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ABSTRACT

The text is concerned with the definition and 
investigation of some classes of ordinal valued- 
functions; and with the determining of a particular 
assignment function . This function assigns • 
to each limit ordinal <X smaller than a constant A 
and belonging to the second number class a 
fundamental s e q u e n c e t h a t  is, a strictly 
increasing sequence satisfying ^  ̂ to

The operations used to determine are derived from
a class ^  of functions . Since
generalizes the standard ordinal arithmetic operations, 
some of the properties of the JSd are studied, together 
with the operations ̂  which are generalizations 
of transfinite sum and product. Also investigated 
is a related class of number- theoretic functions, 
in this context A  is an arbitrary assignment 
bounded by in place of ,

It is proved that the functions %  are normal in
the second argument, and these functions are compared 
with a hierarchy of normal functions obtained by 
Yeblen’s process of iteration. The %  provide a 
natural means of extending the notion of epsilon 
number, and some of the properties of the generalized 
epsilon numbers are presented.



The function of ̂  *̂̂ i8 normal, end the notation
is adopted for the sequence of countable 

fixed points of the function. The generalized epsilon 
nutubers determine a hierarchical classification 
of limit numbers c  ,and on this basis a normal 
form is determined for each, and thence the function 
XL is defined by transfinite recursion.
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OC 'jtho Sè̂  (A CK, [ 4̂

0/ ^ q  ^  '



1 0
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( iÿLj: ̂  i syJlX̂ y oL ur^^j uzjb^ ^
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&̂Tze6g ŷ K;6 <^Y3Lz:^ 6:̂  zr&4^). zr^f.3

K/wA&v- c&KoO .

S i B Q U B N C E S  A N D  U M  ITS

cr*X̂ 4̂jt .

<-o\ CO a_ (Sr-J/\>̂UlÂ?
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[\Jr<=̂ )̂(3 § f'<=f & (Vg/ <  cv̂

 ̂ -̂> w i/yînnnâ^̂ ^
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^2 /0  ẑt ^ -û iÂ m ié ^  l/^

5 ^ o (  *SiJĈ jr-ev9eJ U -̂
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T CO ^ (AO'îÆ-y»̂. ĵf̂îĴjĈgtée (jiŜtTcq/ (no Ia/ . (jLq̂

( [  f ( ̂3 ] =ï^ J 'T^ P 5 ^  i£Jz FT^X
(jx iX t ^  CO ^  ^  ^

C) .



o i

12

Ia 0< ^ P  S uJ 2 ,x

cX.-p (^^v)fo/= p-AS']

 ̂ '“■ to e@0 ‘

^ \ > ! ^  y\ X Ay X . . X —> g)  ̂ ^

n <c, n -c o  .

(\J "I ^  n3 Y ̂  o % (/» a-'yiA/y vj2-.̂eAvt-evî̂ A -i*

T E  (V u .e „ )^ ^  .»

^  I ■ ■ , V  • f  f f, - “,.. ̂  , V ’ J * - l £ . “..'I £
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/jtPYixé-fiAyO l̂ iékn P^fM ~~téw:̂ ô *HO U<ŷ  fŝ pr?>vo

d:Mn \puikj-' - j|^  '-QĉJidîiûrhyD ĉ  fv̂cé̂L —
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'7)ot. jŜ d y jT(Xy ZCd y Z(X E ($ ("

T) cXcyCX, ' U ^ fcXô^ 0< ,3 J U, (0<̂  ;(X,3  ̂ û/o 0̂ , , 0(^' 5 ^
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(S y ^ ^ ^ n ^  \ r a id a jt-  J (2 d C c i.ty z S  C f  [ - ^ 2 . 3

(̂ -TtyM̂ nOypis ^ atvJi (5=>e W )e ^  w C §  2 tp itI&mt. "tk. 

k w L r  a^^iréLiÂc dp^rtkt^ <An i k  S r k u d  C w w ^D -=:

7L. kckw^ Y  Sckdk k Wikkl^.

( U ^ h ^ s h jk  ^ >̂t(revn y i ê ^  pCK- .Sfh^ ( m h ^ î  n  ^  S   ̂
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dV> f̂ŜÂcsz, (̂  Céikvi&aJe/aj» (Trz/wsdA) ,

It -=tD, J <JT«i i k t  - f A  S iiA n

O N O  f  f d f ^ f ^ l , )  - k  i k e .

ctvi-^C J k ' ï L -  w  -SV).\g.

