
AN ESSAY

ON THE DISTRIBUTION OF VALUES OF THE CT-FUNCTION 

' AND RELATED TOPICS

ANITA STRAKER



ProQuest Number: 10096394

All rights reserved

INFORMATION TO ALL USERS  
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a com plete manuscript 
and there are missing pages, th ese  will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest.

ProQuest 10096394

Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.

Microform Edition © ProQuest LLC.

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346



PREFACE

The fu n c tio n  ofn^crtniis defined  to  be the  sum of a l l  
p o s i t iv e  in te g e r  d iv is o r s  of n •

This d i s s e r t a t i o n  i s  a survey of major work done 
during  the l a s t  30 years on problems connected w ith  numbers n 
s a t i s fy in g

gia) ^ A, X > 1 .  n
For r e a l  va lues  of X th ese  numbers are c a l le d  X -abundan t.
When x= z  , the numbers are simply c a l le d  abundant. When A i s  
any in te g e r ,  but the e q u a l i ty  s ign  only ho lds , the  numbers 
s a t i s fy in g  the  equa tion  are c a l le d  m u l t i - p e r f e c t ,  o r ,  fo r  the 
s p e c ia l  case x =2 , p e r f e c t .  There i s  a lso  some d isc u ss io n  on 
p a i r s  of amicable numbers C ^ i^ )  , fo r  which

• cXpn^ = = m-v n .

The f i r s t  chap te r  co n ta in s  those s tandard  r e s u l t s  o f  
number th eo ry  which are e s s e n t i a l  fo r  the development of t h i s  
d i s s e r t a t i o n .  The read er  i s  advised to  proceed d i r e c t  to  
Chapter 11 and to  r e f e r  to  these  r e s u l t s  as they  a r i s e  in  the 
t e x t .

Chapter 11 i s  an in tro d u c to ry  c h a p te r ,  in  which the 
h i s t o r i c a l  back-ground of th ese  numbers i s  p re se n ted . I t  
inc lu des  theorems d iscu ss in g  the g ene ra l behaviour of the 
fu n c tio n  ^  , fo r  example i t s  average v a lu e ,  and tru e  maximum 
o rd e r ,  and a deeper theorem f ind in g  the number of d i s t i n c t  
numbers , f o r  a l l  in te g e r s  m not exceeding n •

The t h i r d  chap ter co n ta in s  a very  f u l l  d is c u s s io n  of 
abundant and x -abundant numbers. C onditions fo r  consecutive  
abundant numbers are found, the  sequences of abundant numbers 
and X-abundant numbers are sgiown to  possess  d e n s i ty ,  and 
bounds fo r  the numbers of p r im it iv e  abundant, and p r im itiv e  
X -abundant numbers not exceeding n are determ ined.

Chapter IV concerns p e r f e c t  and m u l t i -p e r fe c t  numbers.
The d e n s i ty  of the  sequences of both th ese  typ es  of numbers i s  
shown to  be ze ro , and upper bounds fo r  the numbers of both  
p e r fe c t  and m u l t i -p e r fe c t  numbers not exceeding n are found.

The f i n a l  chap te r co n ta in s  a b r i e f  d isc u ss io n  o f amifcable 
numbers. C onsiderably  l e s s  i s  known about th e s e ,  and the 
chap te r co n ta in s  only one major theorem: namely t h a t  the  
d e n s i ty  of the sequence of am itable numbers i s  ze ro .

The theorems in co rp o ra ted  in to  t h i s  d i s s e r t a t i o n  are 
mainly those of P .Erdos, whose work in  t h i s  p a r t i c u l a r  f i e l d  
has been o u ts ta n d in g .



1.

NOTATION.

a  b, m , n ,   denote in te g e r s .  The l e t t e r s  and w i l l  be used
 ̂ w ithout exception  to  denote prim es.

  denote r e a l  numbers.

c, c , , C z ,  denote abso lu te  co n s ta n ts .

Z  f(m) ; "U f ü>), ( w ith  v arious  m od ifica tions  and ex tensions which
w i l l  be explained  in  the te x t  ) in d ic a te  sums and 
products r e sp e c t iv e ly  over a l l  p o s i t iv e  in te g e rs  

m , or a l l  primes , w ith in  the sp e c if ie d  
ranges . In  the case of the p roduc t, where no range 
i s  in d ic a te d ,  i t  i s  understood th a t  a l l  primes are 
to  be inc luded .

o, O, are used in  the c l a s s i c a l  sense. I f  f(n) and
are fu n c tio n s  of the in te g r a l  v a r ia b le  n , then
( 1 ) , means th a t  = O
( 2 ) f- ^OC0 ) , means th a t  , f o r  a l l  va lues

of n .
( 3 ) [ ^ , means th a t  f /(ÿ = 1 .

denote re sp e c t iv e ly  the l e s s e r  and g re a te r  of 
a  and b

denotes the la rg e s t  in te g e r  which does not exceed
X- .

b |a ,  bfcL, mean th a t  b d iv id es  a  , or b does not d iv ide  ,
r e sp e c t iv e ly .

a =  b means th a t  m d iv id es  a - b  •

(OL,b) - means th a t  d  i s  the h ighest common fa c to r  of <x and
b • Thus (a,6) = 1 means th a t  cx and b are co-prime.

denotes the binom ial c o e f f ic ie n t  (n-oi r t

'5(s), the Riemann-zeta fu n c tio n , denotes "As , where
> 1 . ( In  our case s w i l l  only take r e a l  

v a lu e s ) .

Sn,  . denote re sp e c t iv e ly  the square -free  and
quad ra tic  p a r t s  of an in te g e r  m . i . e .  i f  the 
prime decomposition of m i s  ,
where each oil > % , then   ̂ and
Gn'-
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CHAPTER 1.

PRELIMINARIES.

1 . 1 . This chap ter co n ta in s  a number of a u x i l ia ry

r e s u l t s  which w i l l  be used ^n the sequel. These f a l l ,  

broadly  speaking, in to  th re e  main groups: one covering standard

r e s u l t s  on the d i s t r i b u t io n  of primes, another g iv ing some 

simple r e la t i o n s  between an in te g e r  m and i t s  sq u are -free  and 

quad ra tic  p a r t s ,  and a t h i r d  d e f in in g  some num ber- th eo re tica l  

fu n c tio n s  and proving any necessary  r e s u l t s  concerning them.

We l i s t  these r e s u l t s  as a number of lemmas, 

(though some, of course , are major theorems in  t h e i r  own f i e l d ) ,  

and give the proof whenever i t  i s  sh o r t .  In  the case of non- 

elem entary r e s u l t s  we give a re fe rence  only . The o rd in ary  

a n a ly t ic  theo ry  of n a tu ra l  logarithm s and exponen tia ls  i s  taken 

fo r  g ran ted , but i t  i s  im portant to  lay  s t r e s s  on one p roperty  

of log X, . Since

r  ! ( r + i ) !

^  cxs DC XA ,
I) ’

>

Hence, more ra p id ly  than  any power of x  . I t

fo llow s th a t  Icgx , the  inverse  fu n c tio n ,  tends to  i n f i n i t y



more slowly than any p o sit iv e  power of x  • , but

JĈ

fo r  every p o s i t iv e  5 • S im ila r ly ,  loglcngxL-?w more slowly 

than  any power of logx

At t h i s  s tag e , however, the read er  i s  advised to  

proceed d i r e c t  to  Chapter H ,  and to  r e f e r  to  the r e s u l t s  of 

t h i s  chapter as they a r is e  in  the t e x t .

1 .2 .  In  t h i s  sec tio n  we c o l le c t  to g e th e r  some standard  

r e s u l t s  on the d i s t r i b u t io n  of prim es.

LEÏ4MA 1.

— m  
m 5 jc-

where ^  I s  a co n s tan t ,  known as Euler* s c o n s tan t .

P roof. We have

^  = I + ^  -  ^ ,  )
m s j c  I f  m s  W  -  I

I ^ _
cut

1 f  r '-"  M  dkVI
\ + f ̂  W  air — r [Ü  dfcJl J&C]

I ^ logx  t  J "  d t  -  - ± )
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log X  -I- fp^J — b__C^3

Icrgx +- ÿ + ,

where

r "  h -  DÜ d t  , 4 . — [ T -

i s  independent o f x  , and

r" t  -  W  . c^3
Jx ^ 3 T

I ^ S ^ Q W a t * -  o c - k )  = o c ± )
fc.

which completes the proof of Lemma 1 .

LEMMA 2.

r r  Cl d iverges  to  zero .

P roof. Consider the f i n i t e  product

n  c i - i r )
b '  N

-  »

K) 0 (W)
m = I m

where f i ,  i f  each prime fa c to r  of m does not exceed N,

otherwise . 

Therefore ,by  Lemma 1 ,

-I
hn-t rH m

Hence
n  ( 1- ^ ) ' '  -4, lA, os N w ,
\>̂ IS

and Lemma 2 fo llow s immediately.
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LEMMA 3 .

Z I cüvtrges ], Converges

P roo f. The f i r s t  p a r t  fo llow s from Lemma 2 , and the  second

p a r t  by comparison w ith the convergent s e r ie s

LEMMA k.

LEMMA 5."*̂
X = leg log o + B -t- '

where B i s  c o n s ta n t .

LEMMA 6 .
TT C ' - p - )  ^

where ^  i s  E d le r 's  co n s ta n t .

LEMMA 7 .
c," logn > T - r c '^ - ^ )  >

fo r  su i ta b le  co n s tan ts  cGoand c">o. 

P roof.

and the r e s u l t  fo llow s from Lemmas 3 and 6 .

^  E. A. INGHAM, D is t r ib u t io n  of Prime Numbersj' Cambridge T ract
No. 3 0 , Theorem 7.
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LEMMA 8 .

■̂2 i l e g lo g n .

n

Proof* The l e f t  hand sum may be w r i t te n  as ̂  ;
oĈ  2.

F  ̂ k F o

__ I
+

pen ^ ^ s m e n  '« ("’'O

-  p f n t -  ^ ^

•< .2 logl(jgn , 

by Lemma 5 fo r  a l l  s u f f i c i e n t l y  la rg e  n  ,

LEMMA 9*
nt" < 4 -" .

pan

Proof. Consider the product ^  . I t  i s  c le a r ly

a f a c to r  o f , and i t  i s  e a s i ly  proved by in d u c tio n

th a t  <c

Hence,

r r  ^ -  4 -^  »

We now prove Lemma 9 by in d u c tio n  on n . The in e q u a l i ty  i s  

c le a r ly  t ru e  fo r  n = z , : s  . I f  n i s  even, then
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T T  b *  TT b  . 
jj£ n W- n-'

Hence, we need only prove the r e s u l t  fo r  n odd. Put n = 1 .

Then by the in d u c tio n  hypothesis

T T  b  -  TT b  . T T  
f><XN+l pf=N+l n-.(-Tsn+i

C ^  N+"» ^  M

- f  ^

and t h i s  completes the p roof of Lemma

LEMMA 10.*' (Tchebycheff)

I f  TT(nj denotes the number of primes not 

exceeding n , then  th e re  e x i s t  two abso lu te  co n s tan ts  C,>oand C i>0 

such th a t

^i -G- ^ T T ( j \  ) ^  O  n
(ogn lugn

LEI4MA 1 1 .*  ̂ (Prime Number Theorem).

fo r  any f ix ed  (po s itive )  > l  .

LEMMA 1 2 . “(A lte rn a t iv e  form of Prime Number Theorem)

lim -J- .2 .  log p  = J- .W ^  n

E. A. INGHAM. l o c . c i t .  Theorem I+. ('îbé. nghrhana. incgiiaiitg
ét^JvaVértat to our LÉHnnma. 4 ^

%  E. A. INGHAM. l o c . c i t .  Theorem 2 ] .

^3 E. A. INGHAM. l o c . c i t .  Theorem 3 . The r e s u l t  then  follow s
from Lemma 1 1 .
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1 . 3 . We now prove some simple r e l a t i o n s  between an 

in te g e r  m , i t s  sq u a re -free  p a r t  -Sm , and i t s  quad ra tic  

p a r t  Gn . We bave a lread y  shown th a t  i f  the prime 

decomposition of m i s

t^ e n
Sfvi - 1̂1 pz. j Grn ~ ......

T r iv i a l l y ,  we have the fo llow ing:

LEMMA 13 .

C  ̂ Cfn ) - 1  .

We now prove two simple r e s u l t s  about Gn 

LEMMA I k .

Fm caay always be w r i t te n  as the product of a

square and a cube.

P roof. Every in te g e r  g re a te r  than  or equal to  2 , (and hence

every ) ,  may be w r i t te n  in  the form s b  fo r  some

in te g e rs  ol and b , where cLa o  and b $. o  . The proof of 

Lemma I k  now follow s immediately.

LEiMMA 1 5 .

Gn i s  always d iv i s ib le  by a square not l e s s

than
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P roo f. By Lemma we may w rite

r„ -
where b i s  s q u a re - f re e ,  and where fo r  every f» | b we have 

Hence

b  & CL ^

Tm *

i . e .  cl" )  -

F in a l ly ,  l e t  denote the  number of in te g e r s

m ^ n fo r  which Gr, > R , where A i s  a p o s i t iv e  c o n s ta n t .  

We prove

LBlviMA 1 6 .

RCn, f \ )  ^  c n  R '^%

where c  i s  a p o s i t iv e  abso lu te  co n s ta n t .

P roof. By Lemma 15,

‘  r ? ,n  t

‘  "  5 ,  -P -  ^

R ŷz.

n R ^ ^  l'vx 
1=1
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where c ^ O  i s  an abso lu te  co n s ta n t .

l . k .  In  t h i s  l a s t  s e c t io n  we con s ider  some p ro p e r t ie s

of some of the b e t t e r  known a r i th m e tic  fu n c t io n s .  An

a r i th m e tic  fu n c tio n  i s  a  ^ e a l  fu n c tio n  defined  on the  n a tu r a l

numbers, which desc rib es  some s p e c ia l  p ro p e r ty  of these  numbers

We define  f i r s t  the d iv is o r  fu n c tio n  'rcn) as the 

number of d iv is o r s  of n  . We s h a l l  show th a t  i s

m u l t i p l i c a t i v e , i . e .

( 1 . 1 ) TCma; = if (m, n) - 1 . .

Suppose t h a t  the prime decomposition of n i s

n = h " ' ............ h / %

Then a t y p i c a l  d iv is o r  o f n has the  form

h  ..........

where 0 ^ • The t o t a l  number of d iv is o r s  o f n  i s

then  the number of d i s t i n c t  s e ts  of exponents y w ith

O  6  ^ .
Hence,

( 1 . 2 ) XCn) .  0 .....

and ( 1 . 1 ) fo llow s from ( 1 . 2 ) .

We prove a lso  two simple r e s u l t s  about the 

behaviour of r (n )  as a  fu n c t io n  o f n  . F i r s t s
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LEMMA 17 . (D i r i c h le t ) .
The average value of T(n) i s  )crgn .

Proof.

We denote by D the reg ion  in  the upper r igh t-h and  

quadrant contained beti/^een the axes and the rec tan g u la r  

hyperbola

We count the l a t t i c e  po in ts  in  D, including  those on the 

hyperbola, but not those on the axes. Every l a t t i c e  po in t in  

D appears on a hyperbola

 ̂ ^  j ( I ^ 5 ^ n 

and the number on such a hyperbola i s  r ( s ^  . Hence, the 

number of l a t t i c e  po in ts  in  D i s  ^

Z  + T(z) +—  f r ( n  1 ,
m s n

Of these  p o in ts ,  n - CnJ have the  x - c o - o r d in a te  

1, have the x  -  co -o rd ina te  2 , and so on. Hence, by

Lemma 1 , t h e i r  number i s

^  t C^) = [n j  + [  -g;] + L-^J ^ n ^ 1+^ + ...+ ^ ) +
nt t  rj

n (crgn -f

and t h i s  completes the proof of Lemma I 7 .

Secondly, we f in d  an upper bound fo r  the order of
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magnitude of -c(n)

LEMMA 18.
T t n )  =

fo r  a i l  p o s i t iv e  6  .

P roof. The a s se r t io n s  th a t  ir(n] = , and T(n) = O (n ^ )  ,

fo r  a i l  p o s i t iv e  6 , are equ iva len t, since when

0 < 6'  ^  S  . T herefo re , l e t  the prime decomposition of n be

n = |>r .....
By (1 .2 ) ,

(1 .3 )
^ /

Since

w
We have

Now i f  jp > 2^^ , we have
oi-t 1 <: fi±_L 1 -^

2 .^

Therefore , by (1 .3 ) and (1.H-), 

and t h i s  proves Lemma 18 .

The second a r ithm etic  func tion  we consider i s  the
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Moebius fu n c tio n  ^(n) , where

i ,  i f  n ^ : l ,

4 O, i f  n i s  d iv i s ib l e  by a  sq u a re ,

(-1)*̂  i f  n i s  sq u a re -free  and bas r
d i s t i n c t  prime f a c to r s .

I t  i s  c le a r  from t h i s  d e f in i t i o n  th a t  [^(p) i s  a lso  m u l t i p l i 

c a t iv e .

We s h a l l  prove th re e  simple lemmas about t h i s

fu n c tio n .

LEMMA 19.

c t |n
M W

1 ,  i f

O, o therw ise

P roo f. The r e s u l t  i s  obvious fo r  n = 1 . Suppose o ? i

and th a t  the  prime decomposition of n i s

By the d e f in i t i o n  o f  /u(n) a l l  we need cons ider  i s  th e  sum

|*r
= ( 1 4 -  ( - 1 ) )

= o ,

LEMMA 20.

a?-|rr<
/U ( a )

Proof. Let b be the l a r g e s t  square d iv id in g  m . Then



Ilf.

2 :  f^ (a )  -- ^  {*.(0^).
<x\h

But, by Lemma 19> the sum on the r ig h t-h a n d  side  i s  1 i f  b ^ l   ̂

( i . e .  m i s  s q u a re - f re e ) ,  and i s  0 o th erw ise . Our lemma then  

fo llow s by the d e f in i t i o n  o f ( ^ (m )  ( .

LEî iMA 2 1 .

Let

(1 .5 )  F ( n , 0  = S  I I .
rt

(rn ,rj = 1_

Then

F /n .O  " h "  + 0 (n '/"T C rJ))
rr^ Mr

P roof. By Lemma 2 0 ,

m s  n CL
(a,r)-'X (b,r;=a.

^ ( C X )  ( ? (  ^
upi

( a ,r )  z 1

where, by Lemma 19,

G ( x , r )  = ^  s  ^
b i j t  d-ICM'-) d . |b
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Hence ^

F C n,r)
d \i

)  s ./  CK 6 Jn 0.2-

ê .
a. = 1 a?'

But, by Lemma 3 , I T ( i-  converges. Therefore ^

= n c  ^ ) "  = r r (  +

SO th a t

‘"Cn,r) = ^  g  ( '+ + O ( n V ^ r W ) .

The l a s t  a r ith m e tic  func tion  th a t  we consider here i s

v(2n) , where v (n) i s  the number of d i s t i n c t  prime

d iv is o rs  of n • i* e .

^  J- ; ' ' C V  = O  .

We note th a t  v(n) i s  an a d d i t iv e ,  not a  m u l t ip l ic a t iv e ,  function:

s/C^m) zz v(n) vc«vi) , )p (n , Kv\) -  ]_ ,

We now prove one l a s t  lemma:

LEMMA 22.
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v(n) s , !<̂  g  
lc rg z_

P ro o f . Let the  prime decomposition o f  n  be

Then

VC^I) -  r  6  159-0. •
I0 9 Z

This now completes the l i s t  o f the a u x i l ia ry  

r e s u l t s  which i t  w i l l  be necessary  to  use in  the fo llow ing 

ch a p te rs .
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CHAPTER 11.

INTRODUCTION.

