to r  I n t e r a c t i o n .

Although the f i e l d  eq u at ions  and the  e x p r e s s io n  f o r  the  

energy a s s o c i a t e d  w ith  t h i s  f i e l d  are o f  the  same form as th o se  

o f  the  v e c t o r  f i e l d ,  the  i n t e r a c t i o n  energy i s  q u i te  d i f f e r e n t  

in  the  s t a t i c  c a s e .

For now, from eq u at ions  ( 4 . 5 4 ) ,

i . e .  - O , R' = 0  . ( 5 .2 6 )

Thus eq u at ions  ( 4 . 4 8 ) to ( 4 .5 1 )  become

. curl U '  , ( 5 . 2 7 )

D'  z _  U /  4- (5 .2 8 )

curl  ̂ j '  ■ ( 5 . 2 9 )

and d w  D' u j  . ( 5 .3 0 )

A ls o ,  s in c e

bfo ■■ i  Z k )  = 0 ,

diF +  dw °

g i v i n g  dw U' = y  d ' ^  ST . (5 .3 1 )

Prom eq u at ion s  (-5.28) and (5 .3 0 )

V L J - k U J  ' c9,b (5 .3 2 )

and from eq u at ions  ( 5 . 2 7 ) ,  ( 5 .2 9 )  and ( 5 .3 1 )

V U '  -  K U' = -  j '  ^ y  ]-' (5 .3 3 )

Hence U /  = -  f  d w ^ ' P ' C r -
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Prom eq u a tio n s  ( 4 . 4 7 ) and ( 4 . 5 4 )

^  i d  I 'jj ,

Thus

in  the p r e s e n t  ca se  and

Prom equation  (5 .3 3 )

u %' -  y  dw ■i'J Lr-r '̂) d'

where, from eq u at ion s  (4 .4 7 )  and (4 .5 4 )

]' = I'K sWo

1 ^ 3  ZciC L i  c '  v f - '  S C ^ ' F )

XT

The i n t e r a c t i o n  energy, from equation  ( 4 . 5 3 ) ,

4  V tt. k(

4

4

( r V - T ' ^ u '  k . p T ' W

- R u '  4  ? ' T ' -  V u '  4  1  T W  c  - c )o kr’- /imLci 4 t,

(5 .3 4 )

(5 .3 5 )

(5 .3 6 )

(5 .3 7 )

(5 .3 8 )

Por the  two-nucleon problem, the  f i r s t  term

( j ^ l  i '^  ^Ci{,Xr^) cy=^i^ l(iX a-^^‘ ■ <gro4^-j  9̂  6 R -7 ,-  j

(5 .3 9 )
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The second term 
\L (19.1

' O (5 .4 0 )

i f  the p o s s i b i l i t y  = r- i s  excluded.

The fo u r th  term i s  s im i la r  to the second and i s  a lso  zero. 

The t h i r d  term

4- .

of which the f i r s t  p a r t  of the i n t e g r a l

4 |9s /  ( p u p '  <t> ( P ' ô  ; (5 .4 1 )

and the second p a r t

I n te g r a t in g  by p a r t s  and making use of the f a c t  th a t

^ isy-?c) •• -

t h i s  i s  found to be equal to

4- 4 1 93 r | (̂pTT>̂ / . ĉ ra£(; J  c/. ( 5 . 42)

This c o n t r ib u t io n  i s  exactly  equal and opposite  to t h a t  from 

the f i r s t  term of the in t e r a c t i o n  energy.

Adding jbhe complex conjugate quan t i ty  the t o t a l  i n t e r 

a c t io n  energy in  the pseudo-vector case i s  th e re fo re
- U’' / w r - -  % . (5 .43 )
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The P seu d o -sca la r  I n te r a c t io n

In t h i s  ca se  - O  ̂ s  = O

th e r e fo r e  Ç'  ̂ R.', (5 .4 4 )

R ' = e g  (5.45)

and the f i e l d  equations (4 .6 2 )  and (4 .6 3 )  become

G* = — <̂ r=a R' (5 . 46)

G'„ o  (5 . 47)

diO F' : -  = —K R R ( 5.48 )

Let 5| n' = ^  pry- from equation (4 .6 6 )K Co ' jf

then = G (5 .4 9 )

and equation (5 .4 8 )  may be w r i t te n

MC-i' = (5 . 50)

Hence from equation ( 5 . 4 6 )

( 5 . 51 )
/

and thus r
(r| : -  j (d'v

-  j  f ^ c . '  C F -  F c . J )

on i n t e g r a t in g  by p a r t s .

