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In troduction

The fundamental theory of transm ission l ines  shows th a t

the te rm inating  impedance of a pa ir  of l ines  may be expressed

in terms of the current at any point in the l i n e s ,  the

p o te n t ia l  d if fe rence  across the l in es  at t h i s  po in t ,  and 
certain
other  c h a ra c te r i s t i c s  of the l in e s .  Therefore, i f  i t  were 

possib le  to measure the curren ts  and voltages at various 

points  along the l i n e s ,  t h i s  would provide a method of 

measuring impedance. Unfortunately, when a bridge containing 

a current measuring instrument is  placed across the l in e s ,  the 

current through the te rm inating  impedance and the current

through the bridge assume complicated forms. Also, the
\

movement of the bridge along the l in es  changes the input 

impedance, and the input current var ies  writh the  pos i t ion  of 

the bridge. These d i f f i c u l t i e s  render the d irec t  method of 

measuring current and voltage at any point by means of a s ingle 

bridge impracticable.

F l in t  and Williams (1941) eliminated the e f fec t  of 

v a r ia t io n s  in the input by measuring the r a t io  of the currents  

flowing in two bridges .  One bridge is  f ixed a t  the end of a 

pa ir  of Lecher w ires ,  and contains the unknown impedance in



se r ie s  with a current meter; the other bridge is  movable, 

and contains a current meter only. Graphs of the current 

r a t io  p lo t ted  against ce r ta in  functions of the distance between 

the two bridges give values of two constants ,  from which the 

terminating impedance may be calcula ted . Since the terminating 

impedance consis ts  of the unknown impedance and the impedance 

of the current meter, a subsidiary experiment must be performed 

to determine the impedance of the current meter. Also, the 

exact way in which the two impedances are combined is not 

known.

The theory of th i s  method shows tha t  the r a t io  of the 

currents in the two bridges when at a distance apart is

J. -  "Z ĉoshPs + ZpSinhPs
P z.

where Z,is  the impedance of the movable bridge, Zj, is  the 

term inating impedance, %o is  the c h a ra c te r i s t i c  impedance, 

and P  is  the propagation constant. This can be reduced to 

the form
= /l^Sinh^O + Sin*

where p -L. , and A = P. m , a t tenuat ion  in  the
' • 4  ‘ £ A

wire being neglected. (X and b are c e r ta in  quan t i t ies  in t r o 

duced for convenience. The r e s i s t i v e  component of is

Z^tarJn a  sec^b    ,

/ tonb^a taA^b



and the  reac t ive  component is
Za secK^q fcanb

( f  touvK̂ a tcxn*b
The s a n s i t i v i t y  of th is  method was studied by Rogers,

who found th a t  the best r e s u l t s  were obtained when b has

the value % .
4"

In a l a t e r  method the disadvantage of connecting an 

unloiown impedance with a current meter led to a' modifica

t io n  by Williams (1944). The unknown impedance is  s t i l l  

fixed a t  the end of a pa ir  of Lecher w ires ,  and the  r a t io  

of the currents  flowing in  two movable bridges is  measured. 

In theory ,  the separation of the bridges may have any value, 

but the  method becomes p rac t icab le  only vfhen th i s  separation 

has a c e r ta in  fixed value. A preliminary experiment must 

be performed to determine th i s  c r i t i c a l  separation. The 

value of the unknown impedance is  again calcula ted  from 

constants which are found from graphs s imilar  to those

p lo t ted  in the o r ig in a l  method. This method can be used in
become d ifficu lt,

the frequency region where resonance methods (above

100 ) ,  and also has the advantage th a t  the r e s i s t i v e

and reac t ive  components of the impedance are measured 

independently.

In the present experiment, a f i r s t  inves t iga t ion  of 

the accuracy of th i s  modification of the o r ig in a l  method has 

been undertaken. I t  is  evident tha t  the symmetry of



c e r ta in  curves is  the c r i t e r io n  for the  app l ica t ion  of the 

method, and i t  is thus worth while examining the accuracy 

with which th i s  sjnmnetry can be re a l i s e d .  This is  the main 

object of the work. In invest iga t ing  th i s  point some new 

fea tu res  came to l i g h t ,  and these have been examined 

p r a c t i c a l ly  and discussed th e o re t ic a l ly .  The f in a l  r e su l t  

is  an improvement in the determination of the c r i t i c a l  

separation of the bridges ,  a knowledge of which is e s sen t ia l  

for th i s  method of measurement.
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WILLIAMŜ  METHOD FOR TES IvmSUREivSiYr OF lËKEûÀNüE 