2 .1 . One of the o ld e s t  and b e s t  known of a l l  the 

a r i th m e tic  fu n c tio n s  i s  cr(n) , the  sum of a l l  th e ^ d iv is o rs  

o f n . The e a r l i e s t  re fe ren ce  to  i t  seems to  have been by 

the Greeks, who were aware of i t s  m u l t ip l ic a t iv e  p rop e rty : 

(2 .1 )  cr(mn) =  ̂ »f- Cnn,n) = 1_

The proof of ( 2 . 1 ) i s  very sim ple. Suppose the 

prime decomposition of n i s

n -

A ty p ic a l  d iv is o r  of n then  has the form

where , T h ere fo re , the sum of a l l  the  d iv is o r s

o f n i s  given by

<y(n)

and ( 2 . 1 ) fo llow s immediately.
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n and. ( (xjct ctiv/̂ sov’ n alwizoĵ
Since n—d iv id es—tts e lf - ,  we c le a r ly  have

LEMMA 22.
q£n2 >■ J- , " > 1

n

This r a i s e s  the i n t e r e s t i n g  q u es tio n  of when

(2. 2)

and X >1 . S trange ly  enough, a lthough  t h i s  q u es tio n  seems 

sim ple, i t  has lead  to  problems o f g re a t  d i f f i c u l t y ,  some o f 

which remain unsolved to -d a y .

In  t h i s  essay  we attem pt to  answer t h i s  p a r t i c u l a r  

q u es tio n , and some o th e rs  c lo s e ly  r e la te d  to  i t ,  by g iv ing  a  

c o l le c te d  account o f a l l  the work done in  t h i s  f i e l d ,  mainly 

during  the l a s t  t h i r t y  y e a rs .  I t  i s  im portan t to  emphasise

the  i n s p i r a t i o n  which t h i s  work has d e r iv ed  from experim ent, 

which ta k e s  the  form o f t e s t i n g  p o ss ib le  g en e ra l  theorems by 

num erical exan p les . Such experim ent, though n ecessa ry  in  

some form to  p rog ress  in  every  p a r t  o f  m athem atics, has played
in .

a g re a te r  p a r t  the development o f the  th e o ry  o f  numbers th an  

e lsew here , f o r  in  o th e r  branches of mathematics the evidence 

found in  t h i s  way i s  too  o f te n  fragm entary  and m is lead ing .

2 .2 .  We consider f i r s t  the  case when

( 2 . 3 ) -  2  .

A number n fo r  which (2 .3 )  holds i s  sa id  to  be p e r f e c t .  This 

name o r ig in a te d  from the  Greeks, who thought o f  a  p e r fe c t  

number as one which eq u a lled  the  sum of i t s  p roper d i v i s o r s .
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Since the days of a n t iq u i ty  p e r fe c t  numbers have 

been e s se n t ia l ,  elem ents in  a l l  num erological s p e c u la t io n s .

God c rea ted  the world in  6 days, a  p e r f e c t  number. The moon 

c i r c l e s  the e a r th  in  28 days, again  a  symbol of p e r f e c t io n .

Only one g en e ra l c la s s  of p e r fe c t  numbers i s  known. 

In  the n in th  book of E u c l id 's  Elements we can f in d  the fo llo w 

ing Theorem.

THEOREM 1 , (E u c lid ) .

I f  2"^' -  ) i s  prime, th en  i s  p e r f e c t .

P roo f. W rite 2 '̂ ’̂ — I = rn - I'^^^then

cr(nn; -  ])(jp^ l)  = I)  - 2rv7,
SO th a t  rv| i s  p e r f e c t .

Theorem 1 shows th a t  to  every Mersenne prime

( i . e .  one o f the  form 2 ^ - 1  , where p i s  p rim e), th e re

corresponds a  p e r fe c t  number. I t  i s  no t ye t known whether

th e re  are i n f i n i t e l y  many p e r fe c t  numbers o f t h i s  form, s ince

i t  i s  not known whether th e re  are i n f i n i t e l y  many Mer senne

prim es, but in  the e ig h te e n th  cen tu ry  E u ler succeeded in
of-

proving th a t  every  even p e r f e c t  number must b e^ E u c lid 's  form.

THEOREM 2 . (E u le r ) .

Any even p e r fe c t  number i s  of the  form 2 " ,  

where 2 "̂ '̂ — I i s  prime.
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P roof. We can w rite  any even p e r fe c t  number in  the
m  = jz.^b

form Ij , where n > o  and b i s  odd. Hence,

<r(rn) = c r ( ^ " ) o - ( b )  .

§ince m i s  p e r f e c t ,

<T(m) = 2-fY] ^
so th a t

n+l
-

C -(b) 2*"^'

The f r a c t io n  on the r ig h t-h a n d  side of t h i s  eq u a tio n  i s  in  i t s  

lowest te rm s, and th e re fo re

b  = &Ch) =

where (X i s  an in te g e r .

Now i f  cxy 1 , b a t  l e a s t  has the d iv is o r s

a, t>, 1 , so th a t

axp) ^ a + b + l  = l ' ^ ' a + I  > 

an ev iden t c o n t r a d ic t io n .  Hence a   ̂1  , and we have

m  = 0 ,

and
-  i )  ^

But, i f  2^^' - 1 i s  not prime, i t  has d iv i s o r s  o th e r  than  

i t s e l f  and 1 , and

Hence^ 2̂ '*'* — | i s  prim e, and the theorem i s  proved.

In  B arlow 's  Number Theory (London, 1811) the  au thor 

g ives the p e r fe c t  numbers up to  the one corresponding  to  M , 

a t  the  time the g r e a te s t  prime known. This p e r f e c t  number
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' i s  the g r e a te s t  th a t  w i l l  ever be d isco v e red , f o r ,  as they  

are merely cu rious  w ithout being u s e fu l ,  i t  i s  not l i k e l y  th a t  

any persoh w i l l  a ttem pt to  f in d  one beyond i t * .  The g re a t  

e f f o r t s  expended since t h a t  time in  such in-±5ug^ com putations 

show how easy i t  i s  to  underestim ate  human c u r io s i ty l  In 

1876 Lucas ‘found a method fo r  t e s t i n g  whether or not a  

p a r t i c u l a r  in te g e r  i s  a  Mersenne prim e, and used i t  to  v e r i f y  

the  p r im a l i ty  o f 2.’̂  ̂—1 . This remained the l a r g e s t  known 

prime u n t i l  r e c e n t ly ,  when the e le c t r o n ic  computers developed 

during the second world war became a v a i la b le  f o r  p eace fu l " 

purposes. In  1956 the S.W.A.C. computer a t  Los Angeles 

determined a l l  primes o f the  form 2 ^ -  I fo r  p  ,

g iv ing  seventeen Mersenne primes and hence seventeen known 

p e r fe c t  numbers. Since — I i s  a  number o f 925

d i g i t s  t h i s  g ives  some id e a  o f the  r a r i t y  of the even p e r fe c t  

numbers. The f i r s t  f iv e  are

6 , 2 8 , 4 9 6 , 8 , 1 2 8 , 3 3 , 550 , 3 3 6 .
T\i6 éxièttncé

The ques tio n  of^odd p e r fe c t  numbers i s  one of the  

c e le b ra te d  unsolved problems in  number th e o ry .  I t  seems 

probable t h a t  th e re  are  no odd p e r fe c t  numbers, s ince 

ex tensive  num erica l c a lc u la t io n s  have f a i l e d  to  f in d  one l e s s  

th an  e  or w ith l e s s  th an  2,800 d i f f e r e n t  prime

f a c t o r s .

L. E. DICKSON. H is to ry  o f  the Theory o f Numbers.
Vo}. 1. Ch. XVll.

MITSUI, S c i .  P apers . C o l l .  Gen. Ed. U nif. Tokyo.
6 ( 1956 ) 1 -  1 1 .
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I t  has been p o ss ib le  to  f in d  v a r io u s  c r i t e r i a  

which any odd p e r fe c t  number must s a t i s f y ,  and the two c l a s s i c  

r e s u l t s  in  t h i s  d i r e c t io n  cam  from E uler and S y lv e s te r .  The 

l a t t e r  showed th a t  an odd p e r f e c t  number must have a t  l e a s t  

f iv e  d i s t i n c t  prime f a c t o r s .  We do not prove t h i s  r e s u l t ,  

since i t  i s  i n t e r e s t i n g  r a th e r  th an  u s e fu l ,  but we s h a l l  prove 

E u le r 's  r e s u l t  in  our next theorem.

THEOREM 3 . (E u le r ) .

Every odd p e r fe c t  number i s  of the  form

m = q. = oC a I mmXT.

P ro o f. Let
m ..................................

where q,,, .....are d i s t i n c t  (odd) prim es. Since m

i s  p e r fe c t
c r cm ) =

Thus, one of the numbers ...........  , say j

i s  the  double of an odd number, and the rem aining ones are odd.

But

(2.4") ...

and each o f the <<i-l term s on the r ig h t-h a n d  side of (2 .4 )  

i s  odd.

Hence, , are even, and aC, i s  of the  form 4 r +-|

o r ^r-t-3  . I f  the l a t t e r ,  th e re  are  i )  odd term s on

^  SYLVESTER. Comptes Rendus P a r i s .  106 (1888) 448 -  4^0.
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the r ig h t-h an d  side of (2.40 and i s  the  double o f an

even number.

S im ila r ly ,  i f  q,, i s  of the  form 4i-+5 , then

^  I #
But, since

crccv,‘*9 = i + q̂ i   +

i t  follow s th a t  4  | crC^T') , and i s  the double of

an even number.

These c o n tra d ic t io n s  complete the proof of

Theorem 3 .

In  recen t t im es , the most no tab le  work on the

question  of odd p e r fec t  numbers na = has been by Kanold,

who in  a  s e r ie s  of papers , e l im in a te s  poss ib le  forms of
3k, by Touchard who shows th a t  m must take one of 

the forms
3 br+ I , 5>br4- Q  ̂ 3 b r + 1 3  ̂ 5 br+

'3kand by McCarthy  ̂, who proves th a t  m ^  Zmoxis, and i f  m a I ,

then  oC ^  -1 rvicrtl3 ,

2 . 3 . Returning again to  the question  (2 .2 )  we s h a l l  more 

g e n e ra l ly  consider the case when

H. J .  KANOLD. J .  R e in e . Agnew M ath. I 9 I+1 ,1 9 ^ 2 ,19V+, 1 9 ^ 0 ,1 9 ^3 . 

J .  TOUCHARD. S c r ip ta  M ath. 19 (1953) 35 -  3 9 .

*3  P . M cCarthy. Amer. M ath. M onthly . 64 (1957) 2?7 -  2^8 .
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(2 .5 )  ^

and A i s  an in t e g e r .  A number o fo r  which (2 .5 )  holds is  

sa id  to  be m u l t i - p e r f e c t ,  and when the value o f X i s  

p a r t i c u l a r ly  r e le v a n t  i s  s a id  to  be of c la s s  A . The reason  

fo r  t h i s  nomenclature i s  ap p a ren t.  C le a r ly  the p e r f e c t  

numbers are a  su b -c la ss  of a l l  the m u l t i -p e r f e c t  numbers.

The problem of f in d in g  m u l t i -p e r f e c t  numbers 

appears to  have been form ulated  f i r s t  in  I 63I  by Mersenne in  a 

l e t t e r  to  D e sc a r te s .  The l a t t e r  must have specu la ted  con

s id e ra b ly  over the proposed problem, because seven years  l a t e r  

he responded w ith  a l i s t  of m u l t i -p e r fe c t  numbers to g e th e r  w ith  

v a r io u s  g en e ra l  methods fo r  f in d in g  them. The f i r s t  two of 

th ese  were the  m u l t i -p e r fe c t  numbers of C lass 3  ̂ izo  = 2 ^ 3 . 3  

and 672 = 2 .̂ 3 .7  . Fermat and F re n ic le  a lso  worked on the 

problem, and l e t t e r s  exchanged between them co n ta in  se v e ra l  

o th e r  m u l t i -p e r f e c t  numbers.

More r e c e n t ly  many more have been d iscovered , 

n o tab ly  by Lucas, Lehmer, Cunningham, Carmichael and Mason.

The s tandard  l i s t  o f a l l  known m u l t i -p e r fe c t  numbers was 

pub lished  by Poule t in  1929, and re v ise d  in  1934. This 

con ta ined  334 numbers, some of c la s s  as high as 7 . New

d isc o v e r ie s  s ince th a t  da te  were ta b u la te d  by Brown in  1954.

P. POULET. La Chasse aux Nombres. 2 Vols -  B ru sse ls
1929 -  1 9 3 4 .

^  A. L. BROWN. M u lt i -p e r fe c t  numbers. S c r ip ta  Math. 20 (1954)
103 -  1 0 6 .
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2 .4 .  For numbers t h a t  are not p e r fe c t  th e re  are two 

p o s s i b i l i t i e s  :

( 2 . 6 ) ^  ; or ,
n n

Numbers of the f i r s t  k ind  are c a l le d  abundant, and those  of the  

second k ind d e f i c i e n t .  G enerally  speaking, we c la s s  the  

p e r fe c t  numbers w ith  the  abundant numbers, so th a t  an abundant 

number i s  one fo r  which

(2 .7 ) n

A number n s a t i s f y in g  our g en e ra l  equa tion  (2 .2 )  w i l l  be 

c a l le d  X -a b u n d a n t .

The d i s t i n c t i o n  between abundant and d e f ic ie n t  

numbers has always been considered  im portant in  numerology.

For in s ta n c e ,  A lcuin (735-804), the ad v iso r  and te a c h e r  of 

Charlemagne, observes t h a t  the e n t i r e  human race  descends from 

the 8 sou ls  in  Noah* s Ark. Since 8 i s  a  d e f ic ie n t  number, he 

concludes th a t  t h i s  second c r e a t io n  was im perfec t in  comparison 

w ith  the f i r s t ,  which was based on the p r in c ip le  of the p e r fe c t  

number 6 i

The f i r s t  few abundant numbers, a l l  found by 

experim ent, a r e ,

6 , 1 2 , 1 8 , 2 0 , 24, 2 8 , 3 0 , 3 6 , ......)

th e re  are only 23 of them up to  1 0 0 , as the  re ad e r  may e a s i ly  

v e r i f y ,  and a l l  of them are even. The f i r s t  odd abundant 

number i s  ^ 4-6  =
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The very  e a r l i e s t  mention of th ese  numbers appears 

to  have been by Nicomachus in  A.D. 100, who c i t e d  12 and 24 as 

abundant, and 8 and l 4  as d e f i c i e n t .  In  1296 Jordanus 

Nemoranus proved:

THEOREM 4.

A prime or a  power of a prime i s  d e f i c i e n t .

P roof. The proof i s  very  sim ple.

-  I = I + p ^ -\  ^  I 4 - L -  ^  2. ^

and our theorem i s  proved.

We can a lso  prove ( c . f .  Theorem 1 ) :

THEOREM 5.

) i s  abundant, fo r  a l l  n ^ 1  

P roo f. S ince, fo r  a l l  va lues  o f ol ,

CT(CX) ^ I -I-

i t  fo llow s th a t  

Hence,

T herefo re ,

0 ) ^ z. .
2P (J2."+ '-  I )
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The fo llow ing  lemma, has enabled  us to  prove some 

more simple Theorems about abundant numbers.

LEMMA 2 3 .

I f  d |n  , th en

^  °UÙ ■

P ro o f . Let th e  prime decomposition o f  n  be

Since cn(n) i s  m u l t i p l i c a t i v e ,  we need only show th a t  i f  

O 6 p  s  , th en

P~( < a-Ç ,

i . e .     r  '

which i s  c l e a r l y  t r u e .

I t  fo llow s im mediately from Lemma 2.3* t h a t  

THEOREM 6.

(1) A m u ltip le  of an abundant number i s  a lso  

abundant.

(2) A d iv i s o r  of a  d e f ic ie n t  number i s  a lso  

d e f i c i e n t .

Theorem 6 r a i s e s  another i n t e r e s t i n g  q u e s t io n .  I t  

i s  c l e a r l y  p o ss ib le  to  f in d  a minimal su b -se t  S of the  abundant
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numbers, so t h a t  the p roper d iv i s o r s  of each element of S are 

d e f i c i e n t .  The ^ â a s e t #  of a l l  the abundant numbers i s  th en  the  

s e t  formed by a l l  m u lt ip le s  of the  elem ents o f  S.

L. E. D ickson^  was the  f i r s t  to  see the  p o s s i b i l i t i e s  t h a t  t h i s  

q u es tio n  evoked, and in  1913 he d e f in ed  a  p r im i t iv e  abundant 

number as one fo r  which
> Z .  )

rvi

but f o r  every  p roper d iv i s o r  d  m ,

cL

Dickson* s work inc lud ed  a  number of minor r e s u l t s .

He proved t h a t  th e re  i s  only a  f i n i t e  number o f p r im i t iv e  

abundant numbers having a  g iven  number o f d i s t i n c t  odd prime 

f a c t o r s ,  and a g iven  number o f f a c to r s  2 . He showed a ls o  t h a t  

th e re  i s  no odd abundant number w ith  fewer th an  3 d i s t i n c t  prime 

f a c t o r s ,  and gave a l i s t  o f  the  numerous p r im it iv e  odd abundant 

numbers w ith  fo u r  d i s t i n c t  prime f a c t o r s ,  as w e ll  as l i s t s  of 

even abundant numbers of c e r t a i n  k in d s .  In  p a r t i c u l a r  he 

determ ined a l l  p r im it iv e  abundant numbers l e s s  th an  1 5 , 0 0 0 .

Extending th e  id e a  of p r im it iv e  abundant numbers, we

s h a l l  d is c u s s  in te g e r s  n f o r  which ( 2 . 2 ) holds g e n e ra l ly .  We

s h a l l  say t h a t  n i s  A -abundant i f

( 2 . 8 ) ÇïnJ ^ X ;> 1  ,
n  ^

^  L. E. DICKSON. Amer. J o u r ,  Math, 35 (1913) 4-13 -  426.
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and n i s  p r im i t iv e  X -abundan t i f  (2 .8 )  b o ld s ,  but f o r  every  

p roper d iv i s o r  dL o f  n ,

X .
oL

2 . 5 * We have a l re a d y  in tro d u ced  th e  n o t io n  of a  p e r f e c t  

number, and ex p la in ed  t h a t  th e  name o r ig in a te d  from the  Greek 

te rm ino logy

where <r,(n) = (r(n) — n . I t  seems n a t u r a l  t o  wonder whether 

th e re  e x i s t  p a i r s  o f  numbers ( a ,b )  such t h a t

cr, (<x) b  ̂ c r , (b 3 =

o r

( 2 . 9 ) cr(oO = crfb) OL-k*b.

P a i r s  o f numbers which s a t i s f y  ( 2 . 8 ) are  s a id  to  be 

am icab le , and numbers o f  t h i s  type have been even more prom inent 

in  the  lo re  o f  number m ystic ism  th a n  the  p e r f e c t  numbers, having 

symbolized m utual harmony, p e r f e c t  f r i e n d s h ip ,  and lo v e .  T h e ir  

e x is te n c e  seems to  have been d isco v e red  somewhat l a t e r  th a n  th e  

p e r f e c t  numbers, p robab ly  i n  th e  p e r io d  o f th e  f lo w erin g  o f  the  

N eo-P la ton ic  m y s t ic a l  schoo l i n  Greek p h ilo so p h y . One of th e  

most i n f l u e n t i a l  o f  the N eo -P la ton ic  p h i lo s o p h e rs ,  lam blichus o f  

C h a lc is  (abou t A.D, 320), a s c r ib e s  th e  knowledge o f  amicable 

numbers t o  th e  e a r l i e s t  Py thagorean  sch o o l,  about 500 B.C.

In  Arab m athem atical w r i t in g s ,  th e  ami cab le  numbers 

occur r e p e a te d ly .  T h ^ p la y  a  ro le  in  magic and a s t ro lo g y ,  i n  

th e  c a s t in g  o f  horoscopes, i n  so rc e ry ,  i n  th e  co n co c tio n  o f  love



30.

p o t io n s ,  and i n  the  making o f  t a l i s m a n s .  As an i l l u s t r a t i o n  

we quote from the  H i s t o r i c a l  Prolegomenon o f  the Arab s c h o la r  

Ibn Khaldun (1332 -  l4 0 6 ) .