In t h i s  p a r t i c u la r  case

Na = "jX Ft S(rR-ô') (5 . 52)

and so
R(rj : . ( 5 . 5 3 )

The i n t e r a c t i o n  energy, in  the s t a t i c  c a se ,  i s ,  from 

equation  (4 .6 5 )
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4-

j
4-

4
-  M' " am d R '  -+ N/'^N' •+ c . c. ) cIt,9 "A

(5 .5 4 )

Por the two-nucleon problem, the f i r s t  term

, -  4. gU'gu I 9̂  M-ô )]dTj

4-

The second term

J Rfb 'R) V o V  ^(r^-n)dT^

Ô

s ince  the  p o s s i b i l i t y  r̂- = R i s  excluded.

Thus, adding the complex con jugate ,  the t o t a l  i n t e r a c t i o n  

energy

Ll ^ r  ( f f  ^ rrx . dl j  4> (rZ-r,- )  . ( 5 . 5 5 )
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The e]$)ressions ( 5 . 1 0 ) ,  (5 .25 ) ,  (5 .4 3 )  and (5 .5 5 )  fo r  the 

i n t e r a c t i o n s  due to the var ious  types of f i e l d  are i d e n t i c a l  

in  form with those obtained by Kemmer, de B rog l is  and o th e rs ,  

the pseudo-vector in t e r a c t i o n  (5.43) appearing s l i g h t l y  

d i f f e r e n t  only on accoünt of the vanish ing  of the c o e f f i c i e n t  

of the term con ta in ing

[ y  f  ■ ] [ ( i d ] çS (R. r, )

In  Kemmer's p a p e r  (1938) t h i s  term i s  m u l t i p l i e d  by a 

f a c t o r  (^U-îc-V
where fc- and are  two complex cons tan ts  in troduced  in to  

the i n t e r a c t i o n  terms of the Lagrangian and a sso c ia te d  with 

f i e l d  q u a n t i t i e s  and r e s p e c t iv e ly .  Kemmer's

theory  i s  completely symmetrical with re sp e c t  to the % and 

the ^  ; expressing  i t  in  the f iv e  dimensional n o ta t io n  X

and are  seen to be corresponding q u a n t i t i e s  and f  iS

equal to e i th e r  or -ig according to the type of f i e l d .

Thus, in  a l l  cases ,  s ince  f  and g are complex,

-  9  '  N
Hence in  the  p a r t i c u l a r  case of the pseudo-vector f i e l d  

the above mentioned term vanishes  when Kemmer’s expressions 

are  w r i t t e n  in  the f iv e  dimensional form. Since i t  i s  u su a l ly  

found necessary  to assume a combination of the d i f f e r e n t  types

of i n t e r a c t i o n ,  in  order  to account fo r  the s t a b i l i t y  of the

deuteron fo r  in s ta n c e ,  t h i s  d i f fe ren c e  i s  not s ig n i f i c a n t .

In the c a lc u la t io n  of the in t e r a c t i o n  energy the usual
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d i f f i c u l t y  a r i s e s ,  t h a t  o f  t h e  n o n - c e n t r a l  terms which 

become i n f i n i t e l y  g r e a t  as  ("Fi - becomes v ery  s m a l l .

But i t  has  been shown i n  C hap te r  IV t h a t  f o r  a l l  types 

of f i e l d  the t o t a l  energy i s  f i n i t e ,  a t  l e a s t  i n  the S t a t i c  

ca se  and when the e lectromegnetic  f i e l d  i s  neg lec ted .

This does suggest th a t  when the method of " c u t t i n g  o f f "

(Bethe 1940) i s  used to  avo id  th e  i n f i n i t i e s ,  n o th in g  

e s s e n t i a l  i s  b e in g  removed f o r  th e  t o t a l  energy  may be 

d iv id e d  a t  w i l l  i n t o  any two c o n v e n ie n t  p a r t s .  These may 

o r  may n o t  c o n t a i n  i n f i n i t i e s ,  b u t  th e  t o t a l  energy^': 

rem ains  f i n i t e .