(a) THEORY OF THE METHOD

Yi'ith reference to F ig H ,  AB and CD represent a pa ir  of 

transmission l ines  which ate loosely  coupled to a l ine  con tro l led  

o s c i l l a t o r .  Z represen ts  the unknown impedance fixed between 

A and G, and and 2g are the impedances of the movable 

b r idges ,  X and Y. The c h a ra c te r i s t i c  impedance of the l ines  

is  Zq . An incident wave from the o s c i l l a to r  t r a v e ls  along the 

l in es  and is r e f le c te d  at AG with a r e f l e c t io n  co e f f ic ien t

K = (1.1)
Zo+Z

A standing wave system is  formed along the l i n e s ,  of 

wavelength X , and the r e s u l t in g  curren ts  are as shown. The 

d is tance of Y from the  end AC is  S and the separa tion  of A and 

Y is  .

I f  Z’ is  the impedance of the c i r c u i t  beyond Ï  not 

including Zg,

+ Ẑ sinh Ps. + ^  .Z.SinKfe.j 2)

P represen ts  the propagation constant of the l i n e s ,  and is  in 

general of the form ( 4- ) ,  where oc is  the a t tenua t ion

constan t ,  and jS is  the phase constant.  Since the l in e s  are 

a i r-spaced ,  a t ten u a t io n  is  assumed n e g l ig ib le ,  and P is  an



imaginary Quantity ijS , being equal to ^  . As losses

are n e g l ig ib le ,  Zg is  assumed to be nureiy  r e s i s t i v e ;  Zg is  

in  general complex, and (1.1) may be w r i t t e n

K - e -2(a-^ ib) (1.3)

where a and b are r e a l  cons tan ts .  Hence,

z ' -  Zgtarthta + K b  (1 . 4 )

S p l i t t i n g  Zg into i t s  r e s i s t i v e  and re a c t iv e  s e r ie s  compon

e n ts ,  Rg and Xg, (1.1) becomes

+'iB -4- (1*5)

where .
^  = Rx  Co6^. j 6  » CoS|8S, -f Z . SiO|8S, |

C = —X^Sinps, ; D  - Sin^S^ j

In the measurement of the cu rren t  r a t i o n ,  i t  i s  the

modulus, p, of t h i s  r a t i o  which i s  determined; a l s o ,  s ince

vacuum therm o-junctions are  used in the b r idges ,  readings

taken  are p ro p o r t io n a l  to the squares of the  c u r re n ts ,  so
2th a t  i t  i s  more convenient to consider P

/  = K. + , (1.7)
r 5inh a  +Sln ^b4^)

K. = ^  8*) -(C»+y>]
where .



Equation (1.7)  may be s im p l i f ie d  by making Ag =0. This 

cond it ion  is  s a t i s f i e d  when 5, has the  c r i t i c a l  value which 

makes

tan^S, = — ♦ (1.9)

and then  p* = K. +  —- ^ —— — .•
I SinKa+Sin*Cb+p) (1.10)

I f  the impedance of Zg i s  known, the  c r i t i c a l  separa t ion  

may be c a lc u la te d  from (1.9) since Ẑ  may be found from the 

dimensions of the  appara tus .  I t  i s  not necessary to know Zg, 

however, as the  c r i t i c a l  sep a ra t io n  may be found experimentally . 

From equations (1.1) and (1 .3 ) ,

2  = 2 .  taftVi^Q, + i ■ (1.11)

hence.

r e a l  or r e s i s t i v e  component of Z = Z.ttxnhcx sec t> , ^
I -f-tanh^atan^b (1.12)

and imaginary or r e a c t iv e  component of Z = 2gSecln(^abank , . (1 . 13 )
I + tanb\xtaA*^b

Hence the  components of Z may be ca lc u la te d  i f  the values 

of a and b are  found.
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in  order to determine the  values of the  cons tan ts  a and b, 

i t  is  necessary to  se t  the bridges  a t  the  c r i t i c a l  separa t ion .  

Therefore the  c r i t i c a l  sep a ra t io n ,  S, must f i r s t  be found. 

Determination of s. .

The unknoïm impedance is  rep laced  by a po lished  copper 

sh o r t ing  p l a t e .  This makes the  r e f l e c t i o n  c o e f f ic ie n t  un i ty  

and a and b zero. Equation 11.7) then  becomes,

= K, + K^cesecys + ZKjCtytjSS. (I* 14)

A graph of aga in s t  s i s  in  general  of the form shown

in  i?'igl'2. Curve A i s  obtained i f  S, and curve B i f

S’, < Se . «lihen 5 ,=  Se, i . e .  Kg - 0, the curve i s

symmetrical about l i n e s  to the  ax is  through i t s

tu rn in g  po in ts  and the  minimum occurs vifhere S ■ ^  (Figl'3).