'L e t  us mention t h a t  th e  p r a c t i c e  o f  the  a r t  o f  

ta l i sm a n s  has a ls o  made us reco g n ise  th e  m arve llous v i r t u e s  o f

amicable numbers. These numbers are 220  and 284 One

p re p a re s  a  horoscope theme f o r  each  i n d i v i d u a l  On each  one

o f  th e se  themes one in s c r ib e s  one o f  the  numbers j u s t  in d ic a te d  

bu t g iv ing  th e  s t ro n g e s t  number to  th e  person  whose f r i e n d s h ip  

one wishes to  g a in ,  the  beloved p e rso n . I  d o n 't  know i f ,  by 

th e  s t ro n g e s t  number one wishes t o  d e s ig n a te  th e  g r e a t e s t  one or 

th e  one which has the  g r e a t e s t  number of a l iq u o t  p a r t s .  There 

r e s u l t s  a  bond so c lose  between th e  two persons t h a t  th e y  

cannot be s e p a ra te d * .

Through the  Arabs knowledge o f  amicable numbers 

sp read  to  W estern Europe. They are  mentioned i n  th e  works 

o f  many prominent m athem atica l w r i t e r s  about A.D. 15 0 0 , f o r  

in s ta n c e  Chuquet, S t i e f e l ,  Cardanus and T a r t a g l i a .  However, 

th e re  i s  no i n d i c a t io n  o f  any o th e r  p a i r  o f  amicable numbers 

(b e s id e s  th e  p a i r  ( 2 2 0 , 284) known to  th e  Greeks and the  Arabs) 

having been d isco vered  b efo re  th e  work o f  Ferm at. This i s  

somewhat odd in  t h a t  Fermat found h is  new p a i r  th ro u g h  th e  

re d is c o v e ry  of a  ru le  t h a t  a c tu a l ly  had been fo rm ula ted  by th e  

Arab m athem atic ian  Abu-l-Hasan T hab it ben Kor r a h  as e a r ly  as 

th e  n in th  c e n tu ry :
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i f
|3 = ^ x 3 .2 " - '-1  , and . r  = 9 . . 2 " '  -  I ,

a re  a l l  p rim es, th e n  the  numbers

a. = 2"^ , b = 2''r_,

are  an amicable p a i r .  ( I t  i s  easy  to  v e r i f y ,  w ith  t h i s  

fo rm u la t io n ,  t h a t  cr^a^ = o-^b) =a-f b ) .  The case n - 2  ,

g iv e s
l3 = I I , q, -  S ,  r  = 17^

and we o b ta in  the  c l a s s i c a l  p a i r  ( 2 2 0 , 284). The nex t two 

p a i r s  found by t h i s  ru le  come from th e  v a lu e  n  = -f- , and

n 7  , g iv in g  the  amicable numbers

r  II, 2 9 0  = Z t  2 3 .4 7 .  j  9 ,3 6 5 ,
L 18, 4 * 6  - Z-^. 1151. L 9 , 4 3 7 /

Z 9 (b  = Z t  Z 3 . 4 7 .  [ 9 , 3 6 3 , 6 8 4 -  -  Z l  M l.  3 8 3 .

0 5 0  - Z^. 7 3 Z 7 .

E u le r  took  up the  sea rch  f o r  amicable numbers in  a 

sy s tem a tic  f a s h io n ,  and developed s e v e ra l  methods f o r  f in d in g  

them. In  1747 he gave a  l i s t  o f 30 p a i r s ,  which he l a t e r  

expanded to  more th an  6 0 , a l l  o f them ex ceed in g ly  l a r g e .

However, i t  i s  i n t e r e s t i n g  to  see how th e  p u re ly  ex p e rim en ta l  

side of number th e o ry  can d e fe a t  the  a b l e s t  o f  m athem atic ians . 

More th an  a  hundred years  l a t e r ,  a  s ix te e n  y e a r -o ld  I t a l i a n  boy, 

N icolo  P a g a n in i ,  p u b lish ed  the  very  sm all p a i r

184 = Z^. 37 , (Z/O - 2 .5 .1 1 ^ ,

which had e luded  a l l  p rev io u s  i n v e s t i g a t o r s .  There i s  no 

evidence as  t o  a method of d isco v e ry :  th ey  were p robab ly  found
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by t r i a l  and erro r .

A complete survey  o f th e  e x i s t i n g  knowledge about 

amicable numbers was p u b lish ed  in  1946 by E. B. E sc o t t  . This 

paper c o n ta in s  a l i s t  o f  th e  39O known p a i r s  in  f a c t o r  form, 

to g e th e r  w ith  a  d is c u s s io n  on v a r io u s  methods of d is c o v e ry .

2 . 6 . S in ce , in  t h i s  e s sa y ,  we are  to  be concerned w ith

numbers a r i s i n g  from the  fu n c t io n  ( i n  the  case of

p e r f e c t  and abundant num bers), and from th e  fu n c t io n  

( i n  th e  case o f  amicable num bers), i t  i s  i n t e r e s t i n g ,  a t  t h i s  

s ta g e ,  to  c o n s id e r  th e  average va lue  of th e se  f u n c t io n s .

We prove

THEOREM 7 .

The average va lue  o f  I's
n ^

It 15 ecLsy -Vo |>rnw 'V na i
P ro o f .  Ab on e a sy - a p p l io a t i -eB- o f  m u l t i p l i c a t i o n  o f

D ir i c h l a t  sa r i e o in v o lv in g  th e  R iemann- z o ta  fu n cM on--^ (a j-we have

a ,  '

wher e— , P u t t in g  5 ^ 0  i n to  t h i -e- e q u a tio n -y -ond

r e s t r i c t i n g  th e  s ummati e n- to  t h e i n t egers— n — , g iv es-

if- E. B. ESCOTT. Amicable numbers. S c r ip ta  Math 12 (1946)
61 - 72 .
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But

and by Lemma 1 ,

( 2 . 1 2 ) r^K, " ^ C '« 3 n ; .

T h e re fo re ,

2  <a2n) = H ^n  -f OCIcranA,no 6  ^ ^
and our Theorem fo l lo w s .

Since — I &  , t h i s  su g g es ts  t h a t  th e re  are

f a r  more d e f i c i e n t  numbers th an  abundant. T his  i s  c e r t a i n l y  ’ 

t r u e  o f  the  in t e g e r s  l e s s  th an  1 0 0 0 . Only 22 o f  th e se  a re  

abundan t.

The e q u iv a le n t  Theorem fo r  th e  fu n c t io n  i s

v e ry  s im i la r  :

THEOREM 8 .
^  a - ( m )  = O ( ^ o / o - g n ) -

mS:K7
P ro o f .  where th e  summation ex tends over a l lmSrH
the  l a t t i c e  p o in ts  in  the  re g io n  D of Lemma 17 . Hence,

^  ± L f J C L f J ^

n



3 ^ -

Then, by (2 .1 1 )  and (2 .1 2 ) ,

otm) = + 0(nlcrqV7j,
Win

n
In  p a r t i c u l a r ,  s ince  JZ n /\/ , we have the  average valuervini
o f  i s  -^TT^ n  .

The e r r o r  term s in  Theorems 7 and 8 a r e ,  of co u rse , 

v e ry  f a r  from being the  b e s t  p o s s ib le .  We can re -a r ra n g e  ( 2 . 1 0 ) 

and ( 2 . 1 1 ) so t h a t

a .  ^  " A .  X .  -  - P M

and

^  crCmJ = -k-TT^n^ -  np^n) ^
n\srn

where

(  -% -  C -^3  -^ m C rn

Wigert showed as e a r ly  as 19 1 3 » th a t

y O (n ) ^  0 (  l o g n )  , w W idifo ll(>> ^s,ofcaruoe, jroi»\'nri<-ab<K>cwak)sit.

W aifisz  improved on t h i s  e s t im a te  of W igert, by th e  use o f

W eyl's in e q u a l i ty  fo r  e x p o n e n tia l  sums, to

p /n ) -  o (  - i m —  )  .
^  ^  Icralcrzin JIcrgiogn

F u r th e r  p ro g re s s ,  however, became p o s s ib le  a f t e r  V inogradov 's

S. WIGERT. Sur quelques fonctions a r i th m é t iq u e s .
ActaMathematica 37 (1913) 113 -  123.

A. WALFISZ. T elle rp rob lem e. Math Z e i t s .  26 (1927) 66 -  8 8 .
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remarkable improvements on W eyl's i n e q u a l i ty ,  and Davenport

and W alfisz  proved* indepen den tly  th a t  f o r  any e > o  ,
pen) -  0 (  .

By using an improved form of V inogradov 's  i n e q u a l i t i e s  f o r

t r ig o n o m e tr ic a l  sums, a Chinese m athem atician Pan Cheng Tung

claim s he can prove by D avenport 's  method, t h a t  c may be

re p la c e d  by , and t h i s  i s  the b e s t  r e s u l t  a v a i la b le

a t  p r e s e n t .

We have shown th a t  the average value of the  fu n c t io n  

i s  , but the maximum v a lu es  of the  fu n c t io n  are

co n s id e ra b ly  l a r g e r .  We prove ano ther r e s u l t  of W igert. ^

THEOREM 9 . (W ig e rt) .

nicrglcrgn
where ^ i s  E u l e r 's  c o n s ta n t .

P ro o f .  Let the  prime decom position of n  be

so t h a t
r . I I-

= TT K ~ - < TTU n 3 \  \ I i-I—----------  ̂ ^ » I I___ L_•133 n o  ' ' pL

H. DAVENPORT, A d iv i s o r  problem. Q u a r t .Jo u rn . of Math.
(Oxford) ( 1 949 ) 37 -  44.

%2. A. WALFISZ. Uber G it te rp u n k te  in  mehrdimensionalen
E l l ip s o id e n ,  ach te  Abhandlung. Travaux de 
I ' I n s t .  Math de T b l i s s i .  5 (1938) I 8 I  - ( 9 6 .

S. WIGERT. lo c .  c i t .
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By Lemma 6 , having chosen a r b i t r a r i l y  sm a ll ,  we have

t h a t

(2 .1 4 )  > O z l l i e l f ,
Icygïo-gn

f o r  a l l  s u f f i c i e n t l y  la rg e  n • T h e re fo re ,  g iven  any e > o ^

we choose
c.

n -  e
and i t  th en  fo llow s from ( 2 . 1 3 ) and (2 .1 4 )  t h a t ,  f o r  a l l

s u f f i c i e n t l y  la rg e  n >
<T(nJ ^  C * ®' I c r g l o g n  .

We must now show t h a t  g iven any 6 ) 0  the  in e q u a l i ty

( 2 . 1 5 ) I - 6 ) ^ ^ fog lo^n

holds fo r  i n f i n i t e l y  many va lu es  o f n .

Let N be a  p o s i t iv e  number, and k> 1 a  

p o s i t iv e  in te g e r  to  be f ix e d  l a t e r .  Put

( 2 . 1 6 ) a  = ^

so t h a t

By Lemma 12, we have th a t
liw Æ  log)) = 3.N-SW |>SN

SO t h a t ,  i f  N i s  la rg e  enough,

(2 .1 7 )  ^  tog n  < ,

and

( 2 . 1 8 ) IffgH log X  log log n -=• log N -1- log 2.k .

Now, by ( 2 . 1 6 )

(2.19) EÜ!) = TT ' ~ .n psN , _

B ut, by Lemma 3 , TT( 1- J  converges . T herefo re

r r c  I -  J  -   3 ”  -
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so t h a t ,  g iven  any e> o  , f o r  a l l  s u f f i c i e n t l y  la rg e  H 

we have

A lso , by Lemma 6 , f o r  a l l  s u f f i c i e n t l y  la rg e  N ,

XT' > ( ' - $ )

T h e re fo re ,  by ( 2 . 1 9 ) and (2 .1 8 ) ,

( 2 .Z0 9  (T(n) f I -  fr e  I c rg H
^  sCki-O

> (  I -  fr )  _  /  len lo g n  -  lag
^  5 ( k + l )

We now choose k la rg e  enough t o  ensure t h a t

—  e

Then, i f  tS i s  s u f f i c i e n t l y  l a r g e , we have from (2 .1 8 )

Icrq %k_ <  I c g a k  ^  | _  / 1 -  6  \
Iffglogn logN f log ^  &

which, a f t e r  rea rran g em en t, g iv e s ,
^^Icrglogn — lo g ilc )  > (̂ 1—<fc) 36k-t-t ) Icjgicgn.

Hence, f o r  a l l  s u f f i c i e n t l y  la rg e  v a lu es  o f  N ^ an d  hence f o r  an 

i n f i n i t e  number o f v a lu e s  o f  n  , we have from (-2..Z0 9 ,

> (̂1 -  a ) e ^  Icsglcrgn ,

and our Theorem i s  p roved .
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2 .7 .  F in a lly , sin ce we are to  be p rim arily  concerned  

w ith numbers o f the form (T(n) i t  i s  in te r e s t in g , at t h is  

s ta g e , to  con sider the number of d is t in c t  va lu es taken by the  

fu n ction  , with, We prove a r e s u lt  o f Erdos ,
TvUsk

whose work in  our p a r ticu la r  f i e l d  has been ou tstan d in g .

THEOREM 10, (E rd o s ) .

The number of d i s t i n c t  numbers o f  the  form

. I s  m  sr n
nn ' ;

equals q n  + o(n ) , where < c, s  i  .

P roof. To prove t h is  Theorem we s h a ll  requ ire the r e s u lt s  

of two supplementary lemmas.

LEMMA 24.
o-(b.) i  <rLW, 

b, ’

i f  b, y and b̂ . y are sq u are-free in te g e r s

P roof. The proof i s  very simple ; we can c le a r ly  assume

th a t (_b, , b i )  = J . Let the prime decom position o f  b, be

b| = 1̂ pi- .- f

SO th at

Then f>rt«'Cbi) , s in ce  [3p-|- 1+ (sp » and a l l  the other fa c to r s

^  P. ERDOS. Remarks on Number Theory 11. Acta A rithm etica V
(1959) 171 -  177.
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o f  s l b , )  a re  l e s s  th a n  \>r . Hence th e  e q u a t io n

<rCW = b , c - ( b i 3 ,  Cb,, b i )  - 1 ,

i s  im p o ss ib le ,  s in ce  th e  r i g h t  hand i s  a  m u lt ip le  o f  and

th e  l e f t - h a n d  s ide  i s  n o t .  T h is  com pletes th e  p ro o f  o f  

Lemma 24.

LEMMA 25.

Let a , , and Oz., be two in t e g e r s  each  o f  whose 

prime f a c t o r s  occurs w ith  an exponent g r e a t e r  th a n  1 , ( i . e .  whose 

s q u a re - f r e e  p a r t  i s  Ij. Then th e re  e x is ts  a t  most one p a i r  o f  

s q u a re - f r e e  in t e g e r s  b, and bj. s a t i s f y i n g

err a, b j  = cr(Q2.b^J ^
( 2 . 2 0 ) <j

( Qi , bi _)  % b i9  '  ( -b |/  b j .)  : J. .

P ro o f .  The p ro o f  i s  r a t h e r  s im i la r  t o  th e  p ro o f  o f  Lemma 24.

We suppose, on th e  c o n t r a ry ,  t h a t  th e r e  i s  a  second p a i r  o f  

s q u a re - f r e e  in t e g e r s  b , ' and bJ s a t i s f y i n g  ( 2 .2 0 ) .  Then

we should  have, by ( 2 . 2 0 ) ,  t h a t

( P  P I N q l i i )  = c tb . 'J  b,,' ^
t>, e-cb^) b,' <s-cv;

and

( 2 . 2 2 ) C b i , b L ) =  (_b/, b J 9 = 1 . ^

whereas we s h a l l  show t h a t  ( 2 . 2 1 ) and ( 2 . 2 2 ) have no s o lu t io n s ,

(e x cep t i f  b, = b,' , = bj.’ , o r  b,= b j ,  b^ - b /  /  ) .

Assume t h a t  b,,bj.,b(',bi', a re  s o lu t io n s  o f  (2 .2 1 )



39 .

and ( 2 . 2 2 ) f o r  which the  p roduc t

( 2 . 2 3 ) b, k  b,' bz'

i s  m inim al. (T h is  p roduc t i s  c l e a r l y  g r e a t e r  th a n  1 , s in ce  

we are  assuming t h a t  no t a l l  the  b's eq u a l  1 ) .  Let |>r 

be th e  g r e a t e s t  prime f a c t o r  o f  th e  p roduc t ( 2 . 2 3 ) ,  say

(2 .2 4 )  I b, ; ( > r b i . .

We can app ly  an argument s im i la r  to  t h a t  used in  Lemma 24 to  

show t h a t  t  • S im i la r ly ,  f>r + c"Cbz'3 , s in ce  th e

g r e a t e s t  prime f a c t o r  o f  b ,̂' does no t exceed f>r . Hence,

by ( 2 . 2 1 ) and ( 2 . 2 2 )

(2 .2 5 )  W  I b,' , f  b ;: '.

But th e n ,  by (2 .2 4 )  and (2 .2 5 )

a l s o  s a t i s f y  ( 2 . 2 1 ) and ( 2 . 2 2 ) ,  which c o n t r a d ic t s  th e  

m in im a li ty  o f  th e  p roduct ( 2 .2 3 ) .  T his  com pletes th e  p ro o f  

o f  Lemma 25.

We are  now i n  a  p o s i t io n  to  co n tin u e  w ith  th e  p ro o f  

o f  Theorem 10.

Let I = a ,« ^ a z .< .......  be th e  i n f i n i t e  sequence

o f  in t e g e r s  whose s q u a re - f r e e  p a r t  i s  1 , and denote  by

mT’<   the  i n f i n i t e  sequence o f  i n t e g e r s  whose ■

q u a d ra t ic  p a r t  i s  a i  . Put

where i s  s q u a r e - f r e e ,  and denote by Si th e  s e t  o f

a l l  th e  numbers
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( 2 . 2 6 )  <rç  ̂ ( l c = i , 2 , ........ )

C le a r ly ,  no two elem ents o f  th e  set Sl a re  th e  same, 

f o r  i f  t h i s  were the  case  we should have

bK")
and by Lemma 24 t h i s  i s  im p o ss ib le .

I f  an element o f Si i s  the  same as an elem ent o f  

Sj , J<  i- , th e n  we s hould have

f o r  some and . Let

C b / ' ) , = b ,

so t h a t

( 2 . 2 8 ) rnk" = a i o o - k ' ,

Then, i f  (2 .2 7 )  h o ld s ,  wo should  have

m J "  .  a ib d - k " ' ,  -- 4 , d,^T)--1.

. . C-(a: dk" ') = o-(a, d«X” )--1 .

and by Lemma 25 th e r e  i s  a t  most one p a i r  o f  s q u a re - f r e e  

i n t e g e r s  d«"’ and such t h a t  ( 2 . 2 9 ) h o ld s ,  w ith  J* ^ i

T h e re fo re ,  t h e r e  a re  a t  most l- I  o f  the  i n t e g e r s  du''-* ,

f o r  f ix e d  i ,  and we denote th e s e  by

( 2 . 3 0 ) dv,‘‘\  d * / ' ) , ........  d K ,

and t h e i r  p roduc t by
Di = d

I t  fo llo w s  t h a t ,  i f  (2 .2 7 )  holds f o r  some , th e n  rMn"-*

must be d i v i s i b l e  by a t  l e a s t  one o f  th e  i n t e g e r s  ( 2 . 3 0 ) and
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hence have a  f a c t o r  in  common w ith

We now r e s t r i c t  a t t e n t i o n  to  th o se  in te g e r s  

which do no t exceed n . We denote by Nc the  number o f  e lem en ts  

in  St which d i f f e r  from a l l  th e  e lem ents  o f  the  c l a s s e s  Sy ,

J  ^  L . Then Me c e r t a i n l y  does no t exceed the  t o t a l

number of e lem en ts  o f  Sc , and i s  a t  l e a s t  as g re a t  as th e

number o f  i n t e g e r s  no t exceeding  n which are  co-prim e

w ith  Dc . T h e re fo re ,

( 2 . 3 1 )
N t /^(W|

(byaO^l 
Lb) DcO = 1

bs- -0 _ ac
(b;aO-J-

By Lemma 21 and Lemma 18, th e  sum on the  r ig h t -h a n d  

s id e  o f  ( 2 . 3 1 ) eq ua ls

' = ( * . “ 0  - ^ ° C S r ) -

S im i la r ly ,  th e  sum on th e  l e f t - h a n d  s id e  e q u a ls

n ^ a c  ^ ^ cxi J

I t  fo llow s t h a t

( 2 . 3 2 )

where

( 2 . 3 3 )

N c  -- t

A o  T T  ^  T T
■O.TI'

and t o  prove our Theorem we must e v a lu a te  th e  sums over a l l  

i n t e g e r s  L ? o  , o f  th e  e x p re s s io n s  on th e  r i g h t  and l e f t - h a n d
i

s ides o f  ( 2 .^ 3 ) .
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Now we bave

4 t. = T T C l ^  sk -o  ) •(2 .3 4 )  f  ^  ^  '  V ^  P(t>-0

A lso , by Lemma 21, th e  d e n s i ty  o f  i n t e g e r s  whose q u a d ra t ic  

p a r t  i s  cxi equ a ls

U/w, = -fe - TT C' + -k3"'.
p; TT^CXl

ÿom 5im̂ e contiderrxWnô
I t  fo l lo w s / 1 hat

U .3 5 )  J

In  a d d i t io n ,  s in ce  a , ^ 1 , and D, = 1  ,

( 2 . 3 6 ) Ji^cOc ‘̂ ' ^ P  ' " * É .