I t  i s  i n t e r e s t i n g  to  n o te  t h a t  a somewhat s i m i l a r  

c o n c lu s io n  has  been re ach ed  r e c e n t l y  i n  th e  f i e l d  of  

cosmology by P r o f e s s o r  Jo rd an  o f  Hamburg who has  given 

a sh o r t  r e p o r t  o f  h i s  work i n  N ature  (1 94 9 ) .

I t  i s  well-known t h a t  a " red  s h i f t "  o cc u rs  i n  th e  

spec trum  of  a s p i r a l  n e b u la  which i s  p r o p o r t i o n a l  to  the  

d i s t a n c e  o f  th e  n e b u la ,  aad t h i s  may be i n t e r p r e t e d  as 

a Doppler e f f e c t  meaning a g e n e r a l  expans ion  o f  sp ace .  In  

o r d e r  to  a c co u n t  f o r  th e  f a c t  t h a t  th e  mean d e n s i t y  o f  mass 

throughout th e  u n iv e r s e  rem ains  s e n s i b l y  c o n s t a n t  a number 

o f  cosm olog is ts , Bondi , Cold and Hoyle^ have p o s t u l a t e d  a 

c o n t i n u a l  c r e a t i o n  of  m a t t e r  i n  th e  form of  hydrogen atoms. 

J o rd a n ,  however, a p p e a r s  to  be th e  on ly  one to  r e c o n c i l e  

t h i s  c r e a t i o n  o f  m a t t e r  w i th  the  p r i n c i p l e  o f  c o n s e r v a t io n  o f

energy.
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I t  may be shown e m p i r i c a l l y  t h a t

^  G M ^  R

where C i s  th e  Newtonian c o n s t a n t  of  g r a v i t a t i o n , -M th e  

t o t a l  mass and R th e  " r a d iu s "  of  th e  (o b s e r v a b le )  u n i v e r s e .

But t h i s  may be w r i t t e n  i n  th e  form

K

which s u g g e s t s  t h a t  " the  n e g a t i v e  p o t e n t i a l  energy o f  g r a v i t a t i o n  

f o r  th e  whole u n iv e r s e  i s  equa l  to  th e  sum of  th e  r e s t  e n e rg ie s  

o f  th e  m asses  of th e  s t a r s " .

Hence i t  seems p o s s i b l e  t h a t  th e  t o t a l  energy o f  th e  

u n i v e r s e  i s ,  and re m a in s ,  e x a c t ly  zero  and t h a t  th e  

c o n t i n u a l  c r e a t i o n  o f  mass t a k e s  p la c e  a t  t h e  expense of  

th e  energy  of  th e  g r a v i t a t i o n a l  f i e l d .

J o rd a n  supposes  f u r t h e r  t h a t  t h i s  h o l d s ,  n o t  on ly  f o r  

th e  u n iv e r s e  as  a whole, b u t  a l s o  f o r  a f i n i t e  r e g io n  i n  

which c r e a t i o n  o f  m a t t e r  t a k e s  p l a c e .
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C hapter VI

'THE INTERACTION OF THE ELECTRON WITH THE 
ËLEg-TROÏIACNETI C F I Ë Ï i D .

In conclusion, the development of t h i s  theory of the 

nuc lear  f i e l d  now suggests a new approach to the problem of the 

e lec t ro n .  As was shown in  Chapter I I ,  t h i s  p a r t i c l e  i s  

properly  represented  not by the Dirac Equation

O (5 .1 )

but by the equation

where (p. 32) (6 .3 )

and P R  = I  (P '2 4 )  (6 .4 )

The ex tra  term has been shown already (p.  33) to give r i s e

to an a d d i t io n a l  energy density  of magnitude

ÛU ( do5)

As in  the case of the nucleon th i s  may be regarded as the 

energy of in t e r a c t io n  between the e lec tron  and the ex te rna l  e l e c t ro 

magnetic f i e l d  fo r  each term i s  the p ro d u c t  of a f i e l d  quanti ty  

and a quant i ty  c h a r a c te r i s t i c  of the  p a r t i c l e .