Curves are th e re fo re  p lo t te d  of aga ins t  5 near the

minimum fo r  various values  of S, , and the  value of S, fo r

which the minimum occurs a t  s  » A. is  taken as the c r i t i c a l
4

sepa ra t ion .
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Determination of a .

Revi/riting eauation  (1 .10) ,

_ sinK^a + b-wss). (1. 15)
p"-K. '

2
Thus a graph of 1 aga ins t  s in  (h-*-Æs) i s  a s t r a ig h t

p* “ K,
l in e  w ith  an in te rc e p t  sinh"*a on the  sin"*(b+|Ss) a x is .

With the  bridges  s e t  so th a t  Kg = 0, t h i s  graph is  p lo t t e d ,  

and a value of a  determined.

Determination of K~|

K  ̂ i s  a constant independent of Z and can th e re fo re  be

found with  the  l i n e s  shorted as in  the  determ inat ion  of 

a ,  b, and Kg are  zero , and

= K. + K^cosecys .  (1.15)

Hence a graph of aga ins t  cosec^^s  is  a s t r a ig h t  

l in e  w ith  an in te rc e p t  Kĵ  on the a x i s .

Determination of A  and b.

Equation (1.10) i s ,

(1.17) 

(1.18

Thus the  d is tance  between two successive  maxima or minima

_ K +  ^

Therefore maxima of p*’ occur when

sin^(b-h^s) = o ;  b+|SS = O, ir, 27c,-----

and minima of p* occur when

S i o Y b - f p s ) =  / ;  b + j g s  r  %  , 3Æ  , -------



r

5

Fig. I- 4-.
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i s  • A graph is  p lo t te d  of against  S , as shovm in
tr̂QCKn by roeasuTiriy distances between correspondit̂  ̂poiints

Fig.% ^14, and value of A determined/ This gives a value 

for  ^ ^  j and bj  f ind ing  the values of s  a t  the turn ing

points  a value fo r  b may be ca lcu la ted  from equations (1.17) 

and (1.18).
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THE DETZmviihATlON OF THE CRITICAL SEPARATION

(aj CRITICISM OF iViETHQO

In describ ing  the determination of the c r i t i c a l  separa tion

in h is  paper (1 )  ̂ Dr. Williams s t a t e s : -

"Three values of are obta ined, one for a value of s

le ss  than A. , say ( A  -5j cm; another when s = A  cms; and
4 -4 4-

a t h i r d  value when s ■ (A + 5)cm.; and the  separa tion  of the
4

bridges is  ad justed  u n t i l  the value of a t s = _A is  a

minimum. The f i n a l  adjustment can be made by obta in ing  the

values of in  more p o s i t io n s ."

This statement i s  ambiguous. I t  may mean, as has been

assumed in the foregoing theory , th a t  S, remains f ixed while

values of are found fo r  values of s in  the reg ion  of A cm.,
• 4-

and th a t  t h i s  is  repeated for  d i f f e r e n t  values of s, u n t i l  the 

minimum occurs a t  s « A ; or i t  may mean th a t  s remains f ixed
. 4

a t  A  ̂ vfhile values of /ô  are found for  various values of 
4- '

5, , and the value of 5; fo r  which is  a minimum is  taken as

the c r i t i c a l  separa t ion .

The second method gives an incorrec t  value fe r  the

c r i t i c a l  separa t ion .  For, although the minimum of t l ie f^ /s

curve occurs a t  s = A cm. v/hen the  separa t ion  is  c r i t i c a l ,
4

the converse is  not n e c e s sa r i ly  t r u e .  When Kg s 0
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|s*r K, + K^cosec^^s (1-lé j

ÿ  = - Z ^ K ^  cosec*^cc5tp

3̂  -= o wKeo -  co5^c'|8Scot|ôs = o .
4 s coSQc^S ^  C ot^S-o . jSS = % Qfio(  ̂ % .A  ^ A  ,

Therefore when the separa t ion  is  c r i t i c a l  and Kg = 0,

the minimuni occurs at 5 = A cm.
4

B ut ,  i f  5 a A  and s, ^  and K ^ ^ o ,
4

then F  ~ cosec'jgs + zK,cot^s (1.14/

= _L + 6 ^)-(c*+û*) +CcV J)*^Cosh Z a -f{Ac + 63>) Sinh Zn
[Z.f*- fromO»)