> -fc_ .
TT̂

I t  now fo llo w s  from ( 2 .3 2 ) ,  ( 2 .3 3 ) ,  ( 2 .3 4 ) ,  (2 .3 5 )  

and ( 2 . 3 6 ) ,  t h a t

M i  = C , n  +  o ( n ) ,
L= I

where ^  t  c, s  1  , and t h i s  com pletes th e  p ro o f  o f  our

Theorem.
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CHAPTER 1 1 1 .

ABUNDANT NUMBERS.

3 . 1 . We have a l r e a d y  d e f in e d  an abundant number n in  

2 . "t as  one f o r  which

( 3 . 1 ) ^  > 2 . ,

and a  p r im i t iv e  abundant number n  a s  one which s a t i s f i e s  ( 3 . I )
iŜ iuViTkol'

b u t^ fo r  eve ry  p ro p e r  d iv i s o r  d  o f  n ,

^  X .

Over th e  l a s t  t h i r t y  years  Erdos has succeeded by 

e n t i r e l y  e lem en ta ry  means in  g iv in g  an a s to n i s h in g ly  com plete 

account o f  th e  d i s t r i b u t i o n  o f  th e se  numbers. We s h a l l  prove 

below t h a t  th e r e  e x i s t  a r b i t r a r i l y  long ru n s  o f  co n se cu tiv e  

abundant numbers, we s h a l l  f in d  th e  c o r r e c t  o rd e r  o f  magnitude 

f o r  the  co u n tin g  number o f  th e  sequence o f  p r im i t iv e  abundant 

number, and we s h a l l  show t h a t  th e  asym pto tic  d e n s i ty  o f  th e  

sequence of abundant numbers e x i s t s .

3 . 2 . The most amazing p a r t  o f  E rd o s 's  r e s u l t  t h a t  th e r e  

e x i s t  a r b i t r a r i l y  long  ru n s  o f  c o n se cu tiv e  abundant numbers , 

i s  t h a t  a t  th e  tim e o f  p u b l i c a t io n  o f  h is  paper th e r e  was no 

e m p ir ic a l  ev idence  o f  any k in d  t o  su g g es t t h a t  such i s  th e  case

^  P . ERDOS J .  London Math. Soc. 10 (1 9 3 5 ) .  128 -  I 3I .
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G la i s t i e r 's  number d iv i s o r  t a b l e s  f o r  a l l  th e  i n t e g e r s  up t o  

10,000 were on ly  p u b lish ed  i n  1940, but even th e s e  a re  n o t 

h e lp fu l  in  t h i s  r e s p e c t ,  f o r  th e r e  are  on ly  e le v e n  odd 

abundant numbers amongst them, ( th e  sm sillest be ing  94 5 ) , and 

th e y  do n o t l i e  c lo se  t o g e t h e r .  The on ly  p o s s ib le  n u m erica l

h in t  t h a t  could  p rov ide  any m o tiv a tio n  f o r  loo k in g  f o r  such a

r e s u l t ,  comes from S a l ie  ' ,  who showed in  1955 t h a t  ev e ry  

in t e g e r  g r e a t e r  th a n

3 3 ,426 ,748 ,355

i s  e i t h e r  an abundant number o r  th e  sum o f  two such numbers.

We must remember, though , t h a t  Erdos proved h i s  theorem  some 

t h i r t y  y e a rs  e a r l i e r .

To prove t h i s  theorem  we s h a l l  r e q u i r e  th e  fo l lo w 

ing  two lemmas:

LEMMA 26

Let M,, ndi,---Mr be r  i n t e g e r s  each  o f

which i s  l e s s  th a n  n . Then

vC Mr ) < TT(4 r

f o r  a l l  s u f f i c i e n t l y  la rg e  n .

P ro o f .  We have a l r e a d y  shown t h a t  v(m) i s  an a d d i t iv e

fu n c t io n ,  so t h a t  i t  fo l lo w s  £rom -Lomma-22 t h a t

H. SALIE Math. N achr. l 4 .  (1 95 5 ). 39 -  46.

The mfennAlih) vO*'") \i(.n\)+v(ii) is+TV\AAUy+rwfc.
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( 3 . 2 )  v(Lm,nn .̂-.- nOr ) ^ Dogn .
lagZ

B ut, by T cb eb y ch eff*s Theorem (Lemma 1 0 ) ,

(3*3) TTC^-rlcg^n) > 5 r  Icrq^n _ > r  bgn   ̂ ( r ^ n )  >
log L4rlog^n9 lugZ

p ro v id in g  r? i s  s u f f i c i e n t l y  l a r g e .  ( 3 . 2 ) and ( 3 . 3 ) com plete 

th e  p ro o f  o f  Lemma 2 6 .

LEMMA 2 7 .

Denote by — rwr th e  i n t e g e r s  between

fn-N-f-1 and m which are  not d i v i s i b l e  by any prime l e s s  

th an  o r  eq u a l  to  a  g iven  prime cy . Then

' '  » %
ond rvi arz ^  ^

i f  H « •  s u f f i c i e n t l y  l a r g e .

P ro o f .  Let TT "b = Gi. . Then

r  = Z."" Z . ,

cx.= m-Hi-i dlo.
d\ci.

s in c e ,  by Lemma 19 , the  in n e r  sum eq u a ls  1 when ( a ,o . )  = L , 

and . i s  0 o th e rw ise .  R evers ing  the  o rd e r  o f summation we 

o b ta in

r  -- [ & ]  -

N  Z  ^ o ( ’=CQ.))
d ia  <=*•

> tL  ^  ,

'  - ï T î - ^ ' - p ) )
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i f  M and m  axe s u f f i c i e n t l y  la rg e  compared w ith  .

We are  now i n  a  p o s i t io n  t o  prove th e  fo l lo w in g

r e s u l t .

THEOREM 11 (E rd o s ) .

I t  i s  p o s s ib le  t o  f in d  two p o s i t iv e  c o n s ta n ts  c, 

and Cj. such t h a t  f o r  a l l  s u f f i c i e n t l y  la rg e  n th e re  e x i s t  a t  

l e a s t  c, log log leg n  , b u t no t more th a n  tog log log n  ^

co n se cu tiv e  i n t e g e r s  a l l  abundant and l e s s  th a n  n  .

^ r o o f .  To prove th e  f i r s t  p a r t  o f  t h i s  theorem  i t  w i l l  -en ly

be—neca s 3a r y- to  show t h a t  th e r e  i s  a  sequence o f  M abundant

numbers, ...........- -  , s ay , which are  r e l a t i v e l y

prime in  p a i r s ,  and such t h a t

(3*^) m.M,. c  n  .

For i n  t h i s  case  the  s im u ltaneous  congruences

m s  t — 1  ( r̂nod. iv\i ) , (

have a  s o lu t io n  which i s  unique ) , i . e .  a

s o lu t io n  nn w ith
0  <■ m  < n .

Then, s ince  any m u lt ip le  o f an abundant number i s  a l s o  abundan t, 

i t  fo l lo w s  t h a t
ïY \  y  r n — I )    ÏY1 —

are  N co n secu tiv e  abundant numbers, each l e s s  th a n  n  .

We th e r e f o r e  c o n s t ru c t  our sequence as  fo l lo w s .

Let
f Y I |  — J 2 . . 3 )  r Y l 2 _ ‘  5 - " T .  ^ ^ 2 ,  “  | ) s     ------------------------- J
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where m, i s  an abundant number, denotes the sm a llest prime 

such th a t , the product o f primes from 5  to  , i s  an

abundant number, i s  the prime fo llo w in g  , and

i s  the sm a llest prime so th a t , the product o f primes

between and j?*, i s  an abundant number, and so on. I t

w i l l  fo llo w  th a t and are r e s p e c t iv e ly  the la r g e s t

and sm allest prime fa c to r s  o f nrir • (C lea r ly  th is  con stru ct  

ion  i s  p o ss ib le  sin ce by Lemma 3 d iverges to  -i-D4 ,

and th erefore  g iven  any , i t  i s  p o ss ib le  to  f in d  a

so th at
_ 1 I ( \ + X \   ̂ 2  ) ,

^2 r-l--- |>2J- fîij-

We now d e f in e

irJcrgn
and observe f i r s t l y  th a t , by Lemma 9 ,

(3 .5 )  A < .. 2 . “̂ "  -  n ,

and secondly th a t ,  by Lemma 7»

(3 .6 )  - r r  c^lorglogn^

where i s  a su ita b le  absolu te co n sta n t. Now we need only

d efin e tS by the pair o f in e q u a lit ie s

m, nrii  ^  A ^  >

and th en , by ( 3 *5) i
 ̂ m,nai- —  ttih ïs r ^  n .

Hence, (3«W i s  s a t i s f i e d ,  and by the  d e f i n i t i o n  o f  me , th e

numbers m ,, m i , n r » M  are  r e l a t i v e l y  prime in  p a i r s ,  so t h a t

th e re  e x i s t s  a  sequence o f  N co n secu tiv e  i n t e g e r s ,  a l l



^-8.

abundant and l e s s  than n ,

I t  remains to  show th at

N > C| icglcrg \ogn , 

fo r  some absolu te constant c,

I t  i s  c lea r  th a t A i s  a proper d iv iso r  o f  

m , , since both are products o f con secu tive primes 

s ta r tin g  w ith  2 , and so we can w rite

nn, nriâ  % = A c l^

where cx> 1 , and A, cl) = 1  • Then, s in ce  a l l  the m '5

are r e la t iv e ly  prime in  p a ir s  we have, by ( 3 *6 ) ,  th a t

( 3 .9 )  (T(m,)   Crjra^ù. - (rfoQ > çXB) > ,
rvii *Y1 N+i A A

A lso , Since  ̂  ̂1 ,

nn ù me /y>2.i

But as ^  i s  d e f ic ie n t ,  by d e f in it io n  o f  \=>2ii > the f i r s t

fa c to r  on the right-hand sid e i s  l e s s  than 2 . A lso ,

^  ’ fo r  a l l  b.- ,

and i t  fo llo w s  th a t
( 3 . 8 ) < 3 ,  (^1= i,z, -

Hence, by (3»7) and ( 3 . 8 ) ,

3 *̂ *' > C^loglcrgn^

and we can th erefore  fin d  an ab so lu te constant c, such th a t

( 3 .9 )  H > C, (og log l< rgn ,
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We have now proved th at fo r  s u f f i c ie n t ly  large n , 

there e x is t  at le a s t  c, Icnglcrgicg o  con secu tive  in te g e r s  a l l  

abundant and l e s s  than o . We l e t  N be the len g th  o f the 

lo n g est p o ss ib le  run o f con secu tive  abundant numbers l e s s  than  

^ n ( i . e .  l e t  N be maximal), and we s h a ll  show th at th ere  

e x i s t s  an absolu te constant "> C/ , such th a t

^3*10) M c^lorglorglogn.

We proved our in e q u a lity  (3*9) by showing, on one

hand, th at

mi

and on the o th er , th at
N

j —f  g(<Yi_p > C gJog/ogn . 
1=1

We s h a ll  prove ( 3 .10) in  a s im ila r  manner, i . e .  by computing

upper and lower bounds fo r  the product

(3 .1 1 )  T J  ^ )

where, in  th is  case m,, lYi,,... mr are a s p e c ia l su b -set o f  1+ifc

maximal se t  o f N con secu tive  abundant numbers m, m - i ,- . . . m -N i-lj 

not exceeding n . (We note th at th is  means th a t ) .

F ir s t ly ,  s in ce  the m’s are abundant,

( 3 . 12) cr£mO 5 a..
me

Secondly,

q m i j )  =  T T  (  '  +  ........mi r  PTT ( ' + -k- ̂ p

T T r

r r ( '+  :

)
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We now l e t  th e  numbers r)^be th e  in t e g e r s

between rv\ and m -N ^i which are  no t d i v i s i b l e  by any prime 

l e s s  th an  a  c e r t a i n  f ix e d  prime cy , t o  be determ ined  l a t e r .

Vfe denote by M the  p roduc t

rv) I m2.  rn I- ,

Then,

( 3 . 1 3 )  Û ^
s ince  a t  most [ ^ ]  +• 1 o f  th e  in t e g e r s  noi a re  d i v i s i b l e  by 

th e  prime . To compute an upper bound f o r  th e  p roduc t on 

the  r ig h t -h a n d  s id e  o f  ( 3 *1 3 ) we d iv id e  th e  prim es in to

two c l a s s e s .

In  the  f i r s t  we p lace  th o se  prim es p  s a t i s f y i n g  

CJ, ^  H  .

For th e s e ,  we have

[ f ]  • ‘  f  '

and i t  fo llo w s  t h a t
rn_7 ^ I ^

hi M
< TT

But
«"C t K M )  ! •

I

Hh-o "  ^  '

and t h e r e f o r e ,

( 3 . 1M T T  .  e  V ,
N
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In the second c la s s  we place a l l  the primes ly ,

so th at
r f j   ̂ o -

For these primes we have, from Lemma 26 and Lemma 

(3 .1 5 )
HM

<  t t

t  c ,  (Zlorgltjgn + lo q H ^ .

Hence, by ( 3 .1 3 ) ,  (3.1*t) and ( 3 .1 5 ) ,

T T  o t i v u )  ^  +  ( o g  N )  ^
1=1 me

so th a t , from ( 3 . 12) ,

( 3 . 16) ^
2 f  c ^ e  (2!(yglcgn +

I t  i s  at t h is  point th a t the reason fo r  th is  

p a rticu la r  method o f proof becomes c lea n . O r ig in a lly  i t  may 

have seemed a r t i f i c i a l  to  con sid er , in stea d  o f the e n tir e  run

  m -N + 1 o f con secu tive  abundant numbers, a

p a rticu la r  sub-sequence nn,,ni2. ,  nOr o f in teg er s  not

d iv is ib le  ( in  a p rec ise  sen se) by sm all prim es, but in  ( 3 . 16) 

we see the j u s t i f i c a t io n  o f  t h is  d ev ice . I f  the en tire  run 

were taken we should have N in  place o f  r on the l e f t  o f  ( 3 .16)
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and 1 in  p lace o f on the r ig h t .  In th ese circum stances 

the above l in e  o f argument breaks down, fo r  ( 3 . I 6 ) i s  then  

t r i v i a l l y  true and y ie ld s  no new in form ation .

On the other hand, by tak ing  to  be the le a s t  

prime such th a t .

W8 have, by Lemma 273, th a t

( 3 . 17) r  > 4 ^ ,

provid ing M i s  s u f f i c ie n t ly  large (and sin ce  N > cdogfcgiogo  

we can choose n so large as to  make t h i s  p o s s ib le ) .  By (3 * 1 7 ), 

we then have

Z"- > e  ^  ;
so th a t , from ( 3 . 16),

&  *= C4   ̂ /erg M J

< logltrgn . log H ,
s in ce  a+b -=-ab , i f a > b > 2. • But fo r  a l l  s u f f i c ie n t ly

large n ,

2-c^^ leg M < e  .

I t  then fo llo w s  th at

e  ^  leg log n .

Hence, f i n a l ly ,  we can fin d  a constant c.z.>osuch th a t fo r  a l l

s u f f ic ie n t ly  large n ,

M < Cilogloglcrgr?  ̂

and th is  com pletes the proof o f Theorem 11 .
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3*3. In t h i s  se c t io n  we consider the behaviour o f the 

counting numbers o f the sequences o f abundant and p rim itiv e  

abundant numbers as fu n ctio n s o f n • We s h a l l  denote by
r DCn) r dé:ficiĉ nt'
1 A(n) the number oflabundant numbers not exceeding n , 

and by NCn) the number o f p rim itive  abundant numbers not 

exceeding n . More g e n e r a lly , we s h a ll  w rite A(n>A) fo r  the

number o f X- abundant numbers not exceeding n •

One of the most in te r e s t in g  q u estion s to  ask at 

th is  p èin t i s  whether there i s  a f a i r ly  constant proportion  o f  

abundant numbers amongst the f i r s t  n in te g e r s  where n i s  

la r g e , i . e .  does Irm e x is t?  I f  i t  d oes, what

proportion o f th ese  in te g e r s  can we expect to  be abundant 

numbers?

We can prove very sim ply the fo llo w in g  theorem:

THEOREM 12.
6(n) -n 3 ^

i f  n i s  s u f f i c i e n t l y  l a r g e .

P ro o f .  S in ce , f o r  an abundant number m we have <rijn)xZ ,

and fo r  §, d e f i c i e n t  number m we have i , i t  fo l lo w s  t h a trvl

T h e re fo re ,

But in  Theorem 7 we showed th at

wi



5^.

and th e r e fo r e , fo r  s u f f ic ie n t ly  large n >

f\M  6 tt^- -  1  + e  
n  fe>

i . e .  ^  f "

Since there are only 23 abundant numbers amongst the 

f i r s t  100 in te g e r s , i t  i s  very l ik e ly  th a t much more than
jxjjT foKn bevt |30ssiWfe.

Theorem 12 i s / t r ^ e .  C er ta in ly , i f  we con sider s o le ly  the odd

abundant numbers l e s s  than n , we can prove a r e s u lt  much b e tte r  

than would be expected from Theorem 12.

THEOREM 1 3 .
R 'M  < »

n

where denotes the number o f odd abundant numbers not

exceeding n .

P roof. By an argument s im ila r  to  th a t used in  Theorem 12,

we can show th a t
_L_ 2  ar^rYi-il ^ h 'c ^ )  _ L -h .

 ̂o • ro j n rns n JZm - 1 n n
crdd

where Tr(n) denotes the number of/^ d efic ien t numbers not

exceeding n .

But

2 .  ?
Msn ^"^'1 d |^ - i

°CIP’ <
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. ^  2.Since , and ^  ^  , we th erefo re  have

( 3 . 19) p -  ^  <r(2j'i^  < TV̂  -r e  ^ -5 .
n iv\t.i ,Zm-| s  t

Theorem I 3 now fo llo w s from ( 3 .18) and ( 3 . I 9 ) ,  i f  n i s

s u f f i c ie n t ly  la r g e .

Theorems 12 and 13 togeth er  suggest th a t there are

fewer odd than even abundant numbers. This i s  c e r ta in ly  borne

out by the lim ite d  num erical evidence at our d isp o sa l:  there i s

only one odd abundant number in  the f i r s t  1^000 in te g e r s , and

elev en  in  the f i r s t  10 ,000 , compared w ith  253 and 2601 even

abundant numbers. However, th is  evidence su ggests th a t the 8 ^

q uotien t l i e s  approxim ately between O.23 and O.3 .

In 1933 Behrend 'proved, by an exceed in g ly  d i f f i c u l t

method, th a t in  fa c t  i t  l i e s  between 0.2^1 and O.314. A year

la t e r  Davenport Behrend and Chow3o, each proved independentlyy(

the e x is te n c e  o f the l im it
liM = { ( X ) ,  A > A ,

and fu r th e r , th a t i s  a continuous fu n ctio n  o f X  .

S a lie  in  a paper published  much la t e r ,  sharpened in e q u a l i t ie s  

due to  Behrend and proved th a t f  > o-5fc9 , > o-2.^<a ,

and f(5^ > 0-018 .