The e lec tron ,  from the po in t  of view of quantum mechanics, 

i s  spread out through space and as a r e s u l t  there  e x is t s  everywherer

something which may be regarded as p o la r ised  m atte r .  I f  the
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ex te rna l  f i e l d  i s  represented  bythe vectors  B and E and th e r e  

e x is t s  a magnetic p o la r i s a t io n  M and an e l e c t r i c  p o la r i s a t io n  

P the in t e r a c t io n  energy density  w i l l  be

1 ( B.M ■+ E..?7 .

On comparing t h i s  w ith  (6 .5 )
( 6 . 6 )

M = , (6 ,7 )

( 6 , 8 )

These are the p o la r i s a t io n  d e n s i t ie s  of the e lec tron  i t s e l f .  

In te g ra t in g  throughout space the usual expressions fo r  the 

magnetic and e l e c t r i c  moments of the e l e c t r o n  are obtained.

This t h e r e f o r e  appears to be a reasonable in t e r p r e t a t io n  of 

the ex tra  term of equation (6.2) although i t  i s  open to the 

o b je c t i o n  (Pauli 1941) th a t  the o r ig in a l  Dirac equation ( 6 .1 ) ,  

when su i tab ly  manipulated, does give these magnetic  and e l e c t r i c  

moments .without the in t roduc t ion  of ex tra  terms.

I t  i s  poss ib le  to add s t i l l  o ther terms to the  energy density  

s ince ,  as was pointed out in  Chapter I I  ( p .25) a quan t i ty  of 

the form E^I (where I i s  the u n i t  matrix) may be added to .

The co r respo nd ing  energy density  i s  p roport iona l  to

= k  + i f V N  — -f- (6,9)

in  terms of four dimensional q u a n t i t i e s ,  ( )  being some
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v e c to r  q u a n t i t y  a s s o c i a t e d  with  th e  f i e l d  and -f. a 

co r re sp o h d in g  s c a l a r .  There w i l l  he a s u i t a b l e  

m u l t i p l y i n g  c o n s t a n t .

The v e c to r  which comes to mind i s  the  e le c t ro m a g n e t ic  

p o t e n t i a l  ^ i n  which case f. = 0 (C hapter  I ,  p . 6) and

the  energy d e n s i t y  (6 .9 )  i s  then  of the  form

4  -  - (6 .10)

This i s  of the  form of an i n t e r a c t i o n  between f i e l d  and 

p a r t i c l e  b u t  th e s e  terms a re  a l r e a d y  p r e s e n t  i n  the  energy as 

d e r iv ed  from the  D irac  equ a t ion  and i t  may be concluded t h a t  i t  i s

n o t  n e c e s s a ry  to in t ro d u c e  them aga in .

C o n s id e ra t io n  of  the  l a s t  ( s c a l a r )  a d d i t i o n  however l e a d s  

to something new. R e tu rn in g  to the  e x p re ss io n  (6*5) the  

p r o g r e s s iv e  form of the  two terms su g g es ts  the  a d d i t i o n  of  a 

term
Ua-. i*  iÆ'/< 5

(6. 11)

where S i s  some s c a l a r  ( i n v a r i a n t )  q u a n t i t y  to  be a s s o c i a t e d  w ith  

th e  e l e c t r o n  and such t h a t  the  whole e x p re ss io n  has th e  

dimensions of an energy d e n s i ty .

The f i v e  d im ensional  form of  the  i n t e r a c t i o n  terms sugges ts  

a v a lue  f o r  S. In  the  case  of  the  v e c to r  meson f i e l d  f o r  

i n s t a n c e  the  f i e l d  q u a n t i t i e s  have a l l  been expressed  as the  

c u r l  o f  a " p o t e n t i a l "  3 ( p . 45) . I f  t h i s  i s

re g a rd e d  as be in g  p a r t  o f  a f i v e - v e c t o r  the  f i f t h  ( i n v a r i a n t )
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• ‘ ,

component would be p u ,  . This does n o t  e x i s t ,  on

account of th e  antisymmetry of  the  f i e l d  t e n s o rn ,  and some 

o th e r  s u i t a b l e  q u a n t i t y  must be found,^'-

In  deve lop ing  the  th eo ry  of th e  f i v e  d im ensional  space 

(C hapter  I )  the  e lc t ro m ag n e t ic  p o t e n t i a l  i s  a s s o c i a t e d  w ith  

the  c o e f f i c i e n t s  by the  r e l a t i o n s

I t  i s  g e n e r a l l y  supposed t h a t  96 -̂ = O , bu t  fo rm a l ly  

a f i f t h  component might be de f in ed  by

V s- '  V  ^

whence

The q u a n t i t y  then t a k in g  the  p la c e  of L .  i s  then  :