=  _ L  -f B '̂7 S ince a « o
IZJ

= .̂X^̂ [r/ coS*̂ s, + x^cos^^, +Z>in-*p. + 22^^S«n^, cos^ , J 

= ^ ,̂|̂ Z^CoS^S, i  Zo'-Sio’-^, 12Z.X,am|69, c o s ^ J

’1^ = j-^ jip 22j|«<»Ŝ .SiVy3S, + Z Z ^^S in p sœ s^ , +.?X/,(aw -̂S(Vî )j

a  O w h e n  ^ ^ 2 *̂ — Z ^ ^

I.e. tctn Z/SS. — — , (2.1 j
' Z / - Z ‘

Kovif th e  v a lu e  o f  s, which makes Kg = U i s  g iv e n  by

tan /3S, — — - ?s (1. 9)
• ZoX,

from w hich  ( 2 .2 )

tan 2 fis, “  — - -̂XaZf-----

"  z i f . - z :
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(2.1; and (2.2; do not give the same value fo r  s, unless .

X  ̂ 2 ^. consequently, t h i s  method gives anX ^ ~

inco rrec t  value fo r  the c r i t i c a l  separa tion .  in  p ra c t ic e ,  

i t  may not be fa r  from the correc t  value e sp ec ia l ly  when 

the impedance is  la rg e ly  r e a c t iv e .

The f i r s t  method does give the correc t  value for 

but i t  requ ires  many more se ts  of readings than Dr. williams 

suggests to obta in  an accurate  value. A more s a t i s f a c to ry  

method is  as follows.

(b; MW METHOD FOR DETEMIMATION OF CRITICAL SEPARATION

In th i s  method, graphs of against  ^ are p lo t ted  

for  values of s  near the minimum, and the pos i t ions  of the 

minima found, fo r  varying values of s, . The values of 

5 a t  the minima are then used to p lo t  a s t r a ig h t  l in e  

graph from vtfhich the c r i t i c a l  separa t ion  can be found.

when ^ + kr^Co5ec |̂gs 4 2 KjCCjt (1.14;

y  T: ZK^Scosec^ps cotiss -

A ^  =o when ~ K^coSCc^ySscot^.

Since co^ec ^3 Oy . (2.3)
K



OA =  OB

COT es,

Pig. 2 /.

mr
OA= OB

Fig. 2  2.
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S u b s t i tu t in g  the values of and hg from (1.8) and (1 .6 ) ,  

t h i s  condition becomes,

c o t  =  _  g/co6(gS. 8 ln^S . j-X^CQgjgS, StVip, + 2 qXj

”  Z /  S i« ^ |3 S .

Z.X,
=  _  I + Z f

faxops,

= -  c o tp , -
(2.4^Cot^S,.-. =. — C otp , i- cotygs.

In t h i s  e q u a t i o n r e f e r s  to the value of s  a t  the 

minimum of the  curve fo r  a c e r t a in  value of S, . Â

graph of cot aga inst  cot^s, i s  a s t r a ig h t  l ine  vrith

two equal in te rc e p ts ,  which give a value for  cot^s„ . ( f i g . 2.1)

This method gives a d e f in i t e  value for  the c r i t i c a l  

senara t ion  from any f iv e  or more se ts  of readings fo r  vfhicb 

Kg o  . Thus the c r i t i c a l  separa t ion  can be found without 

having to se t  the bridges a t  the correc t  p o s i t io n  by a process 

of t r i a l  and e r ro r .  The only d i f f i c u l t y  l i e s  in  loca t ing  

the pos i t ions  of the minima.

The pos i t ions  of the  minima can be found by p lo t t in g  

values of the  mean abscissae  of the curve against 5 .

This i s  a s t r a ig h t  l in e  ( f i g . 2.2) which must pass through
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the minimuiri. i t  is  p a r a l l e l  to the axis when = So 

and thus gives an in d ica t io n  of the nearness of the separa tion  

to i t s  c r i t i c a l  value.

[Q) hAlEfiliviEiMTAL WORK

Experimental work was ca r r ie d  out to t e s t  the s e n s i t 

i v i t y  and accuracy of Dr. Williams* method. The apparatus 

used is  described in the following paragraphs. Much of i t  

was the same as was used by Dr. 'Williams.

Apparatus

The transm ission  l in e s  were constructed of r ig h t -an g le  

brass  so th a t  the system should be r ig id  and the separa tion  

uniform. The c h a ra c te r i s t i c  impedance fo r  r ig h t -an g le  brass 

is  d i f f i c u l t  to c a lc u la te ,  and the  value given by Dr. Williams, 

191 ohms, Vî as taken as co r re c t .  The l in e s  were th ree  metres 

long and the inner surfaces were 6 cms. ap a r t .  They were 

supported a t  in te rv a ls  along th e i r  length by ebonite p i l l a r s  

mounted on wooden blocks. The unknown impedance was connected

across one end of the  l in e s  and the other end was coupled to 

the o s c i l l a t o r .