F . BEHREND. B e r lin . Akad. S itzu n gb erich te  (1933) 280-293*

H. DAVENPORT. Ib id . (3-93^) 83O -  837.

H. SALIE. Math. Nachr. I k  (1955) 39 -  ^6.
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However, a year a fte r  Davenport had obtained h is  
• ^

r e s u l t ,  Erdos proved th at ^  tends to  a lim it as n-a M , 

by a method which d if fe r s  e n t ir e ly  from th a t o f Davenport, and 

which req u ires only elem entary co n s id e ra tio n s . He makes an 

ingen ious use o f the fo llo w in g  lemma:

LEMMA 28.

Let ......  be an in f in i t e  sequence o f

p o s it iv e  in te g e r s , and l e t  A,(n) denote the number o f in te g e r s  

not exceeding 0 which are d iv is ib le  by at le a s t  one ,

Then tends to  a l im it  as n-? w providing only th a t

con verges.

P roof. Let A/ ’(n) denote the number o f  in teg er s  not

exceeding n which are d iv is ib le  by but not by any o f

the in te g e r s    ivik., . Than

Since
M  = 3C + 0 ( 1 ) ,

i t  fo llo w s th a t

lirv, i V > )  ^  - L . -  2 .  - L -  + 5 .̂

A. > s a y .

Now, t r i v i a l l y  we have th a t

rrifc )( 3 . 20 ) o  »  * T t .
h ^
^6 nee

(3.11) "  i k c  -
\J. Lond.

ifz P. ERDOS. Qnlonl Qtuarb. gkwtm. 0̂. X1& .2-6 2 .
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I t  fo llow s from ( 3 . 2 0 ) t h a t  i f  2 . - ^ ^  converges ,

th e n ----------- -̂ -pj---- converges uniform ly in  n 5 and by ( 3 . 2 1 ) ,

2 . Bk converges. Hence,

lim Qiln) = lim ^  =r lirv, = Zn-̂ Kl n n-^M K=i n K-I n -»

i . e .  e x i s t s ,  and our p roo f i s  com pleted.

To show t h a t  ten ds  to  a  l im i t  as n-^PQ i t

w i l l  now only  be n ecessa ry  to  show t h a t  th e  sum of the 

r e c ip r o c a l s  o f the p r im it iv e  abundant numbers converges, f o r  

s ince  we o b ta in  a l l  the abundant numbers by ta k in g  a l l  m u l t ip le s  

o f  the  p r im i t iv e  abundant n u m b ers ,i t  w i l l  fo l lo w  from Lemma 28 

t h a t  liYvi e x i s t s .n-oM ^

THEOREM I k .  (E rd o s) .

ten d s  to  a  l im i t  as ri •

P ro o f .  Let m,   be the  i n f i n i t e  sequence of

p r im i t iv e  abundant numbers. ( In  fu tu re  we s h a l l  w rite  p . a .n .  

f o r  p r im i t iv e  abundant number). We have a lre a d y  shown t h a t  to  

prove Theorem 14- we need only  show t h a t  converges .

Now i f  H(n) denotes the  number o f p .a .n*  s not

exceeding n we have

^  _L_ = -  N(mH)
rV\K rvi^^Kl 'rv\H t nriic S: N

-'(.rvi m+, y N+l N
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na = M N +  | rv|

Therefore to  show th a t  ^  converges we must show th a t

N(n) c 0 /  _JQ  ^

\t,ew4un where g(n)-e> M ^  as--slowly ae we ploaoo* I t  would then
tV\al-
5J -  fo llow  th a t

micM s-H ^ 3 ^ 9  ^ gcM)j.»

and the proof of Theorem 1^ would be complete.

We the re fo re  prove the following theorem:

THEOREM 15 (Erdos).

P roof. • Before counting the number of p .a .n *s  not exceeding 

n we s h a l l  e lim inate  the in tegers  m  ̂ n which do not 

s a t i s f y  any of the following conditions:

( 1 ) I f  \>̂ \ryn , and oi :> i  , then ^ ,

( 2 ) , where /o = <o logicrg n ,

(3) The g re a te s t  prime fa c to r  of rvi i s  g re a te r  

than ,

by showing th a t  the number of these in teg e rs  i s  o r  _ □ —. A .

We consider f i r s t  those in teg e rs  w\^ n which do not 

s a t i s f y  ( 1 ) .  C lea r ly , fo r  these in tegers  the quadra tic  p a r t
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i s  a t  l e a s t  Ctcrgn '̂® and by Lemma l 6 , the number of these  
in te g e rs  i s  ^

<3-22) ( 0 ^ . )  •

Next, i f  nn i s  an in teg e r  not s a t is fy in g  ( 2 ) ,  then

we have
TCrviJ ^ = C l e g n r '^ ^  > ( (a g n )^ ^

But, by Lemma 1 7 ,

S .  -[(wi) -

and i t  fo llow s immediately th a t  the number of in te g e rs  

which do not s a t i s f y  ( 2 ) i s

‘ 3-23) ° (

As regards the in te g e rs  not s a t i s fy in g  ( 3 )

we may suppose a ls o ,  from the above, th a t  they  s a t i s f y  ( 1 ) and

( 2 ) .  But, fo r  s u f f i c ie n t ly  la rge  n ^

(/ogn)'° < 8  .
Hence,

(3 .24) m  ̂ n _  \

fo r  any A > o  .

I t  follows from ( 3 . 22 ) ,  ( 3 . 23 ) ,  and (3 .2 4 ) ,  t h a t  the

number of in te g e rs  n  which do not s a t i s f y  any o f the

cond itions  ( 1 ) ,  ( 2 ) ,  and ( 3 ) ,  i s  <=>( —A .
^ (lag 03 V
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To estim ate K(n) i t  i s  now s u f f i c ie n t  to  consider 

only those p .a .n * s  not exceeding n , which s a t i s f y  our th re e  

c o n d it io n s .  We denote these numbers by m , , .

Our aim now i s  to  show th a t  each has an un

repea ted  prime fa c to r  pi which l i e s  between and

n ^  , so th a t  f i r s t l y

 ̂ 0 ^ ) ' ° - ’ CL"UZ,.._ Nj),

and secondly, the in te g e rs  ^  are d i s t i n c t .  This c le a r ly  

w i l l  su f f ic e  to  prove our Theorem.

By (1) any prime d iv iso r  of mi y which i s  g re a te r  

than  must n e c e ssa r i ly  be an unrepeated p r im e-fac to r ,

and so we need only show th a t  mi has some prime d iv is o r  

between th ese  l i m i t s .  We assume, on the co n tra ry ,  th a t

me r uevL , C*-= -
where a l l  the prime fa c to r s  of ixc are l e s s  than  (icrgn)'® , 

and a l l  the prime fa c to rs  of vi are g re a te r  than  n ^  ; by

( 3 ) ,  ve. > 1 • For s im p lic i ty  of n o ta t io n ,  we now drop the

s u f f ix e s .

Since m i s  a p .a .n .  and v > l  , cjl i s  d e f i c i e n t .  

T herefo re , s ince  cr(uL) and 2 u. are in te g e r s .

û iA.) ^  Au. - 1

Hence, by ( 1 ) and ( 2 ) ,

(3 .25) ^  X -  ^  ^  ’



61 .

Also, by ( 2 ) and ( 3 ) ,  fo r  s u f f i c ie n t ly  la rg e  n ,

(3 .2 6 )

But C«.,v) = i  , and i t  th e re fo re  follows from ( 3 . 25 ) and ( 3 . 26 ) 

t h a t
(TbO < ( ^  -  —!—  3 0  + - l a  \  ^

fo r  s u f f i c i e n t l y  la rge  n , which c o n tra d ic ts  the hypothesis 

th a t  m i s  abundant. Hence, each me has an unrepeated 

prime d iv is o r  pc where

( 3 . 2 6 ) O o g n )'"  -  n

so th a t

( 3 .2 7 )  f t ( log")

To prove our theorem i t  remains to  show th a t  the 

in te g e r s  ^  are d i s t i n c t .  We suppose, on the c o n tra ry ,

th a t
my - yviiA

fo r  some . We observe th a t ,  since ^

_ erf Mv/pv) . U  t>y 
m v  m v / p v  p v  ^

and s im i la r ly  with fK fo r  v • Therefore , on d iv is ion^

We use here the in e q u a l i ty  ( <* I+2 ab, f  o ^ ab ^

F or (1+0^)^ c  I + b<x+ b(b-i}g‘̂ ..< 1+ ba+   < I ■+ _b<̂ _ ^  \ f 2xxh ,
 ̂ I % I— ab
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(3 .28 ) ( If .
1̂ '' otmp.) |)v ( n-F>̂ )̂

But since Mv f  m,«. , ^  f  , and we may th e re fo re  suppose,

without lo s s  of g e n e ra l i ty ,  th a t  the r igh t-hand  side o f ( 3 . 2 8 )

i s  g re a te r  than  1 . Then by ( 3 . 26) ,

‘ 3-29) z b e .  '

Now l e t  :J>v' be the g re a te s t  prime d iv is o r  of . By

( 1 ) and ( 3 ) ,  ? and • Hance, by ( 3 ) ,

since ^  i s  d e f ic ie n t .

But z 9 , and i t  follows th a t
\y\fK

< I -+ —Î— ,

in  c o n tra d ic t io n  of ( 3 *29 )•

We have now shown th a t  the number of p .a.n* s 

i s  l e s s -^ hon » and t h i s  f i n a l l y  e s ta b l i s h e s  our

theorem.

The proof of Theorem 15 now completes the proof 

of Theorem Ilf.

3 . If. Theorem 15 i s  in  f a c t  very f a r  from being the b es t

p o s s ib le .  The weakness of the re ^ u î i  l i e s  in  the s tr in g en cy  

of the co nd ition s  (1 ) ,  (2) and (3 ) .  Because the number of 

in te g e r s  which do not s a t i s f y  them i s  com paratively l a rg e ,
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the accuracy of our r e s u l t  i s  l im ited  from the o u ts e t .

However, having su i ta b ly  weakened cond itions  (1 ) ,

( 2 ) and ( 3 )) a^d e lim inated  the in te g e rs  not s a t i s fy in g  them, 

i t  w i l l  be correspondingly  harder to  show th a t  the number of 

p .a .n * s  among the remaining in teg e rs  (which do s a t i s f y  the 

th re e  co n d itio n s)  i s  s u f f i c ie n t ly  sm all.

We r e c a l l  th a t  in  estim ating  the number of the 

l a t t e r ,  we showed th a t  each has an unrepeated prime

d iv is o r  pc which i s  la rge  enough to  ensure th a t  each 

^  ) and small enough to  ensure th a t  the

in te g e rs  are d i s t i n c t .  To improve on our r e s u l t  we

would c le a r ly  have to  show th a t  each me has an unrepeated 

prime d iv is o r  ly ing  in  a corresponding in t e r v a l  fo r  which 

the lower bound, a t  l e a s t ,  i s  la rg e r .

In  showing the in teg e rs  to  be d i s t i n c t  we

used f i r s t l y  th a t  , and secondly th a t

pv pfK
But in  Lemma 2^ we saw th a t

whenever a  and b are sq u a re -fre e .  Therefore the method of 

Theorem 1? can remain s u b s ta n t ia l ly  unchanged i f  we can show 

th a t  the  sq u are -free  p a r t  of each Mr has some d iv is o r  d i  

(nor n e c e s s a r i ly  prime) which i s  n e i th e r  too  la rge  nor too  

sm all. C le a r ly ,  t h i s  w i l l  be more probable i f  the  im plied 

lower l im i t  on d i  i s  la rg e r  than  t h e ^  fo r  the  prime d iv is o r  

. (For example, the square -free  p a r t  of each
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may have two prime d iv iso rs   ̂ g^y, both

too  sm all to  l i e  in  our new in te rv a l ,  whereas the product 

K  i s  la rge  enough).

Working along these l in e s  Erdos *  found an improved 

upper e s tim ate  fo r  N(") , and then went on to  f in d  a  lower

e s t im a te .  His combined work gives us an amazing r e s u l t :  the

c o r re c t  o rder of magnitude fo r  the fu nc tio n  N (n ) . He proves

n Nfn) ^   Q

By b e t t e r  choice of the con s tan ts  involved, and 

improved c a lc u la t io n s ,  we apply Erdos*s method to  prove our 
next Theorem.

THEOREM 16.

^ __  n_____ ____  ,

fo r  a l l  s u f f i c i e n t ly  la rge  n •

P roof. For b re v ity  we s h a l l  w rite

( 3 . 3 0 ) X  = Clorgn IcrgCcgn)!^ 11 r /  .103-9 -

so t h a t  we have to  prove th a t

( 3 .3 1 )  n e  N (n)

P., ERDOS. J .  Lend. Math. Soc. 9 . ( I 935 ) 49 -  58 .
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We s h a l l  note the following d i re c t  consequences of 

d e f in i t io n s  (3*31) which w i l l  be in  constan t use below:

(3*32) ^  " lo g lc g n ,

and

(3 .33) y logy •=- ,

f ixta
fo r  a l l  s u f f i c i e n t ly  la rg e  n , and any^positive constan t

We began the proof of Theorem 15 by e lim ina ting  from 

fu r th e r  co n s id e ra t io n  a l l  in teg e rs  rvae-n having quadra tic  

p a r t  Fryy a t  l e a s t  , (cond ition  (l)J^ and possessing

many small prime f a c to r s ,  (cond itions (2) and ( 3 ) . )  In the 

same way we now l e t  6  denote the se t of a l l  in teg e rs  on:^n 

which do not s a t i s f y

(1) ^ , where c, - ^  ,

(2) The g re a te s t  prime fa c to r  of m i s  g re a te r  than

where

We s h a l l  prove th a t  the number N, , of elements of S s a t i s f i e s

(3 .34) N, -  ® .

By Lemma 16, the number of in te g e rs  m ^ n  which 

do not s a t i s f y  (1) i s  l e s s  than

(3.35)

The in te g e rs  m % n  not s a t i s fy in g  (2) may be 

div ided  in to  two c la s s e s .
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In the f ir s t  c la ss  wë place those integers m & n 

for which v(m) s z. , where

z. - [c, y] + 1

We may suppose a lso , from the above, that their quadratic par\ 

i s  le s s  than e.^'^ « Hence, since

(3 . 36) c.g <2 z  i  c.g 1  -2 c.x-i-i ^

the number N ' of such integers i s ,  by (3 . 32) ,  at most
^ c c , - t c z ; x :

^  ^  ( t - C 2 C , ) X Z j  -t- ( C i + C i j x  +  C iy  t  X

But 9 , and i t  therefore follows that

(3 .37)  N ' -  ^

i f  n is  su ffic ien tly  large.
For the integers of the second c la ss ,

v(m) >2 . .  \A sh all denote the number of these integers by 

N" . Clearly every integer counted in N" i s  d iv isib le
by an integer a. such that v(A) = z . Let d ,,  oq- be

a l l  the integers m&n which have exactly z. d ifferent prime 

factors. Then since the Integers of the second class are 

multiples of the ex's we have

N "  S  JX + XL. t   + XL.cx I 0.2. -

f)-sn
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But by Lemma 8 ,

^  *  2 . 1a g lo g n

therefore, since > 2-

N" % n ( 2-loglcrgn)^ c. n /  3Le Itrglogn
z.!  ̂ -z- *

Now i t  i s  ea sily  verified  that for fixed b the function ( - | - f  

i s  uniformly decreasing, provided that % > ^  , Hence, for

su ffic ien tly  large n , we have, from (3 . 36) ,  that

N" ^ n (  .2e_^ alo3ny ,S  ^ n ( e^loglogn y d j

= n  [ ?,c,y + c ,y  Icrglcrglcsgn -  c ,y tc g y  J  ,

But by (3*33)* y togy > (x , so that from (3*30) we have

( 3*38) N" ^ ( c . - l ) .
C& Snria.ll

.  o n i^  t<nD m a v  f»hnr«i

ensure that

Now c, = ^  , and we may choose^enough to

(3*39) i c ,  -  C3 ^ ^  .

I t  w ill then follow  from (3*35), (3*37), and (3 . 38) that for 
a l l  su ffic ien tly  large n the number N, , o f Integers m. 5 n 

which do not sa tis fy  ( 1 ) and ( 2) ,  i s ,  at most

i r n e - ^ .

To prove the right-hand inequality in  (3*31)» i t  

now su ffices to show that the number of p.a.n*s not exceeding 

n which sa tis fy  (1 ) and ( 2 ) is  at most , We
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denote these p.a.n*s by m ,,  mn «

We have already discussed the method we sh all now 

use* we shall show that the square «"free part of each p .a .n . 

rv\i sa tisfy ing  (1 ) and ( 2) has a divisor ciC satisfy ing

(3 .W )  e .  d ,  .  «

SO that for su ffic ien tly  large n ,

(3.41) ĈAi

We sh a ll then conclude by showing that the integers ^  are 

d is t in c t .
But since

f c z - c ,  = 4c, ^

i t  w ill follow  from (3*39); and (3*41) that for a l l  

su ffic ien tly  large n ,

( 3 *42)

and the f ir s t  part o f our Theorem w ill  be complete.

We now prove (3*40). I f  any one of the prime

factors o f rv\; l ié s  between and i t  occurs

to the f ir s t  power only by virtue of ( 1 ) ,  and there i s  nothing

to prove. Hence, le t

( 3 *43) rv,,

where u., has only prime factors le s s  than e  , and
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Vl has only prime factors greater than e  ,

Since, from ( 1 ) ,  the quadratic part of m, is

le s s  than , to prove (3»40) i t  su ffices to show
that each/has a divisor between e  and

To sim plify the notation we temporarily drop the

su ffixes in (3*43), and le t  the prime decomposition of u  be

- - - -

I f  cLr-3. , since each prime factor of iK i s  le s s

than , and i f  oir z-2 , we have e ,

since ttie quadratic part of ni i s  le ss  than . Therefore

(3.44) fr”* ' ' —w).

We now consider the numbers

  , K ' k " ' —
i f  we can show that

U. r > e }

then there must ex ist a X so that 

since, by (3.44)
I-.;./'"" '  “

I t  follows that

and M has a divisor in the required in terval.

We sh a ll now prove that
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( 3 . 4 5 ) ^  .

Wg assume, on the c o n tra ry ,  t h a t

u s e
Then, s ince iL i s  d e f i c i e n t ,  ( c . f .  ( 3 , 2 5 ) ) .

(3 .46 ) ^  ^

By ( 1 ) ,  V i s  S q u are -free , so th a t

5ÏV2 -  T T +  '
V ^Jv ^

But, by Lemma 22, every number l e s s  than  n  has a t  most

2_logn prime f a c to r s .  Hence, ( c . f .  foo tno te  fo r

( 3 . 26 ))

( 3 . 4 7 ) ^  ^  .  •

But • T herefo re , by (3 .46) and (3*4?),

qi(m) _ o-çui ctyj c  t' — —*— V  I -+ -41cm n ^ % .
m u  V ^ i T â T  V ^

fo r  s u f f i c i e n t l y  la rg e  n  , and t h i s  c o n tra d ic ts  the  hypothesis  

t h a t  m i s  abundant. Hence, (3*45) ho lds , and t h i s  completes 

the proof of (3*40), and, in  p a r t i c u l a r ,  the proof of ( 3 .4 1 ) .

We show f i n a l l y  th a t  the in te g e r s  ^  are

d i s t i n c t ,  so th a t  the number of p .a .n * s  i s  l e s s  than

-2.

We suppose, on the c o n tra ry ,  t h a t  

dv d .  '
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f o r  some . Since (üîbV,

(Sjmo) _ (T(niv/dvj cr/dtf)
Mv '  mo/dw dv

and s im ila r ly  w ith  fK fo r  V . T herefo re , on d iv is io n ,

LOS -Aov cr(difL]

But nnv f  no|a. , so th a t  du ^  , T herefo re , by Lemma 24,

since and dv are s q u a re - f re e ,  th e  r ig h t-h an d  side of

(3*48) cannot equal 1 . We may th e re fo re  suppose, without l o s s  

of g e n e ra l i ty ,  th a t  i t  i s  g re a te r  than  1.

i . e .  or((iv)d/uL > o(ci^).ciM .

But both s id es  of t h i s  in e q u a l i ty  are in te g e r s ,  so we must have

^  + 1 .