Ooeo ■&. ; OM'-*' (  f  C(jb-=^) ” 'A-.
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Ŝ-C-Ct-J. VuywiHî  cAo/Ŷ  ̂ o -io M ^ e o  <̂  <srAyuA -
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/ 7 a  ly ̂  ^  ̂ ==: cĴ   ̂ Vn^^ I — ( /-^gvr, AJ  ̂ u A -

CxJ^^'  ̂ 'p^  »o <=7 to  ̂ A j u A l  CIO - p M ^

cg_ cA&n ^ X 1  ( T&, - S ^ A ^

(Â'yicûl S A '  - G « ^ ,

h O <  w <  do ̂  yG- «̂ etTo

f ;

[  ( i )  E  /  Cf,  ?  )  =  L  F  -

j/ <̂ o



o

. < - 7, iï - 4 fr>̂ >
p'*==f P‘°P

c ( = i - P  fcp', f) =  T  -fff',?)
p'<= p ' ' '

(|H ) 3 r =#
f '

[(/. T T )  ^ 3
f̂ f

-

I CC ÛCnZ(̂ j{ff̂, l)J ÿ u«=roC,
i/Le 7t = c -Ç(f',f') .TL̂ 

V‘îf
ktnnnc&vo S  '12' cCjCeL .

fôt /-dp ) j) 4  dx)
ol'-<oC p'-=p

(IV) iL - 3 e o : c ^ ~ )

li'cip f'“' n
n  DEFIN iriOW 3 -2



cm7 L  ^  ̂  T  .jcrrm

^  Cc.C'U.vih cT̂ î Cj i6̂
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TTuvS ikzM/%Ŷ dY%6) IdnXoAv^ 7̂  

l(p iiA^ (xfA Vuyj\/Aê  p ^
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SiApsAAmAlQ'̂ÂI CXtTLvi. Lcr <Çj- ''̂̂j(J'‘êlAgh/:>

lcajr(Alé  ̂ Ash {'ÜAAT̂CUiPK̂ xĜ.̂ 7̂gv>0 .
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T\ ^  cê>L̂  , 7Z7n tô tzga 7 ' d3L

( tCT 00 d?Lr» S * CO J Lctr

[ 4S2 4 F   ̂ r
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^  «Æ^Î FAnn  ̂ S • 1 (Nr-eA JLp^n^  • 

fROOp. /•5'b  ̂ -6oM*ry j7oruAr>a> tiz=Li
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g <ĉ  f |

"%Gi/wo  ̂ L| Æ^oylc/ A  f ‘ s d I  ̂ CV ^ ̂

>p,Tf. C t  e  $  .

\7<-4iL-<̂ M7ve. y -GaAv c4 ^  3^ V

Oj y  )  := I  ̂ eJcveX

LO



JULj I, v) = C i| o( > I

T'+l c|. (X j

 ̂ ^  = O

\/YV C^^o-ôo 2 | 2  C ^ v r - e o ''^ > iA i

(3 :  f  ( r f  c :& ^ A L  f . G C

’p> = 2-  ̂{p'Til Y

3ET F j  !>') = /  %nr [fo r T x )J J -/
^  5 i t c -  C °'J

< 3C  fh')n^cù d

- ; F

IL/̂  ̂ L,  ̂? 3irF'j Vj V)] ̂ )
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Pq^ 7> o l<N I • fl. 0  • Plf-iw/cYM.̂ r  ̂ ĵ AtĈ Z
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tvic-r̂ v̂ai/iôy- (̂ 5 • 2 0  cb G»or» .skct̂ Ŷ-,
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2I/fr; - iŵ z%fK"V̂ ). 6̂

—r- • <5̂ *



77

Kk(Vh.cw) izr„-̂ ®rs)< ZH'cfK̂ 'Vv) WJ2
w  5 *  <\.̂  0/rJl tf̂i Z- 2 , ^

Æv̂ f̂Vh<o) <  HJêtA-}

-C\/f'-p) 3TJP) ̂ mjfd  ; Æi

éh> -ptuÂrn Â'ndiJ ■>/ • 3 T &  S&Ti<J:Â
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^ S 0 c j,.r^ ^ y rc ^  J ] l ^ ^ [ ^  -OnjLwÆc ^  ^  '-&WvL^<f> îrrL^
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\k/wû{/iSZ/ -̂irvivv
^  •=: TS -f ZX̂ y
p — 60p'"-f  ̂ ĵs <T ̂
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tff ï ^  fAfe ^  m r ^ i k .  -frJ^ .