The o s c i l l a t o r  consis ted  of two E 1171 valves working 

in  push-pull .  A p a i r  of brass rods formed the tuned .anode
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filounerrf̂
c i r c u i t ,  and tvm coaxial l in e s  formed the tuned gp-i-d c i r c u i t .  

The transm ission  l ines  were coupled to the o s c i l l a t o r  by means 

of a loop of th ick  conoer wire sunnorted above the anode l ines  

The amount of current flowing in  the transm ission  l in e s  could 

be adjusted  by a l t e r in g  the t ig h tn e s s  of the coupling of t h i s  

loop. The whole o s c i l l a t o r  was enclosed in a metal case to 

sh ie ld  i t  from s t ra y  f ie ld s  and ex ternal  d is turbances .  The 

o s c i l l a t o r  is  shown in f i g .  2.3 and the c i r c u i t  diagram in 

f i g .  2 .4 .

Power for the o s c i l l a t o r  vms supplied by a mains 

s t a b i l i s e d  power pack. The combination was found to be 

s u f f i c i e n t ly  s tab le  and the wavelength remained f a i r l y  

constan t .  The value of the wavelength was 123.0 cms.

The bridges consis ted  of vacuo- the^Sojunc tions  (A) 

mounted in  .ebonite b locks, and are shown in  f i g .  2 .5 .  A rod 

(B) of in su la t in g  m a te r ia l  passed through the centres of the 

blocks. One block was f ixed  at the end of the  rod and the 

o ther could be moved along the rod on a screw thread. The 

h ea te r  vYires of the thermocouples were connected to brass  

knife edges (u) which re s te d  on the l i n e s .  The knife edges

were screwed on to the ebonite b locks, and good e l e c t r i c a l
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contact was ensured by keeping the l in e s  clean and smooth with 

emery paper. Springs underneath the l in es  also helped to 

maintain good con tac ts .  The thermocouple v\rires were connected 

to screws in the ebonite b locks, from which connections v/ere made 

to current measuring instruments.

The curren ts  in  the  thermocouples were measured vfith 

se n s i t iv e  microammeters. The wires leading from the thermo

couples to the microammeters were kept ,  as near ly  as poss ib le ,  

a t r ig h t  angles to the l in e s  so th a t  the re  should be no e f fec t  

from s t ra y  f i e ld s  due to the curren ts  flowing in them. The 

re s i s ta n c e  of the heater  wires increases with  frequency due to 

s k i n - e f f e c t , so th a t  the heat produced is  not always p roportional 

to the squares of the curren ts  flow'ing. For a given frequency, 

however, the re s is ta n c e  is  constan t ,  and so the heat produced is  

p roport iona l  to and . Both thermo-junctions were

c a l ib ra te d  with d i rec t  curren t  and found to possess s t r a ig h t  

l ine  c h a r a c t e r i s t i c s ,  so th a t  the microammeter readings could be 

taken to be p ropor t iona l  to TX and I ^  . The r a t io  ofj. „ ^

these readings gave a value for kjf. The an tual  value of 

is  not needed as i t  is  the p o s i t io n  and not the value of the 

minimum th a t  is  requ ired .
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All readings were taken some d is tance from the l ines  

in order to prevent the in troduction  of a varying capacity . 

Resul t s  and Discussion

Graphs were p lo t ted  of against S for separations

varying from 21-25 cms. These are snown in f ig .  2 .6 .  The 

corresponding ^Ycasecys curves are shorn with them. I t

vfill be seen th a t  the curves pass through various

stages of as)Œimetry to s^nnmetry^ and to asymmetry again, and 

th a t  the p o s i t io n  of the minimum moves from a value of 6 great 

er than A, to S = A and to SC A . Also the ^/coS‘€ c ^  

curves gradually  close up to an approximately s t r a ig h t  l in e  and 

open out again. The reason for the crossing over of these 

curves was discovered l a t e r  and w i l l  be discussed subsequently.

Kg is  zero only when the curve is  symmetrical,

and not when the minimum occurs at 5 =A- The symmetrical
4-

curve should have i t s  minimum at 5 = A  ? but in  p rac t ice  i t
4-

was found th a t  the minimum was always s l i g h t ly  to the l e f t  

of S = A • Using a p a i r  of thermo junctions of lower
4 r

r e s i s ta n c e ,  th i s  e f fec t  was much more no ticeab le .  The s h i f t  

of the minimum ind ica ted  th a t  b .was not zero but had a f i n i t e  

va lue ,  owing to the fa c t  th a t  the l in e s  vfere not properly  

shorted.
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The yo y  c o s e c  curve is  only a s t r a ig h t  l ine  fo r  the

symmetrical curve having a mini.iriurn a t  S’ = A. .
4-

An asymmetrical curve with a minimum at s = A  gives

a curve for the  ^ / c o s e c ^ s  graph because of i t s  as;\anmetry, 

and a symmetrical curve v\rith a minimum at  6 ^  A

gives a curve for the yoycbsec^s graph because i t  is  

symmetrical about the v/rong poin t .  This is  i l l u s t r a t e d  in 

f i g .  2 .7 .