But since i s  d e f i c i e n t ,  i t  fo llow s from (3*48) and (3*40)

th a t

(3 .49 )

Now l e t  be the g r e a te s t  prime f a c to r  o f . By (1) and

( 2 ) ,  t>y’ >2e^^and * Since ^  i s  d e f ic ie n t  i t

fo llow s th a t

Hence, s ince  on^ i s  abundant,

(T/ <L I "f
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i n  c o n t r a d i c t i o n  o f  (3o*+9).

Thus, we have shown t h a t  th e  i n t e g e r s  ^

Cl= 1,2,—  H ) ,  a re  a l l  d i f f e r e n t ,  and hence , f o r  s u f f i c i e n t l y  

l a r g e  n ,

(3 .50 )

R e la t io n s  (3«3^) and (3*50) t o g e th e r  prove t h a t ,  

f o r  a l l  s u f f i c i e n t l y  l a r g e  n ,

N (n )  <

and t h i s  co m p le tes  th e  p ro o f  o f  th e  f i r s t  p a r t  o f  Theorem 16 . ^

To f i n d  a  low er bound f o r  N(n) we c o n s t r u c t  a  

p a r t i c u l a r  sequence o f  p . a . n * s ,  e a ch  l e s s  th a n  n  , c o n ta in in g  

a t  l e a s t  n e  members.

L et k > l  and t  be n a t u r a l  numbers t o  be f i x e d  

l a t e r ,  and l e t  5̂o K » - - 'K  be any K p r im es s a t i s f y i n g

C3*51) Ck-02.^^' <.................... .......

We s h a l l  p rove  t h a t  th e  number

( 3 • 52 ) 2.^

i s  p r im i t i v e  ab u n d a n t .

^  I t  i s  i n t e r e s t i n g  to  c o n s id e r  why th e  c o n s ta n t  Ci /  was 

chosen  o r i g i n a l l y  as  • By t h i s  method ( s e e  (3*35);

( 3 * 3 7 ) ,  ( 3 . 3 8 ) ;  (3 .^ 1 )  ) th e  b e s t  r e s u l t  we can  o b ta in  i s  

K ( n )  ^  , where = m m  ^  - C 3  .

We t h e r e f o r e  choose Cg>o, a s  sm a l l  as  p o s s i b l e ,  and - c, ,

i . e .  C| - ^  . I t  f o l lo w s  t h a t  ^
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F irst we show that a number of type (3*52) i s

a b u n d a n t•

We observe  t h a t

C2 i—O ,  (r=  1, 2, . . .

and th e r e f o r e
« k "  -  z \ i r - o  =

By a  double a p p l ic a t io n  of the  A.P. -  G.P. in e q u a l i ty ,

^ ^ |:>k) * ^ ie^Tl, ^

and i t  fo llow s th a t

 c ’ f c )
2rp% pz pk ^

> )C ' ^

>- ( g - '  ) C  "

p ro v in g  th e  abundance o f  __ ptc •

To prove t h a t  a  number o f  ty p e  ( 3 *52) i s  p r i m i t i v e  

abundant we have to  show i f  d  i s  a  p ro p e r  d i v i s o r  o f  

2 ^[>,pz.— pK 9 th e n  J2_ , A p ro p e r  d i v i s o r  d  may

ta k e  e i th e r ,  th e  form

(3.53)

where d '  i s  a proper d iv is o r  of p.pz, - - pK 9 or the  form 

(3*5^) 2. <d ^
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where o ^ r ^ t - \  , and ci" | But we have shown, i n

Lemma 23, t h a t  i f  a ( b  , th e n

cr(a) < (Tfh) •
cv b

T h e re fo re  th e  l a r g e s t  q u o t i e n t  which needs to  be

c o n s id e re d  i s

i n  th e  case  o f  a  p ro p e r  d i v i s o r  o f  type (3*53)> and

( 3 *56) p,[3a. —  ^
2^-’P p ,  p^

i n  th e  case  o f  a  p ro p e r  d i v i s o r  o f  ty p e  ( 3 *5^) • B u t,

^ 2,1-' 21-' 2^*'^

 !_ q^Z i)  ^

whence (3 .5 5 )  i s  th e  l a r g e r  o f  th e  two q u o t i e n t s  ( 3 .5 5 )  and ( 3 . 5 6 ) .  

Thus i t  s u f f i c e s  to  prove t h a t

(3 .5 7 )  f L E l b & z z W  <  2 . .

Now

crCZ*|>z.h--. 1>k) < V I . -  - 1 —

and w r i t i n g  X f o r  th e  r ig h t - h a n d  s id e  o f  t h i s
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i n e q u a l i t y  ^  i s

and t h i s  co m p le tes  th e  p ro o f  o f  (3*57 )•

I n  o r d e r  t o  e s t im a te  th e  number o f  p .a .n * s  o f  ty p e

(3*52) we show t h a t ,  f o r  k and s l s u i t a b l y  ch o sen , th e  number

o f  p rim es betw een  Ck-i)2*+' and k  2^^’ i s  a t  l e a s t  •

By th e  Prime Number Theorem (Lemma 11) ,  w i th  Zi = 3  ,

we have

I t  fo l lo w s  t h a t

TTCkz«^')- nCOcHU-*') = J

+ o / j y j  )
lag (_K /

N ext, we impose th e  c o n d i t i o n

k  < 2  ,

^  -- rw(tM-i) - - ( w - r t i )  . j _  & -L  r  )  Z
 Fi m"- r !  ^
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and observe  t h a t

log ^  J^ogjd + (g+i ) lo g z  <k 2+1^

i f  1  i s  ch o sen  s u f f i c i e n t l y  l a r g e .  Hence,

TTCk-2^*^') -  f  ) > _ z l  .
di- { (L̂  '  e +1

We s h a l l  now prove  t h a t  k  and 2  ,  ̂ may

be chosen  so t h a t  ea ch  p . a . n .  o f  ty p e  (3 .5 2 )  i s  l e s s  th a n  n , 

and so t h a t  th e  number o f  them i s  a t  l e a s t  . We

choose JH so t h a t

(3 .58) 2"-' s  -  2 %

and

Than , by ( 3 . 58) ,

(3 .59 ) -  2»  .

and f o r  s u f f i c i e n t l y  l a r g e  n ,

\ < k  ^ DC ^  i L ,

By ( 3 . 51) and (3#S3)> e a c h  p . a . n .  o f  ty p e  ( 3 . 52) i s  l e s s  th a n

0-5 X + XU + Sx - 4 6 XL - i Z ' Tc  e, ^ .

<

n  .
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F in a l ly ,  s ince  N(n) i s  g re a te r  than  the number of

p .a .n * s  of type ( 3 . 52) ,  MCn) i s  g re a te r  than  the number of

ways of choosing k primes from a t  l e a s t  primes ly in g

between Ck-i) 2^+' and k. 2^^*

i . e .  P 2  ̂ -1
H(J\) > C|C '

But
■■Ck =  ̂ C ^ ) S

and, by (3 .5 9 ) ,

[ A ' 3  > 4 P  -  '  4 '
fo r  a l l  s u f f i c i e n t l y  la rg e  n . T herefore ,by  ( 3 . 32 ) ,

DC(tJ-5.S) 3cy
M (n ) > e .

s s x(acy^ae

z: n e  ^

fo r  a l l  s u f f i c i e n t l y  la rg e  n  .

This completes the proof of the le f t -h a n d  in e q u a l i ty  

in  ( 3 . 3 1 ) ,  and hence the proof of Theorem 16.

3 . 5 . In  the  l a s t  s e c t io n  of t h i s  chap te r  we s h a l l  d iscu ss  

the behaviour of our g e n e ra lised  fu n c tio n s  R C n ,\)  and N (n ,x )  , 

where A(n, X) and NCn,\) denote re s p e c t iv e ly  the number of 

X“ abuhdant and p r im itiv e  X-abundant numbers not exceeding 

n . C le a r ly ,  by a proof i d e n t i c a l  to  th a t  used in  (2

we could show th a t

R C c-  ̂ X > 1.
h 3C X -0
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We proved, however, the ex is ten ce  of the d e n s i ty  of the 

abundant numbers by proving th a t  the sum of the r e c ip ro c a ls  of 

the p r im itiv e  abundant numbers converges, (Theorem l40 , but a 

s im ila r  method cannot be used w ith  the X -abundan t numbers, . 

s ince  the sum of the r e c ip ro c a ls  of the p r im itiv e  X — 

abundant numbers d iverges fo r  some values of X • We can 

show t h i s  very  s im p ly .

THEOREM 1 7 .

There e x i s t s  a  number X >J_ fo r  which

where   i s  the i n f i n i t e  sequence of p r im it iv e  X —

abundant numbers.

P roof. Let be an i n f i n i t e  sequence o f primes

s a t i s f y in g  ‘

( 3 . 59) ^ ^

I t  i s  c le a r  th a t

so t h a t  TT C !  ̂ )  converges. Put

we s h a l l  show th a t  fo r  every  k the in te g e rs

( 3 . 60) -■ N  f>ic ^ ^  |>IC+P

are p r im it iv e  X— abundant.
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F i r s t  we show th a t  a number of type ( 3 . 60) i s  

abundant* To prove t h i s  we must show th a t

or

li-

( 3 . 61) I ^

g~Cplp2. ^  X ;
- ' pK p

L  »  T T  l ' . * )

pK+l

But, by ( 3 . 59 ) ,

k -

P
N M

)

Also, Since p ,

< c 1 4- *1>^ J
C » 4-

0 -h

( J 4-
N . Z . - 1 ^

< 1 4-

9
1

>
1 4-

&K+r" ^

W i.

!rr, )

2L
CNt,+

C pK+, -  i
T herefo re , to  prove (3*61) i t  s u f f ic e s  to  prove th a t

_ a _ _  ,
I " x )  ^

i . e .
-  0 "
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But th is  i s  c lea r ly  true, by virtue of (3*59)j and i t  follows

that a number of type ( 3 . 60) i s  X~ abundant.

To prove th a t  - p*cp i s  p r im itiv e  X —

abundant we have to  show th a t  i f  cl i s  a proper d iv is o r  of

pip2L---picp then  X . I f  d  i s  of the form pd ' ,

where d ' i s  a proper d iv is o r  of , then

^  p .pz-pK  ’

s ince  < cCPO , i f  h • On the o th er  hand, i f
P pi

cl i s  of the form dL'̂  , where d"  ( p,f>^---.p  ̂ , then  c le a r ly

^  k  - — pip <c X •
Ptpz- p&c

Hence, the numbers p,p^ p>,^p are p r im itiv e  X-abundant fo r  any

k  .

The proof of our theorem now follow s e a s i l y .  By

Lemma 5?

^ 4 r  - Icmlogni- B-i- Q (  JL_ ) ,

where B i s  c o n s ta n t .  I t  follow s from (3*59) t h a t

pic"^p^K+i

But by our d e f in i t i o n  of the prime , we have

P«C  ̂ P'P.2̂  pK-l "
Thus

^  T T  :   ̂ i r ;Pipi.--pkp
and

 »  —> 'W .
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Theorem I 7 dem onstrates th a t  i t  i s  not p o ss ib le  to  

use the same type of argument fo r  the X- abundant numbers as 

fo r  the abundant numbers to  show the dequence of these  numbers 

possesses d e n s i ty .  This r e a l ly  r a i s e s  an in t e r e s t in g  

question  of a more g enera l n a tu re :  what are the most g ene ra l

cond itions  on a sequence rvic under which the sequence of 

m u ltip le s  of mz possesses d en s ity ?  Such a  necessary  and 

s u f f i c ie n t  co n d it io n  was d iscovered  by Erdos in  1948. 

Although t h i s  co n d it io n  i s  r a th e r  com plicated the proof of i t  

i s  e lem jary  in  n a tu re .  The co n d itio n  im plies  th a t  i f  the 

number of numbers m: not exceeding n i s  then  the

sequence of m u ltip les  o f mr possesses  d e n s i ty .

In  our case i t  fo llow s th a t  the  sequence of X— 

abundant numbers possesses d e n s i ty  provided th a t

In  f a c t  we s h a l l  prove the fo llow ing theorem:

THEOREM l 8 .* \ B r d o s ) .

N ( n , X )  = o ( _«3—  \  .
^  lorqn Jlog

P roof. Our n^thod fo r  the f i r s t  p a r t  o f t h i s  Theorem w i l l

now be f a m i l ia r  to  the re a d e r .  We begin  by e l im in a tin g  the 

in te g e r s  rYi& n  w ith  la rg e  quad ra tic  p a r t ,  y e t possess ing  many

P. ERDOS. B u ll .  Amer. Math. Soc. 54.8 (1948) 685 -  692 .

^  p, ERDOS, Acta. ArnVimeficoL. J 2 6 - 3 3 ,



82.

sm all prime f a c to r s .  We show th a t  the  numbers of in te g e rs

fv\&n which do not s a t i s f y  any of the fo llow ing co n d itio n s

( c . f .  Theorem 1?) i s  Q(' :Ocrgn)V

( 2 ) i f  =̂*1 m , and u > x  , then  -  Oogn)'®.

( 3 ) v(rvi) < p  , where p  - loicrglcrgn .

(4) The g re a te s t  p r im e-fac to r  of m i s  g re a te r  than  n .

I t  i s  t r i v i a l  th a t  the numbers of in te g e rs  m:& n

not s a t i s fy in g  ( 1 ) i s  ‘̂ C(T^n ) 0  » we have a lready  shown in

( 3 *22) and (3*23) of Theorem 15 th a t  the number of in te g e rs

rv\s.n which do i^ot s a t i s f y  ( 2 ) and ( 3 ) i s  oq ^|2gn)s-}

For the  in te g e r s  n  not s a t i s fy in g  (4 ) ,  we may assume w ith

out lo s s  of g e n e ra l i ty ,  th a t  they  s a t i s f y  ( 2 ) and ( 3 ) .  Let

the prime decomposition of m be

m =

By (2 ) ,  i f  then  ( logw n f o r  s u f f i c i e n t l y  la rg e

n , and i f  = 1 , then  p ^ n , by (4 ) .  Hence, by ( 3 ) ,

m r - n = o r  n  \
^OoTin)VClog nj^/^  

for any A ^ o

We th e re fo re  need consider only those p r im itiv e  

X  — abundant numbers not exceeding n , which s a t i s f y  co n d it io n s

(1) to  ( 4 ) .  We denote these  by m, , nia., , .........  .
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I t  i s  here, however, t h a t  our method d i f f e r s  from 

th a t  of Theorem 15* Whereas we were th e re  able to  show th a t  

each had an unrepeated prime d iv is o r  pi  which was la rg e  enough 

to  ensure t h a t  ^  was sm all, and small enough to  ensure t h a t  the  

in te g e r s  ^  were d i s t i n c t ,  i t  i s  not t ru e  th a t  each X- 

abundant number has a s im ila r  p ro p e r ty . We can, of course , 

e lim ina te  those X-abundant numbers which do have such a 

d iv is o r  by a method s im ila r  in  every re sp e c t  to  th a t  used 

in  Theorem 15.

We l e t  each

me - Ui Vt' ;

where a l l  the prime f a c to r s  of do not exceed Clcryn)'®, and

a l l  the prime f a c to r s  of ml are g re a te r  than  (icrgn)’® . We

s p l i t  the numbers rv\t in to  two c la s s e s .

In the f i r s t  c la s s  we place those me f o r  which 

i s  not a s ing le  prime. (By (2 ) ,  (3 ) ,  and (4 ) ,  and

Vi. i s  s q u a re - f re e ) .  Let the prime decomposition of Vc be 

Then by (W , we have   ‘  ' '

( 3 . 62) (tagn)'° -  . . ^  tr") ,

Now we s p l i t  the numbers of the f i r s t  c la s s  in to  

two su b -c la s se s .  In the f i r s t  su b -c la ss  we p lace the numbers 

on t' wit h

(3 .63)
( i s ,  in  f a c t ,  the unrepeated prime d iv is o r  we have a lre ad y  

d isc u sse d ) .  We s h a l l  show th a t  i f  (3*63) i s  s a t i s f i e d  then



84.

the in te g e rs

znL ^  —o—  ,
(3 .64) t f "  acgn)’°

are a l l  d i f f e r e n t ,  and i t  w i l l  then  fo llow  from ( 3 . 62 ) t h a t  th e  

number of in te g e rs  of the f i r s t  su b -c la ss  i s  l e s s  than

n o  (  -J O —
V l o a n  )Clogn)'“ 'og

We assume, on the co n tra ry ,  th a t

mv ID/ul

fo r  some ÿt v • By a method id e n t i c a l  to  th a t  used in  

Theorem 15 we can show by (3*63), th a t  ( c . f ,  (3#29)) . 

crfmv). nriM  ̂ 1 + — >
(3*65) Mv 13

But, on the o th e r  hand, i f  . i s  the g re a te s t  prime

f a c to r  of rviv , then i s  d e f i c i e n t ,  and, by (4 ) ,
rr

+ F ' )  '

But nrijuL i s  X— abundant, so i t  follow s th a t

}

in  c o n tra d ic t io n  of ( 3 . 65)*

This completes the proof th a t  the in te g e rs  

^  d i s t i n c t ,  and thus d isposes  of the f i r s t

su b -c la s s .
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In  the second su b -c la s s ,  we have the  numbers fo r  

which VL i s  not a s ing le  prime, where a l l  the p r im e-fac to rs  

of Vl are g re a te r  than  n • In  Theorem 15 we were

able to  show th a t  the corresponding su b -c la ss  was empty, by 

proving t h a t  i f  mi  d id  belong to  t h i s  s u b -c la s s ,  mi would 

be d e f id i e n t .  In  the course of the argument we used the  

f a c t  t h a t  i f
a ( u c )  ^  jZ_ui ^

th en

^  2ui* -  1 .

On rep lac in g  2 by X here i t  becomes c le a r  th a t  t h i s  s tep  i s  

no longer v a l id ,  unless A i s  an in te g e r .

The most we can show now i s  t h a t  fo r  the numbers mr 

of the second su b -c la ss  has a co n s tan t  valuelA. \

( c l e a r ly  l e s s  than  X ) i*e.. th e re  e x i s t s  a  number Kn such 

th a t

( 3 . 66) ^  •

We assume, on the co n tra ry , t h a t  fo r  some my and 

0^2. of the second su b -c la ss  we have

^  arjUT.) 
lA, Ua. -

so th a t

qjjxO - ^ —
( 3 *67 ) a  I. -

Now, by (2) and ( 3 ) ,  we have

(3 .68 ) W.C Clc3gn)'°^,
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I t  fo llow s from ( 3 . 67 ) and ( 3 . 68 ) th a t

OlQit) _ gl!&) >
L4z- ^  I 2

o r ,  since i s  n e c e s s a r i ly  d e f i c i e n t ,

( 3 . 69) ctu.) A -
U|

But since Vl i s  sq u a re - f re e ,  and fo r  every p \v i  we have 

) i t  fo llow s from ( 3 ) ( c . f .  fo o tn o te  ( 3 . 26 ) ) t h a t

Vi  ̂  ̂ J

But ( u , , V,) % 1 , and th e re fo re

c l ^  < (X L_ Y  ! -H \  ^  X
m, u, V, n

i f  n i s  s u f f i c i e n t l y  la rg e ,  and t h i s  c o n tra d ic ts  the 

hypothesis  th a t  rvi, i s  p r im it iv e  X -a b u n d a n t .  This completes 

the proof of ( 3 . 66 ) .

We now l e t
= »vun [  ]  ,

where the minimum i s  taken  over the members of the second sub

c l a s s .  We may immediately d ism iss those m j s  fo r  which the  

sm alles t prime f a c to r  of Vi s a t i s f i e s ^

( 3 . 7 0 ) -  h C '  + i ^ )  -

By Lemma 5, the number of th ese  i s  l e s s  than
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(3 .71) n 2 .  4 -  ■=• cm ( l o g l o g = o/_ZL_ y
h = Oogn)^ '^9"

T herefo re , we consider the p r im itiv e  X- abundant numbers 

of the second su b -c la ss  fo r  which

(3 .72) K "  ^

We s h a l l  show th a t  fo r  each of these  numbers m i

we have

(3 .73) b  ( ' »  ^  h ." '  -  K " '  -  t^ .C '-g n ) - ,

i . e .  each mi has two unrepeated prime f a c to r s  ly ing  in  the 

i n t e r v a l  ^ h  ? so th a t  the number of th ese  numbers

i s  a t  most

(3 .74) "  |>,Oogn)- ^ ^

By ( 3 . 7 0 ) the r ig h t-h an d  side of (3*74) i s  l e s s  than

1(0 Ci no'* ( lffqloq«)=̂  =
c i ^ n ) -  <- l .^ n  J  '

and ( 3 . 7 1 ) and ( 3 . 7 5 ) w i l l  dispose of the second s u b -c la s s .