In  i d e n t i f y i n g  t h i s  w i th  S both  k and oc w i l l  be supposed

to  r e f e r  to  th e  e l e c t r o n  and thus

S = -  Ù /
k /

and the  a d d i t i o n a l  energy d e n s i ty  ( 6 . 1 1 ) becomes

J luo<i.'' . ( 6 , 1 2 )

In  th e  e x p re ss io n  f o r  the  energy d e n s i ty  as o b ta in ed  from 

the  u su a l  Dirac equa t ion  the  term

_ ( 6 . 1 3 )

occjxTs ( p . 32). The new term (6 .12)  su g g es ts  an a d d i t i o n  to t h i s  

and an i n t e r e s t i n g  f e a t u r e  i s  th e  appearance of the  f a c t o r  ^

For,  a cco rd ing  to  th e  c l a s s i c a l  th e o ry ,  th e  e lec t ro m a g n e t ic  energy
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of the e lec tron  i s  not ^

hut only LUocf ( I — cl ( I -
(6 .14)

and the expressions (6.12) and (6.13) in teg ra ted  

throughout space and taken together give ju s t  t h i s .

Thus the term (6.11) might formally he used to account 

fo r  th a t  p a r t  of the energy usually  described as non-e lec tro -  

magnetic , but t h i s  i s  only a te n ta t iv e  suggestion and offe rs  

no physical in te rp re ta t io n  of the problem.

I t  may be mentioned here t h à t  de Broglie (1950), in  

developing the theory of the "sub trac tive  f i e ld " ,  has attempted 

to account fo r  th i s  energy discrepancy in  a v/ay which i s ,  

formally, very much the same. A t t r ibu t ing  to the photon a 

f i n i t e ,  though extremely sm all , mass he assumes equations 

fo r  the electromagnetic f i e l d  which are of the same form as 

those fo r  the nuclear f ie ld s  with which are associated  mesons of 

in te g ra l  spin. In other words, the "photon f ie ld "  i s  t rea ted  

as a specia l  type of meson f i e l d .  The f i e l d  p o te n t ia l s  are 

then formally a l l  of the same type and may be added together.

I t  i s  assumed th a t  a l l* p a r t i c l e s  may possess "mesonic charges" 

as well as e l e c t r ic  charge and thus an electron  moving in  a 

superposition of electromagnetic and meson f i e ld s  w i l l  in t e r a c t  

with the electromagnetic f i e l d  because of i t s  e l e c t r ic  charge 

and with the meson f i e ld s  by reason of i t s  "mesonic charge".
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de Broglie suggests th a t  the t o t a l  in te ra c t io n  i s  the sum of 

these separate in te ra c t io n s  and th a t  th is  may he the orig in  of 

the non-electromagnetic energy. Such an addition of 

in te ra c t io n  terms to the energy density i s  exactly equivalent 

to the method already described.

I t  i s  s t i l l  d i f f i c u l t  to lunderstand the r e a l  s ign if icance  

of these extra  terms. They are permissible on the grounds of 

r e l a t i v i s t i c  invariance but the usual Dirac equation has given 

s a t i s f a c to ry  r e s u l t s  without them ar.d so i t  may be wondered 

whether they are r e a l ly  necessary.

I t  might be suggested th a t ,  so f a r  as th i s  l a s t  

te n ta t iv e  addit ion , th a t  of the mass term, i s  concerned the 

modified equation i s  r e a l ly  the same as the usual one but 

th a t  i s  d i f f e re n t  in  each case. The question then a r is e s

as to the exact nature of the quantity  occurring in  the

fundamental equations. Here l i e s  one of the ch ief  d i f f i c u l t i e s  

of a f i e l d  theory of the e lec tron .
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The m a tr io e s  of the  D irac th eo ry
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