T heo re t ica l ly ,  in  order to short c i r c u i t  a pa i r  of 

transm ission  l in e s  i t  is  necessary to have a copper p la te  

s t r e tc h in g  to i n f i n i t y  in a l l  d i r e c t io n s .  In p ra c t ic e ,  

hovfever, i t  i s  s u f f ic ie n t  to use a p la te  whose dimensions 

are large compared with the  separa tion  of the l in e s .  (2).

The p la te  used in the f i r s t  experiments was 10 cm. square 

compared with a l in e  separa t ion  of 6 cm. This is  obviously 

u n s a t i s fa c to ry .  The small p la te  was l a t e r  replaced by a 

copper p la te  about 60 cm. x 40 cm., with marked improvements. 

The p o s i t io n  of the minimum of the ^Ys curve was much nearer 

to S * A , and the curve approximated more

nearly  to a s t r a ig h t  l in e .  ( f i g . 2 .8 ) .
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ïhe f i n i t e  value of the impedance of the shorting  e la te  

also accounts for  the crossing over of the 

curves. The general equation is

^  ' sirtU-a + sm"Cbtf3s)

When the short ing  e la te  has zero impedance, a  = b =o, and 

equation (1.7) becomes

= K, + Ic^.cosec'Jss + (1.14^

This can be vuritten

= K. + Î s/1 -x"- (2.5)

where jc = c o s e c ^ ,  v/hich shows th a t  equation (1.14) represents  

in general a parabola, c losing  up to a s t r a ig h t  l ine  when 

Kg-O. By making =Kg ■ 2Kg « 1, and p lo t t in g  values of 

ca lcu la ted  from equation (1.14) against Qosecjs^  ̂ the curve 

shown in f ig .  2 .9  is  obtained.

Equation (1.7) may be w r i t t e n

fd̂ Ci + Sinĥ OL cosec^Bf^ = ( K , + K

so th a t  equation (1.14) is  replaced by

pY Ï A c o s e c ^ t f ^ ) *  Kj-ek:^‘cosec?Cb<p)‘»'2k3<^6>^(2.6) 

where and K̂ ScVik- ô..
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If = '(, b-o^ iX0\d 2kj = ̂  ecjuation C-̂  k) becomes.

Cosec^^ _ j ^  cosec^^s -f- (2.7)

Values of are ca lcu la ted  from eauation (2.7) and p lo t ted  

against coSec ĵ^s , and the curve shown in f ig .  2.10 is  

obtained. A f i n i t e  value of a tends to draw the curve of 

f ig .  2.9 dovmv/ards.

I f  a is  zero and k is  f i n i t e ,  equation (1.7) becomes

K 4- K^cosecCb^s) i- 2 cote bi^^s) gj

The curve shown in f ig .  2.11 is  obtained by making ^  = 10*^

Kj_ = K2 = 2Kg = 1, and p lo t t in g  values of ca lcu la ted  from 

equation (2.8) against coseĉ ^̂ s . Thus a f i n i t e  value of 

b causes the curve to cross over.

The e f fec t  of f i n i t e  values of both a  and b is  

shown in f ig .  2.12. As before ,  Kp = Kg' = 2Kg = 1, Sin/iV=*f 

and b = 10^; values of are ca lcu la ted  from equation 

(2.6) and p lo t ted  against cosec^ . This curve agrees very

well with the experimental curves, showing th a t  th e i r  form 

was due to  a f i n i t e  value of the impedance of the shorting p la te
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MASüREiÆiVf OF Ai, Ii îPEDMCE

Using the apnaratus previously  described, the impedances 

of two oa irs  of brass rods were measured. The rods were screwed 

into the ends of the o r ig in a l  l in es  and shorted with the small 

copper p la te .  The pa i rs  were of d i f f e re n t  lengths ,  but were 

s im ilar  in every other re sp ec t ,  so tha t  the error introduced .at 

the jo in  could be eliminated. The ac tua l  impedances could be 

eas i ly  ca lcu la ted ,  and thus served as a check on the accuracy 

of the method.