I t  remains to  prove (3*73)* F i r s t  we show th a t  fo r

every v:

( 3 . 7 6 ) Vi ?i
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To see t h i s  we have only to  remark th a t  i s  a  prime f a c to r

of some nftj= UjVj . Thus, since v j i s  not a  prime we have,

by ( 3 . 66) ,  t h a t

= Kn (■ ^ -  qliLi). afyi) = VCn 0lYi9,
l l - p r  ^ Uc

which proves ( 3 . 7 6 ) .  I t  fo llow s th a t  ( c . f .  f o o tn o te , ( 3 . 2 6 ) ) 

or

-- p, Clogn

and by ( 3 *7 2 ) l i e s  in  the  d e s ire d  i n t e r v a l .

Next, we f in d  an estim ate  fo r  . I t

fo llow s from ( 3 *7 6 ) th a t

\ + _ ^  ^  ^  CI+ - ^ ,3 ( 1 - ^
PI Vi  P»

and s u b s t i tu t in g  from ( 3 . 7 2 ) g ives

Ci + - f e - ) ( i - l 5 a n _  )■'  s  C f

( 3 . 77 ) '

But fo r  a l l  r e a l  ou we have

( 3 . 7 8 )
C n- 0-3 ' > \ — a ,

and applying the  in e q u a l i ty  ( 3 . 7 8 ) to  the le f t -h a n d  side of 

( 3 . 7 7 ) we o b ta in  ( a f t e r  simple re-arrangem ent)

/Oî  * -2/0 9 n ,

where, by ( 3 -7 0 ) ,

Y> ^
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fo r  s u f f i c i e n t ly  la rge  n , so th a t  a lso  l i e s  in  the

requ ired  i n t e r v a l .  This completes the proof of (3 .7 3 ) .

We have now shown th a t  the t o t a l  number of p r im itiv e  

X~ abundant numbers in  the f i r s t  c la s s  i s  ^ . F in a l ly ,

we consider the numbers me of the second -c lass , i . e .  

numbers me fo r  which vj i s  a s in g le  prime.

Let
( 3 . 7 9 ) MC - UCpi .

By ( 3 . 68) and ( 1 ) ,  i t  s u f f ic e s  to  consider the numbers

s a t i s fy in g

(3 .80) K  > n  ;

But then  we may again  assume th a t  ( 3 . 66) holds ( i . e .  ÇXüi.)

i s  of constan t v a lu e ) ,  the proof being e x a c t ly  the same as 

p re v io u s ly .  I t  w i l l  fo llow  th a t  the number of numbers 

in  the second c la s s  equals

where the dash in d ic a te s  th a t  the summation extends over the 

Lie s a t i s fy in g
= Kn .ue

Hence, to  prove our theorem i t  w i l l  su ff ic e  to  show th a t

( 3 . 81 ) = 0 ( 1 3 ,

Now denote by ----- the i n f i n i t e  sequence

of a l l  in te g e r s  s a t i s fy in g

(0^32) ^ Kn - ^  ^  > (^ n ,b n ) -  1-ĵ
a i  bn
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6 l e a r l y ,  we have

F i r s t  we show t h a t  as w , • By ( 3 *79)

and ( 3 *80) ;  we have

(3 .8 3 )  « S i )  . ^  -  A , ' " " V  ■
CXc Pi1

or

(3.3M w

But t>i ^ Cl*''' —9 M , and th e re fo re  ^  ^  ^  , and t h i s  i s

im possible i f  bn (and hence an  ) assume only  a f i n i t e

number of v a lu e s .  Therefore ÿ n - e  M .

Thus, to complete our proof i t  w i l l  s u f f ic e  to  show

th a t

^  —1---- C —5 ---  y
(3*85) V"

where c  i s  an abso lu te  c o n s ta n t .  From (3*82),

t>n I ^  •

T herefo re , by Lemma 7?

(3.80 Z " *  * i S ' - t  •  ̂ c, j « ^ ,

where the double-dash denotes th a t  a l l  the prime f a c to r s  of 

ac are l e s s  than  bn •

Now, consider the sum

(3 .87)
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where the t r i p l e - d a s h  denot-es th a t  a t  l e a s t  one p r im e-fac to r  of 

ai  i s  g re a te r  than  • Let be the g re a te s t  prime

fa c to r  of a i  . Then i s  c l e a r ly  g re a te r  than  bn .

But since

ac bn ’

we must have

( 3 . 88 ) I
o r ,  fo r  some qF*{ 0 : , we must have | ‘’■('3,0 • Since

t>"’ i s  the g re a te s t  prime fa c to r  o f a,- ,

t  1+ Rr; " c ( a O ;
fo r  any , and we must th e re fo re  have cL ^ X • Hence

I t  then  fo llow s th a t  the sun ( 3 . 87 ) i s  l e s s  than

<  I -4 I c  I
t/fT b , " r  4" '

where in  ^ i p %  and d  > 1  , and in  a l l

prime f a c to r s  o f h are not g re a te r  than  • Thus, f i n a l l y ,

by Lemma 7,

(3 .89)  ^ ' " - k

Cj lag 1>
|>‘'bbn pI*) X

Cs
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R ela tio ns  ( 3 . 8 6 ) and ( 3 *8 9 ) to g e th e r  prove (3*85), 

and t h i s  completes the proof of Theorem 18.

Erdos s t a t e s  th a t  t h i s  Theorem i s  the bes t 

poss ib le  in  the follow ing sense: i t  can be proved th a t  i f

gCr\)-4M as slowly as we l i k e ,  th e re  always e x i s t s  a  X 

so th a t  fo r  i n f i n i t e l y  many n  ,

N C n , X )  > — Û  .
a(n) Icrgn .
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CHAPTER IV.

PERFECT AND MULTI-PERFECT NUMBERS.

4 .1 .  The p e r fe c t  and m u l t i -p e r fe e t  numbers are perhaps 

even more fa s c in a t in g  than  the abundant numbers. The read er  

w i l l  r e c a l l  th a t  a p e r fe c t  number n i s  one fo r  which

n ^
and more g e n e ra l ly ,  a  m u l t i -p e r fe c t  number n of c la s s  X i s  

one fo r  which
= X.,

n
where A i s  an in te g e r .

There i s ,  however, a  s t r ik in g  d if fe re n c e  between
p e Y f t c f  nuwbeirs

these  numbers and the abundant numbers. Very few of t h em are  

known, and yet the r e s u l t s  th a t  we have about them are so poor. 

We s h a l l ,  in  t h i s  ch ap te r ,  f in d  upper e s t im a te s  fo r  the counting 

numbers of the sequences of both  the p e r fe c t  and m u l t i -p e r fe c t  

numbers. These r e s u l t s  are probably very f a r  from being the 

b es t  p o s s ib le ,  but even so they  are no t easy to  prove.

4 .2 .  Since the known p e r fe c t  and m u l t i -p e r fe c t  numbers 

are so ra re  i t  seems n a tu ra l  to  expect the follow ing r e s u l t :

THEOREM 1 9 .

The d e n s i ty  of the sequence of p e r fe c t  numbers i s  

ze ro . More g e n e ra l ly ,  the d en s i ty  of th e  sequence of m u lt i 

p e r fe c t  numbers of c la s s  A i s  zero fo r  any X .
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Proof. The proof of t h i s  Theorem i s  an immediate

consequence of the fo llow ing Lemma.

LEMMA 2 9 .

Denote by A, the number of p o s i t iv e  

in te g e r s  nn^sn fo r  which

(4 .1 )  A ^ QXm) s  A+ V .
IY1 *

Then fo r  every 6 > o  , th e re  e x is t s  a  p o s i t iv e  in te g e r  rf

such th a t

(4 .2 )  NCa, c 

fo r  a l l  s u f f i c i e n t l y  la rge  n .

P roof. By Lemma 3> ^ ( ‘“ ^ )  d iverges to  zero and

converges. We may th e re fo re  choose a sequence of consecutive  

primes such t h a t ,  fo r  any 6>  O ,

(4 .3 )  ^

(4 .4 )

U4.5) ^  ^  3- •

We choose ^  to  s a t i s f y

This s tep  i s  j u s t i f i e d  since cr(i>0 . t>j . > l  ,f t; < b j .
pi '
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and we s h a l l  show t h a t ,  w ith  t h i s  choice of rj , (4 .2 )  i s  

s a t i s f i e d .

We show f i r s t  th a t  the number of in te g e rs  

which do not s a t i s f y  e i th e r  of the two co nd itions

(1) m i s  d iv i s ib le  by one of the primes pi ,

(2) m i s  not d iv i s ib le  by any one of the ,

i s  l e s s  than  fo r  s u f f i c ie n t ly  la rg e  n .

The number N, , o f in te g e rs  vn^vi not s a t i s fy in g

(1) i s  given by

(4V7) "  -  [ f t ] -   +

where

| R l  ^  I + ^ 2 , + ..........  + ^ 2.*=.

But L i s  independent of n , so th a t  fo r  s u f f i c i e n t l y  la rg e  n ,

(4 .8 )  lR | -

Hence, by ( 4 .4 ) ,  (4 .7 )  and (4 .8 )

(4 .9 )  ^

The number S  of in te g e r s  which do

not s a t i s f y  (2) i s  a t  most

I -  I
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T herefo re , by ( 4 .5 ) ,

(4 .10)

and the t o t a l  number of in te g e rs  m  ̂n not s a t i s fy in g  (1) and

(2) i s ,  by (4 .9 )  and (4 .1 0 ) ,  l e s s  than  , fo r

s u f f i c i e n t l y  la rg e  n .

I t  now only remains to  prove t h a t  the number 

of in te g e rs  n s a t i s fy in g  (1 ) ,  (2) and (4 .1 )  i s ,  w ith  the 

d e f in i t io n  of given in  ( 4 .6 ) ,  l e s s  than  ' We denote

these  ( d i s t i n c t )  in te g e rs  by .

From (1) and (4 .3 )  i f  m: i s  d iv i s ib le  by prc

then

K  ^

and we s h a l l  show th a t  the in te g e rs  ^  are d i s t i n c t .

This w i l l  c l e a r ly  be s u f f i c ie n t  to  prove our lemma.

We suppose, on the co n tra ry ,  th a t

m y =
pry pr^ *

f o r  some /w. ^  v • I t  i s  c le a r  th a t  pr  ̂ ^  , since

rriy , and we may th e re fo re  suppose, without lo s s  of

g e n e ra l i ty ,  th a t  ^  |)r^ . By ( 2 ) ,  ( ^  , pr,) = 1 ; Therefore^

-  c r (  a (
r v i v  n O v / f i r y

and s im ila r ly  w ith ĵa fo r  V . Hence, on d iv i s io n .
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( L  I T )  g - ( n n O . j r i^ . = -
m, <yC*̂ r) l>rv

B ut, by ( I f . l ) ,

(^ .1 2 ) q ^!ï^  . Æf&- 6  l + J O _ ,
TYiv X

and by the d e f in i t io n  of tj given in  ( ^ .6 ) ,

(4 .13) (Hbk). *
h'V CT({Pr|û ) ^

(4 .12 ) and (4 .13) to g e th e r  c le a r ly  c o n tra d ic t  (4 .1 1 ) .  Hence 

the in te g e r s  are d i s t i n c t  and

Thus, by ( 4 .9 ) ,  (4 .10) and ( 4 . l 4 ) ,

Tha proof of Theorem 19 follow s immediately. I f

P(n) and M(n) denote re sp e c t iv e ly  the number of p e r fe c t
c{ dâ 6>

and m u l t i -p e r fe c t  in te g e rs  m /no t exceeding n , then

P (n)  & N(2.,  >?),

M(n) «  N ( X , - 7 ) ,

fo r  any rj '> O . T herefore , by Theorem 1 9 ,

m  ^  S ,
n

M(r) c  6 ,n

f o r  every <f > O . Since ô may be chosen a r b i t r a r i l y
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sm all,  i t  fo llow s th a t  the d e n s i ty  o f the sequence of p e r f e c t  

numbers i s  ze ro , and more g e n e ra l ly ,  the  d e n s i ty  of the  

sequence of m u l t i -p e r fe c t  numbers of c la s s  X i s  zero fo r  

any A .

4 . 3 • However, much more than  Theorem I 9 can be proved. 

In  1955 Kanold showed M(n)  ̂ , and in  the  same year

Hornfeck proved th a t  Pfn) i s  l e s s  th an  n ^  A year

l a t e r ,  though, Erdos improved on bo th  th ese  e s t im a te s  to  

n fo r  every  e , in  the  case of the m u l t i -p e r f e c t

numbers, and to  n  , fo r  some co n s tan t  0«c ^  , in

the  case of the p e r fe c t  numbers.

THEOREM 20. (E rd % ).

For every  e > O ,

i f  n i s  s u f f i c i e n t l y  la rg e

P ro o f . In  e s t im a tin g  an upper bound fo r  M(«) i t

s u f f ic e s  to  show th a t

Miv\) -  M (^ )  n )

f o r  th en , i f  N i s  a  p o s i t iv e  in te g e r  such t h a t  > n  , 

we have

H. J .  KANOLD. J .  Reina Agnew Math. 194 (1955) 218 -  220.

'̂ 3. B. HORNFECK. A rchiv . dev. Math. 6 (1955) 442 -  443.

%  P. ERDOS. Annali d i  M atematica. 42 (1956) 253 -  258.
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T h ere fo re , to  prove our theorem we need only  count the number 

o f m u l t i -p e r fe c t  in te g e r s  m sotrsfying

(4 .1 8 )  m  -  n •

Of th e s e ,  by Lemma 16, the number whose q u ad ra tic  

p a r t  Hvi exceeds i s  a t  most

(4 .19 )

and th e re fo re  we co ns ider  only those m u l t i -p e r f e c t  in te g e r s  

fvi s a t i s f y in g  (4 .18) and

(4 .20 )

We denote th ese  in te g e r s  by rvj,  ̂  ̂- rvin

To e s t im a te  N we aim to  show th a t  each nii has a 

d iv is o r  di'> fKry , say , (where i s  a number dependent on

n ) ,  such th a t
(4 .21 ) cXcta) 1 crCmJ

Now since we are d ea lin g  w ith  m u ltip ly  p e r f e c t  numbers,

i s  an i n t e g e r .  Also, by Theorem 9>
c. -Zlcrglcmn,rn

and i t  i s  th e re fo re  c e r t a in  th a t
cùûî) 1 E>„rvi *

where = C- .̂icrgiorgn J  I I t  w i l l  th en  fo llow  th a t  f o r

each rvic,  iN),m^B„is d iv i s ib le  by an in te g e r  of the

form dcr(dL) w ith  d  > An . Hence,

(4 .2 2 )  N ^  ^

and our Theorem w i l l  be proved provided only  th a t

(4 .2 3 )  f e  "
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The proof of our Theorem i s  now reduced to  f in d in g  

a s u f f i c i e n t l y  la rg e  d iv i s o r  d  of each m  which s a t i s f i e s  ( 4 .2 1 ) .

We can s im p lify  t h i s  by one stage more. I f  t h i s  

d iv is o r  d iv ided  the sq u a re - f re e  p a r t  of no , th en  we should have

- crf-g- ) ,
o r ,  s ince  otmj = x m , where X i s  an in te g e r ,

cL I crCrvî   ̂ oXd) | cr(nnj .

I f ,  ip. a d d i t io n ,

(4 .24 ) (a,<yxa)) = 1 ,

th en  i t  would fo llow  immediately th a t

d  crCd) I cr(rvi9, 
and (4 .21 ) would be s a t i s f i e d .

We th e re fo re  complete the p roof of Theorem 20 by

showing th a t  the sq u a re -fre e  p a r t  Sm of each in te g e r  nn

s a t i s f y in g  (4 .18 ) and (4 .2 0 ) ,  has a d iv is o r  d  > so t h a t  (4 .23)

and (4 .24) hold .

Let the prime decom position of 5#̂  be

Srvi =  \> r )   ^  1̂ »-)  *

We choose a subsequence of the primes \:>i ,

(4 .25 ) ’ ............   ̂ '

s e le c te d  according to  the fo llow ing  ru le :

(4 .26 )
r  I

K - moot , such That j  «-( - pn,"),
^  K •= Po-i

(- I <  J  i  ,
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and we d e f in e  our d iv i s o r ,  dL pr,pr^  ()rw

The reaso n  f o r  t h i s  p a r t i c u l a r  c o n s t ru c t io n  i s  now 

c l e a r .  By ( 4 .2 5 ) ,  i t  fo llow s t h a t

t  C  ^ 3(1 + K , ,  ) ........ ( ' +  f r w )  ,

ĵ o -}- «■( t>0 |>ro+, - •

and so , by ( 4 .2 6 ) ,
t  (J= 1,2,

T h e re fo re ,

(d) o-Cd) )  - 1  .

I t  now only  rem ains to  show t h a t  cK i s  s u f f i c i e n t l y

l a r g e .

By our c o n s t ru c t io n  of d  , i t  fo llo w s  t h a t

1 «-(d),

so t h a t
^ d<r(d).

But s in ce  •& n , and a  <. n\ ^ n  , we have s„, ? .

Hence, by Theorem 9 ,

Sm s  do-Cd.) -  loglorgn,

i . e .  d  > >

where ^  (Icr^logn) . I t  i s  now c l e a r  t h a t  ct i s

s u f f i c i e n t l y  l a r g e ,  s ince  w ith  t h i s  value o f  An ,
<1 n ' t  +Ain *

i f  n i s  s u f f i c i e n t l y  l a r g e .
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T h ere fo re ,  by (4 .2 2 ) ,

M c

I t  now fo llow s from (4 .1 9 ) t h a t  th e  t o t a l  number of m u l t i - p e r f e c t  

in te g e r s  rn not exceeding n i s  a t  most

and t h i s  com pletes the p roo f of Theorem 20.

The weakness of t h i s  r e s u l t  r e a l l y  l i e s  in  the  i n i t i a l  

e l im in a t io n  of the  in te g e r s  m s n f o r  which Vm > . This

le a v e s  fo r  c o n s id e ra t io n  in te g e r s  m sn  fo r  which  ̂ .

Since our d iv i s o r  d  > t  ^  , the  b e s t  p o s s ib le

r e s u l t  by t h i s  method i s
Brt
An

which l i m i t s  our upper e s t im a te  fo r  M(n) to

4 .4 .  However, we now tu rn  our a t t e n t i o n  to  f in d in g  an upper 

e s t im a te  f o r  P(n) . Before proving th e  second theorem of E rdos, 

we s h a l l  prove a  supplem entary Lemma.

LEMMA 30.

Let 4  be a  g iven  sq u a re - f re e  number, and ]>,% 

a sequence o f  d i s t i n c t  primes d ef ined  in  some way so th a t  to  each  

|>J’ th e re  corresponds a  prime |)' | cL such th a t

I j  ? u  ̂ % C b'2-j •-sj

Let d "  - -  k "  . Then

d "  <
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P ro o f .  I t  i s  easy to  see t h a t  in  the product —  \>s no

th re e  primes , |^j, can be e q u a l .  For i f  we assume

(4 .1 5 )  K  1 , K> K S

(4 .1 6 )  h  1 N +  ̂ , k ) P̂ ">

(4 .1 7 )  K I + pk + 1 , f>ic > N"<

and f>j - 5 ( I I t)  , th e n ,  from (4 .1 5 )  and ( 4 . l 6 ) ,

K  I  K " *  h " *  1 ,
S im i la r ly ,

h  1 K ”  ̂ 1 .
T h ere fo re ,

K  I K -
an ev id en t c o n t r a d ic t io n .

Hence, s ince  d  i s  s q u a re - f re e  ^
d  ^ ; cA) ^ C h  1̂1 "  > d  /  ^

and our Lemma i s  proved.

We now prove th e  second of our two Theorems.