(p.') yj 1̂ 1̂  JkxnJl CJ- -Prvk VltUvL̂ eva ^  A f ,  

lÛji. tfkzfC o/ ^

iCtt z <̂ o< L I M  f2El)“ A)) •

f4w 7r>2. kJ- p'n<A, . T L o

m A f y )  -  i u  3ItS fr)VO <£C to

^ i v .  ÿ m A v ) , 1 m  ]'  ̂ V9 to  ̂. , . y
ra)



It- -  1/w. :niz{Z) = X.
^  CJ V)

^  -Awi (fT̂  f^)  ̂ to ^
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ĝZ/t -'<3fiec>̂ iorj iùo h. dX-̂ ŜĥlfifyîLn
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VK6'K^^>1/'k^ -

% )  L .  W  :#> a i c ^ H  =
n ^63

== jgL. Zlla/ fu)
o/C (̂X
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■tCueret̂  ‘̂ •/c^ c2 ^  32cf fv)^ e <=rC.̂,
j iZiTjf ^  n Ik U s v tn J s Â j , [ J  < ^ , 2 -



1 0 6
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X̂ >Cw (ŜKvtlC -vQJXcepX ^ o  ~tà̂'p>o. jlr -

~lLiAr>̂ -psT O -=̂  ̂  ^  p  ̂ "1^
S'tAzXn Qrorife/iku. {/rAŝ ̂ CSyrA ^  ̂  ̂  ̂  6̂ <w
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|=Y2rv-cĴ Ur» '~t̂\Jier'-̂-'̂ ^  ■



12?
DEFINITION T.icu

f V o < - = o , ) [  f^ J o )  f j  fo )  &

(Va  -= ̂ , 2  [ ̂  M  k

n  =D 4'^ 4)' ^
7) -=7» ’

F I D 7 * ' ) ] ] ]

Lr&r^ ( Vo/y ̂1 ̂  Ĉj ̂ (V n
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r 2)- ’ ̂   ̂ Co yTcnr)''''̂&%̂ ,

•'•̂ O'̂  <§gS>2rv.^ (/A ^JZcfr^ ^m rr'-^^L V G  ''-==ro<

jÇ , \̂ h(pnx̂  . ^

[7"‘=^'7'^ - f  7̂") "= £ 6 ' )  ^l^f-n') ^

(X



50

T o  -(^fl) " -fZ!£(fa)+l]

hr3Y?^ ^  £ W’ ^
^   ̂ S-oyÛ  ^
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1 ^  \Ŷ}uiXct(jS>n ÔCjjt

(t/c4«=:6^^) il* kLrn^ajZ . [:]ET::1

^ H  E O R  E N 1  E -  =̂=: ̂  A  Ay ' OÜ + (
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A z ^  ̂  Â <S(P̂  p £ //. ̂
p  ^ /*» ^
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j0 H ô ,3 , ,k D )  = X o d / n
n  e 7

C o r o u lA R Y  S'. % [\ff> -= ^ ^ f) iàa. £f

6L 6L j ^
g^j}- S  ^  S  <r̂   ̂ h  '

F f^OOF •F' • S~ C-î S  . ̂

XZm/d lir AeCÈ (Vp-=^0

( ( f ) -  7 H

L,7 - 22 H ,



F-{/Vvg (̂Qh *3

_ /
o< ’co< U '

— O

J £ C r f p g r g Ô yvV̂ ryJŝ
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VujuA>̂  ^ aJlyo ^ âiyŷ ̂  VVjAfX®v̂ .
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P ff) +   ̂I ^  cL̂vSro B,cx
i.y.



Px

/■ \ f 1 f 3
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,  aoL, ihx vjoc^u-f^. ^e2o . Z 2

tegj2i M  l 2  SeiavJ ^  1 ^  ihxpst

A I  p  <  Z E ^  (f) S  jnipP'f ̂3 ^  P  ;
TtrP(k) ”  p _) 'iuMCi te — oi crod ^  Æv) E  ̂ 3} ̂iWjYlcaj~

^ 5, U-A/yi: T̂<dri Huxdâ n A ̂  Osr&M&'V̂  5  /^^
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%^g_ ̂ -jr>̂Âŷ*T̂ 2̂4iA/hN̂LO C?7̂  C»Zii2̂ ;

jj>̂  ̂  Of W 6Pr, r %  hx<A4,&2V-J

P R O O F .  o<' <   ̂^5^ {iŷ  ̂  i, ^  r- h/c&ktAar
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F  Ss>^ P ^  ;> Ph |̂«50€ ̂  - o  ̂■

7L. p>o  ̂ z-p')-' > f.̂ f’ a/- -

p  ^ o  .
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