Throughout the exneriment, microammeter readings were 

taken at in te rv a ls  of eras, along the l in e s .  Values of e 

and S» were measured vfith a metre ru le .  The coupling to the 

o s c i l l a to r  was arranged so tha t  readings on both microammeters 

covered the whole scale as nearly as poss ib le .

with the l ines  shorted with the small copper p l a t e ,  se ts

of readings of were taken fo r  varying values of the

separation^ s, . Graphs of against  S were p lo t te d ,

( f i g . 3.1) and the pos i t ions  of t h e i r  minima found by p lo t t in g

the l ine  of mean a b s c is s a e , A mean value fo r  the wavelength,

was also found from, these g raphs . Values of cot/3^^>. « iî t .  and 
wc-ce calculateol^ and <x jr a p n  of o ^ c n s t  '

X. was p lo t te d .  This was a s t r a ig h t  l in e  having equal 

in te rc e p ts ,  ( f i g . 3.2) and from th i s  So was found to be 23.6 cms
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I t  Vil 11 be seen from f ig .  3.1 th a t  the graph most nearly  

synmietrical is  tha t  for  vihich s. «= 24 cms.  ̂ and the re fo re  23.6 

cms. is  not the correc t  value for So . This value for 

was taken, hov/ever, as i t  was the mean between the most nearly 

symmetrical curve, and the curve having i t s  minimum at s » A. 

The graph of against for s, = 23.6 cms. is  shown

in f i g .  3 .3 .  I t  was, of course, not a s t r a ig h t  l i n e .  The

value of it obtained from the in te r  cent was - .49 .1

The longer p a i r  of brass rods was then screwed on to the 

l in e s  and shorted with the small copper p la te .  The bridges

were set 23.6 cms. apart  and a set of readings of was

taken, ( f i g . 3 .4 ) .  The pos i t ions  of the minima were found as 

before and a mean value for b was ca lcu la ted .  This was 64.8^ 

I t  w'as then possib le  to ca lcu la te  and

and the graph of against  was p lo t ted

( f i g . 3 .5 ) .  This, again, was a curve ins tead  of a s t r a ig h t  

l i n e ,  due to the fac t  th a t  the  separa tion  was not qu ite  the 

c r i t i c a l  value. The in te rc e p t ,  , was small, and

the re fo re  d i f f i c u l t  to measure accura te ly .  Also, the points

are ra th e r  s ca t te red  in  t h i s  p a r t  of the curve, and th i s  adds 

to the inaccuracy. The value fo r  a was found to be .17.

From these values of a and b the components of the
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apT)arent inrnedance were ca lcu la ted  and i t  was found th a t  

r e s i s t i v e  component = 157.3 ohms, 

reac t iv e  component = 349.6 ohms (posit ive  inductive;

and the impedance = 383.4 ohms.

This was repeated for the shorter  rods \ f i g s .  3.6 & 3.7) 

and i t  was found th a t  a = .1 and b = 38.1^. Hence,

r e s i s t i v e  component ■ 23.9 ohms

reac t iv e  component = 146.7 ohms

and impedance = 15U.6 uhms.

The ac tua l  impedance can be ca lcu la ted  from

Z  * Z . W h P i  i s . i )
where Z«, is  the c h a ra c te r i s t i c  impedance, P is the propaga

t io n  constant;  ( c/ + ) ,  and A is  the length of the rods.

Since the rods are a ir-spaced ;  a t ten u a t io n  is  n eg l ig ib le ,  and

% -  Z.tojnk

= iZ o tc ia ^ / .  (3*2)

Hence the ac tua l  impedances are purely re a c t iv e .  For th e  rods 

used; Z.̂  a 331.4; and therefore^ fo r  the la rge r  rods

and for  the shor te r  rods,
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The measured impedances are both smaller than the 

ca lcu la ted  impedances. This ind ica tes  the error  introduced 

a t  the jo in  may be regarded as an impedance, Z '  , in p a r a l l e l  

ViTith the known impedance. I f  Zj and Z /  are the measured

impedances.

and

_L = J _  4- _L
z .  z '

—  (3.3;

j_  .  _ L  + _ L  W.4)
z: 2 .  2 's

Eliminating 2.' (8.5i

. '  %' ~ %  %
pu t t in g  th i s  in  terms of tjie r e s i s t i v e  and reac t iv e  se r ie s

components,

_ J   -  f ^  __ !________ f_____  (3.6)