THEOREM 21. (Erd 'os).

There e x i s t s  a  p o s i t iv e  c o n s ta n t  c  ̂ ^  such t h a t

P (n) ^

fo r  s u f f i c i e n t l y  la rg e  n •

P ro o f .  As in  Theorem 20, we need only  co n s id e r  the  p e r f e c t

numbers s a t i s f y in g

(4 .2 7 )
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We can e s t im a te  the number N  ̂ o f  even 

p e r f e c t  numbers nn s: n very  sim ply. We apply the E u le r -E u c lid  

Theorems 1 and 2 : an even in te g e r  m i s  p e r f e c t  i f  and on ly  i f

rv\ = 2_P -  I) ^ n ,

where ^ and -  I are p rim es. Hence

.  n ,

and the number of p o ss ib le  cho ices  f o r  i s  c l e a r l y  l e s s  

th a n  Icsgn . Hence, f o r  any p o s i t iv e  c o n s tan t  c, ^ ^  ,

(4 .2 8 )  H' c Icrgr? n

f o r  a l l  s u f f i c i e n t l y  la rg e  n .

We must now e s t im a te  the number of odd p e r f e c t

numbers s a t i s f y i n g  (4 .2 7 ) .  By Theorem 3j we know th a t  each

odd p e r f e c t  number m i s  of the form

m = (\ £ oL = I rv\aTl4-^

where i s  prim e. A simple argument shows t h a t  t o  ev e ry  k 

th e re  i s  a t  most one so t h a t  i s  p e r f e c t ,  f o r  i f

t h i s  were no t the case we should have

crfu*̂ ) ~ o~( c  ̂ ~ ^ •

For the  f i r s t  e q u a l i ty  s ig n  to  hold we must have q,’*-1 and

I , i . e .  and must be m u l t i - p e r f e c t  and o f

th e  same c l a s s  A , where X i s  an in te g e r  not l e s s  th a n  2 .

^  .  X .  z , -

which i s  c l e a r l y  im p o ss ib le .  T h e re fo re ,  in  coun ting  th e
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number of odd p e r fe c t  numbers m i t  i s  on ly  n ecessa ry  t o  count

the  p o ss ib le  number of in te g e r s  k , where = . ([We note
IViojr rtsiiAb P.A8J) jillows u^witdLLa.h:-ù^

As in  Theorem 20 we apply Lemma l6  to  e l im in a te

tho se  numbers m fo r  which , the  q u a d ra t ic  p a r t  o f k  ,

i s  g r e a te r  th an  n  , f o r  some c o n s ta n t  Cz, > o  , t o  be

f ix e d  l a t e r .  Since m e n  , we have e n  , and i t  fo llow s

t h a t  the  number of th ese  odd p e r f e c t  numbers i s  a t  most

(lfo2 9 ) \  c

i f  r\ i s  s u f f i c i e n t l y  l a r g e .

We may a lso  e l im in a te  those  numbers m f o r  which

q,< >

f o r ,  by ( 4 .2 7 ) ,  i t  fo llow s th a t

(4 .3 0 )  k  <

F in a l ly ,  we have to  e s t im a te  th e  number o f odd 

p e r f e c t  numbers m s a t i s f y i n g  (4 .2 7 ) ,  and f o r  which

(4 .3 1 )  H, * n .

We denote th e s e  numbers by m ,,   rvin , and th e

correspond ing  in te g e r s  k by k , , k n -  •

We f in d  our upper bound f o r  N by a method s im i la r

to  t h a t  used in  Theorem 20. We s t a r t  by showing t h a t  the

sq u a re - f re e  p a r t  o f k has a  s u f f i c i e n t l y  la rg e  d iv i s o r  d  .

U n fo r tu n a te ly ,  in  t h i s  case we cannot o b ta in  th e  simple r e s u l t
dorfd) 1 crCk))

s in ce  in  d e a lin g  w ith  k (which i s  no t p e r f e c t )  r a th e r  th an  w ith  

fv\ , we fo rego  the  c o n d i t io n  d | a-(k) . I n s te a d ,  we show t h a t
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( 4 . 3 2 ) d b  I k ;

where b= (k , o fc i^ )  , and _b i s  a ls o  s u f f i c i e n t l y  l a r g e ,  say

b > fon , where E>„ i s  a  fu n c t io n  of n . Then the

number of in te g e r s  k t  n , such t h a t  m = s a t i s f i e s

(4 .2 7 )  and (4 .3 1 )  i s  ( f o r  f ix e d  d  ) c l e a r l y  a t  most

^  -J- <■ ^
“dC b|<K«lV ^  ^  Bn B„OL

b y Bn

f o r  every  e ? o  , and s u f f i c i e n t l y  la rg e  n . Hence

E.„ B n

prov ided  on ly  t h a t

(4 .3 3 )  > fen > n

Our problem i s  now reduced to  f in d in g  a 

s u f f i c i e n t l y  la rg e  d iv i s o r  d  of the s q u a re - f re e  p a r t  o f  k  , 

so t h a t  (4 .3 2 )  ho lds , and a ls o  (4 .3 3 ) .

We s im p lify  t h i s  problem by one f u r th e r  s t e p .

Since i t  i s  t r i v i a l l y  t ru e  t h a t

d |  k  ,

and I k. ,

we need only  ensure t h a t  ( d , b ) - l  , o r  even (d ,o - fd 9 )= l ,  to  

prove ( 4 . 3 2 ) ,  and we c o n s t ru c t  our d iv i s o r  c(. o f  the sq u a re -  

f r e e  p a r t  o f  k  w ith  t h i s  end in  view.

Let the  prime decom position  o f  be

Sk - ■ • ■ • I (k ^  - '^pr )  ’

We choose a  sub-sequence o f the  primes ,
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(4 .3 4 )  ) I’n  ̂ ........ I’ru ,

se lec ted  according to  the fo llow in g  rules

k  -- p r ,

k  -- move pi s u c k l h o f  
k'N -,

(^ '35) |3rj-j cCh""......
and

(4 .3 6 )  I  c tto"), L -J  CIO.

We define d = j?,, .

By our p a rticu lar  construction  of d  i t  fo llo w s  that  

|)Tj I  «"( KA -- kw"") , ' * J s w .

so that (  d, fftd*-)) = 1 , and condition  (4 .3 2 )  i s  s a t i s f i e d .

I t  now only remains to  show th at d  and b are 

s u f f i c i e n t ly  la rg e .

I t  fo llow s from (4 .3 5 )  and (4 .3 6 )  th at i f  ,

but cL , then e ith e r  ( i f -  (4 .35 ) does not h o ld ) ,

(4 .3 7 )   ̂ ,

o r , ( i f  ( 4 . 36) does not h o ld ),

(4 .3 8 )  I 

fo r  some  ̂ .

Now l e t

(4*39) - dd'd.',

where i s  the product of a l l  primes 6% , |) ,

• sa t is fy in g  ( 4 .3 7 ) .  C lear ly , by ( 4 .3 7 ) ,  and since d' i s  

sq u are-free ,

(4 .4 0 )  d '  I (Tid}) .

Therefore, by Theorem 9 and (4 .4 0 ) ,
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( 4 . 4 1 )  d '  ^ or(ci )̂ ^  2dl'^lcng(ogn .

A lso, by ( 4 . 3 8 ) and Lemma 3 0 ,

(4 .4 2 )  di" <c dL\

Now s in ce   ̂ i t  fo llow s from ( 4 .3 9 ) ,

( 4 .4 l )  and (4 .4 2 )  t h a t

< Sk c  ILdl̂  lo g lo g v i .

Hence,

( 4 . 4 3 ) > IRn I

where An = n (L(og ((rgn)'^ .

We complete our p ro o f by showing t h a t  B>n >

Since i s  p e r f e c t ,  and ([k:,q)= we

have
Otq^k^) = -= '

But s ince d  i s  s q u a re - f r e e ,  and a l l  the  prime f a c to r s  o f  d  a re  

odd, cr(_cl̂ ) i s  a lso  odd, and th e r e fo re

crCd-*) \

Hence,

and i t  fo l lo w s  from ( 4 .3 1 ) ,  ( 4 .3 3 ) ,  and our d e f i n i t i o n  o f  b , 

t h a t

b > ce .< r(d> ))y - )  C ^ ^

p ro v id ing  t h a t  C2. i s  chosen to  be s u f f i c i e n t l y  sm a ll .  

T herefo re  our f i n a l  c o n d i t io n  (4 .3 3 )  w i l l  be s a t i s f i e d  w ith  

Bn = An n ^  , and the t o t a l  number o f odd p e r f e c t  numbers

m e n  i s  l e s s  than
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Therefore we can fin d  a p o s it iv e  constant

so t h a t
PCn) c n '/ i -c  , 

i f  n i s  s u f f i c i e n t l y  l a r g e .

As w ith  Theorem 20, t h e . f a c t o r  which l i m i t s  our 

r e s u l t  here i s  the  s ize  o f  . C le a r ly  bo th  Theorems

19 and 20, are  f a r  from being the  b e s t  p o s s ib le .  Since i t

i s  probable t h a t  th e re  are n o ^p e rfec t numbers, i t  i s  a ls o  

probable t h a t
P ( n )  ,

f o r  every  o , s ince  th e  number P'(n) o f  even p e r f e c t  

numbers not exceeding o i s  a t  most

fo r  every  6> O , p rov id ing  n i s  s u f f i c i e n t l y  l a r g e .  

However, a  r e s u l t  as good as t h i s  seems in a c c e s s ib le  a t  

p r e s e n t .
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CHAPTER V.

AMICABLE NUMBERS.

5*1. We have a lre a d y  def ined  an amicable p a i r  o f 

numbers , <x^b , as  in te g e r s  ck and b fo r  which

( ^ , 1 )  = cr(p) = a - h i  .

In  C hapter 11 we d iscu ssed  th e  h i s to r y  o f th e se  

number p a i r s ,  and showed what f a s c in a t io n  they  have held fo r  

b o th  th e  m athem atician  and the  non-m athm atician  since the  

e a r l i e s t  days o f the  a n c ie n t  Greek c i v i l i s a t i o n .  I t  i s  

th e r e fo r e  s u rp r i s in g  to  f in d  t h a t  in  comparison w ith  the 

abundant numbers, and even w ith  the  p e r f e c t  numbers, v ery  

l i t t l e  i s  known about the  amicable p a i r s .  There seems l i t t l e  

hope, a t  the moment, o f even showing t h a t  th e re  are i n f i n i t e l y  

many o f th e se  p a i r s ,  though i t  seems l i k e l y  t h a t  t h i s  i s  t r u e .

I t  has been c o n je c tu re d ,  in  f a c t ,  t h a t  the number o f amicable
)  —— ^

numbers l e s s  th a n  n i s  g r e a te r  th an  n fo r  every  e>o  , 

and s u f f i c i e n t l y  la rg e  n .

The on ly  c e r t a i n  r e s u l t  which i s  a v a i la b le  a t  

p re se n t  concerns the  d e n s i ty  of the sequence of amicable 

numbers, t h a t  i s  to  say, the  d e n s i ty  of the  sequence of in te g e r s  

a  fo r  which th e re  e x i s t s  an in te g e r  b ' s a t i s f y in g  (5 * 1 ) .

In  1954  Kanold ^  showed t h a t  t h i s  d e n s i ty  must be l e s s  th a n

^  H .J . KANOLD. Proceedings of the  I n t e r n a t io n a l  Congress o f
M athem aticians Amsterdam. 1954. p . 3 0 .
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t % if"0 .20 4 , and a year l a t e r  Erdos 'proved, by e lem entary  means, 

t h a t  in  f a c t  i t  eq u a ls  z e ro . This r e s u l t  forms the major 

theorem of t h i s  c h a p te r .

5 .2 .

THEOREM 22. (E rd o s) .

The d e n s i ty  o f  the amicable numbers i s  ze ro .

P ro o f .  To prove t h i s  theorem we s h a l l  r e q u ir e  two

supplem entary lemmas.

LEMMA 31. (Turan).*"

Let & be a  sequence o f primes q, ..........
w .

s a t i s f y in g  2  q,: = w , and denote by the number

of d i s t i n c t  primes q  t h a t  d iv id e  an in te g e r  rvi . Then,, fo r  

every  A >0 , and fo r  every  6 ^ 0  , the  number of

in te g e r s  w ith  \/<v(«n) ^ A i s  l e s s  than  -^cTn , f o r

a l l  s u f f i c i e n t l y  la rg e  n .

P ro o f . We apply  a s p e c ia l  case of a  theorem  of Turan .

fK, p . ERD^S. On amicable numbers. P u b l ic a t io n e s
M athematicae. 4 . (1955). 108 -  111.

P. TURAN. Uber E in ige V erallgem einerungen Eines S a tzes  
Von Hardy and Ramanujan. S atz  1 . J . Lond. 
Math. Soc. 11 ( 1936 ) .
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This a sse r ts  that i f

(1) O YO') -  K ) fo r  a l l  primes ^  ,

(2 )  a s  ,

(3) YM) = ^  W ) ,

th e n ,  f o r  a l l  but o(n) in te g e r s  M , we have

( 5. 2) I N'('") '  ^  ^  I C N«>
p ro v id in g  N , as n--̂  M .

In  our case we take

1 , p ^  GL
YCt>)

O , o therw ise  ,

Than Y M  = Ÿ(t) = Vq,(m) , and.

Thus, by ( 5 .2 ) ,  w ith  f ^  o - - e >  w , we have

p rov id ing  n i s  s u f f i c i e n t l y  l a r g e .  Hence fo r  every  d > o  ,

the  number of in te g e r s  Men w ith  v̂ (rw) ^ B i s  l e s s  th an  î cfn , 

f o r  a l l  s u f f i c i e n t l y  la rg e  n . T h is  proves Lemma 31#

LEMMA 32.

Define

c™) "
A

Then fo r  any g iven  p a i r  o f p o s i t iv e  numbers é and ^  we have, 

excep t f o r  a t  most o f the  in te g e r s  m ^ n  , t h a t
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C f^tv i) -  CTft ( m )  < , TJ tvt ^

providing R is sufficiently large.

Proof. Clearly we have that

‘ 5 -3) S .  a  S '  =
<X>t\ cA,

We now assume, on the contrary, that

crCivi) -  a>,(rvi) V  7

for at least of the integers n . Then

(5.4)  ̂ "" '

Hence, for fl > , (5.4) contradicts (5.3) proving

Lemma 4.3.

We now continue with the proof of Theorem 22.

We denote by Jat,biJ the sequence of ordered pairs

of amicable numbers a: .z , and we shall show that the density

of integers a c for which there exists an integer bj

satisfying

= 0T[bc) - a^T-bj ,

is 0.

Let R and 6 be positive integers which we shall

fix later,  be all the distinct primes A , and

Q-L , r) the infinite sequences of primes .........

satisfying

(5.5) = - I  ,

( 5 .6 )  dru > 'Sr.
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F i r s t  we show t h a t ,  g iven  any & > o  , the number 

o f  in t e g e r s  m e n  which do no t s a t i s f y  e i t h e r  o f  the  

c o n d i t io n s

(1) m i s  d i v i s i b l e  by a t  l e a s t  A of the prim es i n

th e  sequence Q: , f o r  ev e ry  I < l r  ,

(2) m i s  d i v i s i b l e  by no , f o r  every  i ^  r  ,

i s  l e s s  th a n  , i f  n i s  s u f f i c i e n t l y  l a r g e .  Then we

show t h a t  number o f am icable numbers not exceed ing  n  which do 

s a t i s f y  the  two g iven  c o n d i t io n s ,  i s  a l s o  l e s s  th a n  

Since we may choose e  a r b i t r a r i l y  sm all i t  w i l l  fo l lo w  t h a t  

th e  d e n s i ty  o f  the  am icable numbers i s  0 .

We observe t h a t ,  f o r  f ix e d  i  , the primes

are  in  a r i t h m e t i c a l  p ro g re s s io n .  Hence,

y  -J—  = W  r ) .
j=.

T h ere fo re  th e  c o n d i t io n  o f Lemma 31 i s  s a t i s f i e d  by each

sequence 6Ll ,  r ) , Hence, by Lemma 31 w ith

5 = ^  , th e  number N, , o f  in t e g e r s  m s  n  d i v i s i b l e  by

fewer th an  R of th e  prim es , f o r  some , i s

( f o r  f ix e d  l ) a t  most
J - . e. . n .

% H.l^-SHAPIRO/?^. On prim es in  a r i th m e t i c  p ro g re s s io n ,  n .
Ann. o f  Math. 2 . 52. (1950 ) 231 -  243.
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and it follows that

( 5 .7 )  P*'

Also, the number of the integers m sr n

divisible by , for any j omd r, is, by (5.6), clearly

less than
-ê>  ^  -o -  '

But we may choose B > ^ . Hence

(5*8) .

Therefore, by (5.7) and (5.8),the total number of integers 

nnsrrj not satisfying (1) and (2) is less than -Lem ,

We estimate the number of integers aj not 

exceeding n satisfying conditions (1) and (2), by showing that, 

except for at most exceptions, for these numbers

we have

(5.9) a c

Then, w ith  the  n o ta t i o n  o f  Lemma 29? the  number o f  am icable 

numbers a  e  n does n o t  exceed

S in ce ,  by Lemma 2 .1  w ith  6" = ,  we have our

r e s u l t  w i l l  th e n  fo l lo w .

Since ) r 14- a OmocL , i t  fo l lo w s  t h a t

f o r  any am icable number <x s a t i s f y i n g  (D ^ ^ e  have^ by (z)^

cr(o.^ ^  O  m ort 

f o r  ev e ry  prime |> B •
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Wa observe t h a t  i f  | ?°*- R , th e n  r  and o< R .

Hence, i f  d.|a> , and dL<zR ,

cr(a) = O wffd. dL̂

and
( 5 .10) b  ^  aipJ) — (A = OrncdLd ,

i . e .  ev e ry  d i v i s o r  R o f  o- a l s o  d iv id e s  b  , (_ic=i,2.,—z.3

Denote by d '  th e  L.C.M. o f  d ,  , d i ,   dz. . Then

t r i v i a l l y
ox W  = o-Cd'3,

and
OmW s  cYd'3 .

dJ

But s ince  d'jb , by Lemma 23, we have

(5 * 1 1 ) dCfa) 5 cr(d~0 >. a~n.fa.y
b  d '  a-

I t  fo l lo w s  from Lemma 32 t h a t  we may choose F\ 

s u f f i c i e n t l y  la rg e  so t h a t  f o r  any g iven  nrj we have t h a t

(5 .1 2 )  ® ' ^ - V ,

excep t f o r  a t  most o f  th e  am icable numbers a  n o t

exceed ing  n . Hence,by ( 5 . I I )  and (5 * 1 2 ) ,

o£b) )  01^  -  -17 .
b

But o-(d) : o fb ) = d + b  . T h e re fo re

-71 » o-fa-) -  o-fb) = _b_ -  jd. ,/ ex. b ±> '

i . e .  I <  ^  -1 ' YCX /
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and
7 <5X23 c 2_ 4- T7 'CK.

Then, by Lemma 29? w ith  (S’= , we may choose v)

s u f f i c i e n t l y  sm all so t h a t  , and the  number o f

am icable numbers c\ l e s s  th a n  or eq u a l  to  n i s  equ a l to  t f l  

S ince 6 may be chosen a r b i t r a r i l y  sm a ll ,  i t  fo llo w s  t h a t  th e  

d e n s i ty  o f  th e  am icable numbers i s  z e ro .

T his  com pletes th e  p ro o f  of Theorem 22.

I t  i s  c l e a r  from Theorem 22 t h a t  i f  d en o te s

the  number o f  in t e g e r s  a;. no t exceeding  n f o r  which th e re  

e x i s t s  an in t e g e r  s a t i s f y i n g  ( 5 . 1 ) ,  th e n

R)(n) = C>(r\ ) .

However, a  b e t t e r  e s t im a te  f o r  the  o rd e r  o f  magnitude f o r  th e  

co u n tin g  number of the  sequence a j  seems in a c c e s s ib le  a t  th e  

moment, and perhaps i t  i s  a long  th e se  l i n e s  t h a t  f u tu re  r e s e a r c h  

in t o  the  numbers r e l a t e d  to  the  cr—fu n c t io n  w i l l  p ro ceed .
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