Now - O . S u b s t i tu t in g  values in (8 .6 ) ,  i t  is

found th a t  the r e a l  par t  of the L.H.S. is  1.018 x lO"^ ohms

which should be eoual to the r e a l  p a r t  of thv\r R.H.S. which is  

zero; and the imaginary part  of the  L.H.S. is  4.27 x 10 ohms

which should be equal to the imaginary p a r t  of the R.H.S., 
-3

3.52 X 10 ohms. The error s t i l l  present is  due to  the 

d i f f i c u l t y  of d-i-ng K. and a  accu ra te ly ,  because the 

short c i r c u i t  was not p e r fe c t .
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The large copper p la te  (4U cms. x 60 cms.) was then 

used to short the transmission l in e s .  I t  was soldered instead

of screwed on to the end of the l i n e s .  A set of readings of

was taken with S, = 24 cms., and the graph of 

against s  was p lo t te d ,  ( f ig .  3 .8 ) ,  The minimum occurred 

at a value of s g rea te r  than A  , and the  ^ycosec^ss graph 

was curved ( f i g . 3 .8 ) .  This snowed th a t  the c r i t i c a l  separa

t io n  was g rea te r  than  24 cms. Two se ts  of readings were 

taken at 24.2 cms. and 24.4 cms. and the and /oycosec^a

graphs were p lo t te d .  These are shown in  f ig s .  3.9 and 3.10. 

The ac tu a l  value of A  = 30.75 cms. The minimum of the

graph for = 24.2 cms occured a t  30.85 eras., and for

= 24.4 cms. i t  occurred a t  30.65 cms. Both the /^Ycose.c^s 

curves were as near s t r a ig h t  l in es  as was possib le  w ith in  the 

l im i ts  of experimental e r ro r ,  and both gave the value -.53 

for  K, . The c r i t i c a l  separa tion  was most probably 24.3 cms



Conelu s ion

The accuracy of t h i s  method of measurement depends upon 

the accuracy vifith which the constants X , b , Kj , and a  can 

be determined.

X can be found with an accuracy of . 1% by se lec t in g  a 

large number of values from the graphs.

The ac tu a l  values of a  and b a f fe c t  the accuracy of 

th e i r  measurement. For an impedance having a small r e s i s t i v e  

component, o is  small and d i f f i c u l t  to measure; s im i la r ly ,  

for an impedance having a small reac t ive  component, b is  small. 

The measurement of û has been discussed by Rogers, (3), and 

he has shown th a t  Q has a maximum, value when b = 45^. This

condition can be s a t i s f i e d ,  when poss ib le ,  by making the 

modulus of the c h a ra c te r i s t i c  impedance equal to the modulus 

of the unknown impedance.

Even when the impedances are matched in th i s  way and a 
and b have large values, there  v /i l l  s t i l l  be s l ig h t  

inaccuracies due to the experimental method of measurement.

These can be reduced to  a minimum by an accurate  s e t t in g  of the 

bridges .  when the curve is  symmetrical, an accurate

value of b can eas i ly  be found by p lo t t in g  the l ine  of mean 

abscissae .  û  is  found from the ^ ^ 2 ^ ,  ' / gr aph,  and 

thus i t s  accuracy depends on the accuracy with which K, can 

be found. K, is  found from the ^ycosec^^S curve, which is
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a s t r a ig h t  l in e  only when the curve is  symmetrical

about a l ine  p a r a l l e l  to the ^  axis passing through S 

= A .This is  achieved by s e t t in g  the bridges accura te ly  at 

the c r i t i c a l  separa tion  which involves correct  sporting  of the 

transmission l in e s .  Any s l ig h t  deviation  from th i s  condition 

causes the yoyco^ec^S graph to be curved, and i t  is  thus 

e s se n t ia l  to ensure correct  shorting  of the l i n e s , in which 

case the c r i t i c a l  separa tion  can be found to .4^ and the 

yoycosec^s and jS \n ^  [ b i - g r a p h s  are s t r a ig h t

l ines  w ith in  the l im its  of experimental e r ro r .

The wavelength used in these experiments was less  than 

tha t  used by Dr. 'williams(120 cms. as compared with 220 cms.) 

The smaller the wavelength, the more d i f f i c u l t  i t  becomes 

to obtain a good short c i r c u i t ;  and so in extending t h i s  

method to smaller wavelengths, p a r t i c u la r  a t te n t io n  must 

be paid to th i s  po in t .

In conclusion, I wish to thank Miss E.M.Williamson.M-Sc. 

for her help throughout th i s  work.



-28^ .

References

(1) ‘Williams, 1944. "A new method for the measurement of 
impedance at u l t ra -h ig h  frequencies using a system of 
Lecher w ires ."  Proc. Rhys. Soc.,  63.

(2) W illis  Jackson, high frequency transmission l in e s ,  p-66.

(3j Rogers, 1944. "A discussion  of the s e n s i t i v i t y  of a
method fo r  measuring impedance by means of transmission 
l in e s . "  Proc. Phys. Soc.,  56, 1.


